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480 - April 30 2008 -- combinatorics, part 2

Open Source Quote of the Day

I've always been saddened that my University would
use FOSS software but would not give us a single class
about what it was all about. In some ways this was a
breach of the moral contract you take when using free
or open-source software. A bit like those gazillion
companies that use FOSS and believe the only thing
they should know it's free like as in free beer. This
hurts everyone who's passionate enough about FOSS I
think.

-- Sylvain Hellegouarch (Mon, Apr 28 2008, Google
Summer of Code mentor)

Combinatorics, part 2

Combinatorial Structures

Sage supports dozens of combinatorial ways to form sets of objects
from other sets. These are incredibly useful in enumeration and
counting problems. The functionality described below in Sage is due
almost entirely to Mike Hansen, and is just a small sampling of the
range of "combinatorial classes" available in Sage.

Cartesian Products
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C = CartesianProduct(prime range(10), prime range(10,20),
['aI,'b',Ic'])
C
Cartesian product of [2, 3, 5, 7], [11, 13, 17, 191, ['a', 'b', 'c
C.list()
[z, 11, 'a'l, (2, 11, 'b'l, (2, 11, 'c'1, [2, 13, 'a'l, [2, 13,
b ]{ EZ, 13, 'c ]5 EZ, 17, 'a ]{ E2, 17, 'b ]{ [2, 17, 'c ]{ [2,
19, 'a ]5 EZ, 19, 'b ]{ E2, 19, 'c ]{ [3, 11, 'a ]{ [3, 11, 'b'],
E3{ 11, 'c'], E3{ 13, 'a'}], [3{ 13, 'b'], [3{ 13, 'c¢'1, E35 17,
a ]{ E3, 17, 'b ]5 E3, 17, 'c ]{ E3, 19, 'a ]{ [3, 19, 'b ]{ [3,
19, 'c ]5 E5, 11, 'a ]{ ES, 11, 'b ]{ [5, 11, 'c ]{ [5, 13, 'a'}l,
ES{ 13, 'b'], ES{ 13, 'c¢'], [5{ 17, 'a'}l, [5{ 17, 'b'], E55 17,
c ]{ ES, 19, 'a ]5 E5, 19, 'b ]{ ES, 19, 'c ]{ [7, 11, 'a ]{ [7,
11, 'b ]5 E7, 11, 'c ]{ E7, 13, 'a ]{ [7, 13, 'b ]{ [7, 13, 'c¢'1,
E7{ 17, 'a'], E7{ 17, 'b"1, 17, 17, '¢'1, [7, 19, 'a'l, [7, 19,
b'1, [7, 19, 'c']1
C.count()
48
C = CartesianProduct(['Jim', 'Dwight', 'Michael'],['Pam’,
'Angela'])
C
Cartesian product of ['Jim', 'Dwight', 'Michael'], ['Pam', 'Angela
for X in C:
print '%$s and %s'%tuple(X)
Jim and Pam
Jim and Angela
Dwight and Pam
Dwight and Angela
Michael and Pam
Michael and Angela
C.random()
['Jim', 'Angela']
Combinations
C = Combinations(['Jim', 'Pam', 'Dwight', 'Angela', 'Michael'], 2)
C
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Combinations of ['Jim',

length 2

len(C)
10
C.list()

[['Jim', 'Pam'], ['Jdim',

'Michael']]
for X in C.list():

print

Jim
Jim
Jim
Jim
Pam
Pam
Pam

and
and
and
and
and
and
and

'%s and %s'%$tuple(X)

Pam
Dwight
Angela
Michael
Dwight
Angela
Michael

Dwight and Angela
Dwight and Michael
Angela and Michael

Compositions

Compositions: Ordered lists of positive integers that sum to 4.

C = Compositions(4)

C

Compositions of 4

for v in C: print v

[1,

RPNRFRWN R
) bed —w W W

C.count ()

8

Partitions
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1,
2]
]

1]
1

1]

'Pam', 'Dwight', 'Angela',

'Dwight'],
'Michael'], ['Pam', 'Dwight'],
'Michael'], ['Dwight', 'Angela'],

'Angela’],
'Angela’],

[ 'Dwight', 'Michael'],
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'Michael'] of

['Jim',

[ 'Angela’

4/30/08 12:19 PM



Sage Worksheet: 480 - April 30 2008 -- combinatorics, part 2 http://localhost:8000/home/admin/127/print

P = Partitions(5)
P
Partitions of the integer 5
len(P)
7
P.list()
(cs1, r4, 11, 3, 21, 13, 1, 11, (2, 2, 11, (2, 1, 1, 11, [1, 1, 1
1, 17]
for p in P:
print p
print ferrers diagram(p)
print
[5]

*k*kk*

[4, 1]
*k k%
*

[3, 2]
* %k *
**

[3, 1, 1]

* %k *

[2, 2, 1]

len(Partitions(100))
190569292

Partitions(1076).count()
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147168498635822339863100476060989594348403048443914212533461274735
661174189186182763301488739835975558420153741306002880959293873471
232270327849578001932784396072064228659048713020170971840761025676
986084690814282935670692978599129051989944549067221999782345287498
740222882298501367675662947818874946878790038246999881977292006320
668735996662273816798266213482417208446631027428001918132198177180
651123454259502672842445259229678119344813999466473010574256435915
949891814852853513705513994767199816914590220155991019596014174740
715430750022184895815209339012481734469448319323280150665384042994
417958775176129491624814247999880293650719525707448504757166277176
033914424951138232981952630083364898260458377122024553049963821446
028531832004519046591968302787537418118486000612016852593542741980
504626724547323732184583342751252422746539913017407694128084740083
422179992860711083363033162982891024446496968053954167918754800108
636774022023128467646919775022348562520747741843343657801534130704
197553037516970799928704028567784161934747236817177215404666430312
15630003467104673818

Set Partitions

S = SetPartitions(['Jim', 'Pam', 'Dwight'])
S
Set partitions of ['Jim', 'Pam', 'Dwight']

for X in S.list():

print X

{{'Jim', 'Pam', 'Dwight'}}

{{'Jim'}, {'Pam', 'Dwight'}}

{{'Pam'}, {'Jim', 'Dwight'}}

{{'Dwight'}, {'Jim', 'Pam'}}

{{'"Pam’}, {'Jim'}, {'Dwight'}}

Ordered Set Partitions

An ordered set partition p of a set s is a partition of s, into subsets
called parts and represented as a list of sets. By extension, an
ordered set partition of a nonnegative integer n is the set partition of
the integers from 1 to n. The number of ordered set partitions of n is
called the n-th ordered Bell number.

for X in OrderedSetPartitions(3):
print X

({1}, {2}, {3}]
({1}, {3}, {2}]
({2}, {1}, {3}]
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({3}, {1}, {2}]
({2}, {3}, {1}]
[{3}, {2}, {1}]
({1}, {2, 3}]
({2}, {1, 3}]
[{3}, {1, 2}]
[{1, 2}, {3}]
({1, 3}, {2}]
({2, 3}, {1}]
({1, 2, 3}]

P = OrderedSetPartitions(4, [1,2,1])
P
Ordered set partitions of {1, 2, 3, 4} into parts of size [1, 2, 1

P.count ()
12

for X in P: print X

[{1}, {2, 3}, {4}]
[{1}, {2, 4}, {3}]
[{1}, {3, 4}, {2}]
[{2}, {1, 3}, {4}]
[{2}, {1, 4}, {3}]
[{3}, {1, 2}, {4}]
[{4}, {1, 2}, {3}]
[{3}, {1, 4}, {2}]
[{4}, {1, 3}, {2}]
[{2}, {3, 4}, {1}]
[{3}, {2, 4}, {1}]
[{4}, {2, 3}, {1}]
Permutations

p = Permutations(['Jim', 'Pam', 'Dwight'])
p

Permutations of the set ['Jim', 'Pam', 'Dwight']

for z in p:

print z
['Jim', 'Pam', 'Dwight']
['Jim', 'Dwight', 'Pam']
['Pam', 'Jim', 'Dwight']
['Pam', 'Dwight', 'Jim']
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[ 'Dwight', 'Jim', 'Pam']

[ 'Dwight', 'Pam', 'Jim']
len(p)

6

Subsets

S = Subsets(['Jim', 'Pam', 'Dwight'])
S
Subsets of {'Jim', 'Pam', 'Dwight'}
for X in S.list():
print X

{}
{'Jim"}
{'Pam'}
{' Dw1ght }
{'Jim', 'Pam'}
{'Jim', 'Dwight'}
{'Pam', 'Dwight'}
{'Jim', 'Pam', 'Dwight'}
S.count ()
8

Dyck Words

Dyck words are the expressions containing n pairs of parentheses

that are correctly matched.
D = DyckWords(3)

for x in D:
print

X
)
)
(
)
(

N N~~~
P e e
N N N N N

(
)
)
(
(
0

U N N N~ A~

(0]

There are many combinatorial structures that are in bijection with
Dyck words. This is the stuff of combinatorics...
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d.to tableau()
[r4, 5, 61, 11, 2, 311
d.to ordered tree()
Traceback (click to the left for traceback)

NotImplementedError: TODO
d.to tableau()
[(r4, s, 61, [1, 2, 31]

d.to noncrossing partition()
(i, 2, 311

d.a statistic()
3

@interact
def (n=(2..8)):
D = DyckWords(n)
print "The %s %s."%(D.count(), D)
for X in D:
print X

n

The 2 Dyck words with 2 opening parentheses and 2 closing
parentheses.

0))

00
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http://localhost:8000/home/admin/127/print

Another combinatorial class in Sage is the collection of paths in a

directed graph.

G = DiGraph({1:[(2,2,3]1, 2:[3,4]1, 3:[4], 4:[5,5]}, multiedges=True)

G.plot3d(spin=True)

p = GraphPaths(G); p
Paths in Multi-digraph on 5 vertices

len(p)
37

p.random()
[2, 4, 5]

list(p)
(ri1, i, 23, 1, 2, 31, (1, 2, 3, 4
5]’ [ll 2[ 4][ [1I 2’ 4[ 5]’ [ll 2[
3’ 4]’ [1I 2’ 3’ 4[ 5]’ [ll 2[ 3’ 4’
[1I 2’ 4[ 5]’ [ll 3]’ [1I 3’ 4]’ [1I
[2I 3]’ [2I 3[ 4]’ [2I 3[ 4’ 5]’ [2I
(2, 4, 51, [31, [3, 41, [3, 4, 5], [

[51]
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