
Digital Object Identifier (DOI) 10.1007/s002229900016
Invent. math. 138, 537–562 (1999)

 Springer-Verlag 1999

Lifting Galois representations

Ravi Ramakrishna

Department of Mathematics, Cornell University, White Hall, Ithaca, NY 14853, USA

Oblatum 16-XI-1998 & 3-V-1999 / Published online: 20 August 1999

1. Introduction

Let p ≥ 5 be a prime andk be a finite extension ofFp the field of p
elements. Let̄ρ : GQ = Gal(Q̄/Q) → GL2(k) be a continuous Galois
representation. If̄ρ is odd (i.e. det̄ρ(c) = −1 wherec is complex conju-
gation) and absolutely irreducible then Serre has conjectured in [Se1] that
ρ̄ “comes from” a modular newformf of prescribed weightk(ρ̄), level
N(ρ̄) and characterω(ρ̄). Following work of Eichler-Shimura, Deligne and
Deligne-Serre there would then exist a representationρ f : GQ → GL2(O),
whereO is the ring of integers of some finite extension ofW(k), the ring of
Witt vectors ofk, with the following properties:

• ρ f is unramified at primesq not dividing N(ρ̄)p.
• For suchq let Frobq denote the conjugacy class of Frobenius atq. Then

Trace(ρ f (Frobq)) = aq, an algebraic integer which is the eigenvalue of
the Hecke operatorTq acting on the newformf with coefficients inO.
• If π is a uniformizer ofO thenρ f modπ is equivalent tōρ.

Serre’s Conjecture thus trivially implies, in Mazur’s language, that there
is a characteristic zero deformation ofρ̄. Conversely, the existence of such
a deformation might be regarded as evidence for Serre’s Conjecture. In [Kh]
Khare has shown that if one is willing to allow additional ramification at
a finite set of primes not dividingN(ρ̄)p then there is a deformation to
mod p2, i.e. a representationρ2 : GQ → GL2(W(k)/p2). His method
works for ρ̄ even as well. Ifρ̄ is reducible Khare has shown thatρ̄ can be
deformed toW(k) if additional ramification is allowed.

The main result of this paper is that with several technical hypotheses on
anabsolutely irreduciblēρ one can deform̄ρ to W(k). As in Khare’s work
more ramification must be allowed and the methods are independent of the
parity of ρ̄. We do not know if these deformations are potentially semistable
at p in the sense of Fontaine. We also do not know whether, for unramified
primes, the trace of Frobenii are algebraic.
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After twisting ρ̄ by a character we may (and do) assume the fields fixed
by the kernel of̄ρ and the kernel of its associated projective representation
are ramified at the same set of primes. We denote these fieldsQ(ρ̄) and
Q(Ad0ρ̄) throughout this paper. Note that any of twistρ̄ by a continuous
k̄∗-valued character can only increase the set of ramified primes ofρ̄. Let
S denote the union of this common set of primes,{p}, and the infinite
prime. Let GS = Gal(QS/Q) whereQS is the maximal extension ofQ
ramified only at primes inS. Note ρ̄ factors throughGS and that with
the possible exception of the primep and the infinite prime all twists of
ρ̄ are ramified at all primes ofS. For a placev let Gv = Gal(Q̄v/Qv).
Let Ad0ρ̄ denote the set of 2× 2 trace zero matrices with entries ink
and GS action throughρ̄ and by conjugation. Let(Ad0ρ̄)∗ be its Cartier
dual andN and Nd be the maximal subgroups ofGS that act trivially on
Ad0ρ̄ and (Ad0ρ̄)∗ respectively. NoteQ(Ad0ρ̄) is the fixed field ofN.
Let D = Q(Ad0ρ̄) ∩ Q(µp) and K be the compositeQ(Ad0ρ̄)Q(µp).
ObserveGal(K/D) ' Gal(Q(Ad0ρ̄)/D) × Gal(Q(µp)/D). Finally note
that for Ad0ρ̄ absolutely irreducible, the minimal field of definition of the
representation ofGS on the three dimensionalk spaceAd0ρ̄ may in fact
be a proper subfield ofk. We call this minimal field̃k. This is discussed in
Section 6. Notek 6= k̃ in the odd example of Section 8.
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Theorem 1 Let ρ̄ : GS → GL2(k) be an absolutely irreducible Ga-
lois representation where the characteristicp of k is greater than or
equal to5. AssumeAd0ρ̄ is an absolutely irreduciblek[GS] module, that
H1(GS/N, Ad0ρ̄) and H1(GS/Nd, (Ad0ρ̄)∗) are trivial, and that
H2(Gv, Ad0ρ̄) = 0 for all v ∈ S. Finally suppose there is an element

a× b ∈ Gal(Q(Ad0ρ̄)/D)×Gal(Q(µp)/D) ' Gal(K/D) ⊆ Gal(K/Q)

such thata corresponds to an element in the (projective) image ofρ̄ whose
eigenvalues have ratiot ∈ F∗p, wheret 6= ±1, andb ∈ Gal(Q(µp)/Q)→
(Z/p)∗ maps to the elementt. Let r = dimk H2(GS, Ad0ρ̄). Then there is
a set of primesQ = {q1,q2, ..,qr } disjoint from S and a representation
ρ : GS∪Q→ GL2(W(k)) such thatρ ≡ ρ̄ modp.



Lifting Galois representations 539

While the above theorem is stated quite generally it is not immediately
clear whether the hypotheses can actually be satisfied in a case of interest!
The following theorem is a corollary of Theorem 1. Recall that Serre’s
weight,k(ρ̄), is an invariant of̄ρ |Gp=Gal(Q̄p/Qp)

, and therefore makes sense
for ρ̄ even as well as odd.

Theorem 2 Let p ≥ 7. Assume the image ofρ̄ : GS→ GL2(k) contains
SL2(k). Also assume ifl ∈ S and l 6= p that l 6≡ ±1 mod p, that k(ρ̄) 6=
p− 1 or 2p, and thatk(ρ̄) 6≡ 2 mod p+ 1. Let r = dimk H2(GS, Ad0ρ̄).
Then there is a set of primesQ = {q1,q2, ..,qr } disjoint fromSand a rep-
resentationρ : GS∪Q→ GL2(W(k)) such thatρ ≡ ρ̄ modp.

The method is to deform̄ρ one step at a time from modpn to modpn+1 as
in [R1-3]. Such deformation questions have been considered in [Ma1], [BM],
[B1-3], [Bö], and [Kh]. As obstructions to deformation problems lie in
H2(GS, Ad0ρ̄) the exact sequence

0→X2
S(Ad0ρ̄)→ H2(GS, Ad0ρ̄)→⊕v∈SH2(Gv, Ad0ρ̄)

is extremely important. A typical approach for lifting to characteristic zero
(for ρ̄ not known to be modular) has been to work with explicit examples
where H2(GS, Ad0ρ̄) or at leastX2

S(Ad0ρ̄) can be shown to be trivial.
Here we assume the right hand term in the exact sequence is trivial. Thus
X

2
S(Ad0ρ̄) = H2(GS, Ad0ρ̄) or more loosely ‘all obstructions to defor-

mation questions arise from class group problems’.
By the work of Poitou-Tate the kernel ofH1(GS, (Ad0ρ̄)∗) →

⊕v∈SH1(Gv, (Ad0ρ̄)∗), which is denotedX1
S((Ad0ρ̄)∗), andX2

S(Ad0ρ̄)
are dual. (The duality uses the fact thatScontains the infinite place.) For us
X

1
S((Ad0ρ̄)∗)will play the role of the dual Selmer group in [Wi] and [TW].

Following those papers, we carefully choose a setQ of auxiliary primes that
annihilatesX1

S∪Q((Ad0ρ̄)∗). It will then turn out that global obstructions to
deformation problems, allowing ramification inS∪Q, need only be studied
locally at primes inQ. The method of [R1-3] can then be used to remove
these local obstructions. We cannot guarantee thatρ in the theorems will
be ramified at the primes inQ. We only knowρ exists and is unramified
outsideS∪ Q.

In this paper we study the cohomology ofAd0ρ̄ as opposed to that of
Adρ̄, the set ofall 2 × 2 matrices overk. For our purposes this means
we are fixing the determinant of all deformations ofρ̄ that we consider
once and for all. Letχ denote the cyclotomic character, both modp and
in characteristic zero. We then havedetρ̄ = ω(ρ̄)χk(ρ̄)−1. Let ω̃ be the
Teichmüller lift ofω. For definiteness we may assume the fixed determinant
of all our deformations is̃ωχk(ρ̄)−1.

The author would like to thank the referee for numerous helpful sug-
gestions. In particular, the referee suggested the formulation and proof of
Lemma 7 which leads to the corrected proof we give for Lemma 8.
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Notations

p: A prime≥ 5.
k: A finite field of characteristicp≥ 5.
k̃: A subfield of k which is the minimal field of definition ofAd0ρ̄ and
(Ad0ρ̄)∗.
k̄: A separable closure ofk.
k̂: A finite extension ofk.
k(φ): The one dimensional spacek with Galois action by the characterφ.
W(k): The ring of Witt vectors ofk.
S: A finite set of places (includingp and∞).
Q: A finite set of primes disjoint fromS.
Qv: The completion ofQ at the placev.
QS: The maximal separable extension ofQ unramified outside the places
of S.
GQ: Gal(Q̄/Q).
GS: Gal(QS/Q).
Gv: Gal(Q̄v/Qv).
Iv: The inertia subgroup ofGv.
1: The two by two identity matrix overW(k) or W(k)/pm for suitablem.
χ: The cyclotomic character.
ρ̄: A continuous representation fromGS to GL2(k).
k(ρ̄): Serre’s weight for̄ρ.
Ad0ρ̄: The trace zero two by two matrices overk with GS action through̄ρ
and by conjugation.
(Ad0ρ̄)∗: The Cartier dual ofAd0ρ̄.

Ãd
0
ρ̄: A descent ofAd0ρ̄ to its minimal field of definitionk̃.

(Ãd
0
ρ̄)∗: A descent of(Ãd

0
ρ̄)∗ to its minimal field of definitionk̃.

2. Deformation theory

We give a short introduction to deformation theory. See [Ma1], [BM], [Bo1]
and [Bo2] for details and more results.

Let π̄ : H → GLd(k) be an absolutely irreducible continuous represen-
tation of a profinite groupH. SupposeH1(H, Ad0π̄) is finite dimensional.
Let C be the category of Artinian local rings with residue fieldk where
the morphisms are homomorphisms that induce the identity map onk. Let
R be inC. We call two liftsγ1 andγ2 of π̄ to GLn(R) strictly equivalent
if γ1 = Aγ2A−1 for someA congruent to the identity matrix modulo the
maximal idealmR of R. We call a strict equivalence class of lifts ofπ̄ to R
a deformation of̄π to R.
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Mazur studied the deformations ofπ̄ and proved the following funda-
mental theorem in [Ma1].

Theorem A There is a complete local Noetherian ringRun with residue
field k and a continuous homomorphism̃π : H → GLd(Run) such that

1) Reduction ofπ̃ modulo the maximal ideal ofRun givesπ̄.
2) For any ringR in C and any deformationγ of π̄ to GLd(R) there
is a unique homorphismφ : Run → R in C such thatφ ◦ π̃ = γ as
deformations.

Moreover, ifπ̄ is not absolutely irreducible the statements hold except
theφ in part 2 may not be unique. We callRun the universal deformation
ring associated toH andπ̄ in the absolutely irreducible case. We callRun

the versal ring associated toH andπ̄ otherwise. In either case we have the
following fact.

Fact Run is a quotient ofW(k)[[T1, T2, ...Tm]] wherem = dimk H1(H,
Ad0π̄).

The elements ofH1(H, Ad0π̄) correspond to the deformations ofπ̄ to
k[ε] = k[X]/(X2), the dual numbers ofk. Given f ∈ H1(H, Ad0π̄) the
corresponding deformations ofπ̄ to the dual numbers is given byπ f (σ) =
(I + ε f(σ))π̄(σ).

Let πn be a deformation of̄π to GLd(W(k)/pn). We ask ifπn deforms
to GLd(W(k)/pn+1). The obstruction to deformingπn to GLd(W(k)/pn+1)
lies in H2(H, Ad0π̄). If this obstruction is trivialπn deforms to someπn+1
and pr ◦ πn+1 = πn wherepr : W(k)/pn+1 → W(k)/pn is the canonical
projection. When such a lift exists one sees thatH1(H, Ad0π̄) acts on the
set of deformations ofπn to GLd(W(k)/pn+1). For f ∈ H1(H, Ad0π̄) the
action is given by( f.πn+1)(σ) = (I+pn f(σ))(πn+1(σ)). If π̄ is absolutely ir-
reducibleH1(H, Ad0π̄) acts on the deformations ofπn to GLd(W(k)/pn+1)
as a principal homogeneous space.

Mazur has also shown that modifications could be made so related
functors with theordinary restriction are also representable. HereH is
a Galois group and we insist that when restricted to a suitable inertia group
I p that we only consider liftsπ of π̄ whose restriction toI is of the form(
ψ ∗
0 1

)
. See [Ma1] and [Ma2] for details.

3. Local at qi deformation theory

Let qi 6≡ ±1 mod p (and qi 6= p) be a prime (at which we eventually
wish to allow ramification) and letGqi = Gal(Q̄qi/Qqi). Supposeρ̄ :
Gqi → GL2(k) is unramified atqi andρ̄(Frobqi ) has (necessarily distinct)
eigenvaluesqi xi andxi . We need to study the deformation theory of this local
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at qi representation to understand the role theqi play in Theorems 1 and 2.
The characteristic polynomialp(z) of ρ̄(Frobqi ) is z2− xi (qi + 1)z+ qi x2

i
has coefficients ink. But qi is a rational integer so its reduction modp lies
in Fp and is therefore ink. Sincexi (qi + 1) ∈ k we seexi ∈ k so p(z)

has distinct roots ink. Thus we may assumēρ(Frobqi ) =
(

qi xi 0
0 xi

)
for

a suitable choice of basis of the two dimensionalk vector space on which
Gqi acts.

Recall we denote the cyclotomic character byχ. By k(φ) we mean the
one dimensionalk vector space with Galois action by the characterφ and by
k we denote the one dimensionalk vector space with trivial Galois action.

Lemma 1 Letqi be as above. ThenH2(Gqi , Ad0ρ̄) is one dimensional and
H1(Gqi , Ad0ρ̄) is two dimensional.

Proof: Note that withGqi action, Ad0ρ̄ ' k ⊕ k(χ) ⊕ k(χ−1). Since we
are assumingqi 6≡ 1 mod p we seeH0(Gqi , Ad0ρ̄) is one dimensional.
Observe(Ad0ρ̄)∗ ' k(χ) ⊕ k ⊕ k(χ2). Thus forqi 6≡ ±1 mod p we see
H0(Gqi , (Ad0ρ̄)∗) is one dimensional. By local dualityH0(Gqi , (Ad0ρ̄)∗)
is dual toH2(Gqi , Ad0ρ̄) which is thus one dimensional. The local Euler-
Poincare characteristic gives the result forH1(Gqi , Ad0ρ̄).

We want to consider deformations ofρ̄ to W(k)/pn. Asqi 6= p, such de-
formations factor through the Galois group of the maximal tamely ramified
extensionQt

qi
overQqi . This group is well understood. See Chaiptre II, §5.6

of [Se2]. Thus we may choose topological generators of the tame quotient
of Gqi , σqi andτqi subject to the relationσqi τqiσ

−1
qi
= τqi

qi . Recallτqi topo-
logically generates inertia andσqi maps to Frobenius under the surjection
Gal(Qt

qi
/Qqi )→ Gal(F̄qi/Fqi ). Let x̃i ∈ W(k) be the Teichmüller lift ofxi .

We call a deformation (or a representation in this equivalence class) of
ρ̄ to W(k)/pn (allowing n = ∞ in the case of a deformation toW(k)) of

our “desired form” if it is given byσqi 7→
(

qi x̃i 0
0 x̃i

)
andτqi 7→

(
1 ∗
0 1

)
.

The images ofσqi andτqi satisfy the relationσqi τqiσ
−1
qi
= τqi

qi . We want to
deform this toW(k)/pn+1.

Lemma 2 A deformation of our “desired form” toW(k)/pn deforms to
W(k)/pn+1.

Proof: One need only lift∗ from modpn to modpn+1 to get a deformation
to mod pn+1 of the “desired form”.

We give a basis forH1(Gqi , Ad0ρ̄). Recall that̄ρ(σqi ) =
(

qi xi 0
0 xi

)
and

ρ̄(τqi ) =
(

1 0
0 1

)
. A nontrivial unramified deformation tok[ε] is given by
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ρ(σqi ) =
(

qi xi 0
0 xi

)
+ε

(
qi xi 0

0 −xi

)
andρ(τqi ) = 1+ε

(
0 0
0 0

)
. Letg ∈ Gqi

and letng be the image ofg under the composite mapGqi → Ẑ → Z/p.

Thenrqi (g) =
(

ng 0
0 −ng

)
.

A nontrivial ramified deformation to the dual numbers is given by

ρ(σqi ) =
(

qi xi 0
0 xi

)
+ ε

(
0 0
0 0

)
and ρ(τqi ) = 1 + ε

(
0 1
0 0

)
. We see

σqi τqiσ
−1
qi
= τ

qi
qi holds. The corresponding cohomology class is given by

sqi (σqi ) =
(

0 0
0 0

)
andsqi (τqi ) =

(
0 1
0 0

)
.

Clearly the images ofrqi andsqi in H1(Gqi , Ad0ρ̄) are linearly inde-
pendent and therefore they span the two dimensional spaceH1(Gqi , Ad0ρ̄).
Note that bothrqi andsqi , or more precisely their corresponding deforma-
tions tok[ε], cut outZ/p extensions ofQqi (ρ̄), the extension ofQqi fixed
by the kernel ofρ̄. Any linear combinationurqi + vsqi with u, v 6= 0 in k
cuts out the uniqueZ/p× Z/p extension ofQqi (ρ̄).

Also note that for any deformation to modW(k)/pn, n ≥ 2, of our
“desired form”,acting on it by the cohomology classsqi leaves it in the
“desired form”. One sees this by noting

(1+ pn−1sqi (σqi ))

(
qi x̃i 0

0 x̃i

)
=
(

qi x̃i 0
0 x̃i

)
and

(1+ pn−1sqi (τqi ))

(
1 ∗
0 1

)
=
(

1 ∗ + pn−1

0 1

)
=
(

1 ∗̃
0 1

)
.

We call a cohomology class that preserves the “desired form”null. If a co-
homology class does not preserve the desired form we call itnonnull.
Observerqi is nonnull.

Proposition 1 Letρ̄ : Gqi → GL2(k) be unramified and given bȳρ(σqi ) =(
qi xi 0

0 xi

)
with qi 6≡ ±1 mod p. Fix f ∈ H1(Gqi , Ad0ρ̄) such that f and

sqi are linearly independent. Letρn be a deformation of̄ρ to modpn of the
“desired form” andρn+1 be any deformation ofρn to modpn+1. Then there
is anνn+1 ∈ k such that(νn+1 f).ρn+1 is of our “desired form.” Thus̄ρ can
be lifted toW(k) one step at a time with adjustments made at each step only
by a multiple off . In particular, we may take forf any nonzero multiple of
the unramified cohomology classrqi .

Proof: Note that from the discussion in Section 2 we seeρn+1 differs from
the “desired form” by the action ofsomeelementνn+1 f +µn+1sqi of the two
dimensional spaceH1(Gqi , Ad0ρ̄). That is,(νn+1 f +µn+1sqi ).ρn+1 is of the
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“desired form”. Since the one dimensional subspace of null cohomology
classes preserves this form we see(νn+1 f).ρn+1 is of the “desired form”.

Remark: One possibility is that our characteristic zero representation may
haveτqi 7→ 1, that is it might be unramified.

4. Local at l 6= p obstructions

Lemma 3 H2(Gv, Ad0ρ̄) 6= 0 if and only if Ad0ρ̄ has a one dimensional
quotient on whichGv acts by the cyclotomic characterχ.

Proof: In this lemmav is any finite prime, includingp. By local duality we
seeH2(Gv, Ad0ρ̄) 6= 0 if and only if H0(Gv, (Ad0ρ̄)∗) 6= 0. This happens
exactly when(Ad0ρ̄)∗ has aGv stable one dimensional subspace, that is
whenAd0ρ̄ has a one dimensional quotient (by aGv stable two dimensional
subspace) on whichGv acts byχ.

The aim of this section is to prove the proposition below.

Proposition 2 Let p ≥ 5 andl be a prime such thatl 6= p, l 6≡ ±1 modp.
Supposēρ : Gl → GL2(k) and the action ofGl on Ad0ρ̄ is ramified. Then
H2(Gl , Ad0ρ̄) = 0.

Remark: We choosep≥ 5 asall primes (other than 3 itself) are congruent
to±1 mod 3. While the conditions of Proposition 2 are sufficient they are
not necessary for the conclusions. We have chosen these strong hypotheses
because they are easy to state and verify.

Proof: We know H2(Gl , Ad0ρ̄) = 0 if and only if Ad0ρ̄ does not have
a one dimensional quotient (by a two dimensionalGl stable subspace) on
whichGl acts byχ. As l 6= p this action is unramified and asl 6≡ ±1 modp
we seeχ has order at least 3. Let̃G and Ĩ be the images ofGl and its inertia
subgroupIl under the composite mapGl → GL2(k)→ PGL2(k).

We need the following lemma to prove the proposition.

Lemma 4 If [G̃ : Ĩ ] ≤ 2 then Ad0ρ̄ has no one dimensional quotient on
whichGl acts byχ. ThusH2(Gl , Ad0ρ̄) = 0 in such cases.

Proof: The order ofχ would have to be 1 or 2, i.e.l ≡ ±1 mod p. We are
excluding these cases.

We recall the classification in [Di1] of two dimensional local modp
Galois representations. Note that we are reversing the roles ofl and p
in [Di1] and the classification is often only given up to a twist. SinceAd0ρ̄ as
ak[Gl ]module is insensitive to twists bȳk∗-valued characters this does not
affect our computations. We do not need to worry about possible difficulties
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arising from scalar extensions associated to these twists or about the minimal
field of definition of Ad0ρ̄ as H2(Gl , Ad0ρ̄) ⊗k k̄ ' H2(Gl , Ad0ρ̄ ⊗k k̄)
wherek̄ is a separable closure ofk. Thus we extend scalars and consider
Ad0ρ̄ and (the representation space of)ρ̄ ask̄[Gl ]module.

In his classification Diamond has four cases that he callsP, S, V andH.
We recall these below under the hypotheses thatl 6≡ ±1 mod p and ρ̄ is
ramified. We do not give all of Diamond’s equivalent formulations of each
case.

• P : ρ̄ is twist equivalent to a representation of the form

(
ψ 0
0 1

)
for some

ramified characterψ.

• S : ρ̄ is twist equivalent to

(
χ u
0 1

)
whereχ is the cyclotomic character

andu is a not coboundary.

• V : Ĩ is cyclic of order not divisible byp andG̃ is dihedral of twice that
order.

• H : a) Ĩ is dihedral of order 2l r for somer ≥ 1 andG̃ is dihedral of order
dividing 4l r , or
b) l = 2, Ĩ (respectivelyG̃) is isomorphic toD4 (respectivelyA4), A4
(respectivelyA4), or A4 (respectivelyS4).

Proof of Proposition 2:In caseV the hypotheses of Lemma 4 are satisfied
so Proposition 2 holds in this case.

In caseP we seēρ is a direct sum of the trivial character and a ramified
character. One easily sees that as ak̄[Gl ] module Ad0ρ̄ becomes a direct
sum of three one dimensionalk̄[Gl ]modules. One of these is trivial and the
other two have ramifiedGl action. ThusH2(Gl , Ad0ρ̄) is nontrivial only if
χ is the trivial character, that isl ≡ 1 mod p. We are excluding this case.

In caseSwe havēρ =
(
χ u
0 1

)
. ThenAd0ρ̄ has a unique one dimensional

quotient andGl acts on this quotient byχ−1. Sincel 6≡ −1 modp we know
χ−1 6= χ. ThusH2(Gl , Ad0ρ̄) = 0 in this case.

It remains to consider caseH. Here the hypotheses of Lemma 2 are
satisfied except whenl = 2, Ĩ ' D4 andG̃ ' A4. By Lemma 3 we know
that for H2(Gl , Ad0ρ̄) not to be trivial there must be a one dimensional
quotient ofAd0ρ̄ on whichGl acts viaχ. This quotient must be by a two
dimensionalGl stable subspace. Since #G̃ = 12 andp ≥ 5 we see that
Gl acts on Ad0ρ̄ via a quotient of order prime top. By the theory of
representations of finite groups of order prime to the characteristic we see
Ad0ρ̄ is a semisimple representation ofA4. Since A4 acts faithfully on
Ad0ρ̄ we easily seeAd0ρ̄ is an irreducible three dimensional representation
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of A4. Thus there are no two dimensional invariant subspaces so we must
haveH2(Gl , Ad0ρ̄) = 0 in this last case.

Proposition 2 is now proved.

5. Local at p obstructions

Recall that Serre attaches in [Se1] a weightk(ρ̄) to a modp Galois rep-
resentation that depends only on its restriction toI , the inertia subgroup
of Gp. (We useI for inertia in this section to be consistent with [Se1]). This
definition therefore applies tōρ even as well as odd.

Proposition 3 Let p ≥ 5 andρ̄ : Gp→ GL2(k) be given. Ifk(ρ̄) 6= p−1
or 2p andk(ρ̄) 6≡ 2 mod(p+ 1) thenH2(Gp, Ad0ρ̄) = 0.

Remark: As before the hypotheses are sufficient for the conclusion but
not necessary. See for example Section 11 of [Ma3]. As in Section 4 (of
this paper) we need not worry about possible scalar extensions since such
extensions do not change thedimensionof the cohomology groups. Thus
we considerAd0ρ̄ as ak̄[Gp]module.

Proof: Following Section 2 of [Se1] we will separate the cases when inertia
acts (through̄ρ) via characters of level two and characters of level one. By
Lemma 3, to showH2(Gp, Ad0ρ̄) = 0, it suffices to show thatAd0ρ̄ has
no one dimensional quotient on whichGp acts viaχ. Hereχ is ramified.
We will study thek̄[I ] module Ad0ρ̄ and show that if the conditions of
Proposition 3 are satisfied thenAd0ρ̄ has no one dimensional quotient on
which I acts viaχ.

If inertia acts through̄ρ via characters of level two, then by Section 2.2

of [Se1] we seeρ̄ |Gp is irreducible andρ̄ |I=
(
φ 0
0 φp

)
whereφ is

a character of level two. Thus as ak̄[I ]moduleAd0ρ̄ decomposes as a direct
sum of 3 one dimensional spaces, one with trivialI action, one withI action
via φp−1 and one withI action viaφ1−p. To showH2(Gp, Ad0ρ̄) = 0 it
suffices to show neitherφp−1 norφ1−p equalχ.

From [Se1] we see that we can writeφ = ψa+pb whereψ is a fun-
damental character of level two and 0≤ a,b ≤ p − 1. Thusφp−1 =
ψa(p−1)+b(p2−p). Recallχ = ψ p+1 and thatψ has orderp2 − 1.

Lemma 5 Withφ as above, neitherφp−1 nor φ1−p equalχ. Therefore ifI
acts (throughρ̄ss) via characters of level two thenH2(Gp, Ad0ρ̄) = 0.

Proof: Settingφp−1 = χ we seeψa(p−1)+b(p2−p) = ψ p+1 or equivalently
a(p−1)+b(p2− p) ≡ p+1 mod(p2−1). This becomes(a−b)(p−1) ≡
p+ 1 mod(p2 − 1). Sincep− 1 divides p2 − 1 this last equation holds
mod(p− 1) and becomes 0≡ 2 mod(p− 1) so p = 3. We are excluding
this case. The computation forφ1−p is similar.
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We now turn to the case where inertia acts throughρ̄ via characters of
level one.

If wild inertia acts trivially,ρ̄ |I=
(
χa 0
0 χb

)
where 0≤ a ≤ b≤ p− 2.

Keeping in mindp ≥ 5 we seeAd0ρ̄ has a one dimensional quotient on
which I acts byχ only if b− a= 1. In that case, by Section 2.3.2 of [Se1]
we havek(ρ̄) = 1+ pa+b= 2+a(p+1). We are excluding such weights
from our consideration. Note if̄ρ is unramified atp thena = b = 0 and
Serredefinesk(ρ̄) to be p.

If wild inertia acts nontrivially,ρ̄ |I=
(
χβ ∗
0 χα

)
where 0≤ α ≤ p− 2

and 1≤ β ≤ p− 1 andρ̄ |I is a nontrivial extension class. One easily sees
that Ad0ρ̄ has a one dimensional quotient on whichI acts byχ if and only
if χα−β = χ, that is if and only ifα − β ≡ 1 mod(p− 1). (Recallχ has
orderp−1). From the bounds onα andβ we see−(p−1) ≤ α−β ≤ p−3
soα − β = 1 or−(p− 2). In the first caseα = β + 1 so following [Se1]
k(ρ̄) = 1+ pβ+β+1= 2+β(p+1). In the second caseβ = p−2 or p−1
soα = 0 or 1 respectively andk(ρ̄) = p− 1 or 2p respectively. (Recall
p 6= 3.) As we have excluded these cases Proposition 3 is now proved.

For the lemma below we treatAd0ρ̄ and (Ad0ρ̄)∗ as k[Gp] andk[I ]
modules. We also will extend scalars to the quadratic extensionk̂ of k to
diagonalizeρ̄ |I as necessary.

Lemma 6 Ad0ρ̄ 6' (Ad0ρ̄)∗ asFp[Gp]modules.

Proof: Recall we are assumingp ≥ 5. In particular we knowp 6= 2. It
suffices to showAd0ρ̄ and(Ad0ρ̄)∗ are not isomorphic asFp[I ]modules.

Consider first the case whereρ̄ acts throughI via fundamental characters
of level one. We studyAd0ρ̄ss, the semisimplification ofAd0ρ̄ as aFp[I ]
module. One easily sees(Ad0ρ̄)

ss' k⊕ k(χm)⊕ k(χ−m) ask[I ]modules
for some integerm. Thus((Ad0ρ̄)∗)ss ' k(χ) ⊕ k(χ1−m) ⊕ k(χ1+m). As
p 6= 2 it is easy to see these semisimplifications are not isomorphic as
k[I ] modules. Sincek is finite overFp, countingFp eigenspaces shows
(Ad0ρ̄)ss and((Ad0ρ̄)∗)ss are not isomorphic asFp[I ]modules. ThusAd0ρ̄

and(Ad0ρ̄)∗ are not isomorphic asFp[Gp]modules.
Suppose nowI acts via character of level two. We know that (after a pos-

sible quadratic extension of scalars to a fieldk̂) thatρ̄ |I=
(
ψa+pb 0

0 ψb+pa

)
so

Ad0ρ̄ ' k̂ ⊕ k̂(ψ(p−1)(b−a))⊕ k̂(ψ(p−1)(a−b))

ask̂[I ]modules. We see

(Ad0ρ̄)∗ ' k̂(χ)⊕ k̂(χψ(p−1)(a−b))⊕ k̂(χψ(p−1)(b−a))
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ask̂[I ] modules. If thek[Gp] modulesAd0ρ̄ and(Ad0ρ̄)∗ are isomorphic
as Fp[Gp] modules we would necessarily have that thek̂[Gp] modules
Ad0ρ̄ and (Ad0ρ̄)∗ are isomorphic asFp[Gp] modules and thus asFp[I ]
modules. Without loss of generality we would then haveχ = ψ(p−1)(a−b).
ThusAd0ρ̄ ' k̂ ⊕ k̂(χ)⊕ k̂(χ−1) ask̂[I ]modules. Sincep 6= 2 this is not
self-dual as âk[I ]module. CountingFp eigenspaces we see thek̂ modules
Ad0ρ̄ and(Ad0ρ̄)∗ are not isomorphic asFp[I ] modules. ThusAd0ρ̄ and
(Ad0ρ̄)∗ are not isomorphic asFp[Gp]modules. The lemma is now proved.

6. Descents

In the introduction we alluded to the fact that the minimal field of definition
of the three dimensional representation ofGS on Ad0ρ̄ could conceivably
be smaller thank. We have the following fact which is Lemma 6.13 of [DS].

Fact Let τ : G → GLn(k) be a semisimple representation. Letk̃ be the
subfield ofk generated be the coefficients of the characteristic polynomials
of elements ofG. Then τ is realizable over̃k, i.e. it is isomorphic to
a semisimple representationφ : G → GLn(k̃) and φ ⊗k̃ k ' τ. The
descent tõk is semisimple and unique up to non-canonical isomorphism.

I am grateful to the referee for pointing out the following lemma and its
proof.

Lemma 7 Let τ : G → GLn(k̃) be absolutely irreducible with minimal
field of definitionk̃. Let V = k̃n be the representation space. SupposeW is
a nonzeroFp subspace ofV stable under the action ofG. ThenW = V.

Proof: First we showV is a semisimpleFp[G]module. LetV0 be a nonzero
irreducibleG stableFp subspace ofV. If V0 = V thenV is a simpleFp[G]
module. AssumeV0 6= V. SinceV0 is G stable so is its̃k span. Sinceτ is
irreducible we see thẽk span ofV0 is all of V. Forα ∈ k̃, α 6= 0, consider
αV0, the Fp subspace ofV consisting of all multiples of elements ofV0
by α. ClearlyαV0 is G stable and an irreducibleFp[G] module. Note also
that forα, β ∈ k̃, α, β 6= 0, we haveαV0 andβV0 intersect trivially or they
are equal. Since thẽk span ofV0 is all of V we seeV is contained in the
span of simpleFp[G]modules and thereforeV itself is a semisimpleFp[G]
module.

To prove the lemma it suffices to showV is irreducible as anFp[G]
module. To show this it is enough to show the injectionk̃ → EndFp[G](V)
is an isomorphism. For ifV were a direct sum of more than one irreducible
constituentEndFp[G](V) would contain noninvertible elements.
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We will show that[k̃ :Fp]=dimFp(EndFp[G](V))by extending scalars and
checking the equivalent statement[k̃ : Fp] = dimk̃

(
End̃k[G](k̃ ⊗Fp V)

) =
dimk̃

(
End̃k[G]((k̃ ⊗Fp k̃)⊗k̃ V)

)
.

Note thatk̃ ⊗Fp k̃ ' ∏s k̃ where the isomorphism is as leftk̃ algebras
and the product is indexed by the elementss ∈ Gal(k̃/Fp) and thesth
factor has rightk̃ algebra structure via the automorphisms of k̃. Thus
End̃k[G](k̃ ⊗Fp V) = End̃k[G](

∏
s Vs) whereVs is the absolutely irreducible

k̃[G]module obtained fromV by base change bys. NoteEnd̃k[G]Vs = k̃.
We claim that fors, t distinct in Gal(k̃/Fp) that Vs and Vt are not

isomorphic as̃k[G]modules soHomk̃ [G](Vs,Vt) = 0. Sincẽk is the minimal
field of definition ofτ andst−1 is not trivial in Gal(k̃/Fp) there must be
someg ∈ G so that the characteristic polynomials overk̃ of the action ofg
on Vs andVt are distinct. The irreduciblẽk[G] modulesVs andVt are thus
not isomorphic soEnd̃k[G](k̃ ⊗Fp V) = ∏s End̃k[G](Vs) = ∏s k̃ which has
dimension #Gal(k̃/Fp) = [k̃ : Fp] over k̃ as desired.

Denote byÃd
0
ρ̄ and(Ãd

0
ρ̄)∗ descents ofAd0ρ̄ and(Ad0ρ̄)∗ to k̃.

Lemma 8 Supposēρ :H→GL2(k) is absolutely irreducible and that̃Ad
0
ρ̄

is absolutely irreducible as a representation ofH. Let f ∈ H1(H, Ãd
0
ρ̄) be

non-zero. Letρ : H → GL2(k[ε]) be the deformation to the dual numbers
corresponding tof . Let A and B be the kernels of̄ρ and ρ respectively.
Suppose also thatH1(H/A, Ãd

0
ρ̄) is trivial. In terms of the choice off ,

the Fp[H] moduleA/B can be naturally endowed with a structure of ak̃

vector space so that̃Ad
0
ρ̄ = (A/B) ⊗k̃ k ask[H] modules. In particular

A/B is a simpleFp[H]module and has cardinality(#k̃)3.

Proof: Consider the inflation-restriction sequence

0→ H1(H/A, Ãd
0
ρ̄)→ H1(H, Ãd

0
ρ̄)→ H1(A, Ãd

0
ρ̄)H/A.

Since f 6= 0 andH1(H/A, Ãd
0
ρ̄) = 0 we see see thatf ∈ H1(H, Ãd

0
ρ̄)

maps to a nonzero elementf̃ of H1(A, Ãd
0
ρ̄)H/A = HomH(A, Ãd

0
ρ̄). The

last equality follows becauseA acts trivially on Ãd
0
ρ̄. So f gives rise to

a nonzeroH equivariant mapf̃ : A → Ãd
0
ρ̄. That the kernel off̃ is B

follows from the explicit description of the correspondance between elem-
ents ofH1(H, Ãd

0
ρ̄) and deformations of̄ρ to the dual numbers described

in Section 2. Let̃k be the minimal field of definition of the representation
of H on Ãd

0
ρ̄. We know the image ofA/B under f̃ is a nonzeroFp[H]

submodule of̃Ad
0
ρ̄. By Lemma 7 the image equals̃Ad

0
ρ̄ and we are done.
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7. Global methods

We recall our set-up for Theorem 1 in preparation for its proof. We have
ρ̄ : GS → GL2(k) a continuous absolutely irreducible Galois represen-
tation wherek is a finite field of characteristic≥ 5. We assumeAd0ρ̄
is absolutely irreducible. This necessarily implies that(Ad0ρ̄)∗ is an ab-
solutely irreduciblek[GS] module as well. We assumeH1(GS/N, Ad0ρ̄)
and H1(GS/Nd, (Ad0ρ̄)∗) are trivial whereN and Nd are the maximal
subgroups ofGS that act trivially on Ad0ρ̄ and (Ad0ρ̄)∗ respectively.
Let Q(Ad0ρ̄) and Q(Ad0ρ̄

∗
) be the fixed fields ofN and Nd. Put D =

Q(Ad0ρ̄) ∩ Q(µp) and K = Q(Ad0ρ̄)Q(µp). We assume thatH2(Gv,

Ad0ρ̄) = 0 for all v ∈ S. Also recall there exists an elementa × b ∈
Gal(K/Q) as described in Theorem 1.

Q

D

Q(µp)Q(Ad0ρ̄)

K

�
��

@
@

�
�

@
@

We refer the reader to [Ha] and [Mi] for the main theorems of global
Galois cohomology. Recall̃Ad

0
ρ̄ and (Ãd

0
ρ̄)∗ are decents ofAd0ρ̄ and

(Ad0ρ̄)∗ to k̃. Henceforth we study these objects. The truth of our co-
homological assumptions forAd0ρ̄ and (Ad0ρ̄)∗ implies the truth of the
corresponding statements for̃Ad

0
ρ̄ and(Ãd

0
ρ̄)∗.

Studying the exact sequence

0→X2
S(Ãd

0
ρ̄)→ H2(GS, Ãd

0
ρ̄)→⊕v∈SH2(Gv, Ãd

0
ρ̄)

we see we have an isomorphismX2
S(Ãd

0
ρ̄) → H2(GS, Ãd

0
ρ̄). Let r be

the commoñk dimension of these cohomology groups. Recall that by global
Poitou-Tate dualityX2

S(Ãd
0
ρ̄) is dual toX1

S((Ãd
0
ρ̄)∗), the kernel of the

mapH1(GS, (Ãd
0
ρ̄)∗)→⊕v∈SH1(Gv, (Ãd

0
ρ̄)∗). Also using global dual-

ity and the global Euler characteristic we findH1(GS, Ãd
0
ρ̄) is r or r+2 di-

mensional as̄ρ is even or odd. Let{g1, g2, .., gr } be a basis ofX1
S((Ãd

0
ρ̄)∗)

and{ f1, f2, ..., fr } be linearly independent inH1(GS, Ãd
0
ρ̄). Our plan, is

for eachi , 1≤ i ≤ r , to find a primeqi 6∈ Ssuch that
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• qi 6≡ ±1 mod p and ρ̄(Frobqi ) has eigenvalues with ratioqi . By the
remarks at the beginning of Section 3 the distinct eigenvalues ofρ̄(Frobqi )
will lie in k.
• gi |Gqi

6= 0.

• fi |Gqi
6= 0 is unramified and therefore nonnull atqi by the results of

Section 3.
• For i 6= j we have fi |Gqj

= 0 andgi |Gqj
= 0.

Letting Q = {q1,q2, ..,qr }we will then haveX1
S∪Q((Ãd

0
ρ̄)∗) is trivial

and by global duality thatX2
S∪Q(Ãd

0
ρ̄) = 0. The mapH2(GS∪Q, Ãd

0
ρ̄)→

⊕v∈S∪QH2(Gv, Ãd
0
ρ̄) is therefore injective. Since(Ãd

0
ρ̄)∗ is assumed ab-

solutely irreducible we haveH0(GS, (Ãd
0
ρ̄)∗) = 0 and theH2 restric-

tion map above is surjective by Chapter I, Theorem 4.10 of [Mi]. Since
H2(Gv, Ãd

0
ρ̄) is assumed trivial forv ∈ S the mapH2(GS∪Q, Ãd

0
ρ̄) →

⊕v∈QH2(Gv, Ãd
0
ρ̄) is an isomorphism.Thus obstructions to deformation

problems forρ̄ with ramification in S∪ Q need only be analyzed at ex-
actly the primes inQ. But for eachqi we have, by our choice of theqi ,
a nonnull cohomology class inH1(GS, Ãd

0
ρ̄) available, namelyfi . We use

these as in Proposition 1 to at each stage put the deformation in our “desired
form” at qi . Since fi |Gqj

= 0 for i 6= j adjusting by fi will not change the
deformation atqj .

The idea of seeking the setQ to annihilateX1
S∪Q((Ãd

0
ρ̄)∗) comes from

the work of [Wi] and [TW]. However, unlike the situation in [Wi] and [TW]
our auxiliary primes cannot be congruent to 1 modp. Had we chosen them
so the fi would have beennull for qi . Thus fi could not be used to bring
the local deformation problem atqi to an unobstructed form. (The ‘shape’
of the local atqi deformation theory forqi ≡ 1 modp is different than that
given in Section 3. See the lemma in the appendix of [TW].) Chebotarev’s
theorem will provide us with theqi .

Q

D

Q(µp)Q(Ad0ρ̄)

K

MiL i

L̃ i

�
��

@
@

�
�

@
@

�
��

@
@

@
@

�
��

Recall N and Nd are normal subgroups ofGS that fix Q(Ad0ρ̄) and
Q((Ad0ρ̄)∗) respectively.
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Lemma 9
1) Let f̃i be the image offi in H1(N, Ãd

0
ρ̄)GS/N = HomGS(N, Ãd

0
ρ̄). The

kernel of f̃i fixes a fieldL̃ i ⊆ QS Galois overQ with Gal(L̃ i/Q(Ad0ρ̄))

isomorphic to thẽk[GS]moduleÃd
0
ρ̄. The exact sequence

1→ Gal(L̃ i/Q(Ad0ρ̄))→ Gal(L̃ i/Q)→ Gal(Q(Ad0ρ̄)/Q)→ 1

splits.

2) Letg̃i be the image ofgi in H1(Nd,(Ãd
0
ρ̄)∗)GS/Nd=HomGS(N

d,(Ãd
0
ρ̄)∗).

The composite of the field fixed by the kernel ofg̃i andK is a fieldMi ⊆ QS

Galois overQ with Gal(Mi/K) isomorphic to thẽk[GS] module(Ãd
0
ρ̄)∗.

The sequence

1→ Gal(Mi/K)→ Gal(Mi/Q)→ Gal(K/Q)→ 1

splits.

Proof: Recall H1(GS/N, Ãd
0
ρ̄) is assumed trivial,N acts trivially on

Ãd
0
ρ̄, and Ãd

0
ρ̄ is an absolutely irreduciblek[GS] module. Consider the

inflation-restriction sequence

0→ H1(GS/N, (Ãd
0
ρ̄)N)→ H1(GS, Ãd

0
ρ̄)

→ H1(N, Ãd
0
ρ̄)

GS/N → H2(GS/N, (Ãd
0
ρ̄)N).

Then fi ∈H1(GS, Ãd
0
ρ̄)maps to non-zero elementf̃i of H1(N, Ãd

0
ρ̄)

GS/N=
HomGS(N, Ãd

0
ρ̄) as desired. The image off̃i is a nonzeroFp[GS] submod-

ule of Ãd
0
ρ̄. The map f̃i : N → Ãd

0
ρ̄ is surjective by Lemma 8. Let̃L i

be the fixed field of the kernel of̃fi . ObserveGal(L̃ i/Q(Ad0ρ̄)) inherits
a k̃ structure fromÃd

0
ρ̄. The sequence splits becausef̃ i maps to zero in

H2(GS/N, Ãd
0
ρ̄) by exactness.

For the second part we noteNd ⊇ Gal(QS/K)andH1(GS/Nd, (Ãd
0
ρ̄)∗)

is assumed trivial. ReplaceAd0ρ̄ and N by (Ad0ρ̄)∗ and Nd in the exact
sequence above. If the fixed field ofNd is notK let Mi be the composite of
K and the field fixed by the kernel of̃gi .

Let L i be the compositẽL iK . Note[L i : K ] = [L̃ i : Q(Ad0ρ̄)] = (#k̃)3

as[K : Q(Ad0ρ̄)] = [Q(µp) : D] is prime top. Let L̂ j be the composite of
all theL i exceptL j . DefineM̂ j similarly. LetL be the composite of all the
L i andM the composite of all theMi. Let F = LM .
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Q

D

Q(µp)Q(Ad0ρ̄)

K

M̂ iL̂ iL i M i

L M

F

PP
PP

P
��

��
�

�
��

@
@

�
��

@
@

�
�

@
@

�
��

@
@

�
�

@
@

Lemma 10 1) L i ∩ L̂ i = K .
2) Mi ∩ M̂ i = K
3) L ∩M = K .

Proof: RecallGal(L̃ i/Q(Ad0ρ̄)) ' Gal(L i/K) ' Ãd
0
ρ̄ ask̃[GS]modules

by Lemma 9. SincẽAd
0
ρ̄ is a simpleFp[GS]module and theL i andL̂ i are

Galois overQ we seeL i ∩ L̂ i = L i or K . If the intersection isL i we would
haveL i ⊆ L̂ i. Suppose this happens. Then, as ak̃[GS] module,Gal(L/K)
has at mostr − 1 copies ofÃd

0
ρ̄ in its Jordan-Hölder sequence. Consider

the inflation-restriction sequence

0→ H1(Gal(K/Q), (Ãd
0
ρ̄)Gal(L/K))→ H1(Gal(L/Q), Ãd

0
ρ̄)

→ H1(Gal(L/K), Ãd
0
ρ̄)Gal(K/Q).

The first term isH1(GS/N, (Ãd
0
ρ̄)N)which is assumed trivial. AsGal(L/K)

acts trvially onÃd
0
ρ̄ the last term becomesHomGS(Gal(L/K), Ãd

0
ρ̄) and

is at mostr − 1 dimensional. ThusH1(Gal(L/Q), Ãd
0
ρ̄) is at mostr − 1

dimensional. This contradicts the independence of{ f1, f2, .., fr }, so the
L i ∩ L̂ i = K . The second part is handled similarly.

For the third part, observe the simple terms in the composition series
for the k̃[Gs] moduleGal(L/K) are all Ãd

0
ρ̄. Those ofGal(M/K) are

all (Ãd
0
ρ̄)∗. By Lemma 6 these are, after scalar extension tok, noniso-

morphicFp[Gp]modules so they are nonisomorphick̃[GS]modules. Thus
L ∩M = K .
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Remark: Gal(L/K) andGal(M/K) inherit k̃ structures from thẽk modules
Gal(L i/K) andGal(Mi/K).

Lemma 11 1) Gal(L/K) ' (Ãd
0
ρ̄)r as k̃[GS] modules and the exact

sequence

1→ Gal(L/K)→ Gal(L/Q)→ Gal(K/Q)→ 1

splits.

2) Gal(M/K) ' ((Ãd
0
ρ̄)∗)

r
as k̃[GS]modules and the exact sequence

1→ Gal(M/K)→ Gal(M/Q)→ Gal(K/Q)→ 1

splits.

Proof: The L i are linearly disjoint overK by Lemma 10. Since each
Gal(L i/K) is isomorphic to thẽk[GS] module Ãd

0
ρ̄ we seeGal(L/K) '

(Ãd
0
ρ̄)r . The splitting follows from Lemma 9. This proves part 1. The proof

of part 2 is similar.

Lemma 12 Gal(F/K) ' Gal(L/K)×Gal(M/K).

Proof: Immediate from part 3 of Lemma 10.

Lemma 13 Gal(F/Q) ' Gal(F/K)oGal(K/Q).

Proof: We have that the exact sequences

1→ Gal(L/K)→ Gal(L/Q)→ Gal(K/Q)→ 1

and
1→ Gal(M/K)→ Gal(M/Q)→ Gal(K/Q)→ 1

both split by Lemma 11. SinceGal(F/K) ' Gal(L/K) × Gal(M/K) we
see (using part 3 of Lemma 10) that the exact sequence

1→ Gal(F/K)→ Gal(F/Q)→ Gal(K/Q)→ 1

splits.

In Theorem 1 we assume an elementa × b ∈ Gal(Q(Ad0ρ̄)/D) ×
Gal(Q(µp)/D) ' Gal(K/D) ⊆ Gal(K/Q) exists wherea is in theprojec-
tive image ofρ̄, the eigenvalues ofa have ratiot andb corresponds to the
class oft ∈ (Z/p)∗ wheret 6≡ ±1 mod p. Note that we insist thatt lie in
the multiplicative group of theprimefield Fp. Let c = a× b. Let d be the
(multiplicative) order oft mod p. Noted is prime top andc has orderd in
Gal(K/Q).

Lemma 14 1) Consider the action ofc on Gal(L i/K) ' Ãd
0
ρ̄. There are

nontrivial elements of Gal(L i/K) on whichc acts trivially.
2) There are nontrivial elements of Gal(Mi/K) on whichc acts trivially.
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Proof: 1) One easily sees thatb acts trivially onAd0ρ̄. (Not Ãd
0
ρ̄!). Using

that the projective elementa has distinct eigenvalues with ratiot, we see
that Ad0ρ̄ decomposes under the action ofc into one dimensionalk vector
spaces. Thus the action ofc is via multiplication byt, 1 and 1/t respectively.
As t ∈ Fp we seeAd0ρ̄ decomposes as anFp vector space intoceigenspaces
with c acting byt, 1 and 1/t.

Recall we have an injectioñAd
0
ρ̄→ Ad0ρ̄ by extending scalars and this

injection isGS equivariant. Thus theFp vector spacẽAd
0
ρ̄ decomposes into

eigenspaces with eigenvaluest, 1, and 1/t under the action ofc. Suppose
there are no eigenspaces with eigenvalue 1. Then under the scalar extension
mapÃd

0
ρ̄→ Ad0ρ̄ the image of̃Ad

0
ρ̄ lies in the two dimensionalk vector

space spanned by the one dimensionalk eigenspaces on whichc acts byt
and 1/t. Since the image of̃Ad

0
ρ̄ in Ad0ρ̄ is GS stable itsk span is also

GS stable. But thek span is a two dimensionalk subspace ofAd0ρ̄. This
contradicts the absolute irreducibility ofAd0ρ̄.
2) The proof is identical, except the action ofc on (Ad0ρ̄)∗ decomposes
(Ad0ρ̄)∗ into one dimensionalk vector spaces with eigenvalues 1,t andt2.

Lemma 15 Let αi ∈ Gal(L/K) ' (Ãd
0
ρ̄)r be the element all of whose

entries are0 except the thei th entry which is a nonzero element on whichc
acts trivially. Put

βi = αi o c ∈ Gal(L/K)oGal(K/D)
⊆ Gal(L/K)oGal(K/Q) ' Gal(L/Q).

Thenβi has orderpd in Gal(L/Q). Letui be a prime ofQ unramified inL
with Frobenius in the conjugacy class ofβi in Gal(L/Q). Then for j 6= i
the primes aboveui in K split completely fromK to L j but these primes do
NOT split completely fromK to L i.

Proof: The order ofβi in Gal(L/Q) is the least common multiple of
the orders ofαi andc, namelypd. The remaining statements follow from
projectingβi ∈ Gal(L/Q) to Gal(L j/Q) andGal(L i/Q) and observing the
order of the projections ared and pd respectively.

Corollary 1 fi |Gui
6= 0 and is unramified. Therefore by the results of

Section 3 it is nonnull atui . For j 6= i we havef j |Gui
= 0.

Proof: By the choice ofc prior to Lemma 14 we seeui is a prime as in
Section 3 and all the results there apply. By the choice ofui we seeGui acts
on Ad0ρ̄ through a quotient of orderd. If we complete the extensionL i/Q at
a prime aboveui the degree of the local extension ispd. This follows from
Lemma 15 and the fact that̃Ad

0
ρ̄ is ap-group. Observe(1+ε fi )ρ̄ |Gui

is the
restriction toGui of the deformation to the dual numbersk[ε] corresponding
to fi ∈ H1(GS, Ad0ρ̄). The projective representation associated to this
representation has image of orderpd. Since the order of the image of the
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projective representation associated toρ̄ |Gui
is d we seefi |Gui

6= 0 and it
is clearly unramified atui . That fi |Gu j

= 0 follows from the fact that the
local degree atui of L j/Q is d.

Lemma 16 Let γi ∈ Gal(M/K) ' ((Ãd
0
ρ̄)∗)

r
be the element with all

entries0 except thei th which is a nonzero element on whichc acts trivially.
Put

δi = γi o c ∈ Gal(M/K)oGal(K/D)
⊆ Gal(M/K)oGal(K/Q) ' Gal(M/Q).

Thenδi has orderpd in Gal(M/Q). Letvi be a prime with Frobenius in the
conjugacy class ofδi in Gal(M/Q). Then for j 6= i the primes abovevi in
K split completely fromK to Mj , but they doNOT split completely fromK
to Mi .

Proof: The proof is the same as Lemma 15.

Corollary 2 gi |Gvi
6= 0 and for j 6= i we havegj |Gvi

= 0.

Proof: The proof is as in Corollary 1.

Proposition 4 Let

ηi ∈ Gal(F/Q) 'Gal(F/K)oGal(K/Q)

'
(

Gal(L/K)×Gal(M/K)
)
oGal(K/Q)

be the element(αi × γi ) o c. Let qi be a prime ofQ unramified inF with
Frobenius in the conjugacy class ofηi in Gal(F/Q). LetQ = {q1,q2, ..,qr }.
ThenX1

S∪Q((Ãd
0
ρ̄)∗) = 0.

Proof: Note that(αi × γi ) o c ∈ Gal(F/Q) projects toβi , δi , andc in
Gal(L/Q), Gal(M/Q) and Gal(K/Q) respectively. Thus ifqi is a prime
with Frobenius in the conjugacy class of(αi × γi )o c ∈ Gal(F/Q) we see
qi is a prime as in Section 3 by Corollary 1. By Corollaries 1 and 2 we see
that fi |Gqi

6= 0, gi |Gqi
6= 0 and fori 6= j that fi |Gqj

= 0 andgi |Gqj
= 0.

Consider the natural injectionX1
S∪Q((Ãd

0
ρ̄)∗)→X1

S((Ãd
0
ρ̄)∗). Let

h ∈X1
S((Ãd

0
ρ̄)∗). Thenh =∑r

i=1 νi gi whereνi ∈ k̃ and we seeh |Gqi
=

νi gi . If h ∈X1
S∪Q((Ãd

0
ρ̄)∗) thenh |Gqi

is trivial so we must haveνi = 0
for all 1≤ i ≤ r , that ish = 0.

Proposition 5 The mapH2(GS∪Q, Ãd
0
ρ̄) → ⊕v∈QH2(Gv, Ãd

0
ρ̄) is an

isomorphism.
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Proof: For allv ∈ Swe assumeH2(Gv, Ãd
0
ρ̄) = 0. Thus the right side of

the above map is actually⊕v∈S∪QH2(Gv, Ãd
0
ρ̄). Injectivity follows from

the fact thatX2
S∪Q(Ãd

0
ρ̄) is dual toX1

S∪Q((Ãd
0
ρ̄)∗) which is trivial.

Surjectivity follows from Chapter I, Theorem 4.10 of [Mi].

Theorem 1 Let ρ̄ : GS → GL2(k) be an absolutely irreducible Ga-
lois representation where the characteristicp of k is greater than or
equal to5. AssumeAd0ρ̄ is an absolutely irreduciblek[GS] module, that
H1(GS/N, Ad0ρ̄) and H1(GS/Nd, (Ad0ρ̄)∗) are trivial, and that
H2(Gv, Ad0ρ̄) = 0 for all v ∈ S. Finally suppose there is an element

a× b ∈ Gal(Q(Ad0ρ̄)/D)×Gal(Q(µp)/D) ' Gal(K/D) ⊆ Gal(K/Q)

such thata corresponds to an element in the (projective) image ofρ̄ whose
eigenvalues have ratiot ∈ F∗p, wheret 6= ±1, andb ∈ Gal(Q(µp)/Q)→
(Z/p)∗ maps to the elementt. Let r = dimk H2(GS, Ad0ρ̄) Then there is
a set of primesQ = {q1,q2, ..,qr } disjoint from S and a representation
ρ : GS∪Q→ GL2(W(k)) such thatρ ≡ ρ̄ modp.

Proof: Let Q be as in Proposition 4. We apply induction to deform from
W(k)/pn to W(k)/pn+1 one step at a time. We note that for all theqi , ρ̄ |Gqi

is of the “desired form” of Section 3. This is the base case in our induction.
Suppose we have a deformationρn : GS∪Q→ GL2(W(k)/pn) with ρn |Gqi

of the desired form for 1≤ i ≤ r . Since the local atqi deformation
problems (to modpn+1) are then unobstructed we can by Proposition 5
deformρn to mod pn+1, that is there is ãρ : GS∪Q → GL2(W(k)/pn+1)
with ρ̃ ≡ ρn mod pn. The local atqi representations̃ρ |Gqi

may not be of the
“desired form”. However we knowfi is nonnull atqi by Corollary 1. Using
Proposition 1, we can alter̃ρ by an appropriate multipleνi ∈ k of fi so that
(νi fi ).ρ̃ |Gqi

is of the “desired form” atqi . Letρn+1 = (∑ νi fi ).ρ̃. As f j |Gqi

is trivial for j 6= i we have by Corollary 1 thatρn+1 |Gqi
= (νi fi ).ρ̃ |Gqi

and
the deformation problem is unobstructed atqi . Thenρn+1 =

(∑
νi fi

)
.ρ̃ is

of the “desired form” atGqi for 1 ≤ i ≤ r . The induction is now complete
and the theorem follows.

We now prove Theorem 2. RecallQ(ρ̄) is the field fixed by the kernel of̄ρ
and that we assume the image ofρ̄, denotedImρ̄, containsSL2(k).

Lemma 17 Let ρ̄ : GS→ GL2(k) be such thatImρ̄ ⊇ SL2(k) where the
characteristicp of k is greater than or equal to5. Thenρ̄ and Ad0ρ̄ are
absolutely irreducible and the minimal field of definition ofAd0ρ̄ is k.

Proof: If ρ̄ is not absolutely irreducible then it is conjugate (overk̄) to
a representation over̄k that is upper triangular. This impliesImρ̄ is solvable.
As we assumep≥ 5 we knowImρ̄ is not solvable.
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To show absolute irreducibility ofAd0ρ̄ it suffices to show the action
of SL2(k) on the two by two matrices with trace 0 overk is absolutely
irreducible. It suffices to prove the special case that the action ofSL2(Fp)
on the two by two matrices with trace 0 overFp is absolutely irreducible.

Sincep is odd we may cite [CR], example 17.17. The absolutely irre-
ducible representations ofSL2(Fp) are given by actions ofSL2(Fp) on the
d+1 dimensional spaceMd of homogeneous polynomials in two variables

(say X andY) of degreed over F̄p. Let g =
(

r s
t u

)
∈ SL2(Fp). Theng

acts onMd by g.X = rX + sY andg.Y = tX + uY. Whend is odd note
that−1 ∈ SL2(Fp) acts nontrivially onMd. Since−1 acts trivially onAd0ρ̄

we see the Jordan-Hölder sequence forAd0ρ̄ can contain onlyMd with
d even. The only possibilities are the one dimensionsal spaceM0 and the
three dimensional spaceM2. If M0 occurs in the Jordan-Hölder sequence
it occurs with multiplicity three and as in the first paragraph of this proof
one seesPSL2(Fp) is solvable forp ≥ 5, a contradiction. The absolutely
irreducible representationM2 is Ad0ρ̄ and we are done.

Let q = #k. As for the minimal field of definition ofAd0ρ̄, consider
the the elements of̃Ad

0
ρ̄ stabilized by the group of matricesU of order

q of the form

(
1 ∗
0 1

)
∈ SL2(k). Since we have ap group acting on ap

group there are nonzero elements of̃Ad
0
ρ̄ fixed by the action ofU. Clearly

the k̃ span of these elements iñAd
0
ρ̄ is pointwise fixed under the action

of U. If this k̃ span were greater than one dimensional then on extending
scalars tok we seeU would pointwise fix a two (or greater) dimensional
k subspace ofAd0ρ̄. It is easy to see this is not the case. Letl1 be the one
dimensional̃k subspace of̃Ad

0
ρ̄ pointwise fixed byU. We ask what other

elements ofSL2(k) pointwise fixl1. These elements ofSL2(k) pointwise
fix the k span ofl1 in Ad0ρ̄ and we easily see that±U is the stabilizer
of l1. Let x0 ∈ l1 be nonzero. The orbit ofx0 under the action ofSL2(k) has
cardinality #SL2(k)/(2#U) = (q2−1)/2. SoÃd

0
ρ̄ contains at least distinct

(q2 − 1)/2 elements. If the minimal field of definitioñk is strictly smaller
thank then #̃k ≤ q1/2. Thus Ãd

0
ρ̄ contains at mostq3/2 distinct elements.

Sinceq ≥ 5 we seeq3/2 < (q2 − 1)/2, a contradiction. The minimal field
of definition of Ad0ρ̄ is k.

Remark: Since, with the hypotheses of Theorem 2, we havek̃ = k we will
useAd0ρ̄ and(Ad0ρ̄)∗ for the rest of this section.

Lemma 18 Let p ≥ 5 and suppose the image ofρ̄ : GS → GL2(k)
containsSL2(k). RecallD = Q(Ad0ρ̄)∩Q(µp). Then[D : Q] = 1 or 2. As
[Q(µp) : Q] = p− 1 we have that Gal(Q(µp)/D) is not the trivial group.

Proof: As D ⊆ Q(µp), we seeD/Q is abelian soGal(Q(ρ̄)/D) contains
the commutator subgroup ofGal(Q(ρ̄)/Q) = Imρ̄. As Imρ̄ ⊇ SL2(k) and
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#k ≥ 4 we see this commutator subgroup is justSL2(k). AsD ⊆ Q(Ad0ρ̄),
the fixed field of the projective representation associated toρ̄, we have that
Gal(Q(ρ̄)/D) contains the scalar matrices inImρ̄ which we denoteZ. Thus
Gal(Q(ρ̄)/D) containsZ · SL2(k) as a normal subgroup.

Let A be in Imρ̄ with determinanta ∈ k. ThenA2 ∈ Imρ̄ has determi-

nanta2 so A2 =
(

a 0
0 a

)
· X whereX ∈ SL2(k), that isA2 ∈ Z · SL2(k).

Since Imρ̄/SL2(k) ⊆ k∗ is cyclic we have[Imρ̄ : Z · SL2(k)] = 1 or 2.
We conclude[D : Q] = 1 or 2.

Lemma 19 If #k ≥ 7 and Imρ̄ ⊇ SL2(k) thenH1(GS/N, Ad0ρ̄) is trivial.

Proof: Let B
′

be the Borel subgroup of upper triangular matrices inImρ̄.
Since [Imρ̄ : B

′ ] is easily seen to be prime top it suffices to show
H1(B

′
,M0) = 0 whereM0 is the set of two by two trace zero matrices

over k. But as aB
′

moduleM0 has a 3 step filtration. By computing the
cohomology of the various one dimensional subquotients the result follows.
See Lemma 1.2 of [Fl]. Note that during this argument the fact thatB′ con-
tains diagonal elements the ratio of whose eigenvalues is not±1 is used. This
is why we require #k ≥ 7. Alternatively, if k = F5 and Imρ̄ = GL2(F5)
the same methods can be used to showH1(GL2(F5), Ad0ρ̄) = 0.

Lemma 20 [NNd : N] is prime top.

Proof: Note that NNd/Nd ' N/(N ∩ Nd). Recall thatN = Gal(QS/

Q(Ad0ρ̄)) and thatNd ⊇ Gal(QS/K). So N ∩ Nd ⊇ Gal(QS/K). Thus
N/(N ∩ Nd) is isomorphic to a subquotient ofGal(K/Q(Ad0ρ̄)) which is
in turn isomorphic toGal(Q(µp)/D) which has order prime top.

Lemma 21 If p ≥ 5 and Imρ̄ ⊇ SL2(k) thenH1(GS/Nd, (Ad0ρ̄)∗) = 0.

Proof: We apply the inflation-restriction sequence toGS/Nd and its normal
subgroupNNd/Nd. The quotient isGS/NNd and sinceNd fixes (Ad0ρ̄)∗

we see(Ad0ρ̄)∗NNd/Nd = (Ad0ρ̄)∗N
. We get the exact sequence

0→ H1(GS/NNd, (Ad0ρ̄)∗N
)→ H1(GS/Nd, (Ad0ρ̄)∗)

→ H1(NNd/N, Ad0ρ̄)
Gs/NNd

where the last term is trivial asNNd/N has order prime top by Lemma 20.
As N acts trivially on Ad0ρ̄ we see the action ofN on (Ad0ρ̄)∗ is χ |N,
which is nontrivial by Lemma 18. so((Ad0ρ̄)∗)N = 0. Thus the left term in
the sequence is trivial soH1(GS/Nd, (Ad0ρ̄)∗) = 0.

Theorem 2 Let p ≥ 7. Assume the image ofρ̄ : GS→ GL2(k) contains
SL2(k). Also assume ifl ∈ S and l 6= p that l 6≡ ±1 mod p, that k(ρ̄) 6=
p− 1 or 2p, and thatk(ρ̄) 6≡ 2 mod p+ 1. Let r = dimk H2(GS, Ad0ρ̄).
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Then there is a set of primesQ = {q1,q2, ..,qr } disjoint fromSand a rep-
resentationρ : GS∪Q→ GL2(W(k)) such thatρ ≡ ρ̄ modp.

Proof: RecallN andNd are the kernels of the actions ofGS on Ad0ρ̄ and
(Ad0ρ̄)∗ respectively. By Lemmas 19 and 21 we haveH1(GS/N, Ad0ρ̄) and
H1(GS/Nd, (Ad0ρ̄)∗) are trivial. The hypotheses on the ramified primes
and the weightk(ρ̄) imply, by the results of Sections 4 and 5, thatH2(Gv,
Ad0ρ̄) = 0 for all v ∈ S. Sincep is odd we easily seeH2(G∞, Ad0ρ̄) = 0.
By Lemma 17 we seēρ is absolutely irreducible andAd0ρ̄ is an absolutely
irreduciblek[GS]module.

By Theorem 1 it remains to finda×b ∈ Gal(Q(Ad0ρ̄)/D)×Gal(Q(µp)/
D) ' Gal(K/D) ⊆ Gal(K/Q) such thata corresponds to an element in the
(projective) image of̄ρ whose eigenvalues have ratiot ∈ F∗p, t 6= ±1, and
b ∈ Gal(Q(µp)/Q)→ (Z/p)∗ maps to the elementt. as in Theorem 1.

Since p ≥ 7 there is anx ∈ F∗p such thatx2 6= ±1 in F∗p. As
Gal(Q(µp)/Q) ' F∗p we consider the elementx2 in Gal(Q(µp)/Q). Since
x2 is a 2nd power and[D : Q] = 1 or 2 by Lemma 18 we seex2 ∈
Gal(Q(µp)/D).

Recall that by the proof of Lemma 18 thatGal(Q(ρ̄)/D) ⊇ SL2(k).

We have that

(
x 0
0 x−1

)
∈ Gal(Q(ρ̄)/D). We consider the projection

of this element,x̃, in Gal(Q(Ad0ρ̄)/D), i.e. its image in the projective
representation associated toρ̄. Finally, we takea × b to be x̃ × x2 ∈
Gal(Q(Ad0ρ̄)/D)×Gal(Q(µp)/D) ' Gal(K/D) ⊆ Gal(K/Q). Theorem
1 now applies.

8. Examples

We give an even and odd example that illustrate the theorems.
Consider the polynomialj(x) = x7−22x6+141x5−204x4−428x3+

768x2+320x−512 of [ZM]. The splitting field ofj(x) is a totally real field
with Galois group overQ isomorphic toPSL2(F7). We abuse notation for
a moment and call this splitting fieldQ(Ad0ρ̄). Zeh-Marschke has shown
that there is a quadratic extension (which we callQ(ρ̄)) of Q(Ad0ρ̄)Galois
overQ with Gal(Q(ρ̄)/Q)' SL2(F7). This extension gives our evenρ̄. The
discriminant of j(x) is 2501943672. As mentioned in the introduction prior
to the statement of Theorem 1, we may assume these are the only ramified
primes inQ(ρ̄)/Q. These primes are not congruent to±1 mod 7 andρ̄ is
unramified atp= 7 so by Serre’s definition of weight we seek(ρ̄) = p= 7.
The hypotheses of Theorem 2 are satisfied. Thus there is a finite set of
primesQ and a deformationρ of ρ̄ with ρ : GS∪Q → SL2(Z7). That this
representation is surjective follows from [Se3], ChapterIV , Lemma 3.

In Section 5 of [Se1] Serre has given an absolutely irreducible odd
representation̄ρ : GQ→ GL2(F49). The image of Galois inPGL2(F49) is



Lifting Galois representations 561

PSL2(F7) and is the splitting field of the polynomialh(x) = x7 − 7x + 3.
(The polynomial is due to Trinks). Notek = F49 andk̃ = F7. The splitting
field of h(x) is complex and is ourQ(Ad0ρ̄). Ash(x) has discriminant 3878

we seeQ(Ad0ρ̄)/Q is ramified only at 3,7 and∞, and we may assume
Q(ρ̄)/Q is ramified only at 3,7 and∞. Since 3 is not congruent to±1
mod 7 we haveH2(G3, Ad0ρ̄) = 0. Serre has shown that a twist ofρ̄ is
weight 3 so by Proposition 3 we haveH2(G7, Ad0ρ̄) = 0.

We see thatH1(GS/N, Ãd
0
ρ̄) = H1(PSL2(F7), Ãd

0
ρ̄). This last co-

homology group is trivial (essentially) by Lemma 19 soH1(GS/N,
Ãd

0
ρ̄)=0. Similarly, H1(GS/Nd, (Ãd

0
ρ̄)∗)=0 essentially by Lemma 21.

As Q(Ad0ρ̄)/Q is an extension with Galois group the simple group
PSL2(F7) we seeQ(Ad0ρ̄) ∩Q(µp) = Q so in this exampleD = Q.

Q

Q(µp)Q(Ad0ρ̄)

K

Q(ρ̄)

�
��

@
@

�
�

@
@

Serre has shownImρ̄ ⊃ SL2(F7) so

(
2 0
0 1/2

)
∈ Imρ̄. Let a be

the projection of this element inGal(Q(Ad0ρ̄)/Q). Considera × b =(
2 0
0 1/2

)
× 4 ∈ Gal(Q(Ad0ρ̄)/Q)× Gal(Q(µ7)/Q) ' Gal(K/Q). This

element satisfies the last hypothesis of Theorem 1 and we seeρ̄ deforms to
W(F49) after allowing ramification at an additional finite set of primes.
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