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Bradshaw - Dokchitser - 041309

Dokchitser's Algorithm

consider a motivic L-function

Assume it satisified L(s) = eL*(w — s) where

where

converges for Re(s) >> 0.

Assume Lx* is meromorphic, and has finitely many poles.

EXAMPLES
w d py N € poles
C(s) 1 1 0 1 1 1
\zeta_ K(s) 1 [K:Q] 0,.0,1,...,1 (r;0sand2r, 1's) |Dg 1 1

L(E.s) 2 2 0,1 N \pm1l

Why? Can use to compute root number, conductor, etc.

Discussion about poles: The algorithm takes as input the finitely many poles.

Mellin Transforms

Given f(t) : R" — R, the mellin transform of f(¢) is

The inverse Mellin transform is

for any ¢ with Re(c) > poles ofg.

Let y(s) = szl T (5?’).

Define ¢(t) to be the inverse Mellin transform of 7(5) , which is

Let
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o) = Y ans(D)

where 4 = 79/2.

‘We have
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[ o0r% =[S aoed =S a [To0GH T =S 4% [Conrd - v,

n=1 n=1 n=1

We have

c+ioo ct+ico w—c—ico
9(%) = /c L*(s)t’ds = t’"’/ el*(w— s)t* ds = t"’e/ L*(s)t °ds = t"ef(t) — Z r]-tPI

—i00 c—ico w—c+i00

where we sum over the poles p; with residues r;.

Now we compute L*(s) in terms of §.

J

o dt E o dt o dt © 1. dt o dt o dt < dt
L*(s) = ()= = ()t = = ()t — Ot — = O(¢)t° = tUef(t) — thit 5= =N 0=
0= [Cowrf = ([ + [ )owrs = [Coang e [Togu T [T owrf+ [T e — Yo St

Let

Then with some more similar manipulation we get

/Oo G(t)tsd—; == iA“a,,Gs(n/A).
1 n=1

So computing L boils down to computing these G-functions.

Computing G, (t):
Note that G;(—) is a function of s and the A;.

. . d,0 A
Meier G-function: ¢(t) = ZGO’d(tz; 3 5)-

Using sI'(s) = I'(s 4 1) we get horrendous recurrance involving 5-level nested sums, etc. Can do explicitly.

For small ¢, we have G,(t) = 1) Fy(t), where Fy(t) € Cllog(t)][[t]]

5

Problem with this approach: F;(t) behaves like the Taylor series of e~*. Horrible cancellation. Have to do things to very high precision. Bad.

show(exp(-x).taylor(x,0,15))
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10 21 12 13 4 pad

6 24 120 720 5040 ' 40320 362880 + 3628800 39916300 * 479001600 6227020800 + 87178291200 1307674368000

Better idea to compute G_(t)?
@m@D2 i~ -
G, (tY?) ~ e Z,un(s)t "
\/C_l n=1

and

k=(1—d+XA)/2.

(s=a)

n
a=1 2

Example. For an elliptic curve E, we have \; =0, A, = 1, and wn(s) =11 ... so in fact the above formula for G, is a divergent series!!!

The above is an asymptotic expansion, so instead of comparing as n — oo, compare as x — oo for fixed n:

o]
F(z) ~ Z apz "
n=1

if and only if for each n,

N
lim (F(a:) - Zanm"> 2N =0
n=1

. . . . . K
Given Y Myz" as a formal power series, consider the continued fraction by + :‘—OLI .
o
bt byt 22
i R

Let ¢, (z) be the truncated continued fraction. Then ¢, (z) "converges" "quickly" "to W,(¢)".
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