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CHAPTER O

INTRODUCTORY MATERTAL

I The impatfent rasder should starc tn cH. 0, 51, then ch. 1, 43, etec.

and perhaps read the prior paragraphs only if and when he needs.

FOREWORD

Thage mploe Lars srimarily written from fooc pasandings of GROTEENPIETE e lectures during
s wisti ap SUNZEE th the Smar of 1971, Boupver, thege resordings wem sugp Lman tod by
gzarcisss, rafcrencea o elazsical atgrocsid gaamstiy,; histsrioal eorments ond concrete
quotationa of sush Mpiblag® as 30, £G4, AT

GROTUZNOIECK hiralf coes mal gszund & ruspeneibility far the publication of Shesa noies;
I baligue hougver tast siice no acdesuate "testbooks” S=iat today and the original o] Yoat fgna
resent comaiderable diffimultivg b tho, pagirnan & publisatist of thin kind il halz ¢ muoh
tHder oudiodes. Thid 1F {ntanied as an incroderiion to g edurces SGA, EUA ixsi WIZh Soncretd
raferinoss to Che, t and paje murhér, D Rawa i-'-‘"'l;‘ii:!ud tha biblisgreshy by raferring fo othar
introductory publicailons aush & the JIEUDOSNE arsiales, prernam'y leoture notas, €. Noat
of thom gontzin sketpiy or nd preofs at all, e taey o gidragsed fo 2 differant t;.-eu of
readon, cf. MACITTALL-Senenrd, widuagred bo clasateai gloedrdis gc:;u_.-.,.zr_a.l". I fope 2kzs phesa
lecture notas, dirssrsd sromirily 20 bugiruring graducte gludencs, vill bridge the gop, betsam
the mrwuiousiy mgntioned leoturs moles ard shs sourcgs. To acd ERe mewoomar, tha reader vill

find many mopa daz=ily thaw ik curco=zry 1 informzl publicasions of this type. I took advan-

e e : .
”‘l:ﬁw bracketa T _] tn taxt nafar w0 ¥ interpolatizta (F. Gxelals

fﬂim namas o aubthore andfor stloe of bocks, popers, #22. bessan " " rafer to tha
Bibliogmapng. |
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' soms of the oral fetions 2o insert "yirrarias™ ot che baginning of most

ﬁtﬂ “wﬂfw m—ﬂ;?.‘ﬂ#d lectures, or my am intiiative tf I could nov find any batier
#ource). Thare cra mawy complete procfs, and othars cre almogt compiets with very fau, really
trivial datolly laft to the recdar.

¥o knouledge of “old-time" or "slassiocal® alzebralc gaometry was cagumed although

CROTEENDIECK himmelf gove ¢=plas bwolving ploe ::l{nbm{a CUFDES or surfaces, eto. In mow
pointa, eapecially in the dmereduciion for future applisd mathgmaticlang and tn tha Semery of
the cowruw, I tried to butld some bridzes with "old-time” algabiaio gaomotry based om the study
of algebraie variatien {nstead of scheres. If this mizht sawm contrary to GROTRENOIECK's
mathamaticol apiris, ¢ 12 defini vely Mok unfoithful to ain currane patlosophioal or eocic-
logioal worrias. In his prior visid t2 Buffale, and in Faty other plocas as sell, GROTRENDIECE
esTpaioned ingt gzmart bnoylec=s ond technology. Hew fun U¢ Ignome that many pecple faal
disappeinted if thay do ror sve aﬁ.mri:a!gtbmamur-waumpuguminmﬂgsbmia
Ceomatry tezt? Or they comploin "z priori”, Gust by “hecreay " & there {2 a Lot of algabre
end eategorica! lenguage but - yhare fa the geomeiry? I bry to overcoms thiza peyohelogueal

1 £ € 1 Entroduced by

I hape that vary scom after o final pevision of the whole courss tha second part decling
with the sategory of achemas will appear.

I Impm-ﬁnlmmm:hwm&rﬁ&uhﬁmmﬂd@wuhm
these notes, moinly: J, Dusicdin, 3. Fall, L. (wgtx, B. Borwher, ¥. Lazarinaff, N. Blun,

Ie Qzeld, P. 0. [n, &, Schoiuel, 6. ﬂmn?&:. Hﬂﬁ Ey umu#?;q il k_iﬁ'.f?fgin ¢
mistaken, typegrevhisal, linmuiatis, matheme g on sspacially grate o
all to r:?mﬂmm uha’m 8o I:;‘ndlm!::h -uuyba@_mﬂ g0 gemargus with ais tima, Ha lectured
#wvaral $imes for pariods of zimos: meven howre, with only a faw ghort Brecks. Who om
beliave that W ia not intereoted in Mothamotics anymora?

.lowt Pbut not least, I’mw;g mhlﬁmhﬂnﬁpﬁl}m. G:ﬂ!ﬂ::‘:{, for her 1
e=sallont job and har ongelic potience, eorreeting oud retyping tha mmuscript dozeng of timen
and naver gnoe protesving,

AUFPALO, Juna 1574

TEDERICO GAETA
(£ ' ‘—'

r;. FROFACANDA FOR APPLIED MATHEMATICIANS. Not more chan.one eenfucy ago tha distinccion

batusen pure and applied machematics was to & large extend srtificlal and unieporesns. For
loacance KLEIN's little book On Blemann's Thaoew of Algebrate Funstlons And their intexrais
(1880}, (Dover, 1963 (cf. sample teproduction of the indax), incroducod the scudy &f

Riemann sucfaces hy considering the praceical physieal pesblem of lamlmar fluid flow in & plans
or arbletracy surlace, Ha avan quotas MAXWELL's treazcise oo page one!

The nacuzal concinuation of sueh "sramscendencal #pproach” (n our times is tha atudy of
eo=plex algebratc manifolds, developed by considering compace KRHLER manifolds of the HODCE
Eype. Although this cype of analysis provides ona of the mosc beautifl “sncramees” ea the
vdifica called Algebraic Cacomatry Lt L3 not consadered as sia Eost fundiments! one, The main
Pentranca” during mAny yeats, sftar MAX NOETHER (atound 1970) was the frus "algebratlc-gaomecric®,
originally relaced o cha study of discinguishad projective mmdels of slgabraic varieties and
somsequantly to the ueory of immariancs. The clasaieal papar of SRILL-BOETHER (Mach. Aan., [974)
laid tha foundacions of "gecmetry on an nlgabrsie evrva" ficm the bizacions! poine of mux‘”ln

Spproach the applicabilicy and SOnC=aCanads \ms 3till yery clmar and never quescioned,
Gradually the {nfluence of algebra, painly cossuracive dlgebra became zore and more impoctane
and focreasingly more and sore abstrace, The prasentation of the fopics bacime mors and mors
decached From the applisations, ;

ﬁ}: ®n particularly gracaful to N, Barry Fall for meny valushlas Bugzestions io writing this §0.
Two ll'ﬂduqibtmlﬂﬁp:u VATiacies srm blrationally equivalens 116 their flelds of raclonal

RE ate Lsomorphic. Classiesl algebrat scme tdered sain!
atf Leraducible slgebraic vaciaries, 5 . T salaly blractonal classes

0-0-1




| Today, for miny colleagues, CAOTHEWDIECR's Algebralc Gacmetry locks like one of tha most
shatrace and yrapplicable products of cusTent machemaeical chought. This pre judlcs cauzsd hars
aves befors the students of racthemacies within the U.S. were wortied about the searcicy of
seadente positions..s « [E they ever hessd CROTHEMDIECK doliver one of his Susvaval calks sgd)
sodern Sclance; cesmarch, cechnolegy, #c.,40s thelr worries mighc become unbearable. Whan hi
asked the audience abouc the usofulness of those chings [ recall che classiesl examplar how o
LR formulate his laws oo Celescial sachanics Lf the Greek would paver study the conle swed
gleetromagnetisn vas also gporioned, énd ics patencial harmful conssquences discussed. He 13
yeey libaral min aod Lo spite of that he slloved us £o use plency of Lape pecorders.

¥e wvant to ghow that alchough CROTHENDILEGK's origimal presanzacion looks very abstraec
and seldom deals wich possible applicarions, his tnspiracion 18 Very concrete-

1o eontrast with Algebrale Geomatry, che popular beliefs regarding Diffevencial Geomatzy
ara totally diflerenc. pifferancial Gecmatry nevar loat iEM flaver of applicadilicy, For
propaganda, 1 would like to show in this ineroducrion chat such pricfical sfructuras &s
differanciable =anifolds sre matural sxamoles of locally vineed spices. Thus, LE & reader 1o
sequainted vith diffevencisdle manifolds, GROTIHENDIECK'S schenes eimnot look so terridly
abstTaCt.s» = [If i# True, wi do DOt assume knovledts of differencizbla panifolds as a logiczal

rereauistee far this course, buc 4 grudenc Intsresnad spplicasi shoold be incarese =

differsnt iable mani folds.

The purpoas of this infor=al {ntroduction is Lo davelop an anslogy between these nav
sathematical objeccs {nrroducad by GROTHEWDIECH and cartaln objects within the acructurs of

Mathematical Fhysicsa
1 will salect an applicacion which is of interest to m=. Conslidar che "configuration spi

!‘ or the “phase spaca” W of an holonemic dynmamical system with "nedegreas of fraedon™)
although old beooks ara meos vexy pracise, it Lz clear cthac for sany problma conceruing 'n =
should cnly consides local Functions £: T+ R dafined within an cpen et TS LA For

{pstance & lagranglan coosdimaze function qg (L = 1,2,...,8) &3 only définnd locally for =
d

eereain coordimate chere . The Lagrange squations of macion —=& %"—1] - .§.th. =0 arevalld
; : .
caly in certain loeal coordinice aystams (qt,...,qnj + To examine ths dehavior of the
dynamical syste globally we mastc picce cogether local funceions corresponding to different o
sutz U .
This iy schisved by first verifyiog that the set of functions [£: U<« R| 09V ] form
ek woit usdes polacwise additicn and sultiplicacfon for aach T . Denots

commiitative riong vi
sing by TfD . 1f V< U chan there {3 a pstural sestriecion map t:; TN +T(V - The'm

t: gaaigns co evary B¢ 0 -E Lits rescrictiom witn respact to ¥ , i.a t:fJ;:] - q:l'lil': vT=R
In other vords the local ¢"—differsaciabla funceicos on U form 4 "oresheaf™ [ef. 4, III).

* gext we gusc cousidar the "germ™ of F: U =R acawy polne x €0 . Let £: 0 -+H a2
= ¥+R be locil functions; then E and & aru equivalent funecions, £~ g , {f cheyageaeons
W un yisxime germ of £ aciche pafac x g W desoted by € s the squivalence class of
funccions detarmined by this relacion. Hote that this definirien appesrs Implicitly L= elams

"complex andlysis” Ln one wacriable.

Tt {a sasy to verify that the germa :l' for all = €W form e local ring (in che =ode
technical gense). Thus, with cthe addicion of cercain gopalegical sophisticaticns, we define
Syhanf of germs of loeal c®d{fferenciable funcilons on H" , denoted by & m: {n tha tax

I & topologleal space), as the disjoint sum ue of the local ringa, & , far every
:EH Hl"‘ H,:
polat of M . Thus che differantiable sanifold V. or Y of Classical Mechanlca (o= fot

0-0~2



[Ehat matter any diffarenclable =anlfold) (s an examply of s locally ringad space {z,al] . e
# topological space X with 4 ¥tructure sheaf 8, »

Inm spite of this heavy teralnoloyy, & shest of peras {5 real]
| ¥ &n old des which ha be
Preclar through & new and uzefyl sophistication. Thage abgtracr idesy aTe noc :ul::nl::
:hunc:. H:hﬁush they ean be introdueed in an abstraer minner, thay can ha discovered
experimentally by working wigh classical exanplay,

Sheaves were (ncroduced o provide 2 transiciog from local po global proparefas. In thia
ragard, the global 2edy of cutvos which solve the elaggica] Bquacions of wotlon (g difficuls
Problexm) has baan simplified by the incroduction of sheaves, Lf ve sgree wirh LICHERoWice
,Ehat the mase concreta model of differenciable =nifolds {3 ghe "configurarion space"”, then shaaf

PPaars o framaform a concrets problem inre 4 Srcifieially sbsprges one, purely for
technical or astharic feisonz, However, Rzcording td the modarn SPproach, nan-singulac

the “Figld of tationzl functiong” of an ( reducible algabraje variecy ¥ by the shaaf of germy
of locsl regular funecions of § (which no longer need to irTeduciblgl CROTHERDIZCK 5 schasy

kra 4lso locally finzed spaces {x,glj. i)

It would by dishonase eo ignore hare cercain mew tomplicacions: 4 diffarentiabla manifold
ia BAUSDORFF, & scheme 5 iz not gven 1‘1 s LE L8 Juse Tﬂ v L8, for gny soupla of polats

=,y €5 there exist an opan peighbarhood of vom of them which d0 nor concain the other, biye
this Telazienship fs noc sy=ma in  x.y . 1In other vords = singls poins x € 5 iz zpe
Becessarily closad; thacloyure i:I af fx} =y be vary big... We ghall coms back ro ehis
fa Vol.lI. pn this Vol. I we shall deal zainly wvich tha budlding blogks of Ehe schemes, che
#o=-called affine Scheaa(Ch. 1IT)(or affine algabrais Apacas, cf. Ch, u.i

1. PREREQUISITES Ve shall assvme familisrity wich the basic llﬂ&llc stTucturas: groups,

rings, fialds; che volumea of "BOURIAKT - COMMUTATIVE ALGERRA™ contain everythiog we are
EOIDg B0 uss, The treaciss of "CARISKT-2AMUEL", although sowewhat ofd Eaphioned, iz glse
Bsafil. We asaume familiaricy with che mlemsnrs of guneral copology, fopological spacas,

Iz addition, the resdar 15 Buppaded to de familiar sith the Language of Satégory thaory:
(£.4. Etha definirion of category, of functoes From a SACEROTY Co another, the category of
funetors betwesn fwo glven categorims,,..and alpg perhaps the mociom of an &djoint functor,)
Tha concept of a L 4 fun of a catugory C o cha catagory of sate, as well ig
the category of covariamc Tapresancabla funcrars O « Sets, Plays a Big role 1o cthys course
from the very begloning. 1 tnclode the minimm noeded bo follew GHDTHEMDIECK's leccures in #1

of Chapeer I_.J
[2. smousy or vor, 1
In spite of all GROTHENDIECE's revolutions, algebraie Eeometry ia

stlll a "geometrieal theory of equations”, Thia is made clear in Ch. T
starting with a very general system of polynomial equaticns g -[fJ (T,) = 0] with

arbicrary index sets I,J with coefficients i{a a Rround ring k (commutacive,

with unfe) (2}. We shall conslder solutions (a,) (i € I) with coordinates a; belonging

n}'ﬂu: fpaces are callad um_:-rtul fpices by DE MAZURE-CABRIFL bacause those which do pat
bove gn ix 42 sot sdes o bave soough gromecrical inceresc.,,

ﬂ}m Fiogs conatdernd hare will be commitstive rings with gnie, Any ring hoscsarphim
£1 A48 preserves che unic {tﬂ‘} - ll} « Cf. Ch. [, 82,

0-2-1
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l’!lril:l‘..lﬂ with categories £2 1asrn the o

'J* &) courage the resdas with licele
| :'lﬂx':’ “-::-hu Iﬁ:n:l:q:: tn this Mgﬂ__&.!l Tha face thic we 4o not use u*
| | ' particulas propercy o tha saceglcy E‘ s very leifs cE. Cus I, §1 fo2 !m:'lhﬂ: {nfo
k ' waloy ¥ = L Ttk 60
- e v aocatiom scands Iﬂ {ltphnhﬂ "rn'im i Ilﬂluﬂih un -ul, oge deal mtu-H
f  with theam old subjectd. .of lt.ud.r of tul ﬂnhni:r [+ y AT ul.u. ph‘y 4 con
' darabls ﬁﬂtﬂﬂ- col®ast 1L T : i - t‘;“r-" r-_'t L" W i i ”-':._.1
“’u the ciss k= Z, 3 12 uudu'w (= ovac IT'MM
L 1 = y T TR
F - T T Ll
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[ e+ ~2w +2m  raw - e PO =1 p(a) = xpga) D
A€k

AS a consequence, we have these three trivial facts:

a) the set of k"-valuad points IA&') i3 the same as Hom (Ak"):
- k-alg

B (k') = Hom ((A,k") .
k-alg

b) cthe map k'« %, (k") defines a covariant functor G, + Sets

€) to any homomorphism h: A + B of k-algebras, thers corresponds

a map i{n the opposite dirscrion:

B 3,0) +%,0)

defined by composition in the only sensible way, a), b) redefines tha

functor of solutions k' s Iat‘l:'} in an intrinsic way: IA is the (covariant)

representabls functor G.k_ < Sets represented by A . @) #xpresses the fact
that the covariant representable funectors IA (A € ﬂbﬂk) form a category

equivalent to the opposite catagory E; of Gk and the map A = IA definas
4 contravariant functor Gk - G.l: .{IJ

The previous ecategorical properties do mot tell us anything specific
about the category of k-algebras G) o lts "geometrical interprecations".
On the contrary, in Ch. III we shall attach a geometric obiect, the so-called
affine scheme defined by A= (x,el} which 15 a particular case of 8 so-called

locally ringed sgacesi} to the funcror IA + Before summarizing this,

W1 tta tosks “tos abatract® comalder cha emdeddtng 2, (") G k'T | huck thae the coor
disatas of P" are the weluss F(5,) of & syscam of * gavarators sod chas dizragard the

h."!ﬂ- Froparey is crea s snv estegory G .

halﬂl'hﬂinu foorseta.

wj. ringed spaca (,I,!I] L2 & paiy eomaistiog of a topological speca I plus & seructurs
shasf .x on X . Moot of the geomatrieal ptructures Ln modarn nu:-_:-u.u ars ringed
Bpacas; for ioscance aoy kind of =anifolds (copolagleal, diffavencisble, somlyeic). They
aTe topological spices I with a shesf of ger=s of loesl fuoctions of the corrasponding

Eyve (eomticucus, differenciabla, anulyeie;«.<)s "Locally ringed” meems that che stalks
ore local rings. Gf. . III, §7 for furrher decatls.
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I: ghall very briefly recall here what the geomerrical meaning of k-algebral

{s, in order o firmly eatablish the links between old-time algebratc

geometTy, Cegmetry as a whole, and current applications.

1n classical algebraic GeoemtTy k ia the Field of complex numbers:

x = L and we look for sclutions in 2 (n= #1)£l} The ser V = vs{t} i

defined as an Mglgebraic variety" and the restrictions E|V te V of

t® » ¢ forma finitely generatad C-algebra 4 .

A is lsomorphic FD E[Tl,...,I“]LJE where JE' denotes tha tadical of |

() a5 & consequence A 1is sn algebra wichou

(HILBERT's Mulls rellensatz)-

pon-trivial nilpotent elements.

polynomial funccions E:

Conversely if A 1is a finitaly generata

A can be identified with the t-algebra of E-valuad

zeduced C-algebrd,
polynomial functions om an algebraic variety (for instance in :3 if Vv

of Finitely many {rreducible surfaces, finitsly many Lrre

ducible curves and finitely many points. Im

v conalsts

particular ¥ __1is trreducible £ff 4 is an iy

dmnalnfm In classical Algebraic Gacmecry th

e .

finitely generated g-algebras with non crivia

T nilpotent alemnn:scs) had no geomerric status

E8VETr. CROTHENDIECK opposes this view, becaus

u.,n-mn § has finlza or infinlte glesanca has oo izportance because of tha fact that che
1deal 37 geoerated by 5 has a flotce besls, afrec HILSEAT's Jazlssici

lIJ'ﬂ“ radical J; of tho tdeal o of A s the get: ﬁ - [a & Al3n E‘E+Il. €dl ;
radteal tdeal L£F ¢ = /3 « 1Tn particular i e the

obviously .ﬁ 0. o ilaw
wtlpadical of A , depocad by NLL(A] .in this courasi 4 1z peduced LEF HWIL A= 0, Lo
e onty milpotent elumen af A ards (ch Wi

“"m eriginal agscement (good for any slgsbraic elomed
all tha "sscos” {Mullgcellen) of the jd=al g thasm = £a tfor soma pomitive lnCeger B

(4)
A commtaciva ring vith unic is an tntegral domain LT A = o] i &4
le. LEA=(0), a,bEA=~(0]=ubpo. (0] ts muletplicorively close
&)

An elesent F of tha ring A 1a called nilpotenc 1ff @ =0 for sope iuteges =2 0

{ef. foocnoce (2) of page 4). Applisd mathemaciciany, en
. p npinaers, stc. Lntreduce ail
alezmenca any cime chey distegird "Infinlcesiml qu.lu;.:in" of w:-dnr xh, by wftﬁ:““

h a "lh. Diwns

fiald %) is cthat 1f £ vantshes 1]
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' algahras repregant infinites;ﬂs_;l obiacts,,. (c£. ch. I, §13).

Thus to halp his Eeometrical intuicion the Teader ghould think of any
k-algebra (not necessarily finitely generated over gp arbitrary ground ring
k, ag befora) as 4 natural Beneralization of the algebra of Polynomial

funetions on vy » (the problem 1g te "recovar v from A4 gq Some sense'),

homomorphi sm Av -*.hu of the corredponding rings of polynomia) functions
en V and w, But since hon-reduced algebras had neo Status, eh;nica;l
algebrafe gedmetry could not pe "Funetorial® (functors were not explicitly
defined, but were "uged"” implicicly Teépeating often larolerably, long

SteLements, ss)a

The geometrical obi{sar fx,aI) s the affine gchems attached to any
A ﬂtﬁ‘.k ¢ 9T equivalently the affine algebraic Space :A Tepresented by

A 15 a very POWETful refinement of the old netion of algebraic variery,
The spaca x is the Shectrum of 4 ; Spec A where Spec A 4,4

the set of a1l Prime ideals of A) (X =g 4rf A=0) , The

topology of x ia defined ip Eerms of the radieal ideals of 4 in 3 munner
inspired by the ZARISET topology of affine Spaces, (Cf I, §14). Spac (A)
dlone doss not allow us ro T8coOver A because Spec A is hemeomorphi ¢

“ith Spee(a/Nil 4). Thus, in order to construce SE2SETa 1t {5 sufficient
Eo restrict ourselves t0 reduced algebras. The Structurs sheaf &, together
wvith x enables ys ¢o recover A because A= T{J{,Ex)- = 30{1,15:} » Llom,

A4 i laomorphic with the ring of global sectiong of the sheaf Gx ® A

ts the 0% cohomotogy k-algebra of X , with coeffictents tn 8. mn_’

0-2-5
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definition of Gx iz guite technical but we can mention hara that th2 sta

af every peint B € Spec A 13 thae locsl ring &‘ . Actually all the
constructlons make sense in the category & of commuitative rings with un:

(1)

Hote that k has no tole in the conspruction” ~ ...

CHAPTER I

FUNCTORIAL pESCRIPTLON OF riE SETS OF SOLUTTONS
oF SySTEMS OF POLYNOMIAL EQUATIONS

l Queationi...He underscand your vorsies phout exparc knowledge ...y tha wvay,
{f wn try to explain tad layman Yhat algebralc geometzy in it
sagms £6 me chat the eicle of tha old hock of EXRIQUES 13 aeill

l.:lﬂu.l.:iﬂ}: What do you thick?
CAOTRENTIECK's anawet! Yes! but your Maymes® should kngw vhac & syscem

" of algshraic equationt iy, This would cost year3 of scudy Co
FLATa. .|

Questioal.-.1f ghould ba nice to have & licele faich that sfrer two theuasnd
yeary svery good high schoel graduate can urplatscard what az
affine acheme is,.-What do you chinkl.sa?

o-lq-irlt-riliu--!

from & liztle Survival talk with CROTHENDIECK.

spouny, let 5= (fp] G EL &N iodleats an arbitrary syszeal?) of polysomtal
#quaticos t!{'rl‘.l = 0 with cosfiiclants io® commzative grousd ring with unic ki Weu
ghs aat of solucions 'ltgth'} , (KM€ ﬂbﬂk} (3 45 an srbicgary k-algebra. The sap k' v,
definey @ covaziant functort « Sers, Our maio proble= {s to charscteriza these functa:
{up ko aquivalsnce) indepandenc  of any affine e=bedding ?50-‘] 'HI!I . The soluridm ls
functor O, 4 Seta ia eguivelenc to sose #g Lff it Ls sguivalent £0 gcme EN defined b

DU AU Rom, g (AT (1 k' € obdy)

m Thia locks ply:_hnlanul.l? gigrurbing. The ring &f gnefficiencs af our original sysci

squations disappasrs +c1 NOT completaly! Thera L9 slyays & homeserphilss hi o A

(mw orl,) s chug A contsitd & cing ZimE (=) = ket h) vhare m ia ghe chatacts:
of A o " Even chs snamies oF GROTHENDIEGK'S appcoach to algebraic Geometty agrag tha
schiemes &TE Pﬂtl:ﬂlltlj‘ ageful forf s=ithoatlc prnlm-..g plave 3 ynlggzg; rﬁ;..

hlm:quz:: "‘:Lm-:::ut theory of :qu-r.iqng...", not necessary at all o Eollov thism »

@) es, gum=ary of the cOouTaE-
h}ﬂ' 8z, ﬁ'k denores the categsry of k-algabrma. Yor g =2 (ciop of integera) ; GI.
ths cacsgpoTy of commstative rings with unlt.

1-0-1



Il-rh:n: A= rlrp {9 = Fi‘ﬂ ts an fdeal of ths pelyneatlal ting rl " E“iliﬂ}' We say that

3, 1t Teoresenced by A and = functor =+ 5ert As equiveleny s somg W irf {e 45
Ji e r ' 5
L]
rnErugnL:hIf{ ,. (ef. 413 IA L2 called an affine dlgebrale rnace over k . 1n particuler
for A= PI : IP --!I is the standard affine rpaee of gvps
1

1t £3 o purely cateporical
fact that the funcears I, 2re the oblects of & Q;FPHEI L 1
carepory {3‘; af ﬁk = 1n particular for Xk = - Mfz
flots wver B) wffin= alpehrals spaces,
vith tnie,

t

" ALL Ls the category of “sbgoluge"
dpposlce o che eitegory G of commurarive rings

Ve divide Ch. T n two parcs,

gccond rare deals vith some particu
historical nganing.

the firze part daals with the

proaf of \\'ui'fh "E;_ ~ The
Tar subcategories of G, hay

ing dmporrame Eeoneerieal and

REMARK.  ¢h. T Follous thic tapa very clescly. The contents ls almoas
duction to the nau Springer cdicion of ECA=1. No fureher usq of this

Em-ssvrl.ngcrfﬂ] A recall on represencsbile Funetors apd k=alpebras i3
CROTHENDIECK scarted in &1, I

{dentlical o ghe Intro-
batertsl dn pade {n

added in 41, 2.

PART 1

e
THE ISOMORPHTSHM Affk = (Ik

SMARY, 1n order to characterire the V. 33 recreseneahie funceors, we establish phe equiva-
lence \'l = i.r? (2= TI'S} Cet. $8) and Ehen wo prove ¥ = :r.‘ (A = rrfﬂ (cf. 80 becauss.
ef tha unlversal] propercy of A, Converscly say 4 g (:hﬂi £an be obtailned s 4 quotisnt and
any I.n ce=es {roo some vp .

!+ REPRESENTABLE FUNCTORS. CATEGORIES OF FUNCTORS Hon(C, Sets) 4ND
lom(@®, sets) . catecontss s/c anp oy (D) Let A € ObC be a fixaq
chject of the cdtegory C . The map

(1.1) X » HWIC{A,X)

“}H tontalng all the nécesgary Prevequisices on representable funzzors, borrowed from

CROTHENDIECK's Buffaic courses on Teool and algebraie ETOURS.

The lecture notes of wanry Alyo scare with this saag ippraach, however ManIy presanta
coasiderably lesy decalls thao in this course,

( This secctan iz borroved mainly froa the Bulfelo MGrcourse, Ffor several Frasons mainly
[ - .::u a "mpgy” confusing diffarcuc hypochasis 1 peefercad eo rewtice che whols Eopie by
Eyielf. For further reading ve reesemend O-Advances, If rags IT6 {(wichour precfe) op
Fordémcpcs, Page 193-01. X formi Cred tmang 0 dn

L3 piven in ECA-Springes s, 0,31 pa 19,
The eontces are TOUBKY and $oa, 3, 1. i uges, O 0, §1, page |
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| g;aigﬁing ta X the net{n of C-morphisms from A to % 1is functorial

X , L.e, it defines a covariant functor 1?&1 ¢ -+ Sets , which is eall

;-l:"

e

the covariant functor ¢ - Sats represented by A .

"
¥
.; in faet (1.1) defines the map ObC - Ob{Setsl. Besides, if X E T
‘q .i a wmorphism in © then there is @ patural map
: | L
(32} HWE(A,X} S— chm,'n

defined by left composition with £, 1,8. u™ fou , Yu € Hmc{ﬁ,?:] A

gimilarly, we can define & econtravariant functor hﬁl ¢’ {2-*)5“3 by

(1.3) hA(KII = Hmncfilﬁl

£
and hﬁtf}: hﬁ{‘i) » hﬁ.f'x} for every C-morphism X =Y where

X
2
ol
| (1.4) hy () = vef ¥ v € Homy (Y,A)
'ﬁ ha; r_:' 4 Sets is the contravariant fungtor from C to Sets teEreseg;'gi
'::I] bE ﬁ -

REMARKS.

= :nt“-‘.

nﬂf course either one V, , hﬂ can be reduced to the other case

{ntroducing the opposite category e o
2) path types of funcrors Y, , h, appesr very often and maturally

The main examples needed in this course arise in Algebraic Geomatry whe

W) yoe any pair of objacts X,¥ € Oob, ac-n::l,!j 1s s _pet. Wa did met study any lnun!.l:i:m
aspecta of category rheory, for some aacthors OhC i3 & clasa (not necessarily = sac); or
folloving GROTHENDIESR (50A 3), Lz can be & Bij Wet gaciafying certain propecties which Ls
ealled 3 yniverss.

mc 9 {a the oppoaice calegory of 0 {.g. Lt has the sama ebjacts and ths sxms mztows &4 (]
with the dizmction and the ordar of composicion of arrovm cevarsed,

I=1-2
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C 1is the category Gk of k-algebras (where k 1is a fixed ground ring,

Commutative with unit) (ef. §2) or its dual ‘1;(11 « In facr the elemencs

{r{ﬁg homomorphisms) € Hmﬂ (A,k") (k' e ﬂhﬁk} are k'-valued Euintsﬂ
k

of the affine dlgebraic space represented by A ,

A covariane (cnntravarianl:) functor F from C to Sets 4s called

Iépresentable by the object A € OBC (ff p 1s equivzslent to some ?Aﬂ'l.

If this is the case the spresenting obieer A {s datermined Up o {so-

worphism. In order to make clear rhis Statement we need to formalize tha
Previous definition by intreducing l:h.a c2tegories Hom(C,Sets) G_{QE{(E', Se
of cmrilnt'(cnnl:ravariant) functors from (¢ o Sets. According to wall-
known r:nu:.i.pu-.:\:'ﬂJ an ocbjpct of Hom(C,Sets) 1s a covariant functor:

F: C - Seta. 1r F,G € b (Hom (C,Sets)) a morphism gy: F 4 ¢ i3 a

matural transformacion, f.e. for every A € 0bC there exists a map
u(a): F(A) -+ G(A)

such that far every C-motphism f£: A 48 we bave a commutative diagram:

715
POA) — vim)

{115) -ml l‘{l}
G(n
CUr— a(m

In pareicular u is ac equivalence {f the verciesl arrows ufA) are

equivalences for any choica of 4 € obe,

ujnlchgu the faee thag E; n idaney naCyra with the cage af th =ea )l
Sffine algebralc anices o kK_fs che mafn rasal i s
o LiHine slgebrate apaces over | L alnzeaalt of chis ch, 1,

Raivaly: “potags Vith coordinaces {5 k* (vw do mot wane coordicazas..,.).

a)
IfF G0 are Cwo categories Funce (G = B8 (en ta g covariane fune
G0 bay 49 2arphisma :r;- utﬂn.t’f]uurm;inu. X : g

I-1-3
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We lesavye to che reader the case of Hom Kf, getrs), L.e. of the cacege

of gac-valued contravariant functors).

Tha categdry ggg_(ﬂr, sers) will be denotad by € . Consequently
2" = fom (C, Sets). ¢ is a patural enlargement of C obtained by idenci
fying any object % € ob{ with the contravariant functor hy "represente
by X"i hx_ {s the gontravariant functer from € to ssts defined by

hx(‘!} = Hcmcf:r,:{} . 1n fact, the embedding functor

defined by
(1.7) LX) =hy ¥y X € 0bC

ts a Eully fatchful funcgggtl} from C Eo ﬁz which enables ug to coasli

9 -
* as a full suhcategﬂgz(‘} of C .« The objects of the essentisl Imiga{

of C by 1 are the so-called eantravariant regresegtable fUneroTs.

The covariant repreésantable functors, ysed extensively in this Ch.
are obtained by applying the “-construction EO the opposite category c'

1n other words: we cad dafipe dn smbedding

(1) gunctar #: C -+ 8 &s falshful L for evasy palr of obieste AB.E 0bC che duducet
Hom(A;B) Hom(F(A),F(B)) La jnjsecive, & faichful functor i3 colled fullv Faichful 1
for evary cholce of 4,8 the previous map {s bilecgive, LI F i falthiul, Fi0) i3

gubeategory of & » ir ¥ is Kully faichful the sat4gory: F( is a full subcecegor)

§ « (ef. foccnote 23 -

@ e X, ba twe objects of 3 subcacegocy B of 3 category O . Than we have & natut
injection Hmnil,ﬂ & Mpm (XYY ; 2.8, eveET} morphiss io 8 {5 slso & mocphimin &

g is s Full subcategosy of G ULUff For evary patr of cbjests XX £ 0bE the previov
{nelusion i3 3 equalley?
Eﬂlnﬂjﬂ = Homyy x,¥)

E}th ttE=+7F baa fully faichinl Funcior érocm B 2 3 - <ha sezential l=age of
5 is the full slheategory (ef, footnntde (1)) of T whods ol jacea AT equivalsnct o
the image LI} , L. ¥ € ChJF bolongs ke che masencial Lmage of & Lff L EOhI

that r'lr{n .
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(1.8) s v E. L B

of C in the category of covariant functors from € £o sets by (X)) = Iy

being defined aa Y » jx(Y} = HHﬁ:(X;Y) « The covarisnt representabla

functors from C to Sets are those of the essential image of C by § .

We can sunmarize chese considerations as follows:
There are functors hx = Hmuc( :X) and j?: = Hamcfx, ) from C to

Sets of type

{1.9) Yo hx{'r} E Homcli‘f,x] T () = Eomc(x,'f}

£
and fransforming C-morphisms Yy + 2 by composition in the only possible
Way., Thus hx 1s a contravarisnt functor: c - Sets and _1 is a
—Lfgvariant functor;
cavariant functor -+ Sats. We say in both ¢ases that h (resp jx}

15 & contravariant (covariant) Functor from C to Sets Tepresented by ¥ ,

More generally:

A contravariant (covariant) functor F from C to Saets is callad
representable {££ there exists an obiect X € 0bC such that F = hx
(or = 1y) + In both cases we say that X 4s an object of p repre-

senting the functor F . 7t is clear that 1f X' = X 1n ¢ then x!

fepresents F iff ¥ vepresents F . In other words: the Iépresanting

oblect X ia defined up to iaamugp_his::. (1)

REMARK. In most cases & contravariant (covariant) funetor P rapre-
Sented by X will be identified with hx {or jx) on the precadant

botions wi]l ba uufﬂnitnt.{z}

o,

@ Fs laave che Sa0y verification to ths resdar.
This dossn’ £ cause any prablen as long az we are noe concesned sbout untque Laomorphis=.
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L
2
f

[n the more naphixticntud questions it is nacessary to emphasize tha

cholce of 2 distinguished element £ € F(X) which is the image by the seC

gquivnlunce Tf gets - Sets of tha identity ]'K [ HUMG(K,I) = hx{}t}

(= ]x{m} ., In faer in the contravariant case a morphism Y = 2 4n B

induces a eommucative square

(43] 1
b, (2) j——? htu‘.l

X
(1.10) 7 l lyxm vy l

and, in particular, for z2=X we have a map hxl:ﬂ : hx(x} -+ hx('r} such

.that (hx(f'j} (‘Lx} =f ., ¢ has the following universal property:

(1.11) (g (D) (B = FEN©

As a conssguence when we discinguish F from its equivalent hX k

means of the cancrebe equivalence: Y yx(‘!}

(1.11) 7 (0 () 2 FCD

we can say that F 1s complately determined bBY the representing ob fact

X € 0bC and the distinguished glement § = {?x{x}} {11‘1 P

We leave to the reader the consideration of £ in the covariant ¢
as well as the corresponding conclusion that F is uniquely deéemined
% and the universal element & € F(X)

From this more conerste point of view becomes mora correct to defl
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F as representable iff there exists a couple (X,E) (X € ObC) and

E €EFIX)) such that E has the universal PToperty quoted abowea,

In the previous paragraphs the oblect X was fixed. Now we are gaing
to let X move in tha class ObC and we shall consider the previous
reprasentable functors as ob Jecrs af two new categories (whose morphisms

are the natural transformations) denoted by GROTHENDIECK with the generic

name of hase changes (for both variancizss). Let ys distinguish the two

cases:

Contravariant cage: v - Hom(¥,X) = hx{'f} VY € @E

These contravariant reprasentable funerors gir 2 variable X € ghe

are the objacts of a category naturally isomorphic to (with canoniesl

lsomorphism X »s hx » This is a fully fairhrul functor which allows us to

identify € with a full subcategory of the category = Hom(C*, Sets)
of contravariant funetors from € o Sets, )

Covariant case: X =+ Hom (8,1
Similarly the covariant representable functors jx can be i{dentifiaed

with X regarded ag objects of the opposite category e .(2) In other

words: The cpposite care 0 G of G is canonfcally isemorphic wirh
the category of covariant fepresentable funcrors, '

Let X be a fixed object of & category ( » We are going to define

two categories 8/C, C/'S whose objects are Ce-morphisms of source (target)
s respectively snd whoge morphisms are (C-arrows making the eorresponding

triangles commutative

This ceccalcal msbedding [uy A *Babled GROTHENDIECK in Toudy (o2, @. 1T, $1,2) to redice
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gy EOb(5/C) = w5 X, w€0b(Cfs) e u: X, 48
o EAre(s/i0) = S—2X, € Az(e/s) o K —>8
\.La *l/:
X A
upey u=vys “F

whera as usual ObC, ArrC denote rthe classes of objects and of arrows

of C . An object Pa pf ¢ is called an initial gbieet of € 1ff for

svery X € 0bC there mxists just on2 morphism @n X . Ohviously any
ewo initial objects of € are isomorphic. fhe category of Sals has as
initial object the empty set,

pually an object e of C is called & final oblect Liff for every
X € obC there exists just one morphism X =+ & . One-point ssts are
final objects in the category of sets. Any two finsl objects are {gomarphii

Of course &0 initial (final) object of  basomes final (initial) in

1f ¢ has an initial (final) object @r.{e) we can identify C wich

mcf{: (or C/e) in an obvious way.

2. THE CATEGORY Gy OF k-ALGEERAS. Oux scarting polat gtll ba che study of solutis

af a wary genazal sysc= of polynomial equations vith coefficlents in & commutative ground giag
with unlg k « But we capeot TastTies aursslyss to solutions in k , but racher we shall Look
for solu