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Mean values of derivatives of
modular L-series

By M. Ram Murty anDp V. KumarR MURTY

1. Introduction

Recently, Kolyvagin [4] proved the finiteness of the Tate-Shafarevic group
I ;o of certain modular elliptic curves E over Q. More precisely, let E/Q be
a modular elliptic curve with conductor N and L(s) its associated L-series:

Ls)= ¥ 4

n=1

ia(n)(n)

n’
Set

where (D /n) is the Legendre symbol. Suppose that L(1) # 0 and there exists a
D < 0, such that

(i) L;(s) has a simple zero at s = 1 and

(ii) all primes which divide the conductor of E split in the imaginary

quadratic field Q(vD).
Under these conditions, Kolyvagin [4] showed that both E(Q) and III, s are
finite. More recently, he extended this theorem to show that if L(s) has a simple
zero at s = 1 and there is a D < 0 satisfying (ii) above and L (1) # 0, then
rank E(Q) = 1 and IIlj ,, is finite. Previously, Rubin [11] established the
finiteness of Il ,, for CM elliptic curves for which L(1) # 0. The work of
Rubin and Kolyvagin represents significant steps toward the resolution of the
important conjecture that III; , is finite.

The purpose of this paper is to establish the existence of a D < 0 such that
L(s) has a simple zero at s = 1 and all primes dividing the conductor of E
split completely in the quadratic field Q(VD ). Thus, the result of Kolyvagin can
be stated without any hypothesis on quadratic twists of L(s). We prove our
theorems by showing that the mean value of L/,(1) is non-zero. More precisely,
we prove the following.

Research of both authors partially supported by grants from NSERC.
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Tureorem 1. Suppose that L(1) # 0. Let

_ Z ("1"2) d’("z)

nl ng nln2 ny

where n, ranges over positive integers with the property that p | n, implies
p | 4N and (n,,4N) = 1 and ¢ denotes Euler’s function. Then, C # 0 and
Y Lp(1) =CY(logY) + o(Y log Y),
0<-D<Y
D=1(mod 4N)

asY — oo,

The theorem is, in reality, a theorem about the mean values of derivatives
of L-series attached to modular forms.

To fix ideas, let F(z) be a cusp form of weight 2 on I'((N) which is a
normalized eigenform for the Hecke operators. Suppose that F is not a modular
form on T'(M) for any proper divisor M of N, and write

oo

F(z) = L a(n)e*™

n=1
for its Fourier expansion at the cusp i%. Let

= a(n)

L(s)= X —

n=1 n

be the associated L-series which satisfies a functional equation:
A'T(s)L(s) = wA>*T'(2 — s)L(2 — s),

where w = +1 and A = VN /2. Let xp(n) = (D/n) be a real character
mod D. Then, we can consider

It extends to an entire function of s, and if D is a fundamental discriminant
prime to N, then L (s) satisfies a functional equation:

(AIDI)'T(5)Lo(s) = wxo(~N)(AIDITE = $)L (2 — 5).
TueorREM 2. Suppose that L(1) # 0. Let

__LZ (1"2) ("2)

2N, o, nyn ngy

where n, ranges over positive integers with the property that p | n, implies
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p | 4N and (ny,4N) = 1 and ¢ denotes Euler’s function. Then C # 0 and

Y Lyp(l)=CYlogY + o(Y logY),
0<-D<Y
D=1(mod4N)

asY — oo,

CoroLLaRy. Suppose that L(1) # 0. Then, there are infinitely many funda-
mental discriminants D < 0 such that L(s) has a simple zero at s = 1 and all
primes dividing the conductor of E split completely in the imaginary quadratic

field QD).

This corollary was also established by Bump, Friedberg and Hoffstein [1]
utilising the automorphic theory of GSp(4).

Remark 1. The proof will show that we need not assume that L(1) # 0 but
only that the root number of L(s) is +1.

Remark 2. We know that
w = (_ l)ords=1L(E,s)‘

Therefore, the assumption that w = +1 and the congruence D = 1(mod 4N)
imply that wx,(—=N) = —1 and so L,(E, s) has an odd order zero at s = 1.

Remark 3. To see that C is non-zero, we obtain that

a(nlng) b(ny)

2 S
ny, ng (nlnz) Ny

N P_l(a(P2) LG R

1
o bs p+4N( p pZS p4s
plb=pl4N

Now consider the Euler product above. For p t 4N, let us write a(p) = a, + B,
with Ia,,l = IB,,' = p'/2. If from the factor at p we factor out La(p2%) /p>*, we
find (for even N)

g almnd) d(n) _ %)( 5 “(’;))H(l—“(i’))

P s
(nng) e (n,an)=1 M pI4N p
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where

We observe that this product converges absolutely for Re(s) > 1/2 and
that none of the Euler factors vanishes at s = 1. Since a(p) =0, +1, for
p | 4N,

-1
# 0.

I1

pl4N

-2
p

If N is odd, a similar non-zero factor is obtained. Moreover, the Euler product
of the series

a(n®)

0
Y —
n=1

n
(n,4N)=1

differs from that of L(s, Sym2){(2s — 2) ! at only a finite number of primes and
at these primes, none of the Euler factors vanishes at s = 2. Thus,

C#0,
since L(2, Sym?) # 0 (see for example [5] or [8]). Therefore, our theorem shows

that there exists D such that (i) and (ii) hold.

Remark 4. Our proof produces an error term of O(Y(log Y)'™”) for an
explicit value of p.

Remark 5. Our method is applicable to holomorphic modular forms f of
any weight k > 2 for T(N).

Proof of the corollary. Suppose there are only a finite number of D,’s,
D,,- -, D,, say, satisfying (i) and (ii). Set

1 = )
L(s) _ngl n’

Notice that |i(d)| < d(d)Vd and fi(d) = 0 if p®|d for any prime p. (We write
d(n) for the number of positive divisors of n.) Then, fixing an i and writing
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D = D,8%, we have the relation

Lote) = Lo() T 2022 (2]

d|s2

We deduce that

L) = 1y T 52 (%)

d|s2
Thus,
Iu(d |
Y o0 <ip ¥y a9
0<-D<Y 0<8<yY d|s?
D=D;5%
l@(d)l
d<Y d s<VY
82=0(mod d)

We write d = d,d; with d, d, coprime and squarefree. Then, the inner sum is

.4, + O(1).

Then our sum is

(d}) d(d,) [ VY

and we easily deduce that this is

< VY log Y.

Summing over i produces a contradiction.

There are heuristics that suggest, in fact, that there should be a positive
proportion of such D’s. To approach the problem of getting an estimate for the
number of such D’s, one should modify the kernel in our integrals to make it
more sensitive to the counting problem.

We close this section by introducing some further notation. If D, is a
fundamental discriminant which is coprime to N, then

r'1-s)
F(l—-l-S)LDo(l - S).

Any D = 1(mod4) can be written as D = D,r?, where D, is a fundamental

Lp 1+ s) = wxp(—N)ID,| m2sp—2s
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discriminant and

M( ) ( Do
LD(S) (7)
dlr?
Let us set
- D
fy(n,s;a) = Y (—)IDIS, D unrestricted
o<-pD<y \ T
D=a(mod4N)
D,
fy(n,s;a) = Yy (— |D,|°, D, fundamental
0< —Dy<Y n

Dy=a(mod 4N)

fr(nsa) =fy(n,0;a),  fy(n;a) = fy(n,0;a).
We shall write d(n) for the number of positive divisors of n.

We stress that the naive approach to the proof of the main theorem works
after a few technical details are surmounted. The reader interested in ignoring
these details and desiring an intuitive description of the proof can find it in [9].

The next two sections establish the requisite lemmas to estimate the sums

~we will encounter.

2. Lemmas

Throughout this paper, we will adopt the convention that a natural number
n is written as nyn,, where n, has the property that any prime divisor of it is
also a divisor of 2N and n, is coprime to 2N. On certain occasions, the same
convention applies when we write m = m;m,.

LemMma 1. For (a,N) =1,
2
, h
Y Y = || < (N?/¢(N))XY log® X
n<X 0<—h<y \T
n=njny  h=a(mod N)
where the implied constant is absolute and the sum over n < X such that n, is
not a perfect square.

Proof. This lemma is easily derived from the results of Jutila [3] (for the
case N =1) and Fainleib and Saparnijazov [2] (for the general case). They
prove:

2
, h
(1) Y Y (—) < NXY log? X,

n<X 0<-h<y \T
(n,2N)=1"h=a(mod N)
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where the prime on the first sum means that n is not a square. The sum in the

lemma is seen to be
2

h )

r X r |—

n1<X ng<X/n;| 0<—-h<Y ("2
h=a(mod N)

By (1), the sum in question is

X 1)~}
<N Y —Ylog?X < (NXYlog>X) [1] (1 - —)
n<x ™ pl2N

which is the desired result.

LemMa 2. Let d and a be fixed integers, with a = 1(mod 4), (ad,4N) = 1.
Then,

> fl_(nﬂfy("d; a)

n<U,nyd#b?

< (Ud)"*Y'/2 log Y log(Ud).

Proof. By partial summation and Lemma 1,

2
h<Y m
h=a(mod4N)
Let x{* denote the principal character mod a. The sum in question is

r oy (2 g

n<Ungd#b® ' 0<-D=<Y D
D=a(mod 4N)

1
Y < U'Y2Y log2 U.

m=<U m

a(n) h

-Tu) £ Pwen T (]
2=y n<U,n,d#b? n 0< —h<Y/j?
h=aj*(mod 4N)

2
a(n e 1 h
la(n)l®

Z E n3/2 Z T Z ;l?i_

j2<y \n<U n<U,nyd#b? n 0< —h<Y/j®

h=aj*(mod 4N)

1/2
5\ Y

1 h
< UY/4qi/4 Z Z’ __ Z _)
j2<y | m<Ud Vm 0<—h<Y/j? m
h=aj%(mod 4N)

< U242y (log Y )(log Ud),

as desired.
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LemMma 3. For s = —m,0 <n <1/2, a = 1(mod 4), (ad,4N) =1,

)
r —————a(n)xl () )y (i) < UV2=1dl/2y1/2 Jog Ud.
nSU,N2d*b2 n s 0<—h<Y n
h=a(mod 4N)

Proof. We apply Cauchy’s inequality:A

1/2

la(n)® 1 h

Z n3/2+17 Z n1/2+,7 Z 7

n<U n<U, nyd#b? 0<—-h<Y
h=a(mod4N)

< d2yV/2=ny /2 Jog Ud
by partial summation.
LemMma 4. Under the same conditions as in Lemma 3,

r A om) ¥ (%)h

n<U, nyd#b? 0<—h<Y
h=a(mod4N)

< (Is| + 1)d'2Uut2="y!/2*27 Jog Ud.
Proof. Apply partial summation to Lemma 3.
Lemma 5. If Rs = —n,0<1n <1/2, a = 1(mod4), (ad,4N) = 1, then

a(n)

Y —— fy(nd,— 2s;a) < (Is| + 1)d'/2U'/277Y!/2+27 Jog Y log Ud.

n<U,nyd#b?

Proof. The sum in question is

r oy (%)Zu(i)D‘“

n<U,nyd#b? " 0<-D<Y D
D=a(mod 4N)
- a(n)x§’(nd) h
Z /“L(])J 4 Z 1= Z ( d)h 2s
<Y n<U, ngd+b? n o<—h<ysz \ M
h=aj%(mod 4N)
1/2+2n
< X j*(sl + 1)(d2U2 " log Ud) —rm
J

i2<y

by Lemma 4. Summing over j gives the desired result.
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Putting the above lemmas together proves:
Lemma 6. For s = —m,0 <1n <1/2, a = 1(mod 4), (ad,4N) =1,

(1)

a(n) - I'(l—s)
Z nl sfy(nd 28 a){(l + 2s )1_‘(1—+)

x°T'(s) ds
(—"7)nsU,n2d¢b2
< x—nd1/2U1/2—nyl/2+2n lOg Ud,
and
(ii)
a(n) I'(l-s)
Z e sfy(nd 2s; a){(l + Zs)m

x°T'(s)ds
(M) <U, nyd #b2
< x~d2U2Ty/2+20 Jog Y log Ud.
We now proceed to handle the terms corresponding to n > U.
Lemma 7. For Rs = —nm, 7 > 1/2, (ad,4N) = 1,
5 ()

n>U, nyd#b? 0<-h<Y
h=a(mod4N)

h
¥ (_a—l) < U/2=ndl2yl/2 log Ud.
n

Proof. By Cauchy’s inequality, the sum is bounded by

5\ 172
2\ 1/2
I (T
3/2+ 1/2+
n>u M / K n>U, nyd #b? n Sk 0<—-h<Y nd
h=a(mod 4N)
5\ 1/2
1/4—-n/21/4+7/2 ! 1 h
< U d Y e ) —
m>ud M 0<-h<y \M
h=a(mod 4N)

1/2

o 2
< UVA-n/2q1/4+n/2 f Ylogt
vd t1/2+1;

< U'2ndl/2y1/2 log Ud,

as desired.
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Lemma 8. Under the conditions of Lemma 7,

h

v Shpen T (e

n>U,nyd#b? n! o<-h<y \nd
h=a(mod 4N)

< (Is| + 1)Y/2+2nq1/2y1/2=7 Jog U

Proof. Apply partial summation to Lemma 7.

Lemma 9. If Rs = —m, 7 > 1/2, a = 1(mod 4), (ad,4N) = 1, then

) (1 zfy("d 2s;a) < (Is| + 1)d*72U2=7Y!/2*27 Jog Y log Ud.

n>U,nyd#b?

Proof. The proof is analogous to that of Lemma 5, except we use Lemma 8
instead of Lemma 4.

Therefore, we deduce by putting these lemmas together:

LemMa 10. For Rs = —nm, 1 >n > 1/2, a = I(mod 4), (ad,4N) =1,
(i)
I'(1-s)

a(n) .
d,— 1+ 2s x*T'(s)d
(“”)n>U,n22d¢b2 e —= fy(n ;a)l(1 + )1_,( ¥3) (s) ds
< x—ndl/2[]1/2—nyl/2+2‘n log Ud,
and
(ii)
y (1 zfy(nd 25;a){(1 + 2s )M ST(s) ds

(_n)n>U,n2d¢b2 n F(l )
< xRy 1242 100 Y log Ud.

This is the series of lemmas needed. The next section establishes a lemma
which refines the above estimates.

3. Further lemmas
We begin by proving:

Lemma 11
1 S log = 4 Sy + O((n/X) “x
— J— — + 7 < —
¢ O(exp(—n/X)) otherwise.

Proof. This follows easily by partial summation (see, for example, Jutila
[3, Lemma 1]).
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Lemma 12. There is a p > 0 so that if X < Y(log Y)'**, a = 1(mod 4),
(a,4N) = 1, then,

Yy Lm—)fy(m a)exp(—me®/X) < Y log?Y,

(m,j)=1
for any j > 1.

Remark. Note that in this sum we are not restricting to fundamental
discriminants.

Proof. We split the sum into two parts corresponding to m, a square and
m, not a square.
For the first part, it is

2
B T S i)

e e(mlmz,j)=l m,my

x{( ¢ )4; d’En:) + 0(d(my))}.

Using Lemma 11, we see that the above sum is

<y Z ( 1m§)l X +Y Z ( 1m2)

———5—d(m)exp(—m/X)
m<ix 1m3 m>ix ™ 5
which is
< Y(log X)°.
For the second part, we use the Pélya-Vinogradov inequality to see that it is

.y la(m)

m

1
m'/?log m ), — exp(—me?/X).
~ e

Using Lemma 11 for the inner sum, we see that it is

la(m)| X la(m)|
Yy (m) m'/? log m{log—} + Y —(lml/2 log m exp(—m/X)
m<3X m m>3X m

and by partial summation and Lemma 17, this is
< X(log X)' ™,

for some p > 0. This completes the proof.
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LemMa 13. Let a = 1(mod 4) with (a,4N) = 1 and a equal to a square
mod 4N. Then,

Y Lp(1) < Ylog?Y.

0<-D<Y
D=a(mod4N)
Proof. Consider
1
— D(l + 5){(1 + 25)X°T(s) ds, o>1/2.

211
This is

KT

n.m n n

(Note that this series converges absolutely.) By the Phragmén-Lindelof theorem

6],
ILp(1 + ) < (It +2)"*7(log(lt] + 2))*
uniformly for —1/2 — & <o <1/2 + &. (The implied constant depends on

D.) We can therefore move the line of integration to Rs = —m > —1/2 — &.
Moving the line of integration to Rs = —n, we obtain
a(n)

)»

n,m

()= exn(=mm /)

n
1 1
= SLp(1) + mj;_n)LD(l +5)¢(1 + 25)X°T(s) ds.
Writing

Lol +) = Lol +9) £ 2020

d|s?
where D, is a fundamental discriminant, we can rewrite the integral as
1 Ad)
d Ji-nq

21ri

Lo(1+ s)( )g(l + 25)(X/d)’T(s) ds.

d|s?
Applying the functional equation to L, (1 + s), we find that the above is equal
to :

f(d)

wXDO(_N) ad M 0 —254 —2s
- d%z y (_n)ngl " ( — )((1 + 25)D,| "*A
I'(l-s)

X m(X/d)sr(S) ds.
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We sum this over 82 < Y, (§,4N) = 1,0 < —D, < Y/8% Dy8* = a(mod 4N).
Recall that we have set

o D
fy(n,s;a) = Yy (—)lDls, D unrestricted,
0o<-D<y \T
D=a(mod4N)
D,
fy(n,s;a) = Y (—)IDOIS, D, fundamental,
0<-Do<y \ T

Dy=a(mod 4N)

fy(n;a) = fy(n,0;a),  fy(n;a) =fy(n,0;a).
Then,

a(n) . 1
( )fy(n;a); exp(—nm®/X)

*) X

n

1 ad) ;& an)
r ony-— r pAdy 5o
0<-D<Y T s2cy  dls? (=Mp=1 1
D=a(mod 4N) (8,4N)=1

X fy,s(nd,— 2s; ad?){(1 + 2s)
r'(1-
T0-9)
'l +s)
Here 88 = 1(mod 4N). The sum on the left side of (%) is seen to be

A2(X/d)’T(s)ds.

< Y(logY)’

by Lemma 12, provided we take X < Y(log Y)'*?. Now we deal with the
integral on the right side of (). The integral is first broken up according to
whether n,d is a square or not. If n,d is not a square, then splitting the series

at n < Y and moving the integral to Rs = —m,, 0 < 1, < 1/2, we can utilise
Lemma 6(ii) to get an estimate
la(d)| Y [y\™ 1
L L — 4 s (E) log> Y < ¥(Y/X)" log* Y.
82<Y d|s?

The series corresponding to n > Y is similarly estimated by moving to Rs =
—7,, My > 1/2 and using Lemma 10(ii). The final contribution when n,d is not

a square is therefore
Y m Y M2
2] () o
X X
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This term is << Y log? Y if Y < X. Now we consider the contribution when n,d
is a square.
The series in the integral is seen to be
a(nny) (a _
Y —( )fy/az(nzd,— 2s,a8%).

n

1_
ny, ng (n1n2) ’
Let
a(nn,) [ a 1)}
Hy(s) = Z —s(_) 1+ —
ny,ng ("1"2) Ny | plaNn,d P

nyd=b?

We see that this is equal to

-1

a(n,)a(n a 1
5 “”f)(—) L
ny,ng (nyny) Ny /] plaNnyd p
ngd=b?
a(n a a(n 1\7!
pln=peN "1 n nyd=b? Ny plANn,d P

Thus, in order to estimate the integral, we first need an estimate for H,(s).
Since the first sum is uniformly bounded in the region under consideration, we
need only consider the second Dirichlet series. If d = d,d?, d,, squarefree, then

U geldont)

s,-28
m dOm pdNmd

-1

1
1+ —
p

1
1+ —
p

y a(ny) I1

nS
n2d=b2 2  pHUNny.d

where the sum over m is such that (m,2N) = 1. Let us now estimate the
integral. For this purpose, let us define

Ry = 3 A9 o

n=1 (donz)s pl4Nnd

-1

1
1+ —
p

By factoring F,(s) as an Euler product and using simple estimates, we find that
|Fy(s) < ¢"@dY/2~°|L(25s, Sym?){(4s — 2) 1,

for o > 3/4. Here, c is an absolute positive constant (we can take ¢ = 200 for
example) and v(d) is the number of prime factors of d.

We are now ready to estimate the integral when n,d is a square. We move
this integral to n = 1/log Y and evaluate it using the above estimate for F,(s).



DERIVATIVES OF MODULAR L-SERIES 461

By an easy variant of Jutila’s result [3, Lemma 1], we find the integral is

s}

il B a2/ T

n=1 n I'(1+s)
ngd b2
1-2s

6 1 1)\ 7! (v/8?)
X{F $(4N) ,,|4IN—,£d(1 * ;) 1-2s

1/2+2n
Ol (sl + 1)d(4Nnyd) —F777— )} ds.

61+411
The error term presents no problem. The main term is
< — (d/X)"c”‘d)(log Y).

Summing over d|8% and §% < Y, we obtain a total estimate of

<<YZ Zl/~t( )|

azsy d|52

(d/X)"c"D(log Y)* < Y(log Y).

This completes the proof of Lemma 13.

Utilising Lemma 13, we can now derive an alternate estimate for the sum

Za()

me>
= e fy(m a)exP(_T)-

Lemma 14. If Y < X, a = 1(mod 4), (ad,4N) = 1, and any j > 1,

M X

m,e
(m,j)=1

a(m)

fy(md a)exp(—me®/X) < d'/?Y log® Y.

Also
(ii)
Y ,(n )fy(md a)exp(—me®/X) < d'/*Y(log*Y + log X),

m,e
(m,j)=1

where the prime on the sum indicates that m,d is not a square.
Proof. Consider equation (*) in the proof of Lemma 13, which shows that

under the hypothesis Y < X, the integral in (*) is O(Y log® Y). Lemma 13 itself
asserts that the same is true of the sum of the L/y(1). Our assertion follows for
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j = 1land d = 1. In general, we consider an analogue of Lemma 13 in which we
multiply both sides of the original equation by (D/d) and only sum over
D = 8D, with j| 8. The estimates proceed exactly as before and we obtain
assertion (i) of the lemma. For (ii), we need only observe that the contribution
from those m, e with m,d a square is < d'/*Y(log X).

Lemma 15. If a = 1(mod 4), (ad,4N) = 1, then
, a(m)
)y

m.e me
(m,j)=1

fy(md; a)exp(—me?/X) < d'/2X/2Y'/? log Xd

where the prime indicates that the sum ranges over values of m such that m,d is
not a square.

Proof. We have to estimate

 a(m) ) h

- X — .

T et % ()
(m, =1 h=a(mod 4N)

We bring the summation over e inside and use Lemma 11. If we truncate the
sum over m at 3 X, then it is

la(m)| h X
< Y (m) Y (—) (log—— + 0(1)),
m<ix ™ 0<-h<y \md m
mod#b? h=a(mod 4N)

and by Lemma 1 and the method of Lemma 2, this is
1/2

< (Xd)"*{(Xd)"*Y(log Xd)"}

The sum over m > 3X is estimated in the same way. It is

la(m)| h
L es(-m)| T (o]
m>1X 0<—h<Y m
myd+b? h=a(mod4N)

which is
< (Xd)"*{(xd)"*Y(log Xd)*} ”*.
In both cases, the estimate simplifies to
< (dXY)"*(log Xd).

This proves the lemma.
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We shall use this to prove the following crucial and penultimate lemma.

Lemma 16. Take a = 1(mod 4), (ad,4N) = 1. For all X satisfying X >
Y log B,

Z ——fy(md; a)exp(—me®/X) < d'/?X'/?Y'/*(log X)(loglog Y)

where the prime indicates that the sum ranges over values of m such that m,d is
not a square.

Proof. We have

T —fy(md;a>exp('—me2/x)

a(m) h
= Y u(y) Z exp(—mez/X) Y (_d)
2<Y 0< —h<Y/j? m
G, d)=1 (m J) 1 h=aj*(mod 4N)

The inner sum is what we have denoted by fy ,2(md; aj). The sum of the terms
with j < log® Y can be estimated by Lemma 15 and it is seen to be

dxy)'?
< ) g—long

j<logBy
which is
d2X1/2y1/2 log X loglog Y.
For j > log® Y, we use the second part of Lemma 14 to get
Y dv? '12(10g2 Y + log X) < d'/?Y log™2*?Y.
j>logBy
Since X > Y log™8 Y, this proves the lemma.

The final lemma is an estimate for a weighted average of the a(n) which
will be needed in some of the error term estimates.

Lemwma 17. There is a p > 0 so that

g IaJ(g ! < x(log x) "

and

z;’ m\g)l d(n) < x(logx)' "
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Proof. The first estimate is due to Rankin [10]. (It should be remarked that
Rankin proved the estimate for N = 1. However, his proof carries over for the
general level in view of Shahidi’s result [12])

For the second estimate, let b, = |a(n)|/n'/? and consider the Dirichlet
series F(s) = £*_,b,d(n)/n*. Set Q(s) = L5_,u*(n)b,d(n)/n’. We are inter-
ested in bounding the partial sums of F(s). Consider first the partial sums of
Q(s), namely,

L #(n)b,d(n).

n<x

The coefficients of Q(s) are dominated by the coefficients of (Z%_b,/n*)?. By
the first part of the lemma,

Y b, < x/(logx)’.

Hence,
Y bb,< L b, ¥ b,< L b(x/n)(logx)”" <x(logx)"*
mn<x n</x m<x/n n<yx

by partial summation.

Now set F(s) = Q(s)R(s). Write R(s) = L c(n)n"°. We see that as the
Euler product of R(s) converges absolutely for Re(s) > 1/2, the Dirichlet
series Yc(n)/n is absolutely convergent. Using these facts, we see that

L b,d(n) = X c(m)u’(e)b.d(e)

n<x me<x

2x 2x\! 7%

m<x
< x(logx)' 7.

This proves the lemma.

4. The main theorems

Now consider

fi(d) ( D

- 7 _O N —4s
= d)x T(s)8~* ds.

L[ L+ +25) T
— +s + 2s
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This is
d

d|6? m,e

a(m)

me

(&)exp( -me®8*/Xd)
md '

On the other hand, moving the line of integration to the left and picking up the
residue at s = 0, we obtain

a(d)

%L’D(l)+ f L p{l+8){(1+25) ¥~ ( y )x T(s)6~* ds.

d|s2

Writing the functional equation for L, (s), we see that the above integral is
I - S)

D L1 = s)(1 + 28) ———

Let Y be such that Ylog Y < X < Y(log Y)'*” where 0 < v < p, with p as
in Lemma 17. Now we sum the entire expression above over 8% <Y, 0 < —D,
<Y/8% D,6* = 1(mod 4N) and obtain the expression: -

Py A_ZSX“‘F(S) ds.

wXDo(_N) f
i (-

é Y L)

0<—-D<Y
D=1(mod4N)
A(d) & a('") .
= Z E —d— E fY/a (md; §* )exp( nd /Xd)
82<y  d|6? n=1 me?=n
(5,4N)=1
1 > a(m)
+ — 2s:1)(1 + 2
ST
PO =9) fagr(s) ds
X — a8 s
T(L +s) (s) ds,
for n > 1/2.

The integral is split into two parts. In the first, the sum over m, is taken
only over non-squares and, in the second, it ranges over squares.

Let us consider the first integral. It is easily estimated in the following way.
Truncating the sum over m at U, we move the integral involving the part
m < U to Rs = —m, where n, < 1. The part corresponding to m > U is
moved to Rs = —mn, where 7, > 1. Choosing U =Y?/X and using the
Pélya-Vinogradov inequality and Lemma 17, we see that the integral is
< X 'Y2(log Y)'™*.
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The contribution from the squares is easily handled. With a slight change in
notation, it is

1 ©  a(mm3)

amih

where the sum over D is over
0< -D<Y, D = 1(mod4N), (D,m,) = 1.

First, we move the integral to a line —m, with 0 < n < 3. By partial summa-

r'a-s)

{(1+ 2s )2[D|‘2SF(1 " S)XSA_st(S) ds

_n)m=1 (ml )(1 s)

tion, it is easily seen that the sum over D is asymptotic to
1 $(4Nm,) Y'™%
#(4N) 4Nm, 1-—2s

O(Y*d(m,)(Is| + 1)),

where, as before, d(m,) is the number of divisors of m,. Inserting this into the
integral, we find that the main term is

Yy 1 X \'T1-s) 1
¢(4N)E;'l(.—n) (1 S)(AzYz) F(1+s)1- 55 ¢ (L +28)l(s)ds

where

4Nn,)a(nn3
T = Z ¢(4Nn ()n (nz)s )

The error term is easily seen to be O(Y27X~"). Now moving this 1ntegral to the
right of Rs = 0, and using the expansions

rr-s) 1 . .
F(1+3)1_2s=1+(2y+2)s+(2'y + 4y +4)s®+ -,
X\’ X 1 X
(W) =1+(10gw)8+E(longzyz)Sz'f‘"'
and
1 1 1 0%
(e 2re) = (g ey e | {Tove g g e

we find that it is

Y a(nyny) ¢(4Nny)
TREN) Z amd 4N, (E log YZ) o).

We see that this is

1 X
~ LY log =5 + O(Y).

Y2
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Summarizing, we have proved that the integral is
1 X 1, .
—ZCY logF + O(Y) +O(EY (logY) .

Next, we consider the sum which we split into the contribution when m,d
is a perfect square and when m,d is not a perfect square.

In the latter case, we estimate the sum as follows. First consider the
contribution of terms in which & > log#?Y, for some large A > 0. By using
Lemma 2 and partial summation, we see that

2 Ea()

—fy/s (md; 52)exp( me®8*/Xd)
Xd \Y? yl/2
< (—4d) —(log Y)(log X).
é o
Thus the contribution of these terms to the sum is

la(d)l ( d) 1/2 y1/2
)

< X X—

5>loghY d|s?

y (log Y )(log X)

and this is clearly O(Y). For & < log® Y, we argue as above, except that we use
the estimate of Lemma 16 in place of Lemma 2. We find that these terms
contribute an amount

< X172Y1/2 Jog X loglog X.
In the former case, it is

a(d) =2 a(m
rrfdy 5 4
& d|s?

n=1 me?=n

(Zl)exp( nd*/Xd)

myd=r?
where the sum on 6 ranges over
82<Y, (8,4N)=1
and the sum on D, ranges over
Y —
0< =Dy <+, D, = 8%(mod4N), (D,,myd) =1,
D, = 1(mod 4), D, fundamental.
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The sum over D, can be expressed as

Y EA(=Dy)x{™P(Dy) Y ¥(8*)¥(D,)
0< —Dy<Y/8% e ’ ¢(4N)¢mod4N °

which is equal to

b (8° 2(— (myd)
¢m§4N§[/(3 )¢(4N) o<—DZO"sY/52M (=Do)xg™(Do)¢(Do)-

1

Now we consider the inner sum,

v L[ Z @)oo,

¢(4N) 0< —Dy<Y/8% " a?|D,

Rearranging, we find it is

1
— L w@x{P(@y(e®) X x§P(h)y(h).
¢(4N) a<yY /8 ’ 0< —h<Y/522 ’

If ¢ is nontrivial, then ¢x§™? is a nontrivial character of conductor dividing

4N. Thus, by Pélya-Vinogradov, the innermost sum is O(1). The whole sum is
then

yl/2 1
5 $(aN) )
On the other hand, if ¢ is the trivial character mod 4N, we get
1 Y ¢(4Nm,d)

(myd)( ,2)+,(4N)( .2 2 + O(d(4
$(4N) as%/s w@)xs™ (@)X (a ){52a2 4Nm,d (d(#Nm,d)).-
Inserting this information into our big sum, we find that it is

a(d) & a(m)

)y — X X exp(—nd*/Xd)
82<y  d|s2 d n=1 me2=n me ¢(4N)
(8,4N)=1 m2d=r2

Y 6 . 1)\ ¢(4Nm,d)

X —_— —_ —_—
8% 72 plNm,d p? 4Nm,d

yl/2

+0 5 d(4Nm2d))}.

We observe that the contribution from terms with § > X'/% is negligible.



DERIVATIVES OF MODULAR L-SERIES 469

Indeed, it is

Y2 _la(d) & la(m)l
< ¥ -t
W >8>x1/5 d|62 m=1 M
1/2

X

e

+ d(4de)) ( Y % exp(—me®8*/Xd)|.

We use Lemma 11 to estimate the sum over e.
The terms with m > Xd/28* contribute an amount O(S) where
YV2 _ |a(d) la(m)
D M i i r
VY >8>Xx1/5

d|s?

m>Xd/28* m

X

1/2 mel
5 + d(4de))exp(— X )

By Lemma 17 and partial summation, we have

R R DA

m>Xd /284

Thus,
yl/2
)

S < Y

VY >6>x1/3

£ (12 s 2 [,

and this is

Y1l/2
< (x0)"(logX) Y = (—— + d(4Nd))d(d).
5>Xx1/5 o d|8? o

Since d(n) < n?®, it follows that

S <« YX_1/10+€.

Now consider the terms with m < Xd /28*. Again, by Lemma 11, the sum
to be estimated is

>

Y >8>x1/5

)
) L d L

d|8® m<Xd/28*

(Y_lf + d(4de)) la(m)

Xd
X [log 5 + O(l)).
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By an argument analogous to that used in the treatment of S we see that the
above is also
< YX_1/10+8.

Thus, the sum to be considered is
a(d) a(m)
Y Y — 7 Z Z exp(—nd*/Xd)

s<Xx'/5 d|52 n=1 me?=n me ¢(4N)
(5,4N)=1 mod= r2

Y 6 L L ' $(4Nm,d) ‘o Y1/2d4N p
% 8 % iNmaal P° 4Nm,d 5 d@Nm.d)] ).

2

The error term is

<yv: ¥ Z d(m)la(m)| Xd

)» log

d(d)* {

4
asx1/56 d|52 vd m<Xd/28* m md
d(m)la(m)| mé*
of p oot )
m=>Xd/28* X

Using Lemma 17 and partial summation, we see that

d(m)| l Xd [ Xd
Y (m)la(m) log —; < 57 log X

m<Xd/28* m md
and
d(m)la(m)| mé* Xd
Y LLexp(— d)<<\/—410gX.
m>Xd/26* m X o

Therefore, the error term is

d(d)? X1/2d1/?
<Y ) 5 Z f/g) 52 log X < X'/?Y'/% log X.
8<X1/5 d|82

Thus, the sum reduces to

a(d
6Y Zi f(d)

w2¢(4N) s<Xx1/5 8° d|5® d
(8,4N)=1 myd

1
1+ —
p

X
pl4Nmyd

+ O(X'/2Y'/2 log X).
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Now the sum over n is analysed as follows:
-1

> a(m 1
D SR B Y RPN
n=1 me=n me pl4Nmyd p
m2d=r2

1
- %f(z)cd(l +5)L(1 + 25)X°T(s) ds

where

> a(m

Gl = T SP&LP+”f

m p

med=r2
By the argument used for F,(s), one finds an absolute constant ¢ > 1 so that
1G4(s)l < " @D|L(2s, Sym®){(4s — 2) I,
for Rs > 3/4 (say). Thus,

-1

o a(m) 1
Y X IT {1+ —| exp(—n/X)
n=1 me?=n me pl4Nm,d p
mod=r2

1 1
= EGd(l)(y + log X) + EG;,(l) + O(c*®),

as X — oo, Inserting the main term into our sum, we obtain

6Y (d)
m2p(4N) L 52 L g
s<Xx!/5 d|s?
(6,4N)=1

x{l(y + logX—d) Y a(m)

4
2 6 myd=r2 " pldNm,d

-1

1
1+ —
p

1 a(m)log m -1
- _ Z _g)— I—[ 1+ — .
2 pder? m pl4Nmyd p

The second term gives an amount of O(Y). The contribution from the error
term is also O(Y). The first term is

) T o x P )y

2
$(4N) s<Xx/5 dls? mgd=r? ' pHNr
(8,4N)=1

) (1)
p

+ O(Y).
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Now using the definition of [, and making use of the fact that

é; a(n)(32) M( )

dla2
we obtain the identity

()(5—) - d‘fnl%lﬁ(d)a(m)-

Therefore, we find that the main term is

-1

3Y(log X) 5 1 _ a(m,) i a(r?) (82 1l 1

_— JR— —_ — + J—

m2p(4N) 5ex /5 52 m M o r> \r?) unr p
(3,4N)=1 (r,2N)=1

In order to simplify this sum, consider the Dirichlet series

© a(r2)
DS(S) = Z rs ]._[
r=1 pHUNr
(r,8)=1

-1

1+ —
p

For Re(s) > 2 it is an absolutely convergent series. Writing each r as r = bu
where plb = p|4N and (u,4N) = 1, we see that

-1 9 9 -1
a(b®) & a(u?)
D5(3)=l—[1+_ Z b E ﬂ1+
pl4N p b u=1 u P
plb=pl4N (u,4N8)=1
As in Section 1, write
- a(P ’)
j=0 p’
Then the sum over u is equal to
-1
IT1+(1+-= (Bp(s)—l))
p+4NS p
and, factoring out B,, we deduce that
b= T+ 2) (Me,0) 1 1 1
s) = + — s - .
? pUN pté p+4Ns p+1 B,,(S)

Notice that the last product above converges absolutely for Re(s) > 1 and
at s = 2 can be bounded independently of 8. As for the second factor, we note
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that it is

[1B,(s)”"

plé

P

and at s = 2 we have (on using the estimate a(p?) < (2j + 1)p7) that it is

< 8/¢(5).
Inserting this information into our sum, we see that it is
3Y(log X) 1 a(n,)
—5 X DX
™ ¢(4N) s <Xx1/5 o n; 1

(5,4N)=1

which is equal to

3Y(log X) . (1 . l)_l 5 a(ny) 5 a(n)

T (4N plan p o M no=1 ng
(ny,2N)=1
1 1
X 1-
phAN p+1 B,(2)

1

SNC)

) -1
By the estimate stated at the end of the previous paragraph, we may extend the

sum over & to infinity, thereby introducing an error of only O(YX~'/5*¢). Now
let us simplify the sum over 8. As each summand is multiplicative in 8, we see

x3:54nmm)n(
(551;;/51

p+1

that
1 1 1\ Y11
S LN ‘mm) F*E*””
- I e _;)‘1)
p+4N B,,(2)(p2 - 1) ptl Bp(2) '

Multiplying this by
1

1
1-—
pl;IN( p+1

B,

|
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we find that it becomes

-5 (55w -1

We insert this calculation and the sum becomes

( 5 a(nzi))

(ng,2N)=1 M2

1
5,2 ‘1))'
N
B, 1))

The calculation in this remark shows that our sum is

3 ¢(4N) (Y log X)E o

xn(l—l)n(ui

pl4N P )ptan 4

In the notation of Remark 3 of Section 1,

1
L+

(1) = I1

p+4N

1 Y(log X) _, a(n;) a(n3) 1

= > 1 ) 22 IT|1-—

2 ¢(4N) w M ny=1 Ny pldNn, p
(ny,2N)=1

Summarizing, we have proved that the sum is
1
ZCY(log X) + O(Y) + O(X'/2Y'/2 log X loglog X).

All of our estimates were made under the assumption that

1+v

Ylog 2Y < X < Y(logY)

where 0 < v < p. Combining the estimates of the sum and the integral, we
deduce that if X = Y/(log Y)* for a small A > 0, then the sum of the sum and
the integral is

L aln) o a(n3) H(4Nm,) X
¢(4N)§’ n, E’ n  4Nn, (2 lgx__Ylog

+ O(Y(log X)' ")

and this is
1 1—v
7 C¥(log ) + O(Y(log Y)' "),

which completes the proof of the theorem.
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6. Concluding remarks

Our theorems can be generalised to include the case when D ranges over
an arithmetic progression mod M. This gives rise to a more complicated con-
stant. Though we have not developed it here, the method allows one to obtain
asymptotic formulas of the form

Y LP(1) =C;Ylog’ Y + O(Y log'~' Y)

0<—-D<Y

as Y —  for every j > 1. The results of these investigations will appear in a
future work.
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