Continuous Statistical Distributions

1 Overview

October 17, 2007

All distributions will have location (L) and Scale (S) parameters along with any shape parameters needed,
the names for the shape parameters will vary. Standard form for the distributions will be given where L = 0.0
and S = 1.0. The nonstandard forms can be obtained for the various functions using (note U is a standard

uniform random variate).

’ Function Name

Standard Function

Transformation

Cumulative Distribution Function (CDF) F () F(x;L,S)=F (LSL))
Probability Density Function (PDF) f(x)=F'(x) f(@;L,S)=%f (%)
Percent Point Function (PPF) G(qg)=F" (9 G(¢; L,S)=L+SG(q)
Probability Sparsity Function (PSF) g(q) =G (q) g(qg; L,S)=Sg(q)
Hazard Function (HF) he (z) = 1f;()w) ha (a: L,S) = $h, ((I L))
Cumulative Hazard Functon (CHF) H, (z) =log 17}(1) (x; L, S) = <%
Survival Function (SF) S(x)=1-F(x) (ac L,S)= (x;L)
Inverse Survival Function (ISF) Z(a)=85"1(a)=G(1 —-a) Z(a;L,S) =L+ 5SZ ()
Moment Generating Function (MGF) My (t) = E [e"7] Mx (t) = el My (St)
Random Variates Y=GU X=L+S5Y
(Differential) Entropy =—[f(y)log f (y)dy h[X]=h[Y]+logS
(Non-central) Moments = E[Y"] E[X" =1L" Zszo < Z > (%)k W
Central Moments pn = E[(Y —p)"] E[(X —ux)"] = S"un
mean (mode, median), var Hy 2 L+ Su, S%us
skewness, kurtosis "= (#5)33/2,72 = (:;4)2 -3 Y1, Y2
1.1 Moments
Non-central moments are defined using the PDF
o= [t ds

Note, that these can always be computed using the PPF. Substitute z = G (¢) in the above equation and

get

1
= [ G"(q)dq

0




which may be easier to compute numerically. Note that ¢ = F (z) so that dg = f (z) dx. Central moments
are computed similarly p = pj

In particular

ps = py — uph + 27

=y —3pps — i
py — Appy + 62 — 3p
ply — dpps — 6> — pt

4

Ha

Skewness is defined as

7
71:\/51:373/2

Ha
while (Fisher) kurtosis is
Ha
Y2 =3 = 37
M2

so that a normal distribution has a kurtosis of zero.

1.2 Median and mode

The median, m,, is defined as the point at which half of the density is on one side and half on the other. In
other words, F (m,,) = 3 so that
1
=G| =].
=6 (3)

In addition, the mode, my, is defined as the value for which the probability density function reaches it’s peak

mgq = argmax f ().
x

1.3 Fitting data

To fit data to a distribution, maximizing the likelihood function is common. Alternatively, some distributions
have well-known minimum variance unbiased estimators. These will be chosen by default, but the likelihood
function will always be available for minimizing.

If f (z;0) is the PDF of a random-variable where 6 is a vector of parameters (e.g. L and ), then for a
collection of N independent samples from this distribution, the joint distribution the random vector x is

N
f(xae):_Hf(a:i;e)-

The maximum likelihood estimate of the parameters @ are the parameters which maximize this function
with x fixed and given by the data:

Ocs arg max f (x; 6)

= arg mein Ix ().



Where
N
I (0) = =) logf(x:;6)
i=1

= —]\;log f(xi;0)

Note that if 8 includes only shape parameters, the location and scale-parameters can be fit by replacing x;
with (z; — L) /S in the log-likelihood function adding N log S and minimizing, thus

N
L
L (L,5;8) = NlogS— logf (“””’S;e>
=1
NlogS +lx_s ©)

If desired, sample estimates for L and S (not necessarily maximum likelihood estimates) can be obtained
from samples estimates of the mean and variance using

§ = /=
2

L = ﬂ—gu

where p and po are assumed known as the mean and variance of the untransformed distribution (when
L=0and S=1)and

| N
po= N;ﬁ:*

N
N 1 2 N 2
H2 = ﬁi (i — i) *N_l(X*X)

=1

1.4 Standard notation for mean

We will use
N

— 1
Vo9 = 7 Ll
where N should be clear from context as the number of samples x;

2 Alpha
One shape parameters « > 0 (paramter 3 in DATAPLOT is a scale-parameter). Standard form is 2 > 0 :
1 1 1\?
f@0) = 220 (@) Von (@) vVor exp (2 <04 - :1:) >
®(a—3)
Floed = T
_ -1
G(ga) = [a—07"(¢®(a))]

M (t) = W/Oooizexp (—; (a—i>2> dx

— N N [
Ix (@) = N log [ﬂb (@) \/ﬂ + 2Nlogx + 5a2 — x4 x2

No moments?



3 Anglit

Defined over z € [-Z, %]

f(x) = sin (296 + g) = cos (2z2)
F(z) = sin? (x—i— %)

G(q) = arcsin(\/q)— 1

po= 0
_ o1
T
1 = 0
™ — 96
- 9
2 (72— 8)°
hiX] = 1-—log2

~ 0.30685281944005469058

4 Arcsine

Defined over z € (0,1). To get the JKB definition put z = “t. ie. L =—1and S = 2.

1
fl) = my/x (1 —x)
F(x) = % arcsin (v/z)

G(q) = sin® (gq)

M (t) = B2, (;)

1/t _
W = f/ dea"1? (1 —2) 1/2
T Jo
1 /1 1\ @n—1)
- -B|= R G
T (2’”+2> 2nn]



1
b= g
1
M2*§
mn = 0
3
'72——5

h[X] ~ —0.24156447527049044468

N N
Ix () = Nlogm+ Elogx—i— Elog(l —X)

5 Beta

Two shape parameters

a,b>0
Floah) = podsat 10 o @
F(z;a,b) = /0 f(y;a,0)dy =1 (x,a,b)
G(oa,b) = I '(aa,b)
pe= a+b
_ ab(a+b+1)
e (a+0)°

_ o, b—a fatbil
e I D) ab

6 (a® 4 a® (1 — 2b) + b* (b + 1) — 2ab (b + 2))
ab(a+b+2)(a+b+3)
(a—1)

= — b+#2
MMd (a+b—2)a+ 7

T2 =

f(z;a,1) is also called the Power-function distribution.

Ix (a,b) = —NlogI'(a+b) + NlogT' (a) + NlogI' (b) — N (a — 1)logx — N (b—1)log (1 — x)

All of the z; € [0,1]

6 Beta Prime

Defined over 0 < = < 0. a, 3 > 0. (Note the CDF evaluation uses Eq. 3.194.1 on pg. 313 of Gradshteyn &
Ryzhik (sixth edition).



I'(a+p3)

. _ a— —a—p
Glga.f) = F ' (z;0,0)
o { o
00 otherwise
Therefore,
IS ﬁfl p>1
B al@+1) a?
T e o 7
a(at+1)(at2) 3 3
- (5—3)(5—2)(5—:1)))/2 HH2 — 3>3
Ha
Y2 = % -3
_ a(a+1)(a+2)(a+3) 2 4
M G B-8 (- E-n et fd
7 Bradford
c > 0
kE = log(1+¢)
flee) = i : oy on (@)
Floo) — log (1k—|— cx)
G(ac) _ (1—‘1-06)0‘_1
i = Lo fes(en ) mi ()]
¢k
= T
(c+2)k—2¢
be = g
_V2(12¢% — 9ke (e +2) + 2k2 (¢ (c + 3) + 3))
no= Vele(k —2) + 2k) (3¢ (k — 2) + 6k)
A (k—3)(k(3k — 16) + 24) + 12kc? (k — 4) (k — 3) + 6ck? (3k — 14) + 12k3
o 3¢ (c(k —2) + 2k)*
mqg = 0
m, = V14+c—1

where Ei (z) is the exponential integral function. Also

h[X] = élog(l +¢) —log <log(10+c)>



8 Burr

f(z;¢,d)
F (z;¢,d)

G (o;¢,d)

M2

7

Y2

mq

Mn

9 Cauchy

vV Vv

rar(1-2)r(2ea) e (1D (L)
21 (1 idxc)dﬂ (0,00) (2)
(1+27)""

J% [2r3 (1_i)r3 (i+d)+r2(d)r(1_i’>r<i+d)
T O A

s (e e e
(e et r(tod
(el e e

d—1 1/c
(C 1 > if ed > 1 otherwise 0
c

(21/d ~ 1)71/5

1

fle) = —a )
F(z) = 1 + 1 tan™ !z
2 0w
G(a) = tan (7‘(& - g)
mg = 0
m, = 0

No finite moments. This is the t distribution with one degree of freedom.

h(X] = log(4m)

2.5310242469692907930.

Q



10 Chi

Generated by taking the (positive) square-root of chi-squared variates.

xu—le—r2/2
flzv) = ———7~10.0) (2)
2¢/>71T (3)
2
vV X
F(z;v) = (=, —
@ = (5%
G(yv) = ar—1 (g,a)
v v 1 t2 t 1+v 1+v 3 2
Mt:l‘(f) P BVILA F 2.0
®) 211<222)+2 2)11(2
TS
(%)
pp = v—u’
20 + (1 —2v)
no= 3/2
Mo
2v (1 —v) — 6pt 4+ 4p* (2v — 1)
Y2 = 'ug
2

mg = Vvr—1 v>1
v 1

n = or-1( -, =
" (53)

11 Chi-squared

This is the gamma distribution with L = 0.0 and S = 2.0 and o = v/2 where v is called the degrees of
freedom. If Zy...Z, are all standard normal distributions, then W = ", Z? has (standard) chi-square
distribution with v degrees of freedom.

The standard form (most often used in standard form only) is > 0

1 xr\v/2—1
. _ hd —z/2
fa = )
P - (500
G(ga) = 207! (g,q)
T(k
M(t)z - (2)1,/2
(3-1)
nw o= v
Mo = 2v
Y 2\/5
. = —=
NG
12
Y2 = "
14
mgq = 5_



12 Cosine

Approximation to the normal distribution.

1
fl@) = -[1+cosa]linm (@)
1
F (Qj) = % [ﬂ’ + x + sin $] I[,ﬂ—ﬂr] (33) + I(ﬂ',oo) (J])
Ga) = F ' (a)
_ sinh(nt)
M = 5 (1+1¢2)
p=mg=my, = 0
2
gy = % —9
n o= 0
—6 (x* — 90)
2 =
5 (12 — 6)
h(X] = log(4m)—1

13 Double Gamma

1.5310242469692907930.

The double gamma is the signed version of the Gamma distribution. For o > 0 :

14
15

(i
(¥

f@a) =
F(z;0) =
G(ga)
M(t) =
H=mn
2
st
Y2
mgq

Doubly Non-central F*

Doubly Non-central t*

16 Double Weibull

This is a signed form of the Weibull distribution.

] el
F(a

LT (o J2)
E I (anfa)
|2q—1|>
|2q—1|)

x <0

x>0
q<
q >

+§
Fl

N[00 [ =




C
flase) = gla™ exp(=al")
3 exp (—[x[%) z<0
. — 2 =
Fzie) = {1_;exp(_|x|0) £ >0
_]Ogl/c 1 q< 1
G(gc) = 1/c (12q f

0 n odd
mg=pn = 0
c+ 2
Ho = F( . >
o= 0
_ r+3)
T e+
mg = NA bimodal

17 Erlang

This is just the Gamma distribution with shape parameter o = n an integer.

18 Exponential

This is a special case of the Gamma (and Erlang) distributions with shape parameter (o = 1) and the same
location and scale parameters. The standard form is therefore (z > 0)

f(x) = e°
M(La)=1—¢"
G(g) = —log(l—gq)

"
S
I

2
[
Il

S O N ==

10



19 Exponentiated Weibull

Two positive shape parameters a and ¢ and z € (0, c0)
fwa,¢) = ac[l —exp(—z°)]" " exp (—a°) 27"

F(zia,0) = [1—exp (a9

[— log (1 - ql/“)} e

G (q;a,c)

20 Exponential Power

One positive shape parameter b. Defined for z > 0.

f(x:b) = ebzblexp [a:b - exb]
F(z;b) = 1—exp [1 - ewb}
Glg;b) = log!/’[1—log (1 - q)]

21 Fatigue Life (Birnbaum-Sanders)

This distribution’s pdf is the average of the inverse-Gaussian (u = 1) and reciprocal inverse-Gaussian pdf
(n=1). We follow the notation of JKB here with 3 = S. for x > 0

) B x+1 (z —1)°
Hae) = s ™ ( 220 )

ri = (2 )

[C‘P‘l (q) + \/02 (@-1(g)" + 4} 2

1
G(gc) = 1

M) = evares | (1-Vi-ad)| (1 =og)

2

n = E +1
py = ¢ (202 + 1>
B 4ev/11c2 + 6
oo (5¢2 + 4)3/2
6c? (93¢% +41)
Yo = 3

(5c2 + 4)°

22 Fisk (Log Logistic)

Special case of the Burr distribution with d =1

) )

11



f ('Tv &) d) = (1 n xc)z (0,00) (.%')
F(z;e,d) = (1+ x_c)_l
G(ae,d) = (a7 — 1)_1/0
e (D))
p2 =k

(e (-2
(- 3e(1-r(Ee)r ()

2 bl (L
(e () (- )
(et

c—1 1/c
mg = ( ) if ¢ > 1 otherwise 0
c+1

m, = 1

h[X]=2-loge.

23 Folded Cauchy

This formula can be expressed in terms of the standard formulas for the Cauchy distribution (call the cdf
C (z) and the pdf d (z)). if Y is cauchy then |Y] is folded cauchy. Note that = > 0.

o 1 1
fze) 7r(1+(x—c)2)+7r(1—|—(x+c)2>
F(z;¢) = ltan_1 (x—c)+ lt:%m_l (z+c¢)

™ ™

G(ge) = F'(x;0)

No moments

24 Folded Normal

If Z is Normal with mean L and o = S, then |Z| is a folded normal with shape parameter ¢ = |L| /S, location
parameter 0 and scale parameter S. This is a special case of the non-central chi distribution with one-degree
of freedom and non-centrality parameter c¢?. Note that ¢ > 0. The standard form of the folded normal is

flz;e) = \/zcosh (cx) exp (— v ;— CQ)

F(z;e) = P@—c)—P(—z2—0c)=P(x—0c)+P(x+c¢)-1
G(a;e) = F'(z;c)

12



M (t) = exp B (t— 26):| (1+ €>)

pe = +1-—p
\/>p (4—— 20 —|—1)>—|—2ck (6p2+30pk\/ﬂ+wc(k2—l))
7= 3/2
T
c4+602+3+6(02+1)u —3ut 74p,u(\/g(c +2) (c +3))
Y2 = 2

1253

25 Fratio (or F)

Defined for « > 0. The distribution of (X;/X32) (v2/v1) if X; is chi-squared with vy degrees of freedom and
X5 is chi-squared with vy degrees of freedom.

Vz/QVi’l/?xul/z—l

V.
f @) = ;
(va + le)(yl+u2)/2 B (%’ %)
V1 Uy Vo
F . et I o 0,
(z;v1,v2) (2’ 2’u2+V1fE>
-1
Vg n
Ga = R
(g v1,12) L—l (11/2,12/2,q) VJ
%)
7 b2 2
9,2 —2
hy = vs (1 + 12 ) vg >4

v (ve — 2)2 (v —4)
2(2V1+V2—2) 2(1/2—4)

= > 6
te Vg — 6 1741 (1/1 + vy — 2) 2
3[8+ (v — 6)77]
2= 20— 16 ve =8

26 Fréchet (ExtremeLB, Extreme Value II, Weibull minimum)

A type of extreme-value distribution with a lower bound. Defined for z > 0 and ¢ > 0

flz;e) = ca® texp(—2°)

F(x;¢) = 1—exp(—2z°)

Glgic) = [~log(1—q)]"*
o)

13



nwo= F<1+1>
C
po = F<1+2>—F2(1—1)
C C
F(1+3)-3r(1+2)r(1+1)+2r3(1+1)
no= 3/2
Mo
D+ AP+ DI+ 162 Qs Hred) 1))
Yo = —

13

B c 1/c
Md = 14+¢
1
My = G(2;C)

where « is Euler’s constant and equal to

h[X}:—%—log(c)+7+1

v =~ 0.57721566490153286061.

27 Fréchet (left-skewed, Extreme Value Type III, Weibull maxi-
mum)

Defined for z < 0 and ¢ > 0.

flwse) = c(—2) exp(—(—2))
exp (— (—x)%)
Glgo) = —(—logg)'/

The mean is the negative of the right-skewed Frechet distribution given above, and the other statistical
parameters can be computed from

|
oum)
B
&

I

@ = (~1)"T (1+ %)

h[X] = f% —log(c)+~v+1
where « is Euler’s constant and equal to

v =~ 0.57721566490153286061.

28 Gamma

The standard form for the gamma distribution is (o > 0) valid for « > 0.

flz;a) = ﬁmo‘_le_”r
F(z;0) = T (a,z)
Glga) = I''(aq)
1
M) = e

14



o «Q
2 = «
_ 2
Y= \/a
6
Y2 = —
«
mg = a—1

where

29 Generalized Logistic

Has been used in the analysis of extreme values. Has one shape parameter ¢ > 0. And = > 0

cexp (—x)
f(x;c) = -
() [1+ exp (=)
1
F(x; = —
)T Fren(ar
G(gc) = —log (q‘l/c - 1)
M(t)z 17t2F1(1+c7 1—t; Q—t,—l)
po= v+1olc)
2
T
M2 = G + 11 (c)
_ P2 ()+2¢(3)
71 - 3/2
Mo
(3 +4s0)
Yo = 5
M
mgqg = logc
m, = -—log (21/C — 1)
Note that the polygamma function is
dn+1
Yn(s) = Torlogl(2)

_ n+1
Z Z+k o gan+1

= (="t n!( (n +1,2)

where ¢ (k,z) is a generalization of the Riemann zeta function called the Hurwitz zeta function Note that

¢(n)=C(n,1)

15



30 Generalized Pareto

Shape parameter ¢ # 0 and defined for x > 0 for all ¢ and = < ﬁ if ¢ is negative.

flae) = (+ea) '
F(z;¢) = 1(1+i$)1/p
o = ()

(—1)F et [P (1= 1) +T (=1, —1) —mese (%) /1 (1)]
M(t) = Ic] UMF 1t
(T [\cl’\cl]
n n k
,_ (=1 n\ (=1
Moy = o (k)l—ck: cn <1
k=0
) 1
Wy = - c<1
oo 2 1
F2 = T2 (1-0) 2
L= 6 c<}
s = A= —2001-30 3
no= 24 c<1
Ha (1—¢)(1—2¢)(1—3¢c) (1 40) 1
Thus,
o=
po = ph—p°
e e U
no= 3/2
Ko
/ 2 4
_ b Aups = Gptp —
Y2 = 2 -
125
h[X]=14¢ ¢>0

31 Generalized Exponential

Three positive shape parameters for > 0. Note that a, b, and ¢ are all > 0.

c>0
c<O0

f(z;a,b,¢) = (a—i—b(l—e‘cx))exp [ax—bx—i—i (1—6_”)]
F(z;a,b,c) = 1—exp {ax —bx+ g (1- e—cw)}
G(g;a,b,c) = F*

16



32 Generalized Extreme Value

Extreme value distributions with shape parameter c.
For ¢ > 0 defined on —oo < z < 1/ec.

f(z;e) = exp [— (1- ca:)l/c] (1-— c;l:)l/c_l
F(z;c) = exp [— (1— cm)l/c}
1 c
Glge) = —[1-(-logq)]
1 in (Z)(—l)kl“(ck:—i-l) en > -1
“ k=0
So,
, 1
uy = E(l—I‘(l—Fc)) c>—1
Wy = (- +9+T(1+2) e>—
1
s = %(1—31"(1—#0)4—31"(1—#20)—I‘(1+30)) c>-3
Wy = (L dAT(L4+c)+ 6T (1 420) — 40 (1430 +T(14+4e)) >
C

For ¢ < 0 defined on % < x < oo. For ¢ = 0 defined over all space

f(x;0) = exp[—e®]e”
F(z;0) = exp|—e "]
G(g:0) = —log(—logq)

This is just the (left-skewed) Gumbel distribution for c¢=0.

po= v=—t(1)
7.‘.2
M2 = E
126
71 == 3 C(g)
v
_
Y2 = 5

33 Generalized Gamma

A general probability form that reduces to many common distributions: z > 0 a > 0 and ¢ # 0.

. B ‘C| xca—l .
f(z;a,c) = T () exp (—z)
Ha.z®) c>0
F (z;a,¢) = e .
1— gf‘(;) ) ¢<0
Glgae) = {I'aT(@)g}’ e>0
(I a,T(a) (1 - g} c<0

17



.un: F(G/)
RN CE
T T
_ Ple+d)
/’[/2 - F(a) IJ’
~ T(a+2) /T (a) = 3ups — pi°
no= 3/2
Ho
T (a+32) /T (a) = 4pps — 6pPps — p
T2 = M2 =3
2

(ac—l)l/c
mg = .
c

Special cases are Weibull (a = 1), half-normal (a = 1/2,¢ = 2) and ordinary gamma distributions ¢ = 1. If
¢ = —1 then it is the inverted gamma distribution.

h[X]=a—a¥(a)+ %\IJ(a) +1logT (a) — log|c|.

34 Generalized Half-Logistic

For x € [0,1/¢] and ¢ > 0 we have

2(1 - ca)e?
Fose) = (1—1—((1—03)6)1/6)2
Flzie) = M
e - 2 (159
hIX] = 2—(2c+1)log2.

35 Gilbrat

Special case of the log-normal with 0 =1 and S = 1.0 (typically also L = 0.0)

fla;o) =

- 127T exp {; (log :c)ﬂ
F(r;0) = @ (logz) =% [I—Ferf(k\)%xﬂ
G(go) = exp{®'(q)}

po= e

pe = ele—1]

7 o= Ve—1(2+e)

vo = et +2e3+3e% -6

18



h[X]

log (\/ 271'6)
1.4189385332046727418

Q

36 Gompertz (Truncated Gumbel)

For x > 0 and ¢ > 0. In JKB the two shape parameters b,a are reduced to the single shape-parameter
¢ =b/a. As a is just a scale parameter when a # 0. If a = 0, the distribution reduces to the exponential
distribution scaled by 1/b. Thus, the standard form is given as

f(z;e) = ce®exp[—c(e” —1)]
F(z;e) = 1—exp[—c(e® —1)]
G(gc) = log {1 - élog(l - q)}

h(X]=1-log(c)—e°Ei(1,¢),
where -
Ei(n,z) = / t™" exp (—xt) dt
1

37 Gumbel (LogWeibull, Fisher-Tippetts, Type I Extreme Value)

One of a clase of extreme value distributions (right-skewed).

fx) = exp (— (x + e*$))
F(z) = exp(—e™®)
G(q) = —log(—log(q))

M@#)=T(1-1)

po= y=—t(1)
2
M2 =
12v/6
mo= 3 C(3)
1
Y2 = 5
mqg = 0
m, = —log(log2)

h[X] ~ 1.0608407169541684911
38 Gumbel Left-skewed (for minimum order statistic)

fx) = exp(z—e)
F(z) = 1—exp(—e€®)
G(g) = log(—log(l—q))

19



M@#)=T(1+1¢)

Note, that u is negative the mean for the right-skewed distribution. Similar for median and mode. All other
moments are the same.

h[X] ~ 1.0608407169541684911.

39 HalfCauchy

If Z is Hyperbolic Secant distributed then eZ is Half-Cauchy distributed. Also, if W is (standard) Cauchy
distributed, then || is Half-Cauchy distributed. Special case of the Folded Cauchy distribution with ¢ = 0.
The standard form is

2

f(x) = mf[o,oo) ()
F(z) = % arctan () Ijp, o0 ()
G(g) = tan (gq)

M (t) = cost + % [Si(t)cost — Ci(-t)sint]

mqg = 0
m = tan (ﬁ)
" 4
No moments, as the integrals diverge.
h(X] = log(2m)

1.8378770664093454836.

40 HalfNormal

This is a special case of the chi distribution with L = ¢ and S = b and v = 1. This is also a special case of
the folded normal with shape parameter ¢ =0 and S = S. If Z is (standard) normally distributed then, |Z]
is half-normal. The standard form is

—~
8
~
Il
[\)
=
—~
8
~
|
—
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m= oy
p2 = 1*%
_ V2(@-m)
"= (7r72)3/2
_ 8(mr—3)
BT w2

hX] = 10g< 7;‘")
0.72579135264472743239.

Q

41 Half-Logistic

In the limit as ¢ — oo for the generalized half-logistic we have the half-logistic defined over x > 0. Also, the
distribution of |X| where X has logistic distribtution.

- 27 1 2 (T
flx) = 7(1 +e*1’)2 = 2sech (2)
1—e™" T
F(z) = e = tanh (5)
G(q) = log (1—'_(]) = 2arctanh (q)
—4q

M (£) = 1 — teho <;—;)+two (1_;)
fy=2(1-2"")nl¢(n) n#l

py = 2log(2)
2
py = 20(2) = 3
py = 9¢(3)
;o _ Tt
iy = g ="
hiX] = 2-log(2)

~ 1.3068528194400546906.
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42 Hyperbolic Secant

Related to the logistic distribution and used in lifetime analysis. Standard form is (defined over all x)

fl@) = %sech(x)
F(x) = 2arctan e”)

(
G(q) = log (tan (gq>)

where (), is an integer given by

o CmCemtg) - C2mt )]
" T2mt192m

m—1 16™ 1
= DT g B (4>

where By, 41 ( ) is the Bernoulli polynomial of order 2m + 1 evaluated at 1/4. Thus

1
1
0 n odd

l_ n
Mn—{ 4(— 1)n/2 1(31) By (i) n even

M2 = o
mn = 0
Yo = 2

h[X] =log(27).

43 Gauss Hypergeometric

€[0,1],«a>0,8>0
c1 = B (o, ) oF1 (7, ;a0 + 35 —2)

-2t
f(x;ohﬂ?’}/az) = Oxa 1((1 +i)x),y
B+ aB) (v, at+na+ B+n;—2)
fn = B(O"B) 2 I (’y,a;a—i—ﬁ; _Z)
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44 Inverted Gamma

Special case of the generalized Gamma distribution with ¢ = -1 and a > 0, z >0
go ! 1
f (Jj,a) - F (a) €xXp (_l')
I (a,3)
F(z;a) = z
@) = S
_ -1
G(gsa) = {I"'[a,T(a)ql}
I'(a—n)
/
Wy = T (a) a>n
= 1 >1
#= a—1 @
= —1 —u? a>2
2= =2 a-1 "
1
_ e Mk —
no= 3/2
Ko
| anamema s =60 —pt 3
Y2 = 2
125
m 1
‘T +1

hiX]=a—(a+1)¥(a)+1logT (a).

45 Inverse Normal (Inverse Gaussian)

The standard form involves the shape parameter p (in most definitions, L = 0.0 is used). (In terms of the
regress documentation y = A/B) and B = S and L is not a parameter in that distribution. A standard
formis z > 0

Pl = Ao (o

’ Vorz?d 2zp?

) = o LTTHY e (E) oLt
Floww) = (I)<\/5 7 >+ep<u>¢)< N )
Glgp) = F'gp)

po= p
p2 = H3
o= 3V
Y2 = 1op

mg = %(\/W—?)u)

This is related to the canonical form or JKB “two-parameter” inverse Gaussian when written in it’s full
form with scale parameter S and location parameter L by taking L = 0 and S = A, then pS is equal
to po where o is the parameter used by JKB. We prefer this form because of it’s consistent use of the
scale parameter. Notice that in JKB the skew (y/B1) and the kurtosis (8; — 3) are both functions only of
pa/A = pS/S = u as shown here, while the variance and mean of the standard form here are transformed
appropriately.
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46 Inverted Weibull

Shape parameter ¢ > 0 and x > 0. Then

flze) = e lexp (—2)
F(xz;¢) = exp(—27°)
Gge) = (~logg) /"

h[X]:1+'y+%—log(c)

where ~ is Euler’s constant.

47 Johnson SB

Defined for z € (0,1) with two shape parameters a and b > 0.

b T
f(z;a,0) = mqﬁ (a—|—blog1_$)

1-— :c)
1
L+ exp [—2 (@ (q) — )]

F(z;a,b) = @ <a—|—b10g

G(gia,b) =

48 Johnson SU

Defined for all « with two shape parameters a and b > 0.

fx;a,b) = \/%Tqﬁ(a—kblog (x+ x2+1>)
F(x;a,b) = <I><a+blog <x+ :c2+1))
G (¢;a,b) = sinh [@1(5)_@]

49 KSone

50 KStwo

51 Laplace (Double Exponential, Bilateral Expoooonential)

1

flx) = §€_|x‘
Loz <0
— 2 >
Fx) = {l—ée_g” x>0
G() _ log (2q) QS%
v = —log (2 — 2q) q>3
Mg = My = [ 0
p2 = 2
mnm = 0
Y2 3
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The ML estimator of the location parameter is
L = median (X;)

where X is a sequence of N mutually independent Laplace RV’s and the median is some number between
the 2Nth and the (/2 + 1)th order statistic (e.g. take the average of these two) when N is even. Also,

| X
$=%> ‘Xj - L’ .
j=1
Replace L with L if it is known. If L is known then this estimator is distributed as (2N)™' S - XaN-

h[X] = log(2e)
~ 1.6931471805599453094.

52 Left-skewed Lévy

Special case of Lévy-stable distribution with o = % and 8 = —1 the support is z < 0. In standard form

f@) = Wexp (_2|1x>

F(z) = 20 <\/1|?|> 1
ow - ("

No moments.

53 Lévy

A special case of Lévy-stable distributions with o = % and 8 = 1. In standard form it is defined for z > 0 as

fa) = xfme”’(‘;x)
i - ()

It has no finite moments.

54 Logistic (Sech-squared)

A special case of the Generalized Logistic distribution with ¢ = 1. Defined for z > 0

. exp (—x)
A T Tk
1
T et
G(g) = —log(l/q—1)

25



125

71

72

mn

Y+ (1) =0
2 2

T Vi
?"‘wl(l):?

¥y (c) +2¢ (3)
3/2
Ho

(’% + 3 (C)) 6

=0

13 5
log1 =0
—log(2—-1)=0

h[X] =1.

55 Log Double Exponential (Log-Laplace)

Defined over x > 0 with ¢ > 0

[(z30) =

F(z;¢) =

G(ge) =

56 Log Gamma

gxc’l O<z<l1
cpmel z>1
%xc O<ax<l1
1—%:10_C rx>1
(29)"/° 0<gq
2-297"°  L<gq

A single shape parameter ¢ > 0 (Defined for all z)

[ (@)

F (z;¢)

G (g;c)

exp (cx — €%)
I (¢)
T (c,e")
I (¢

= log [Ffl [e, qT (c)]]

MQL:/ logy]™ y“ " exp (—y) dy.
0

pe =

"=

T2 =

11
o — i
/ 3
3 — 3pupiz — p
3/2
Ho
ph — Apps — 6p o — pt

13
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57 Log Normal (Cobb-Douglass)

Has one shape parameter o>0. (Notice that the “Regress” A = log S where S is the scale parameter and A
is the mean of the underlying normal distribution). The standard form is x > 0

2
f(x’o-) 0'2171271' P l; (lofx) ]

Fai0) = q><10g”“”>

g

G(qg;0) = exp {O'CI)_l (q)}
p = exp(c®/2)
ta = exp (02) [exp (02) - 1]
n o= Vp—1(2+p)
v o= P42 +3pP—6  p=e¢

Notice that using JKB notation we have § = L, ( =log S and we have given the so-called antilognormal
form of the distribution. This is more consistent with the location, scale parameter description of general
probability distributions.

h[X] = % [1+log (2m) + 2log (0)].

58 Nakagami

Generalization of the chi distribution. Shape parameter is v > 0. Defined for x > 0.

207

flzv) = T () z?Lexp (—ng)
F(z;v) = I (vva2?)
1
Glgr) = T (va)
_ Tv+3)
SN0
pp = [1—p°
p (1 —dvps)
NS T mp
2vp;
—6uty + (8v —2)p? — 20+ 1
Y2 = 2
Vs

59 Noncentral beta*

Defined over z € [0,1] with @ > 0 and b > 0 and ¢ > 0
X —c/2(c J
F(z;a,b,c) zzej'(Q)IB (a+7,b;0)
Jj=0 '
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60 Noncentral chi*

61 Noncentral chi-squared

The distribution of E;’Zl (Z; + 51-)2 where Z; are independent standard normal variables and ¢; are constants.
A= >7 .02 > 0. (In communications it is called the Marcum-Q function). Can be thought of as a
Generalized Rayleigh-Rice distribution. For x > 0

flzv,A) = e—(/\+.r)/2l (f)(yﬁ)/4 I,_2y/2 (\/E>

2\
= [ (n2)
Fany) = 3 {W/} Pr 2y < 7]
j=0
G(gv,\) = F ')
o= v+
po = 2 (V + 2)\)
o= VBEE3Y
' (v + 20/
12 (v + 4)
2= T2
(v+2X)
62 Noncentral F
Let A > 0and v; > 0 and v5 > 0.
flx; A\ vi,12) = exp A+M Vlyl/Ql/;Z/le/l/Q—l

2 2(nz+)

i TEIT(

12 1% /2—1 AV
+ 72) Lul/Q <_2(V1;vl+yg)>
x (V2 + 117) =
2

1
BT (55)

63 Noncentral t

The distribution of the ratio
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where U and y, are independent and distributed as a standard normal and chi with v degrees of freedom.

Note A > 0 and v > 0.

flzAav) =
F(x;\v) =
64 Normal
f ()
G(q)
h[X]
65 Maxwell

This is a special case of the Chi distributi

V2T (v + 1)
2e/2 (y 4+ 22)Y/2T (v)2)

v 2(172
o \/ﬁ/\xlFI (§+1a%72(i\,+$2))
(v+a*)T (457)
v 1. A2z2
B 1k (%1’ %’ 2(V+$2))
Vv +22T (£ +1)
rv+1) 2%
xp | —
2072 frol ()2) P | v + 22

(v—1)/2
(=) ()
v+ a? Vv + 22
e—x2/2
B V2T
1 1
= &' (g)
Mg = My = [ 0
p2 = 1
mn = 0
Y2 =0
= log (\/27re>

1.4189385332046727418

onwithL:OandS:S:%andV:&
a

2, .o
\/;31‘26 x /2[(0’00) (Z‘)
T (3 sc2)
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=

I

o
NS

po = 3-— %
32 — 107
T ﬂ(sw _g)*
1272 4+ 1607 — 384
"= (37 — 8)°
mg = V2

66 Mielke’s Beta-Kappa

A generalized F distribution. Two shape parameters « and 0, and > 0. The (3 in the DATAPLOT reference
is a scale parameter.

H/xn—l
[(z;K,0) = —————
(i) (1+a20)'*%
Jj)ﬁ?
F(z;k,0) = ———
( ) (1+ a0)™/*
1/0
cane — (27"
s My 1_q9/n
67 Pareto
For x > 1 and b > 0. Standard form is
b
flasb) = =5
1
F(xz;b) = 1—5
Glgb) = (1—g "
b
= — 1
. -1 U7
b
= —  _ b>2
e (b—2)(b—1)
2(b+1)vb—2
= — 7~ >3
n (b—3)vb
6 (b3 + b2 — 6b — 2
vo = ( ) b>4

b (% — b + 12)

h(X)z%—i—l—log(c)

30



68 Pareto Second Kind (Lomax)
¢ > 0. This is Pareto of the first kind with L = —1.0so x > 0

c

flaie) = G

1
F(r;c) = —m
Glgo) = (1—gq) =1

h[X]:%#—l—log(c).

69 Power Log Normal

A generalization of the log-normal distribution ¢ > 0 and ¢ > 0 and x > 0

simne = oo (5 (o(-157))
F(z;0,c) = 1<q)(lo§x)>c

Glgoc) = exp[-o07 [(1-9)"°]]
1
[y, = / exp [—W@’l (yl/c)] dy
0
no=
po = ph—
R e
7= 32
Ho
/_4 -6 2 _ 4
_ My A — 6P —pt
Y2 - 5 -
Ha

This distribution reduces to the log-normal distribution when ¢ = 1.

70 Power Normal

A generalization of the normal distribution, ¢ > 0 for

flae) = cd(a)(@(—x))"
F(zie) = 1-(2(-2))°
Glao) = -7 [1-q"]
1
o= 0" [ ot ()] ay
o e (o))
/
Beo=
pa =y — 4
i = 3ppe —
no= /~L3/2
2
Iu/ — 4y -6 2 _ 4
_ 4 HE3 W2 — | _3
Y2 = P)
125
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For ¢ = 1 this reduces to the normal distribution.

71 Power-function

A special case of the beta distribution with b = 1: defined for x € [0, 1]

a>0
flz;a) = azx® !
F(z;a) = z°
G(ga) = ¢'/°
B a
#o= a+1
a(a+2)
M2 =
(a+1)°
a+2
= 2(1-— _
m ( e) a(a+3)
B 6(a3—a2—6a+2)
2T T a(at3)(atd)
mg = 1

h[X]:l—é—log(a)

72 R-distribution

A general-purpose distribution with a variety of shapes controlled by ¢ > 0. Range of standard distribution
is z € [-1,1]

(1_332)(‘/2—1
f(zie) =
B(35)
1 x 1 c 3
F . _ F 1 o2 2
(z;0) 2+B(%,§)2 1(27 2,2,z>
14+ (=" 1
PR VO P TR
2 2 2

73 Rayleigh

This is Chi distribution with L = 0.0 and v = 2 and S = S (no location parameter is generally used), the
mode of the distribution is S.

) = re "2y (2)
(1) = 1—e "2 (@)
G(q) = +/—2log(l—q)
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2
2 =3)y7m
o= (4—n)2
247 — 672 — 16
T T aay
mg = 1
my, = 21log (2)

74 Rice*

Defined for x > 0 and b > 0

2 2
fab) = xexp<_w j”)fo@cb)
x 2 2
F(z;b) = /aexp(—a ;b>10(ab)da
0
/o n _ng B
y =32 F(1+2)1F1( il 2)

75 Reciprocal

Shape parameters a,b > 0 = € [a, b]

1
f@;a,b) = xlog (b/a)
, _ log(z/a)
Floab) = 3o )

Glaad) = aesplalog(v/a) =a(2)

d = log(a/b)
a—b
po=
= Ma—Zl—b_MQZ(a—b)[a(d;dz)—i—b(d—i—Q)]

V2 [md (a—b)? + d? (a2 (2d — 9) + 2abd + b* (2d + 9))]

3dva—bla(d—2)+b(d+2)*?
—36 (a — b)? + 36d (a — b)° (a +b) — 164 (a® — b?) + 3d® (a® + %) (a +b)

Y2 = 5 -3
3(a=b)la(d—2)+b(d+2)]

"=

mg = a

m, = vab
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h[X] = %log (ab) + log {log (2)} .

76 Reciprocal Inverse GGaussian

The pdf is found from the inverse gaussian (IG), fric (z; 1) = % fre (L; 1) defined for z > 0 as

1 2
N A T

Fig(zip) = ‘I’(\/lgx;ﬂ> + exp (i)@(—\}ixzu>

1 (1 — pz)?
= W
1
Frig(z;p) = 1-Fig (Z,u)

77 Semicircular

Defined on z € [—1,1]

2
f) = 2V
1 1 .
F(z) = §+f[x 17932+arcsm:z:}
77
Glg) = F'(q)
mg=my,=p = 0
_ !
M2 = 1
o= 0
V2 -1

h[X] = 0.64472988584940017414.

78 Studentized Range*
79 Student t

Shape parameter v > 0. I (a,b, ) is the incomplete beta integral and I~ (a,b,I (a,b,z)) =z
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f(wv) L
)

\/TI'I/F( v
1 v 1 v
o1 (5’5’ u+3:2) <0
F(z;v) = L L
1_5‘[(57571/4?&02) >0
_ v — v qgl
I-1(%,1 24 2
Glgv) = (55 )_y > 1
\/171(5,%,2—2@ 1= 73
my=mg=p = 0
- >2
= v
K2 v—2
v = 0 v>3
6
o= v>4

As v — oo, this distribution approaches the standard normal distribution.

1 wel? (€

4 2

where
K T(s+1+k) I'(2)

)) (et 1) [\1/ (E) — ¢Z(¢) + mtan (%) +fy+210g2]

3 oo
Z(c) = 3F; (1,171+C;72;1) = !
2’2 kZ:okJrl L($+1) I(3+k)

80 Student Z

The student Z distriubtion is defined over all space with one shape parameter v > 0

) = _ T 22) /2
f( ’ ) \/771“(”51) (1+ )

Y = Q (w;v) x
Flav) = {1—(,2(:5;1/) T

Q (z;v)

N
3
M|~

Interesting moments are

The moment generating function is
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81 Symmetric Power*

82 Triangular

One shape parameter ¢ € [0, 1] giving the distance to the peak as a percentage of the total extent of the
non-zero portion. The location parameter is the start of the non-zero portion, and the scale-parameter is
the width of the non-zero portion. In standard form we have z € [0, 1].

f(x;c) — {232 xr<c

e r=>c
wz <
fua r<c
F (z; = s
(.’L‘ C) { a:zzzaiJrc l‘ZC
- Ved g<c
I R e T
_ c+1
Bo= 373
1—c+c?
e
V2(2c—1)(c+1)(c—2)
mo= 213/2
5(1—c+c?)
3
Y2 = —g
1
hx) = tog(5ve)

Q

—0.19314718055994530942.

83 Truncated Exponential

This is an exponential distribution defined only over a certain region 0 < x < B. In standard form this is

—X

e
fl@;B) = {— =5
1—e™"
F(#B) = 1= 5
G(g;B) = —log(l1—gq+ge P)

' =T(14+n)—-T(1+n,B)

n

1+eB(B-1)

h[X]=log(e” —1) + b

84 Truncated Normal

A normal distribution restricted to lie within a certain range given by two parameters A and B. Notice that
this A and B correspond to the bounds on z in standard form. For = € [A, B] we get

e 6@
FEAB = o) e )

o B -4
FleAB) = gm—e )
G AB) = & [g2(B)+®(A)(1—q)



where

=

e (e
85 Tukey-Lambda
1 1

flzN) = F'(x;))

F(z;\) = G '\
A 1— A
Gy = - (/\ 2)
p =0
1
pr = /GQ(p;A)dp
0
(A4 3) - MAAT (V) (1-2))
B A2(1+20)T (A +3)
m =0
Ha
Y2 = 53
’ 13
3arWT (A 43)27 2
M TN (2a+ 2) M (1 + 40

280N 27T (A + )T (A + )
N (2A+3)T(A+3) '

Notice that the limy_o G (p; ) = log (p/ (1 —p))

hix] = / log [G' (¢)) dp

1
/ log [pA_l + (1 —p™ dp.
0

86 Uniform

Standard form x € (0,1). In general form, the lower limit is L, the upper limit is S + L.

f ()
F(z) = =z
G(q) q

37



1
h= g
1
p2 = I
mn = 0
_ 6
Yo = —5
h[X]=0

87 Von Mises

Defined for € [—m, 7] with shape parameter b > 0. Note, the PDF and CDF functions are periodic and are
always defined over = € [—, 7] regardless of the location parameter. Thus, if an input beyond this range is
given, it is converted to the equivalent angle in this range. For values of b < 100 the PDF and CDF formulas
below are used. Otherwise, a normal approximation with variance 1/b is used.

ebcos:v
f(va) = 2y (b)

. 1 =z 2. I, (b) sin (kx)
Flw;b) = 2+2w+k§ Ty (b) 7k
G(gb) = F~'(x30)

p =0
o = / 22 f (z;b) da
m =0
ffﬂ 2t f (2;b) da
p o= T g

This can be used for defining circular variance.

88 Wald

Special case of the Inverse Normal with shape parameter set to 1.0. Defined for x > 0.

G(gp) = Flgnp)
up =1
B2 =
Mo o= 3
Yo = 15



89 Wishart*
90 Wrapped Cauchy

For z € [0,27] ¢ € (0,1)

er —
xic) =
’ 27 (1 4 ¢2 — 2ccosx)
1 1+c¢ x
. = Zarct tan (=
ge (x) —arc an{l_c an(zﬂ
(q) 2 arcta licta (mq)
Te = rctan n(m
q l+e q
. _ ge (x) 0<z<m
Fzie) = {l—gc(27r—x) m<z<2r
N re (q) 0<qg<3
Glae) = {27r—7"c(1—q) $<q<1

h[X] =log (2 (1 —¢?)).
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