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0. Introduction

Let A � AQ denote the ring of adeles of the ®eld of rational numbers, and, for an
integer nZ 2 let p and s be cuspidal automorphic representations of GLn�A� and
GLnÿ1�A�; respectively. For such pairs �p; s�, Jacquet, Piatetski-Shapiro and Shalika
[14] introduced an L-function L�p; s; s� which we also denote L�pn s; s� to remind us
that it ``would be'' the L-function attached to the automorphic representation pn s of
GLn�nÿ1��A�, the tensor product notation being in accordance with the Langlands dictio-
nary, when this automorphic representation pn s exists. The L-function L�p; s; s� is
de®ned by Jacquet, Piatetski-Shapiro and Shalika as a certain adelic (``Rankin-Selberg'')
integral, and is shown to be an entire function of the variable s, and to satisfy a functional
equation of the expected type, interchanging s and 1ÿ s. The collection of functions
L�p; s; s� for ®xed automorphic representation p and suitably varying s plays a key role in
the ``converse theorems'' whose goal is to characterize an automorphic representation p in
terms of the analytic character of Mellin transforms.

This well-working theory of complex-valued L-functions being available to us, it is
natural to try to go further. Here is what we might wish to do, in this context, or in any
similar automorphic context. Firstly, for ®xed �p; s� it will be of interest to us to study the
package of L-functions L�pn w; s; s� for w ranging through all ®nite Dirichlet characters.
Now if there are critical values s � sj; j � 1; 2; . . . of the variable s for �p; s� (in the
sense, say, of [8]) one will wish to show that the function w 7! L�pn w; s; sj� (after ``nor-
malization''; i.e., after division by an appropriate ``period'' which depends only on j and
the sign of w) takes algebraic numbers as values, and moreover, one will wish to control
the algebraic number ®elds containing those values, their denominators, and their depen-
dence upon w. It is natural, at least in certain instances, to try to organize all this informa-
tion in terms of ``distributions''. For example, for a critical value sj and a prime number p

one can try to ®nd two ( p-adic valued) distributions mG on Zp such that integration of a
®nite Dirichlet character w of p-power conductor over the distribution msign�w� yields the
normalized special values L�pn w; s; sj�: Having done this, the next step is to ®nd upper
bounds for values of these distributions. In essence, such upper bounds prove analogues
to the classical Kummer congruences which give us p-adic interpolational information



about the special values, and lead to the construction of a corresponding theory of p-adic
L-functions.

For n � 2 such a theory is already available, under suitable assumptions concerning
the in®nity components �py; sy� and the p-components �pp; sp�. See [16], [17], and with
only mild modi®cations such a theory is also proven for n � 3 [18]. The basic requirement
on in®nity components is that there indeed be ``critical values'', but more speci®cally that
py and sy have nontrivial Lie-algebra cohomology. In both cases n � 2 and n � 3 the
algebraicity (and integrality properties) of the special values is established by expressing the
adelic integrals involved in terms of ``modular symbols'' in the homology of the appropri-
ate symmetric space. The modular symbol structure gives one indeed a much tighter hold
over the structure of ``special values'' insofar as it reduces many issues to relatively explicit
questions regarding homology of ®nite simplicial complexes with coe½cients in the rings of
integers of algebraic number ®elds.

The ®rst section of the present article sets up a topological construction providing a
theory of what we call ``relative modular symbols'' for general n which incorporates the
known constructions for n � 2; 3.

To put ourselves in a context for the study of ``special values'' we work under a very
simplifying hypothesis for the pair �p; s� of cuspidal automorphic representations of
GLn�A� and GLnÿ1�A�, respectively. We suppose that py and sy are both ``special'', which
guarantees that they both occur in the cohomology of the appropriate symmetric space
when we compute cohomology with constant coe½cients, and which also gives us that
s � 1=2 is the unique critical value. We also assume that p is unrami®ed for both p and s
and make some simplifying assumptions on the nature of the twisting Dirichlet character w.
In such a context we analyze a certain product

Py�s� � L�pn w; s; s�

where Py�s� is an explicit entire function described as a certain integral dependent only
upon the Whittaker models of py and sy. In particular, since we have ®xed both (py and
sy) to be ``special'' the function Py�s� is uniquely determined by the integer n. We express
the special value Py�1=2� � L�pn w; s; 1=2� directly in terms of relative modular symbols,
giving that Py�1=2� � L�pn w; s; 1=2� is algebraic. To obtain algebraicity results for
L�pn w; s; 1=2� itself from this method, we would be obliged to show that Py�s� doesn't
vanish at s � 1=2.

Question. Is Py�1=2�3 0 for all nZ 2?

An a½rmative answer to the above question is indeed known for n � 2; 3 (for n � 3;
see Theorem 3.8 of [18]).

In section 2 we prove an analogue (for nZ 2) of a result known in the case n � 2 as
the ``Birch Lemma''. Using it, we get some control over the behavior of L�pn w; s; s� for
varying w. In section 4 we assume an a½rmative answer to the above displayed question,
and construct p-adic distributions whose integral over ®nite Dirichlet characters (satisfying
appropriate conditions) gives the desired twisted special L-values. We expect a suitably
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adjusted distribution to be bounded in the ordinary case as in the case n � 3 (see Theorem
B in [18]).

Acknowledgements. The authors would like to thank Wilfried Schmid and David
Vogan for conversations about representations of real Lie groups which were enlightening
and helpful to us.

1. The topological construction of ``relative modular symbols''

Let Xn denote a symmetric space associated to GLn�R�0, the (connected) component
of GLn�R� consisting in all n� n real matrices with positive determinant. For concreteness
we take SOn�R� as choice of maximal compact subgroup K HGLn�R�0, and set
Xn :� GLn�R�0=K . Let SXn denote SLn�R�=SOn�R� so that g 7! ÿ

det�g�ÿ1=n � g; log det�g��
gives us an isomorphism

Xn ! SXn � R:

The subgroup SLn�Z�HGLn�R�0 acts discretely (by left multiplication) on SXn, and its
natural operation on Xn is compatible with the product structure displayed above, where its
action on the second factor R is trivial. Let Gn be any congruence subgroup of SLn�Z�, and
let Yn :� GnnXn and SYn :� GnnSXn denote the quotient spaces, so that we have

Yn GSYn � R:

If dn denotes the common dimension of Xn and Yn, then dn � �n2 � n�=2. Let H s denote
cohomology. Form

Hs :� lim�!
Gn

H s�GnnSXn; C�G lim�!
Gn

H s�GnnXn; C�

on which one has a natural action of the group GLn�Af �, where Af � A
f
Q is the ring of

®nite adeles of Q.

Any irreducible subrepresentation h of GLn�Af � in Hs may be written as a restricted
tensor product,

N
pp, where pp is an irreducible representation of GLn�Qp� and where the

p runs through all prime numbers. There is a unique irreducible admissible representation

py of GLn�R� such that the restricted tensor product p � pyn
N

p

pp

( )
is an admissible

automorphic representation of GLn�AQ�. If a cuspidal admissible automorphic represen-
tation p of GLn�AQ� can be obtained in this way, one says that p `occurs' in (s-dimensional )
cohomology. When n � 2, a cuspidal automorphic form p occurs in cohomology if and only
if p is generated by a holomorphic cuspidal modular form f of weight two. More generally
for any nZ 2, a cuspidal automorphic representation p of GLn�AQ� occurs in cohomology
if and only if py is the ``special'' representation; that is, if and only if it is the in®nity-
component of the ``nÿ 1-st symmetric power'' of a classical weight two automorphic form
on GL2. This seems to be well known to the experts but seems not to be explicitly found
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in the literature. To do this, one must show that the in®nity-component of a cuspidal
automorphic form which occurs in cohomology

a) is unique (for ®xed n), and

b) is indeed the ``special representation''.

Uniqueness, together with an explicit characterization of this in®nity-component
follows from Theorem 5.6 of [20]. The point here is that our representation py is non-
degenerate, and, using the notation of [20], the modules Aq�l� are degenerate for y-stable
parabolic subalgebras q which are not the Lie algebras of Borel subgroups; one can there-
fore directly apply Theorem 5.6 of [20]. Once uniqueness is established, one is left with
the task of showing this unique representation py to be the ``special representation'', as
claimed. For this, one uses the characterization of the modules Aq given in section 5 of [20].

Furthermore one has complete control over the dimensions of cohomology in which a
cuspidal admissible automorphic representation can occur. Speci®cally, let

en :� �nÿ �n=2� ÿ 1�=2;

where [-] denotes the ``integer part''. Put bn :� �dn ÿ 1�=2ÿ en and tn :� �dn ÿ 1�=2� en

so that

bn � �n2 ÿ n� 2�n=2��=4

and

tn � �n2 � 3nÿ 2�n=2��=4ÿ 1:

Then no cuspidal automorphic representations occur in s-dimensional cohomology
for s < bn or s > tn and if p is a cuspidal (irreducible, admissible) automorphic representa-
tion that occurs in cohomology, it will occur with multiplicity one in Hs for s � bn and
s � tn. These facts can be computed fairly directly using the explicit description of py. We
omit the relevant calculations, as they seem to be well known. We should signal, however,
we have no reference for them in the literature. We shall say that s is in the cuspidal range
(for GLn) if bn Y sY tn. We have

n dn bn tn

1 1 0 0

2 3 1 1

3 6 2 3

4 10 4 5

5 15 6 8

6 21 9 11

7 28 12 15:

Let

�p� n � n1 � n2 � � � � � nk
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be a partition of n. Let P denote the ``standard parabolic subgroup'' of GLn associated to
the partition �p�, i.e., P consists of upper-triangular block k � k matrices whose �i; j�-th
entry is a matrix of size ni � nj �1Y i; j Y k�. Then P � L �U where

L � GLn1
� GLn2

� � � � � GLnk

is the Levi component of P and U is the unipotent part of P. We view P;L and U as
algebraic groups over Q.

We take SOn XL � SOn1
� SOn2

� � � � � SOnk
HL as our choice of maximal com-

pact subgroup K HL, and imbed the quotient X :� L�R�0=K into the symmetric space
Xn � GLn�R�0=SOn�R�:

X � L�R�0=K � Xn1
� Xn2

� � � � � Xnk
,!Xn:

Congruence data for the partition (p). Having already ®xed the congruence sub-
group Gn HSLn�Z�, we now ®x congruence subgroups Gni

HSLni
�Z� for i � 1; . . . ; k, and

an algebraic subgroup (usually unipotent) W HP.

For each element u A W�Q� and i � 1; . . . ; k let

Gni;u HGni
HSLni

�Z�

be congruence subgroups such that if

Gn;u :� Gn1;u � Gn2;u � � � � � Gnk ;u;

then Gn;u is contained in the intersection of uÿ1 �Gn � u with SLn1
�Z��SLn2

�Z��� � ��SLnk
�Z�,

and put

Yni;u :� Gni;unXni
for i � 1; . . . ; k:

The natural map L! GLn, l 7! u � l induces a mapping Fu :Yn1;u�Yn2;u�� � ��Ynk ;u!Yn

which is proper by a result of Borel and Prasad.

Main example. Consider the above construction for the partition n � �nÿ 1� � 1.
Thus we imbed GLnÿ1 � GL1 in GLn in the standard way:

GLnÿ1 0

0 GL1

 !

viewing the subgroup L :� GLnÿ1 � GL1 HGLn as the Levi component of the parabolic
subgroup P=Q HGLn=Q,

P �
GLnÿ1 �

0 GL1

 !
;

and we choose W to be the group of all upper-triangular matrices.
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If Gn and Gnÿ1 are given congruence subgroups of SLn and SLnÿ1, respectively, then
for any u A W �Q� put

Gnÿ1;u � uGn uÿ1 XGnÿ1;

and G1 � f1g so that

Ynÿ1;u � Gnÿ1;unXnÿ1 and Y1 � X1 � R:

We have, as usual, Yn � GnnXn and (with some apology) we put Ynÿ1 � Gnÿ1nXnÿ1 (hoping
that the reader will forgive the incompetence of this terminology by refraining from evalu-
ating the indices when n � 2). We have, for any u A W�Q�; the natural (``®nite'', proper)
mapping pu : Ynÿ1;u ! Ynÿ1. For each u A W we get a proper mapping

Fu : Ynÿ1;u � Y1 � Ynÿ1;u � R! Yn:

Let Hr�ÿ; A� denote Borel-Moore homology with coe½cients in a ring A. (See, e.g.,
[2], or [9], Ch. 19, for a summary of all we use.) Then if Gn is torsion-free, (Yn is a manifold,
and) Hr�Yn; A� is dual to H r�Yn; A�.

Let us return now to the general partition n � n1 � n2 � � � � � nk, and compatible
choice of ``congruence data''. Fix a sequence of positive integers r1; . . . ; rk, and set
r � r1 � � � � � rk. For any u A W�Q�, the proper morphism Fu above induces a morphism
on Borel-Moore homology groups,

Hr1
�Yn1;u; A�n � � �nHrk

�Ynk ;u; A� !Hr�Yn; A�:

For which (nontrivial) partitions �p� is it the case that we may ®nd a sequence of integers
rj � j � 1; . . . ; k� such that rj is in the cuspidal range for GLnj

� j � 1; . . . ; k� and r �P rj is
in the cuspidal range for GLn? This is an easy enough combinatorial exercise:

We may ®nd such a sequence frjg only for the ``main example'' above, i.e. for the
partition

n � n1 � n2 with n1 � nÿ 1 and n2 � 1�pn�

where r1 is taken to be at the top of the cuspidal range for GLnÿ1, i.e. r1 ÿ 1 � tnÿ1, r2 ÿ 1 is
(necessarily) taken to be 0, and r is taken to be at the bottom of the cuspidal range for GLn,
i.e., rÿ 1 � bn. This choice does work (because tnÿ1 � 1 � bn).

For each u A W�Q�, we then have the homomorphism induced by Fu:

ju : Htnÿ1�1�Ynÿ1;u; A�nH1�Y1; A� !Hbn�1�Yn; A�:

Letting 1 A H1�Y1; A� �H1�R; A�GA denote the fundamental class, and putting
cu�x� � ju�xn 1� we get a homomorphism,

cu : Htnÿ1�1�Ynÿ1;u; A� !Hbn�1�Yn; A�:

Fixing a an element in the Borel-Moore homology group
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a A Htnÿ1
�SYnÿ1; A�GHtnÿ1�1�Ynÿ1; A�;

and b an element in the cohomology group

b A H bn�SYn; A�GH bn�1�Yn; A�

we de®ne the topological relative modular symbol

fa; b; ug :� b Xcu � p�u �a� A A:

2. A generalized local Birch lemma

Let F be a non-archimedean local ®eld, and c : F ! C� an additive character with
kernel given by the ring of integers OF . In this section p denotes a prime element of OF . Let
Un�F�HGLn�F� denote the subgroup of upper-triangular unipotent matrices, i.e., matrices
u � �uij� such that uij � 0 for i > j and uii � 1. If u A Un�F�, for i � 1; . . . ; nÿ 1, let ui

denote the i-th o¨-diagonal entry of u, i.e., ui � ui; i�1. Put

c�u� :� Q
1YiYnÿ1

c�ui�:

By a Whittaker function (relative to c) on GLn�F� we mean a function w such that

a) w�ug� � c�u� � w�g� for u A Un�F�, g A GLn�F�;

b) there is an open compact subgroup K LGLn�OF � such that w�gk� � w�g� for
k A K , g A GLn�F�, i.e., w is right invariant under K.

Let w : O�F ! C� be a ®nite character with conductor ideal generated by a
suitable integer f A OF ; we extend w to OF by de®ning its value to be zero on non-units.
Denote by j the diagonal matrix diag� f ÿ1; f ÿ2; . . . ; f ÿn� A GLn�F�, and denote conjuga-
tion by j by the superscript j, so that if g � �gij�, then gj � jgjÿ1 � � f jÿi � gij�. Note that
Un�OF �j HUn�OF �.

For mY n, we imbed GLm�F� in GLn�F� in the usual manner by

g 7! g

1

� �
and we shall often identify GLm�F� with its image in GLn�F� and Um�F� with
Un�F�XGLm�F�. Further let I � In denote the Iwahori subgroup of GLn�OF �, i.e. those
matrices in GLn�OF � which are upper-triangular modulo p.

De®nition. Let w be a Whittaker function right-invariant under the Iwahori sub-
group In. For c A GLnÿ1 such that det�c� A OF , set

ww�c� :� w
ÿ
det�c�� �P

u

Qnÿ1

i�1

w�ui� i � w�c � u�jÿ1��;
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where the summation over u is taken over a representative system for Un�OF � modulo
Un�OF �j. Put ww�c� � 0 if det�c� is not in OF .

For the rest of this section let K LGLnÿ1�OF � denote the congruence subgroup
de®ned by the conditions:

k � �kij� A GLnÿ1�OF � is in K if and only if kij 1 0 mod f 1�iÿj for all i > j:

In the special case f � pOF this is just K � Inÿ1 X I
jÿ1

nÿ1.

The generalized, local, Birch lemma. Let w : O�F ! C� be a character such that the

powers w; w2; . . . ; wnÿ1 are all primitive, nontrivial characters of conductor equal to f. For any
Whittaker function w right-invariant under the Iwahori subgroup In, the function ww enjoys

these properties:

a) ww�uc� � c�u� � ww�c� for u A Unÿ1�F�, c A GLnÿ1�F�.

b) ww�ck� � ww�c� for k A K , c A GLnÿ1�F�.

c) The support of ww is contained in Unÿ1�F� � K .

Proof. Assertion a) is evident. We now show b), i.e., that ww�c� depends only on the
left-coset of c mod K. To see this, we need only show b) for k running through a system of
generators of K. Speci®cally, we choose the system consisting of:

(i) diagonal matrices with entries in O�F ,

(ii) elementary matrices Eab�a� for all a < b Y nÿ 1, where we allow a to run
through the elements of OF ,

(iii) elementary matrices Eab�a� for all b < aY nÿ 1, where we allow a to run
through the elements of the ideal f 1�aÿbOF .

Recall that an elementary matrix Eab�a� is a matrix whose ij-entry is given by
dij � a � dia � djb, where dij is Kronecker's delta-function.

Case (i). If k is of type (i), then k A In and k commutes with j and therefore

ww�ck� � w
ÿ
det�ck�� �P

u

Q
i

w�ui� i � w
ÿ
c�kukÿ1�jÿ1�

and by the change of variables u 7! ~u :� kukÿ1, where ~ui � ki � ui � kÿ1
i�1, we ®nd

ww�ck� � w
ÿ
det�c�� �P

~u

Q
i

w�cjÿ1 ~uj� � ww�c�:

Case (ii). In this case we have k � ujÿ1 � jÿ1�k 0 � u�j where we set

k 0 :� jkjÿ1 � Eab� f bÿa � a�:
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As u runs through a representative system of Un�OF �mod Un�OF �j, so does ~u :� k 0 � u, and
moreover we have ~ui 1 ui mod f . Again we get invariance:

ww�ck� � ww�c�

for all a A OF .

Case (iii). Here we put k 0 :� j � k � jÿ1 hence we have k 0 � Eab�a 0� where
a 01 0 mod f . For each u A Un�OF � we shall construct a matrix v A Un�OF � with the
property that

a) v � k 0 � u A I j
n ,

b) �vÿ1�i 1 ui mod f for i � 1; . . . ; nÿ 1.

By the right invariance of w under In the equality ww�ck� � ww�c� will then follow.

Note that it is su½cient to show instead of a) the weaker statement

a 0) v � k 0 � u A GLn�OF �j ,

since vk 0u A GLn�OF � and GLn�OF �XGLn�OF �j H I j
n implies a) assuming a 0).

We shall de®ne the matrix v � �vij� inductively (in the parameter r) as follows.

The r-th step of the induction. For integers rZ 0 we shall ®nd a choice of elements
vij � vij�r� satisfying: P

s

vis � usj � a � via � ubj A f jÿi � OF�Hij�r��

if j ÿ iY r, and P
s

vis � usj � a � via � ubj A f r � OF

if j ÿ iZ r.

r � 1. We wish to de®ne vij�1�, which we will refer to as simply vij in this paragraph.
Set vij � 0 for i > j, vij � 1 for i � j, and for i < j Y n de®ne elements vij A OF , by a second
rising induction on j ÿ i, so that they satisfy the equation

Pj

s�i

vis � usj � 0:

Noting that for any choice of elements vij A OF , we have a � via � ubj A f � OF we see
that �Hij�1�� will then automatically be satis®ed.

Passage from r to r� 1. We suppose given a matrix
ÿ
vij�r�

�
satisfying �Hij�r�� and

seek a matrix
ÿ
vij�r� 1�� satisfying �Hij�r� 1��. Take vij�r� 1� � vij�r� for j ÿ iY r. Now
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suppose that j ÿ i > rZ 1. De®ne elements vij�r� 1� A OF , by a second rising induction on
j ÿ i, so that they satisfy the congruences vij�r� 1�1 vij�r�mod f r, and

Pj

s�i

vis�r� 1� � usj � a � via�r� � ubj 1 0 mod f r�1�1�

if a > j, and

Pj

s�i

vis�r� 1� � usj � a � via�r� 1� � ubj 1 0 mod f r�1�2�

if aY j.

Noting that, in either equation, vij�r� 1� occurs with a coe½cient which is a unit in
O�F , we may solve, inductively for the vij�r� 1�'s to obtain the unique system satisfying (1),
(2).

To check that the system of vij�r� 1�'s satis®es �Hij�r� 1�� we need only show that if
j ÿ iZ r� 1, then P

s

vis�r� 1� � usj � a � via�r� 1� � ubj A f r�1 � OF :

But (1) and (2) above, together with the realization that

a � via�r� 1�1 a � via�r�mod f r�1 � OF

(recall that a A f � OF ) gives this immediately. Finally, the matrix v � �vij� for vij � vij�r�
with any rZ nÿ 1 has the properties we seek, concluding the proof of b).

As for c), since Unÿ1�F� is a closed subgroup, and K is a compact open subgroup of
GLnÿ1�F�, it follows that the set Unÿ1�F� � K is open and closed in GLnÿ1�F�. Let Bÿm�F�
denote the Borel subgroup of lower-triangular matrices in GLm�F�. To check that the
support of ww lies in the set Unÿ1�F� � K it su½ces to show that the support of the restriction
of ww to the open dense cell, Unÿ1�F� � Bÿnÿ1�F�, of the Bruhat decomposition of GLnÿ1 is

contained in the set Unÿ1�F� �
ÿ
K XBÿnÿ1�F�

�
. For this consider the assertion:

�S�m�� The support of the restriction of ww to the open dense cell, Um�F� � Bÿm�F�,
of the Bruhat decomposition of GLm�F� is contained in the set Um�F� �

ÿ
K XBÿm�F�

�
.

The assertion �S�1�� is evident. So suppose we have established �S�mÿ 1�� for an
integer m in the range 2YmY nÿ 1; we must show �S�m��. For this we need two lemmas.

Lemma 1. Let m be an integer <n and let c A Bÿm�F� be in the support of ww. Then the

entries cmi for i < m are in f 1�mÿi � OF and cmm is a unit in OF .

Proof. By replacing n by m� 1, and restricting the Whittaker function w from
GLn�F� to GLm�1�F�, one sees that it su½ces to prove our lemma in the special case
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m � nÿ 1. We assume, then, that m � nÿ 1. For u 0 A Un�F� let tu 0 A Unÿ1�F� denote the
truncation of u 0, i.e., for i; j Y nÿ 1, put �tu 0�ij � u 0ij. For varying u 0 in Un�F�, we ®rst want
to ®nd an upper-triangular matrix v A Un�F�, given as a function of the entries u 0in such that
its truncation tv is the identity matrix, and such that v � c � u 0 only depends on tu 0. Since for
any choice of the matrix v A Un�F�,

�v � c � u 0�ij �
P

i Y r; sY j

vircrsu
0
sj;

all the entries of v � c � u 0 except, possibly, those in the last row (i.e., when j � n) are
independent of the entries u 0in, to achieve the condition that v � c � u 0 depends only upon tu 0

we need only consider the last row of v � c � u 0, i.e., j � n. For i < n, and for any choice of v,
we would have

�v � c � u 0�in �
P
rZi

P
sYr

vircrsu
0
sn � vin �

P
n>rZi

P
sYr

vircrsu
0
sn:

Furthermore demanding that tv be the identity matrix, i.e., vir � dir for iY r < n,
de®ning, then, the vin �vnn � 1� by the formula

vin :� ÿP
sYi

cis � u 0sn

we obtain our desired v.

Now put g :� v � c � u 0 where u 0 � jÿ1uj with u A Un�OF �. Then we have

ww�c� � w�det c� �P
u

Q
i

w�ui� iw�vÿ1 � g�

� w�det c� �P
tu

Qnÿ2

i�1

w�ui� i � w�g� �
P

uin; i�1;...; nÿ1

w�unÿ1�nÿ1 � c�ÿvnÿ1; n�
( )

where we have separated variables, the ®rst summation above being over all choices of tu in
Unÿ1�OF � modulo Unÿ1�OF �j, and the second summation (in the curly brackets) being over
all choices of uin in OF modulo f nÿi � OF for 0 < i < n.

If c is in the support of ww, we must then have that the curly brackets term be non-
zero, hence

i) P
unÿ1

wnÿ1�unÿ1� � c�cnÿ1; nÿ1 � unÿ1=f �3 0;

which implies that the entry cnÿ1; nÿ1 is a unit in OF , since wnÿ1 is of conductor f, and

ii) P
uin

c�cnÿ1; i � ui; n � f iÿn�3 0

for 1Y iY nÿ 2, which implies cnÿ1; i 1 0 mod f nÿi, so we proved Lemma 1.
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We can now establish the inductive step, i.e., the proof that �S�mÿ 1�� implies
�S�m��.

Lemma 2. Let m be an integer in the range 1 < m < n. Let w be a character such

that the powers w; w2; . . . ; wm all have conductor equal to f. Suppose �S�mÿ 1��. Let

c A Bÿm�F�HGLn�F� be in the support of ww. Then c A K .

Proof. As discussed in the proof of Lemma 1, there is no loss of generality in
assuming m � nÿ 1, which we do.

Consider the matrix k � �kij� de®ned as follows. The entries kij are equal to the
Kronecker dij unless i � nÿ 1, and j Y nÿ 1, in which case knÿ1; j � ÿcnÿ1; j=cnÿ1; nÿ1

if j < nÿ 1, and knÿ1; nÿ1 � 1=cnÿ1; nÿ1. Note that by Lemma 1, cnÿ1; nÿ1 is a unit, and
k A K . Part b) gives us that ck is in the support of ww if and only if c is. But a
straight computation gives us that ck lies in GLnÿ2�F�HGLnÿ1�F�, and consequently, by
�S�mÿ 1�� � �S�nÿ 2��, we have that ck A K. Therefore so is c.

This concludes the proof of the generalized local Birch lemma.

3. Modular symbols and zeta integrals

3.1. The local zeta integrals at p. We specialize the situation of the previous
section to the case F � Qp and an additive character cp. Let W�cp� denote the space of all
(C-valued) Whittaker functions relative to cp on GLn�Qp� considered as a representation
of GLn�Qp� by right-translation. Let pp be an irreducible admissible representation of
GLn�Qp� which is a subrepresentation of W�cp�, i.e., pp is generic (cf. [15], [10]). The unique
corresponding subspace W�pp;cp�HW�cp� is usually called the Whittaker space of pp.
Now let sp be a generic irreducible representation of GLnÿ1�Qp� and suppose that pp and
sp both are unrami®ed. Let w resp. v be Whittaker functions in the Whittaker spaces
W�pp;cp� resp. W�sp;cp�:

Hypothesis. We suppose that w (resp. v) is right invariant under the Iwahori
subgroup In (resp. Inÿ1).

Further let w denote a character of Q�p such that all powers w; w2; . . . ; wnÿ1 are
nontrivial of conductor equal to f. There is an associated (primitive) Dirichlet character ~w
on Zp de®ned by ~w�x� :� w�x� for x A Z�p and ~w�x� :� 0 for x A pZp. As in the Birch lemma
we de®ne a Whittaker function ww A W�pp n w;cp� by setting

ww�g� :� w
ÿ
det�g�� �P

u

Qnÿ1

i�1

~w�ui
i � � w�gujÿ1�;

where the summation over u is taken over a representative system for Un�Zp� modulo
Un�Zp�j. Recall that the local zeta integral C�ww; v; s� is de®ned by the formula

C�ww; v; s� �
�

Unÿ1nGnÿ1

ww�g�v�g�jdet�g�jsÿ1
2 dg

where Unÿ1 :� Unÿ1�Qp�, Gnÿ1 � Gnÿ1�Qp� and ww�g� :� ww

 
g

1

� �!
.
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Proposition 3.1. The local zeta integral C�ww; v; s� is constant in s. Moreover we have

C�ww; v; s� � w�1� � v�1� � Qnÿ1

i�1

G�w i� � Qnÿ1

j�1

1ÿ pÿ1

1ÿ pÿj
;

where G�w i� is the usual Gauû sum

G�w i� � P
x mod f

~w i�x�cp

x

f

� �
:

Proof. Consider the Iwasawa decomposition Gnÿ1 � Unÿ1 � A � Gnÿ1�Zp�. Recall
that v is right-invariant under Inÿ1 and that the restriction of ww to Gnÿ1 is right-invariant
under the congruence subgroup

K � k A Gnÿ1�Zp� j kij 1 0� f 1�iÿj� for i > j
� 	

by the generalized local Birch lemma. Since that restriction has its support in Unÿ1 � K and
K L Inÿ1, we get

C�ww; v; s� � v�1� � ww�1� � vol�K�:

Hence the proposition will follow from

Lemma 3.2. With en :� n�n� 1��n� 2�=6ÿ n we have

a) ww�1� � w�1� � f enÿ1 � Qnÿ1

i�1

G�w i�,

b)
ÿ
Gnÿ1�Zp� : K

� � f enÿ1 � Qnÿ1

j�1

1ÿ pÿj

1ÿ pÿ1
.

Proof of the lemma. a) We want to compute

ww�1� �
P

u

Qnÿ1

i�1

~w�ui
i � � w�ujÿ1�

where u runs over a representative system for Un�Zp�=Un�Zp�j. Since we have

w�ujÿ1� � w�1� � cp

1

f

Pnÿ1

i�1

ui

� �
;

each term in the sum over u only depends on the residue class of u modulo the kernel of
the homomorphism

pr : Un�Zp� ! �Zp=f �nÿ1; u 7! �. . . ; ui mod f ; . . .�:

Hence we get
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ww�1� � w�1� � P
u1 mod f

� � � P
unÿ1 mod f

Qnÿ1

i�1

~w�ui� i � cp

ui

f

� �
� ÿKer�pr� : Un�Zp�j

�
� w�1� � Qnÿ1

i�1

G�w i� � ÿKer�pr� : Un�Zp�j
�
;

and it remains to compute the index of Un�Zp�j in Ker�pr�. This index can easily be read o¨
from the ®ltration

Un�Zp�IF �1�IF �2�I � � � IF �nÿ1�

with F �k� :� Ker�pr�k�� for pr�1� :� pr and where

pr�k� : F �nÿ1� ! �Zp= f k�nÿk; u 7! �u1;k�1; u2;k�2; . . . ; unÿk; n�mod f k:

Obviously the last member in this ®ltration is

Un�Zp�j � fu A Un�Zp� j uij 1 0 mod f jÿi for j > ig:

Hence we ®nd the index

�F �1� : F �nÿ1�� � f

Pnÿ1

k�2

k�nÿk�

thus proving a) by the (well known) formula

Pnÿ1

k�2

k�nÿ k� � enÿ1 �for nZ 3�:

For n � 2 there is nothing to show.

b) We replace nÿ 1 by n and prove the appropriate index formula for

K :� fk A Gn�Zp� j kij 1 0� f 1�iÿj� for i > jg:

Obviously K contains the principal congruence groups

K� f m� :� fk A Gn�Zp� j k 1 1 mod f mg

for all mZ n. Reduction modulo f m produces the following standard exact sequences

0! K� f m� ! Gn�Zp� ! Gn�Z= f m� ! 0;

0! K� f m� ! K ! K ! 0

where we put

K :� fk A Gn�Z= f m� j kij 1 0� f 1�iÿj� for i > jg:
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Hence the index ÿ
Gn�Zp� : K

� � jGn�Z= f m�j=jK j

can be determined by ``counting elements''. We have

jGn�Z= f m�j � f m � n2 � Qnÿ1

n�0

�1ÿ pnÿn�

and

jK j � j� f m�n � jUn�Z= f m�j � � f mÿ2�nÿ1 � � f mÿ3�nÿ2 � � � � f mÿn�1;

where

jUn�Z= f m�j � f
m �
Pnÿ1

i�1

i

;

so

jK j � �1ÿ pÿ1�n � f
m � n2ÿ

Pn

i�2

i�n�1ÿi�
:

This completes the proof of b).

3.2. A global Birch Lemma. Let p resp. s be cuspidal automorphic representations
of Gn�A� resp. Gnÿ1�A� both unrami®ed at our ®xed prime number p. For a ®xed prime
number l and each pair of Whittaker functions

�wl; vl� A W�pl;cl� �W�sl;cl�

the associated zeta integral

c�wl; vl; s� :� �
Unÿ1nGnÿ1

wl
g

1

� �
vl�g�jdet�g�jsÿ1

2 dg

for Gnÿ1 :� Gnÿ1�Ql�;Unÿ1 :� Unÿ1�Ql� converges for Re�s� su½ciently large. These zeta
integrals span a fractional ideal L�pl; sl; s� � C�ls; lÿs � of the ring C�ls; lÿs � in the ®eld
C�l s� of rational functions in the variable l s, thus de®ning the local zeta function
L�pl; sl; s� uniquely by ®xing a polynomial P�X � A C�X � such that P�0� � 1 and

P�lÿs�ÿ1 � L�pl; sl; s�

(cf. [14]). Obviously we have a map on the tensor product Tl :�W�pl;cl�nW�sl;cl�
given by

C : Tl ! C�ls�; wl n vl 7! C�wl n vl; s� :� c�wl; vl; s�:
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Moreover if pl and sl both are unrami®ed, the zeta integral for the respective new vectors
w0
l and v0

l represents the L-function

L�pl; sl; s� � C�w0
l n v0

l ; s�:

Let t0
l :� w0

l n v0
l . Let S denote the ®nite set of primes l where pl or sl is rami®ed. For

l A S there is at least some ``good tensor'' t0
l A Tl such that we have

L�pl; sl; s� � C�t0
l ; s�:

We will next consider certain pairs �w; v� of global Whittaker fuctions on Gn�A� and
Gnÿ1�A� given as products of local Whittaker functions w :�Q

l

wl, v :�Q
l

vl, where we

choose wl :� w0
l ; vl :� v0

l to be the respective new vector for l not contained in S W fpg.
For l � p, as in the previous section we will eventually let wp and vp vary among all
Whittaker functions which are right invariant under the respective Iwahori subgroup. For
l A S we will choose good tensors as previously described.

For any choice of wy A W0�py;cy� resp. vy A W0�sy;cy� (in the notation of [12])
and for arbitrary wl; vl for l A S we get global Whittaker functions �w; v� with associated
automorphic forms �f; j�. The product of all local zeta integrals then becomes a Rankin-
Selberg convolution (cf. [15], II.3.3 or [7], Prop. 6.1)

Q
l

c�wl; vl; s� �
�

Gnÿ1�Q�nGnÿ1�A�
f

g

1

� �
j�g�jdet�g�jsÿ1

2 dg

for Re�s�g 0, admitting an analytic continuation to an entire function in s. This function
which only depends on the pure tensor wn v can be linearly extended to the (algebraic)
tensor product of global Whittaker spaces

T :�W0�p;c�nW0�s;c�

by sending Q
l

wln
Q
l

vl 7!
Q
l

C�wl n vl; s�:

In particular we ®nd (up to the in®nity factor) the global L-function

L�p; s; s� :�Q
l

L�pl; sl; s�

in the image of this map. For each choice of the pair �wy; vy� there is an entire function
P�s� such that

P�s� � L�p; s; s� � C�wy; vy; s� �
Q

l3y
C�t0

l ; s�:

Recall that L�py; sy; s� is de®ned by the corresponding Weil group representation as in
[12].
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Note. a) We still can vary �wy; vy� which will e¨ect P�s�.

b) Writing each t0
l for l A S as a sum of pure tensors leads to a ®nite sum of pure

(global) tensors in T P
j

wj n vj � �wyn vy� �
Q

l3y
t0
l :

We ®x this explicit sum decomposition and, in what follows below, our formulas will
depend upon this decomposition. Separating ®nite and in®nite parts we sometimes write
wj � wy � wj; f and similar for vj. The associated automorphic forms �fj; jj� yield the
integral representation

P�s� � L�p; s; s� �P
j

�
fj

g

1

� �
jj�g�jdet�g�jsÿ1

2 dg:

We will in particular consider modi®ed �wj; vj�'s and �fj; jj�'s, where at l � p the local
component �w0

p; v
0
p� is replaced by an arbitrary pair �wp; vp� of Whittaker functions

invariant under the respective Iwahori subgroup.

We want to consider w-twists of p for a ®nite idele class character w �Q
l

wl. For
simplicity we assume:

Hypotheses. wy is trivial, and w; w2; . . . ; wnÿ1 have the same non-trivial conductor f

which is a p-power.

The ®rst assumption ensures that P�s� will not change when passing from p to pn w
since py � �pn w�y. By the second assumption we can apply Proposition 3.1 to conclude
the

Global Birch Lemma. For any choice of �wy; vy� and any �wp; vp� right-invariant

under the respective Iwahori subgroup the corresponding triples �P; fj; jj� satisfy

wp�1� � vp�1� � P�s� �
Qnÿ1

i�1

G�w i
p� � �1ÿ pÿ1�
�1ÿ pÿi� � L�pn w; s; s�

�P
u

Qnÿ1

i�1

~wp�ui
i � �
P

j

�
Gnÿ1�Q�nGnÿ1�A�

fj

0@ g

1

� �
ujÿ1

f

1A � jj�g� � w�det g�jdet gjsÿ1
2 dg;

where u � up (with ul � 1 for all l3 p) is taken from a representative system for Un�Zp�
modulo Un�Zp�jf with jf :� diag� f ÿ1; f ÿ2; . . . ; f ÿn� as in the local Birch Lemma.

Proof. We observe that any good tensor t0
l for �pl; sl� supplies the good tensor

wl�det� � t0
l for �pl n wl; sl� if l3 p. So the respective local L-function is given by

L�pl n wl; sl; s� � C
ÿ
wl�det� � t0

l ; s
�

At the prime l � p where p and s are unrami®ed but w is rami®ed, we have the trivial local
L-function L�pp n wp; sp; s� � 1, whereas by Proposition 3.1 the speci®c Whittaker function
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wp;wp
A W�pp n wp;cp� leads to the zeta integral

C�wp;wp
; vp; s� � wp�1� � vp�1� �

Qnÿ1

i�1

G�w i
p� � �1ÿ pÿ1�
�1ÿ pÿi� ;

which is constant in the variable s. Again we can piece together the local Whittaker
functions to form the global Whittaker function

wj;w :� wy � wp;wp
� Q
l3p;y

wl�det� � wj;l;

which by de®nition of wp;wp
as in the previous section easily can be transformed into

wj;w�g� � w
ÿ
det�g�� �P

u

Qnÿ1

i�1

~wp�ui
i � � wj�gujÿ1

f �

with the same convention for the summation as in the statement of the lemma. Note that
u � up has trivial l-component for l3 p and therefore we have

wj�gujÿ1
f � � Q

l3p

wj;l�gl� � wp�gpu
jÿ1

f
p �:

Via Fourier transformation there is an automorphic form fj;w attached to wj;w, which can
be expressed by fj in the form

fj;w�g� � w
ÿ
det�g�� �P

u

Qnÿ1

i�1

~wp�ui
i � � fj�gujÿ1

f �:

Summing up, the Rankin-Selberg convolutions of fj;w and jj obviously become the right
hand side of the formula in the lemma. By the general theory this is equal to the product of
local zeta integrals above (in the region of convergence), hence the formula in the lemma is
valid by analytic continuation.

For later use we want to reformulate the global Birch Lemma such that the integrals
do not involve the character w. Let C1; f denote the inverse image of the idele class group

Q�nQ� � R>0 �
Q

l3p;y
Z�l � �1� f Zp�

 !
HQ�nA�

under the determinant map

det : Gnÿ1�Q�nGnÿ1�A� ! Q�nA�:

Let a be an arbitrary positive integer. We decompose the domain of integration into ®nitely
many shifts of C1; f a as follows. Write

Gnÿ1�Q�nGnÿ1�A� �
S
x

� C1; f a � diag�x; 1; . . . ; 1�
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where x runs over a representative system of �Z= f aZ�� in Z�p . Note that the shift only
e¨ects the p-component.

Corollary. Specializing to s � 1

2
we get for each positive a A Z

wp�1� � vp�1� � P 1

2

� �
� Qnÿ1

i�1

G�w i
p��1ÿ pÿ1�
�1ÿ pÿi� � L pn w; s;

1

2

� �

� �1ÿ pÿ1� f aP
u

Qnÿ1

i�1

~wp�ui
i �
P

j

�
C1; f a

fj

0@ g

1

� �
ujÿ1

f

1A � jj�g� dg:

Proof. We integrate over each shift of C1; f a separately. Observe that w�det� is con-
stant on each of these sets. A change of variables shows that these separate integrals are all
equal, i.e. do not depend on x, since multiplication by the diagonal matrix diag�x; 1; . . . ; 1�
permutes the u's such that u1 transforms into x � u1 and u2; . . . ; unÿ1 remain unchanged.
This proves the formula.

Our next aim will be to interpret the occurring integrals under certain conditions as
terms resulting from integrating cohomology classes against cycles on arithmetic quotients
of symmetric spaces (assuming the non-vanishing hypothesis discussed in the introduction).

3.3. Di¨erential forms and cohomology. From now on we assume that our repre-
sentations p and s both occur in cohomology with constant coe½cients, in particular they
have trivial central characters. The global representations p and s have ®nite parts p f and
sf with respective new vectors wf ; vf right-invariant under some open compact subgroup
K LGn�Ẑ� resp. K 0LGnÿ1�Ẑ� such that the respective image under the determinant map

is the full unit group Ẑ�, i.e.

det�K� � det�K 0� � Ẑ�:

Moreover the canonical embedding

j : Gnÿ1 ! Gn; g 7! g

1

� �
sends K 0 into K since by [13], TheÂoreÁme (4.1), wf is even right invariant under j

ÿ
Gnÿ1�Ẑ�

�
,

so we may choose K containing j�K 0�.

The advantage of the surjectivity of the determinant map is that we can easily switch
from `adelic quotients' to standard arithmetic quotients and vice versa. Separating ®nite
and in®nite parts of adelic elements we write g � �gf ; gy� for

g A GLn�A� � GLn�Af � � GLn�R�:

We put

Xn :� Gn�R�=On�R� � G�n �R�=SOn�R� � R>0 �X1
n
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with

X1
n :� SLn�R�=SOn�R� � SLG

n �R�=On�R�LXn

and

G :� fg A G�n �Q� j gf A KgLSLn�Z�:

Then we have the bijection

GnXn ! Gn�Q�nGn�A�=K �On�R�;
GgySOn�R� 7! Gn�Q� � �1 f ; gy� � K �On�R�

with gy A G�n �R�. The reason is that by strong approximation we have

Gn�A� � Gn�Q� � G�n �R� � K :

The same argument applies to Gnÿ1 with a discrete subgroup G 0LSLnÿ1�Z� attached to
K 0. The embedding j : Gnÿ1 ! Gn induces an embedding of symmetric spaces

j : Xnÿ1 ! Xn; g �Onÿ1�R� 7! g

1

� �
�On�R�:

Moreover we can create a whole family of embeddings by composing j with left translation
by any element h A Gn�R�. Set

jh : Xnÿ1 ! Xn; g �Onÿ1�R� 7! h
g

1

� �
On�R�:

We are in particular interested in those embeddings jh which de®ne maps of arithmetic
quotients.

Remark. For any h A Gn�Q� let

G 0h :� fg A G 0 j j�g� A hÿ1Ghg:

Then jh induces a proper mapping

jh : G 0hnXnÿ1 ! GnXn; G 0hgOnÿ1�R� 7! Gh
g

1

� �
On�R�:

Note that j�K 0�LK implies G 0LG hence we have, taking h � 1; the map

j1 : G 0nXnÿ1 ! GnXn:

We want to compose the maps jh with projection p2 into the second component of
Xn � R>0 �X1

n , induced by the map

p2 : Gn�R� ! SLG
n �R�; g 7! g � diag�. . . ; jdet gjÿ1=n; . . .�:
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Recall that the passage to quotients only e¨ects the second component, i.e.

GnXn � R>0 � GnX1
n :

On arithmetic quotients we have a homotopy equivalence

p2 : GnXn ! GnX1
n :

Of course the same arguments apply to nÿ 1 instead of n.

The construction of modular symbols in the ®rst section gives for each u A Un�Q� the
proper map

Ju : G 0unXnÿ1 ! GnX1
n

de®ned by

Ju :� p2 � ju : G 0ugOnÿ1 7! Gu
g

1

� �
� jdet gjÿ1

nOn:

One aim of this section is to keep track of the e¨ect of these maps Ju on certain di¨erential
forms. We denote by lu left translation by u and we decompose the map

p2 � ju : Gnÿ1�R� ! SLG
n �R�; g 7! p2

ÿ
u � j�g��

further into p2 � ju � p2 � lu � j. Since det�u� � 1, the maps p2 and lu commute, hence we
have

p2 � ju � lu � p2 � j:

We observe that p2 � j is an injective Lie group homomorphism and hence the induced
map on invariant 1-forms is surjective . Speci®cally, letting � denote dual vector space, this
induced mapping

d�p2 � j� : sl�n ! gl�nÿ1

is given by the formula

d�p2 � j��o�X :� o
ÿ
d�p2 � j��X ��

for a vector ®eld X A glnÿ1: Since l�u acts trivially on sl�n we have

d�p2 � j� � d�p2 � ju� �
ÿ
d�p2 � ju�

��
:

The map d�p2 � j� respects the Cartan decompositions

sln � kn l ~}n
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resp. glnÿ1 � knÿ1 l}nÿ1, where kn � son denotes the set of skew symmetric n� n matrices
and }n (resp. ~}n) stands for the set of symmetric n� n matrices (resp. of trace equal to
zero). In particular we have

d�p2 � j��~}�n� � }�nÿ1:

We can now describe the map of di¨erential forms

J�u : Wr�GnX1
n � ! Wr�G 0unXnÿ1�

in terms of the complex de®ning the Lie algebra cohomology. Recall that one has canonical
isomorphisms

Wr�GnnX1
n � !

@ Vr
~}�n nCy

ÿ
GnnSLG

n �R�
�� �On�R�

and

Wr�Gnÿ1nXnÿ1� !@
Vr
}�nÿ1 nCy

ÿ
Gnÿ1nGnÿ1�R�

�� �Onÿ1�R�

for any discrete subgroup Gn (resp. Gnÿ1) of SLG
n �R� (resp. Gnÿ1�R�) (cf. [3], §2).

We ®x Maurer-Cartan forms o1; . . . ;o ~dn
which form a basis of ~}�n such that

o 0i :� d�p2 � j��oi� for i � 1; . . . ; dnÿ1

is a basis of }�nÿ1 and o 0i � d�p2 � j��oi� � 0 for i > dnÿ1. For I L f1; . . . ; ~dng with
I � fi1; . . . ; irg, jI j � r we put oI :� oi15� � �5oir resp. o 0I :� o 0i15� � �5o 0ir . One easly
®nds

Lemma 3.3. Given a di¨erential r-form

hn �
P
jI j�r

oI fI with fI A Cy
ÿ
GnSLG

n �R�
�

we have

J �u �hn� �
P
jI j�r

o 0I � �fI � p2 � ju�

in Wr�G 0unXnÿ1�.

Since Ju is proper we also get a map on di¨erential forms with compact support

J�u : Wr
c�GnX1

n � ! Wr
c�G 0unXnÿ1�;

just by replacing Cy-functions by compactly supported Cy-functions in our description
above. We will later need a version of J�u on di¨erential forms with growth conditions.
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Recall that a function f A Cy
ÿ
SLG

n �R�
�

is of moderate growth or slowly increasing, if
there is a constant C and a positive integer m such that for all g A SLG

n �R� we have

jf�g�jYC � kgkm;

where kgk :� tr�tg � g�1=2. The function f is fast decreasing, if for each integer m there is a
constant C � Cm such that this inequality holds for all g. A di¨erential form h �P

I

oI fI

on �GnX1
n ) is by de®nition of moderate growth (resp. fast decreasing) if the fI have this

property (cf. [1]). Following Borel we denote by W�mg�GnX1
n � (resp. W�fd�GnX1

n �) the complex
of forms h A W��GnX1

n � which together with their exterior di¨erentials dh are of moderate
growth (resp. fast decreasing).

Lemma 3.4. The forms on

G 0unXnÿ1 � G 0unX1
nÿ1 � R>0

which are in the image J�u
ÿ
Wfd�GnX1

n �
�
, can be integrated along the ®bre.

We thus get a composed chain map

Wr
fd�GnX1

n � ! Im�J�u � ! Wrÿ1
mg �G 0unX1

nÿ1�;

similar to the PoincareÂ Lemma for forms with compact support.

Proof. Let h � P
jI j�r

oI fI be in Wr
fd�GnX1

n � and J�u �h� �
P
jI j�r

o 0I � �fI � p2 � ju�.

Since fI is fast decreasing we know (cf. also (8) in [15], p. 799) that for each N > 0
there is a constant C�N� such that�����fI

 
u

g

1

� �
� jdet gjÿ1

n

!�����YC�N� �minfjdet gjÿN; jdet gjNg:

Note, that on SLG
n the norm kgk :� �P

i; j

g2
ij�1=2 satis®es: kgkZ 1 and

kxk � kyÿ1kÿ1 Y kx � ykY kxk � kyk:

Hence from jfI �g�jYCmkgkm we specialize to

fI

0@u
g

1

� �
jdet gjÿ1

n

1A������
������YCm � u

g

1

� �
� jdet gjÿ1

n





 



m

YCm �
g

1

� �
jdet gjÿ1

n





 



m kukm for mZ 0;

kuÿ1kÿm for m < 0:

(

Put
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C 0m :� Cm � kukm for mZ 0

kuÿ1kÿm for m < 0

� �
:

Now for any m < 0 we have with d :� jdet gj

g

1

� �
� jdet gjÿ1

n





 



m

� dÿ
m
n 1�P g2

ij

� �m=2

which, since P
ij

g2
ij Z d

2
nÿ1;

implies for nZ 3

k � � � km Y dÿ
m
n�1� d

2
nÿ1�m=2 � �dÿ2

n � d
2

nÿ1ÿ2
n�m=2

Yminfdÿm=n; d
2m

n�nÿ1�gYminfdG 2m
n�nÿ1�g:

Put N :� ÿ2m=n�nÿ 1�. Then with C�N� :� C 0m we get the required inequality.

Let t denote the global parameter of the factor R>0 in G 0unXnÿ1. Integration along the
®bre means (cf. for instance [4], p. 38) that for each o 0I having the invariant di¨erential
dt

t
�: o 0dnÿ1

as a wedge factor we must consider the integrals

�y
0

fI

 
u

�gt

1

� �
t

1ÿn
n

!
dt

t
�: �fI ;u��g�

for �g A SLG
nÿ1�R�. These integrals are absolutely convergent by the estimate above. More-

over the resulting functions �fI ;u are bounded, hence in particular they are of moderate
growth. The same proof as for compact supports shows that integration along the ®bre is a
chain map lowering the degree of forms by 1, i.e.

p� : J �u
ÿ
Wr

fd�GnX1
n �
�! Wrÿ1

mg �G 0unX1
nÿ1�:

Note, that

d
ÿ
p�J�u �h�

� � p�J �u �dh�

has coe½cient functions of moderate growth, since for h A Wr
fd the coe½cient functions of

dh are by de®nition also fast decreasing. So the proof of the lemma is complete.

As an immediate consequence we get a pairing

Wbn

fd �GnX1
n � �Wbnÿ1

fd �G 0unX1
nÿ1� ! W

~dnÿ1

fd �G 0unX1
nÿ1�;

�h; h 0� 7! p�J �u �h�5h 0

where bn�bnÿ1ÿ1� ~dnÿ1�dimX1
nÿ1. By Borel's theorem [1], 5.2, the inclusion W

:
C ! W

:
fd

induces isomorphisms in cohomology. In particular each fast decreasing cohomology class
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can be represented by a form of compact support. So our pairing induces the following
pairing on cohomology:

Bu : H bn

C �GnX1
n � �H bnÿ1

C �G 0nX1
nÿ1� ! C;

��h�; �h 0�� 7! �
G 0unX1

nÿ1

p�J�u �h�5h 0:

Recall that an invariant ~dnÿ1-form on X1
nÿ1 uniquely corresponds to an invariant measure m

on SLnÿ1=SOnÿ1 induced from a Haar measure on SLnÿ1. So for

h � P
jI j�r

oI � fI ; h 0 � P
jJj�r 0

o 0J � jJ

with r� r 0 � ~dnÿ1 � 1 we get

p�J�u �h�5h 0 � P
jI j�r

eI
�fI ;u � jI 0 � o 015� � �5o 0~dnÿ1

where eI �G1 for I W: I 0 � f1; . . . ; dnÿ1g and eI :� 0 otherwise. Now integrating over the
whole space we get

�
G 0unX1

nÿ1

p�J�u �h�5h 0 � �
G 0unGnÿ1�R�

P
I

eI fI

 
u

g

1

� �!
� jI 0 �g� dg

with a Haar measure dg on Gnÿ1�R� normalized by demanding vol
ÿ
Onÿ1�R�

� � 1. Note
that we have extended the functions �fI ; jI 0 � by demanding trivial action of the respective
centers.

Note that these integrals look very much like those that came up in the corollary of
the global Birch lemma. To get the precise connection we have to choose h and h 0 attached
to p and s in the following manner.

Let a :� 2�nÿ 1� and u A Un�Zp�j
ÿ1

. Let

K 0u :� fk A K 0 j u j�k�uÿ1 A Kg
and

K 0� f a� :� fk A K 0 j k 1 1 mod f ag:

Then we have for all p where p; s are unrami®ed,

K 0� f a�LK 0u:

Note that K 0� f a� acts by right translation on C1; f a and we have an isomorphism

G 0� f a�nGnÿ1�R� ! C1; f a=K 0� f a�;
G 0� f a�gy 7! Gnÿ1�Q��gy; 1 f �K 0� f a�
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where G 0� f a� :� fg A G 0 j g1 1� f a�gLG 0u. In the corollary of the global Birch Lemma the
integrand is right-invariant under K 0� f a�. Hence we can rewrite that integral as�

C1; f a

� vol
ÿ
K 0� f a�� �P

j

�
G 0� f a�nGnÿ1�R�

fj

ÿ
j�gy�ujÿ1� � jj�gy� dgy:

Note that by the left invariance of fj�g� under Gn�Q� the p-adic factor ujÿ1 � ujÿ1

p can be
transformed into an in®nity factor by taking representatives u � u f such that they belong
to some �uy; u f � A Un�Q� with u f A K XUn�Ẑ�. Then we have

fj

ÿ
j�gy�ujÿ1� � fj

ÿ�uÿ1
y �j

ÿ1

j�gy�
�
;

and we are reduced to consider non-adelic integrals of the form

I�uÿ1
y ; f; j� :� �

G 0� f a�nGnÿ1�R�
f

 
ujÿ1

y

gy

1

� �!
� j�gy� dgy

with uy A Un�Z�.

Finally we will exploit the fact, that p (resp. s) occurs in r-dimensional cohomology
for r � bn (resp. bnÿ1) with multiplicity one. This is a local property at y; speci®cally:

H bn�sln;On; H�On�
py
�GC;

where H�On�
py

denotes the space of On-®nite elements in the representation space Hpy of py.
Note, that py uniquely corresponds to the irreducible representation of SLG

n �R� given by

restriction, since py has trivial central character. As a realization of H�On�
py

we take the
space W0�py;cy� of On-®nite Whittaker functions. Moreover by Prop. 3.1, p. 52 in [3] we
have

H bn�sln;On; H�On�
py
�G Vbn

~}�n nW0�py;cy�
� �On

;

which up to a scalar uniquely determines a form hy A
Vbn

~}�n nW0�py;cy�
� �On

repre-

senting a generator of the cohomology. We write

hy �
P
jI j�bn

oI � wI ;y�g�

with Whittaker functions wI ;y A W0�py;cy�. The same procedure applies to sy instead of
py when we replace n by nÿ 1, thus leading to a form of degree bnÿ1

h 0y �
P

jI 0j�bnÿ1

o 0I 0 � vI 0;y�g 0�

with Whittaker functions vI 0;y A W0�sy;cy�. Starting from each pair of ®nite Whittaker
functions �wj; f ; vj; f � as in 3.2 we compose global elements
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hj;0 :� wj; f n hy A
Vbn

~}�n nW0�p;c�
� �On

and

h 0j;0 :� vj; f n h 0y A
Vbnÿ1

~}�nÿ1 nW0�s;c�
� �Onÿ1

which by Fourier transformation yield

hj A
Vbn

~}�n nL2
0

ÿ
Gn�Q�nGn�A�=KZ0

y

�� �On

i.e. cohomology classes

�hj� A H bn
cusp�GnX1

n �LH bn

C �GnX1
n �;

and similarly

�h 0j� A H bnÿ1
cusp �G 0nX1

nÿ1�:

We have

hj �
P
jI j�bn

oI fj; I�g�

and

h 0j �
P

jI 0j�bnÿ1

o 0I 0 � jj; I 0 �g 0�

where the coe½cient functions result as the Fourier transforms of the global Whittaker
functions wI :� wI ;y � wj; f and vI 0 :� vI 0;y � vj; f . Evaluating our previously described pair-
ing Bu we ®nd

Bu�hj; h
0
j� �

�
G 0unX1

nÿ1

p�J�u �hj�5h 0j

�P
I

eI

�
G 0unGnÿ1�R�

fj; I u
g

1

� �1A� jj; I 0 �g� dg

0@
with fj; I and jj; I 0 restricted to in®nity components. We can easily switch to the adelic
setting, and obtain:

Bu�hj; h
0
j� � vol�K 0u�ÿ1 �P

I

eI

�
C1; f a

fj; I

ÿ
j�g�uÿ1

f

� � jj; I 0 �g� dg:

In the sequel we are mainly interested in this quantity as a function in the variable u. We
put B�u� :�P

j

Bu�hj; h
0
j�. We can now express our special L-values in terms of this func-

tion B�u�. Let PI�s� denote the entire function attached to the pair �wI ;y; vI ;y� as in 3.2
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such that

C�wI ;y n vI ;y; s� � PI �s� � L�py; sy; s�;
and

Py�s� :�P
I

eI � PI �s�:

From the corollary of the global Birch Lemma we conclude:

Theorem 3.5. For all ®nite idele class characters w �Q
l

wl with the properties

a) wy � 1,

b) w; w2; . . . ; wnÿ1 have the same non-trivial conductor f � p-power,

we have the formula

wp�1� � vp�1� � Py�1=2� � Qnÿ1

i�1

G�w i
p��1ÿ pÿ1�
�1ÿ pÿi� � L pn w; s;

1

2

� �

� f 2�nÿ1� �P
u

Qnÿ1

i�1

~wp�ui
i � � vol�K 0

ujÿ1 � �B
ÿ�uÿ1�jÿ1�

;

where u � up is taken from a representative system for Un�Zp� modulo Un�Zp�j as in the local

Birch Lemma.

Remarks. 1. We do not know if Py is non-zero at s � 1=2 in general. For n � 3 it is
a fact that Py�1=2�3 0 (see [18]).

2. We are still free to vary the pair �wp; vp� of local Whittaker functions, right-
invariant under the respective Iwahori subgroup, which of course causes a variation
of the function B. This will eventually allow us to vary B such that it becomes a p-adic
distribution.

3.4. Algebraicity. We recall from the ®rst section that the previously considered
pairings Bu of cohomology spaces are de®ned purely topologically and moreover with
coe½cients in an arbitrary ring A. On the other hand the cuspidal cohomology is well-
known to carry a Q-structure (cf. TheÂoreÁme 3.19 in [6]). So this suggests that we try
to choose the cuspidal cohomology classes �hn� (and �hnÿ1�) subject to good rationality
conditions, which then will automatically lead to rationality properties of the modular

symbols B�u� and hence of special L-values. We use Clozel's terminology from [loc.cit.]. In
particular Q�pf � resp. Q�sf � denotes the ®eld of rationality which by Proposition 3.1 in
[loc.cit.] is a ®eld of de®nition and in our case in fact is a number ®eld by the Drinfeld-
Manin argument (see Proposition 3.16 in [loc.cit.]). Let F :� Q�pf ; sf � denote the smallest
number ®eld containing Q�pf � and Q�sf �. In particular the global (®nite) Whittaker spaces
W�pf ;cf � and W�sf ;cf � carry an F -structure whose underlying F -vector space we denote
by WF �� � ��. An immediate consequence of the multiplicity one property of bn-dimensional
cohomology is
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Proposition 3.6. We can normalize the y-part hn;y (by a non-trivial scalar factor)
such that for any Whittaker function wf A WF �sf ;cf � the cohomology class �hn� attached to
hn;0 � wf n hn;y is F-rational, i.e.

�hn� A H bn
cusp�GnX1

n ;F�LH bn

C �GnX1
n ;

�Q�:

Corollary 3.7. There is a choice of good local tensors t0
l of Whittaker functions for all

l3 p such that for any `Iwahori ®xed ' pair

�wp; vp� A WF �pp;cp�In �WF �sp;cp�Inÿ1

the formula in Theorem 3.5 holds for the associated pairing B with values B�u� in the number

®eld F.

4. Hecke operators and distributions

4.1. A parabolic extension of the standard Hecke algebra. For a ®xed prime
number p let K :� GLn�Zp� and G :� GLn�Qp�. We consider the standard Hecke algebra
H :�H�K ;G� attached to the Hecke pair �K;G�, i.e. the convolution algebra of C-valued
compactly supported functions on G which are bi-invariant under K. Recall that in general
a `Hecke pair' �R;S� is given by any group S with a subgroup RLS such that each double
coset RsR for s A S is the union of a ®nite number of left or right cosets modulo R. Thus
the free C-vector space H�R;S� over the set of all double cosets RsR is embedded into the
free C-vector space R�R;S� over the set of all right cosets sR by sending a double coset
RsR � S. sjR to

P
j

sjR and moreover under this map H�R;S� is identi®ed with the R-

invariants in R�R;S� under the action

R�R�R;S� ! R�R;S�; �r; sR� 7! rsR:

The vector space H�R;S� becomes an algebra with the multiplication de®ned by�P
j

sjR

�
� P

k

tkR

� �
:�P

i; j
sjtkR

and is called the Hecke algebra attached to �R;S�.

The standard Hecke algebra is well known to be isomorphic under the Satake map S
to the ring of symmetric polynomials in the variables XG1

1 ; . . . ;XG1
n (see for instance [5],

4.2). The map S can be normalized by ®xing the values of the standard Hecke operators

Tn :� K
Inÿn 0

0 pIn

� �
K �n � 0; . . . ; n�

where In denotes the n� n-unit matrix. As usual, we put

S�Tn� � phni � sn�X1; . . . ;Xn�
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where hni :� 1

2
n�n� 1� and where sn denotes the n-th elementary symmetric function in the

variables X1; . . . ;Xn.

Let B denote the standard Borel subgroup of upper triangular matrices in GLn�Qp�
and KB :� K XB. Then by [11], Theorem 2 the Hecke algebra HB :�H�B;KB� is a ring
extension of H, such that the Hecke polynomial

H�X� :� Pn
n�0

�ÿ1�n phnÿ1iTnX
nÿn A H�X �

decomposes into linear factors over HB

H�X� � Qn
i�1

�X ÿUi�

where

Ui :� KB

Iiÿ1

p

Inÿi

0@ 1AKB A HB

(note that Gritsenko considers Qn�t� � tn �H�tÿ1�).

The underlying ring embedding e : H ,!HB sends an arbitrary element
T �P

i

ai � giK A H with upper-triangular matrices gi (always possible by Iwasawa

decomposition) to

e�T� :�P
i

ai � giKB:

Lemma 4.1. For n � 1; . . . ; n let Vn :� pÿhnÿ1i �U1U2 � � �Un A HB.

a) Then in R�KB;B� the double coset KB

pIn 0

0 Inÿn

� �
KB corresponds to

Vn �
P
A

pIn A

0 Inÿn

� �
KB

where A runs over a system of representatives of matrices in M n; nÿn�Zp� modulo p.

b) Furthermore the Hecke operators Vn commute and the double coset KBtKB corre-

sponds to

Qnÿ1

n�1

Vn �
P

u

utKB

where t � diag�pnÿ1; pnÿ2; . . . ; 1� and u runs over a set of representatives for

Un�Zp�=tUn�Zp�tÿ1.
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Proof. By elementary row and column transformations our double cosets obviously
decompose as demanded into right cosets

KB

pIn 0

0 Inÿn

� �
KB �

S
A

.
pIn A

0 Inÿn

� �
KB;

and for the same reason we have

Ui �
S
a

.

Iiÿ1 0 0

0 p a1; . . . ; anÿi

0 0 Inÿi

0@ 1AKB

where a � �a1; . . . ; an� runs over a set of representatives of the ak mod p. Now the equality
for Vn follows immediately by induction over n using the identity

pnVn�1 � Vn �Un�1:

b) By Lemma 2 in [11] the Vn commute since they belong to the commutative subring
of HB generated as a C-vector space by the elements

Vi :� U i1
1 � . . . �U in

n

with i � �i1; . . . ; in� such that i1 Z i2 Z � � � Z in Z 0. Now let

t�n� :� diag�pnÿ1; pnÿ2; . . . ; 1� A GLn�Qp�:

Then we get

Qnÿ1

n�1

Vn �
P

A1;...;Anÿ1

u�A1; . . . ;Anÿ1� � t � KB

with

u�A1; . . . ;Anÿ1� :� 1 A1

Inÿ1

� �
I2 t�2�A2

Inÿ2

� �
� � � Inÿ1 t�nÿ1�Anÿ1

1

� �
and where An runs over a representative system in M n; nÿn�Zp� mod p. An easy induction
shows that these u�A1; . . . ;An� form a system of representatives for Un�Zp�=tUn�Zp�tÿ1,
which completes the proof of the lemma.

4.2. Eigenfunctions for the modi®ed Hecke algebra. Let M denote the C-vector
space of C-valued functions on GLn�Qp� which are right-invariant under KB. The extended
Hecke algebra HB has a natural action on M given by

HB �M!M;
P

i

ai � giKB;c�g�
� �

7!P
i

ai � c�ggi�:
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We are interested in the action of the commutative subring generated by V1; . . . ;Vn. Let
V0 :� KBInKB denote the unit element of HB.

Proposition 4.2. Suppose we are given a function c A M and an nÿ 1-tuple of

complex numbers l � �l1; . . . ; lnÿ1� A Cnÿ1 such that the Hecke operators

H�ln� �
Yn

i�1

�ln ÿUi� A HB

annihilate c, i.e.

H�ln��c� � 0 for n � 1; . . . ; nÿ 1:

Then

cl :� Qnÿ1

i�1

Qn
j�1
j3i

�li p
1ÿjVjÿ1 ÿ Vj�c

is a simultaneous eigenfunction of V1; . . . ;Vnÿ1.

Moreover with hn :� pÿhnÿ1i
Qn
i�1

li we have

Vncl � hn � cl for n � 1; . . . ; nÿ 1:

The proposition will follow from

Lemma 4.3. For any l A C we have the identity in HB:

Qn
j�1

�lp1ÿjVjÿ1 ÿ Vj� � pÿhnÿ1i Qnÿ1

n�0

Vn �H�l�:

Proof of the lemma. Since Vj � p1ÿj � Vjÿ1Uj we have for each factor

lp1ÿjVjÿ1 ÿ Vj � p1ÿj � Vjÿ1 � �lÿUj�;

and since any Vn commutes with this expression we can collect the factors Vn on the left
hand side. Hence we get the claimed formula of the lemma.

Proof of Proposition 4.2. By our assumption on c we know by Lemma 4.3 that for
each n � 1; . . . ; nÿ 1 we have

Qn
j�1

�ln p1ÿjVjÿ1 ÿ Vj�c � 0:

We proceed by induction over n. Since h1 � l1 we have

�h1 ÿ V1�cl � �l1 ÿ V1� �
Qnÿ1

i�1

� Q
j3i

�li p
1ÿjVjÿ1 ÿ Vj�c � 0
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which is a multiple of
Qn
i�1

�l1 p1ÿjVjÿ1 ÿ Vj�c � 0. This settles the case n � 1. Now we

suppose

�hk ÿ Vk�cl � 0 for k � 1; . . . ; nÿ 1:

We decompose hn as hn � hnÿ1 � ln p1ÿn and get

�hn ÿ Vn�cl � �ln p1ÿnVnÿ1 ÿ Vn�cl

by the induction hypothesis. As in the case n � 1 this must be zero and the proof is
complete.

Remark 4.4. Suppose the li are algebraic numbers which with respect to a ®xed
embedding of �Q into �Qp have absolute values jlijp � p1ÿi. Then all eigenvalues hn are
p-adic units.

4.3. Distributions of the unipotent group into function spaces. We consider the
unipotent group U � Un of upper triangular matrices in GLn. Conjugating by the diagonal
matrix t :� diag�pnÿ1; pnÿ2; . . . ; 1� de®nes a mapping b :� inntjU�Zp� where

innt : U�Qp� ! U�Qp�; u 7! tutÿ1;

and iterating b gives us a ®ltration of U �0� :� U�Zp� by setting

U �k� :� bk�U �0�� � b�U �kÿ1��;

which obviously extends to a ®ltration of U�Qp� by admitting negative exponents k.

Any function m on the set of cosets uU �k� into an additive group A is called an
(A-valued)-distribution if m satis®es the distribution relation

m�uU �k�� �P
n

m
ÿ
ubk�n�U �k�1���DR�

where n runs over a representative system of U �0�=U �1�.

Proposition 4.5. Let c A M be an eigenfunction for the modi®ed Hecke operator
V :� V1 . . . Vnÿ1 with eigenvalue equal to 1. Then

m�uU �k�� :� c�gutk�

is a distribution with values in the C-vector space A � CGLn�Qp� of C-valued functions on

GLn�Qp�.

Note that m is well de®ned, since replacing u by another representative u 0 � utkvtÿk

with v A U �0� does not a¨ect the function c by virtue of its KB right-invariance.
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Proof. Recall from Lemma 4.1 that the Hecke operator V is given by the double
coset KBtKB and moreover that we have

V �P
n

ntKB

with n running over representatives of U �0�=U �1�. So we get

c�g� � Vc�g� �P
n

c�gnt�;

hence

m�uU �k�� �P
n

c�gutknt�

�P
n

c
ÿ
gubk�n�tk�1

�
�P

n

m
ÿ
ubk�n�U �k�1��

i.e. m is a distribution.

We can weaken the condition on the eigenvalue and obviously still get a distribution.

Corollary 4.6. Let cl A M be an eigenfunction of V1; . . . ;Vnÿ1 as in Proposition 4.2

with corresponding eigenvalues h1; . . . ; hnÿ1 (and suppose kl :� Qnÿ1

n�1

hn the eigenvalue of V

does not vanish). Then

ml�uU �k�� :� kÿk
l � cl�gutk�

is a distribution.

4.4. Periods and C-valued distributions. We return to the global situation in the
previous section where we have expressed special L-values in terms of certain adelic
integrals (see Corollary of the global Birch Lemma). Locally at p, the automorphic forms
f; j involved in these integrals can and will both be chosen to be ®xed under the respective
maximal compact subgroup and hence to be eigenforms under the respective local standard
Hecke algebra. Let l � �l1; . . . ; lnÿ1� A Cnÿ1 respectively a � �a1; . . . ; anÿ2� A Cnÿ2 denote
®xed choices of roots of the respective Hecke polynomial attached to �pp; sp�. Let fl

respective ja denote the associated eigenform under the action of the respective modi®ed
Hecke algebra as in Proposition 4.2. In this section we want to study the `periods'

P�u; f � :� �
C1; f

fl

 
g

1

� �
tÿrutr

!
� ja�g� dg

for u A U �0� � Un�Zp�, f � pr and t � diag�pnÿ1; pnÿ2; . . . ; 1�. Note that these integrals
(when �fl; ja� is replaced by �f; j�) are precisely those occurring in the formula for the
special L-value. We will see in the following section that this modi®cation of the pair �f; j�
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only changes the L-value by a certain non vanishing constant in the case we are interested
in.

Lemma 4.7. The period P�u; f � is constant on the double coset U
�r�
nÿ1uU

�r�
n .

Proof. Recall that fl and ja are right-invariant under the respective KB's and in

particular under U
�0�
n respective U

�0�
nÿ1. Thus multiplying u from the right by an element of

the form trvtÿr A U
�r�
n with v A U

�0�
n does not a¨ect the value of the integrand. Similarly a

factor trvtÿr A U
�r�
nÿ1 with v A U

�0�
nÿ1 on the left hand side of u can be transformed into the

right hand factor v in the argument g of ja by the invariance property of the Haar measure
dg and again by right-invariance ja�gv� � ja�g� the integral becomes independent of v. So
the lemma follows.

Lemma 4.8. For any diagonal matrix e A GLnÿ1�Zp� with det�e�1 1 modulo f we have

P�eueÿ1; f � � P�u; f �:

Proof. Again this follows by the right-invariance of fl and ja under the respective
KB's since e commutes with t and because the change of variables g 7! ge does not e¨ect the
integral.

Proposition 4.9. Let kl resp. ka denote the eigenvalue of fl resp. ja under the
respective operator V in the modi®ed Hecke algebra. Then we have the following relation of

periods

P�u; f � � �klka�ÿ1 � P
v;w;x

P
ÿ
exb r�wÿ1�ub r�v�eÿ1

x ; f p
�

with ex :� diag�1� xf ; 1; . . . ; 1� and where we sum over representatives v of U
�0�
n =U

�1�
n , w of

U
�0�
nÿ1=U

�1�
nÿ1 and x mod p.

Proof. By Corollary 4.6 we have the distributions

ml�uU �k�n ��g� � kÿk
l � fl�gutk� on Un;

ma�uU
�k�
nÿ1��g� � kÿk

a � fa�gutk� on Unÿ1:

Expressing the periods in terms of these distributions we get

P�u; f � � �
C1; f

fl

0@ g

1

� �
utr

1A � ja�gtr� dg

� �klka�r
�

C1; f

ml�uU �r�n �
g

1

� �
� ma�U �r�nÿ1��g� dg

which (by the additivity property (DR) (cf. 4.3) of the distributions ml and ma) transforms
into
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P�u; f � � �klka�r
�

C1; f

P
v;w

ml

ÿ
ub r�v�U �r�1�

n

� g

1

� �
� ma

ÿ
b r�w�U �r�1�

nÿ1

�ÿ
g� dg

� �klka�ÿ1P
v;w

�
C1; f

fl

0@ g

1

� �
ub r�v�t �r�1�

1A � ja

ÿ
gb r�w�t �r�1�� dg:

Decomposing the domain of integration as

C1; f �
S

x�mod p�
. C1; fp � ex

and after the change of variables g 7! gb r�wÿ1� we get the period relation as claimed.

Note that the period relation in Proposition 4.9 is di¨erent from the distribution
relation which one might have expected to hold in view of Corollary 4.6. We will in fact
attach a C-valued distribution to our periods. But this distribution is rather adjusted to the
canonical ®ltration of Un�Zp� given by the kernel K�r� of the reduction maps modulo pr

than to the ®ltration by the subgroups U
�r�
n . Obviously the reduction map modulo pr

br : Un�Zp� ! Un�Z=prZ�

is surjective and factors through

br : U �0�n =U �r�n ! Un�Z=prZ�:

Summing over ®bres we attach to each ~u A Un�Z=prZ� the `smoothed period '

~P�~u; r� :�P
u

P�u; pr�

summing over all u from a representative system for U
�0�
n =U

�r�
n such that br�u� � ~u. For

u A U
�0�
n we put

P̂�u; r� :� ~P
ÿ
br�u�; r

�
;

such that P̂�u; r� as a function in u is constant on cosets uK�r�.

Theorem 4.10. Let k̂ :� p
1�
Pnÿ2

i�1

i�nÿiÿ1�
� �klka�ÿ1. Then

m̂
ÿ
uK�r�� :� k̂r � P̂�u; r�

de®nes a distribution m̂ :� m̂l;a. In particular m̂ satis®es the distribution relation

m̂
ÿ
uK�r�� � P

v�mod K�r�1��
br�v��br�u�

m̂
ÿ
vK�r� 1��:
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Proof. We exploit the period relations as described in Proposition 4.9. For u A U
�0�
n

let ~u � ~ur :� br�u� denote the image under br. The proof of the distribution relation is based
on the following commutative diagram involving canonical projections

U �0�=U �r�1� ���!br�1
U�Z=pr�1Z�???ya

???yg

U �0�=U �r� ���!br
U�Z=prZ�

when passing from cosets with respect to our group to cosets with respect to a group
containing the ®rst one. By de®nition and Proposition 4.9 we get

m̂
ÿ
uK�r�� � k̂r � P

u 0mod U �r�
~u 0�~u

P�u 0; pr�

� k̂r�klka�ÿ1 � P
u 0; v;w;x

P
ÿ
exb r�wÿ1�u 0b r�v�eÿ1

x ; pr�1
�

where u 0b r�v� runs over a representative system of the ®bre aÿ1
ÿ
b
ÿ1

r �~u�
� � b

ÿ1

r�1

ÿ
gÿ1�~u��.

Multiplying by b r�wÿ1� and conjugating by ex only permutes the ®bre, hence we ®nd

m̂
ÿ
uK�r�� � k̂r�klka�ÿ1 � p � �U �0�nÿ1 : U

�1�
nÿ1� �

P
v mod U �r�1�

~v A gÿ1�~u�

P�v; pr�1�:

Recall from section 4.1 that we have

�U �0�nÿ1 : U
�1�
nÿ1� � p

Pnÿ2

i�1

i�nÿ1ÿi�
;

which implies

m̂
ÿ
uK�r�� � k̂r�1 � P

~v mod pr�1

g�~v��~u

P̂�v; r� 1�;

and this completes the proof.

The distribution that we have constructed in Theorem 4.10 is a distribution on a

manifold of dimension dim�Un� � n�nÿ 1�
2

. For our application to special L-values we are

in particular interested in a certain push-down ~m to a one-variable distribution.

Corollary 4.11. Let ~k :� k̂ � pnÿ2. Then we get a distribution ~m � ~ml;a on Zp by

~m�i � prZp� :� ~kr �P
u

P̂�u; r�
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where u � �ujk� runs over a representative system of the ~u A U�Z=prZ� with u1;2 � i and

uj; j�1 � 1 for j � 2; . . . ; nÿ 1.

Proof. By the distribution property we get

~m�i � prZp� � p�nÿ2�rP
u

m̂
ÿ
uK�r��

� p�nÿ2�rP
u

P
v mod pr�1

v1 u �pr�

m̂
ÿ
vK�r� 1��:

Note that the v's run over all members of a representative system of U �0�=K�r� 1� with
entries vj; j�1 in the ®rst o¨-diagonal of the form v1;2 � i � a1 pr; vj; j�1 � 1� aj pr for
j � 2; . . . ; nÿ 1, and where a1; . . . ; anÿ1 run through congruence classes mod p. Conjugat-
ing v by a suitable diagonal matrix e A GLn�Zp� with det�e� � 1 brings the o¨-diagonal of
v 0 :� eveÿ1 into the form

v 01;2 � i � apr; vj; j�1 � 1 for j � 2; . . . ; nÿ 1:

Since by Lemma 4.8 this conjugation does not a¨ect the periods we have

m̂
ÿ
vK�r� 1�� � m̂

ÿ
v 0K�r� 1��

and hence we ®nd

m̂�i � prZp� � p�nÿ2��r�1� P
a mod p

P
v 0

m̂
ÿ
v 0K�r� 1��

where v 0 runs over a system of representatives of U �0�=K�r� 1� such that v 01;2 � i � apr,
vj; j�1 � 1 for j � 2; . . . ; nÿ 1. In terms of ~m this says

~m�i � prZp� �
P

a mod p

~m�i � apr � pr�1Zp�;

hence ~m is a distribution on Zp.

4.5. Integrating characters. Let w0
l resp. v0

a denote the local Whittaker function
attached to the respective new-vector of pp resp. sp as in Proposition 4.2.

Proposition 4.12. The value of w0
l at the unit matrix 1n is given by

w0
l �1n� � �ÿ1��nÿ1��nÿ2�

2 pAn
Qnÿ1

t�1

l
1��nÿ1��nÿt�
t � Qnÿ1

i�2

Q
j<i

�lj ÿ li�

where we put An :� �nÿ 2�Pn
n�1

n�1ÿ n�
2

� n�1ÿ n�
2

.

The same formula applies to v0
a as well.
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Proof. First we write

w0
l �

Qnÿ1

i�1

Qn
j�1
j3i

�li p
1ÿjVjÿ1 ÿ Vj�w0

as a sum of monomials in the Vi's. Let Ni :� f1; . . . ; ngnfig. Then we have

w0
l �

Qnÿ1

i�1

P
JiHNi

l
jJij
i �ÿ1�nÿ1ÿjJij � Q

k A Ji

�p1ÿkVkÿ1� �
Q

t ANinJi

Vt

 !
w0

� �ÿ1�nÿ1 P
J1HN1

� � � P
Jnÿ1HNnÿ1

Qnÿ1

i�1

�ÿli�jJij � Q
k A Ji

p1ÿkVkÿ1 �
Q

t ANinJi

Vt

 !
w0:

We ®rst deal with each separate term and consider for an arbitrary monomial

Vr :� Qn
n�1

V rn
n ;

the value �Vrw0��1n� at the unit matrix 1n. In particular we are interested in this value for
r � r�J� for each ®xed nÿ 1-tuple of sets J � �J1; . . . ; Jnÿ1� where

Vr�J� :� Qnÿ1

i�1

Q
k A Ji

Vkÿ1 �
Q

t ANinJi

Vt

 !
:

Lemma 4.13. With the diagonal matrix

d�r� :� Qn
n�1

p1n

1nÿn

� �rn

we have

�Vrw0��1n� �
Qn
n�1

pn�nÿn�rn � w0
ÿ
d�r��:

Proof of Lemma 4.13. Recall that the action of Vn on a KB-right-invariant Whittaker
function w is given by

�Vnw��g� �
P
A

w

 
g

p1n A

1nÿn

� �!

where A runs over a representative system of matrices in M n; nÿn�Zp� modulo p. This easily
generalizes to powers of Vn where we get

�V r
n w��g� �P

A

w

 
g

pr1n A

1nÿn

� �!
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where A runs over a representative system modulo pr. Hence we have

�Vrw��g� �P
A1

. . .
P

Anÿ1

w

 
g

pr1 A1

1nÿ1

� �
� � � prnÿ1 1nÿ1 Anÿ1

1

� �
prn1n

!

where each An runs over a representative system in M n; nÿn�Zp� modulo prn . An easy
calculation shows that for ®xed A1; . . . ;Anÿ1 there is a unipotent matrix B A Un�Zp� such
that

pr1 A1

1nÿ1

� �
pr212 A2

1nÿ2

� �
� � � prn1n � B � d�r�:

Since our Whittaker functions are left-invariant under Un�Zp� we ®nd

�Vrw��1n� � w d�r� �Q
n

jfA 0nsgj
� �

which proves the lemma.

By Shintani's explicit formula for class-1 Whittaker functions (in Shintani's termi-
nology) [19] we have

w0
ÿ
d�r�� � p

Pn

i�1

�iÿn�si det�lsj�nÿj
i �

det�lnÿj
i �

where diag�ps1 ; . . . ; psn� � d�r�, i.e. sj �
Pn
n�j

rn and i; j � 1; . . . ; n in the determinants. So

the formula in the lemma becomes

�Vrw0��1n� � p

1
2

Pn

n�1

n�1ÿn�rn � det�lsj�nÿj
i �

det�lnÿj
i �

;

taking into account that Pn
i�1

�i ÿ n�si � i�nÿ i�ri �
P

i

i�1ÿ i�
2

ri:

In terms of the characteristic function wM of subsets M HNi we can describe the special
r � r�J� by

rn �
Pnÿ1

i�1

wJi
�n� 1� � wNinJi

�n�

and therefore

sj �
Pn
n�j

Pnÿ1

i�1

ÿ
wJi
�n� 1� � wNinJi

�n��
� Pnÿ1

i�1

wNinJi
�j� � Pn

n�j�1

wNi
�n�

 !
:
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Since
Pnÿ1

i�1

wNi
�n� is equal to the number of i's di¨erent from n, we have for j < n

Pnÿ1

i�1

Pn
n�j�1

wNi
�n� � �nÿ 1� � �nÿ 2��nÿ j ÿ 1�

� 1� �nÿ 2��nÿ j�

hence in terms of the Kronecker d

sj � 1ÿ dn; j � �nÿ 2��nÿ j� � Pnÿ1

i�1

wNinJi
� j�:

By Leibnitz' determinant formula we get

Lemma 4.14. For r � r�J� we have

�Vrw0��1n� � p

1
2

Pn

n�1

n�1ÿn�rn

det�lnÿj
i �

� P
w AW

sgn�w� � Qnÿ1

j�1

l
1��nÿ1��nÿj��

Pnÿ1

t�1

wNtnJt
� j�

wj :

Before we plug this into our formula for w0
l �1n� we determine the p-power factor of

each summand for ®xed J.

Lemma 4.15. We have for r�J� � �r1; . . . ; rn�

1

2

Pn
n�1

n�1ÿ n�rn �
Pnÿ1

i�1

P
k A Ji

1ÿ k � An:

In particular, the left-hand-side of the above formula is an integer which only depends on n

and is independent of J.

Proof of Lemma 4.15. We have expressed the components rn of r by the formula

rn �
Pnÿ1

i�1

wJi
�n� 1� � wNinJi

�n�:

So we get

Pn
n�1

n�1ÿ n�rn �
Pnÿ1

i�1

Pn
n�1

ÿ
wJi
�n� 1� � wNinJi

�n��n�1ÿ n�

� Pnÿ1

i�1

Pn
n�1

wJi
�n� � �nÿ 1��2ÿ n� �Pn

n�1

wNinJi
�n� � n�1ÿ n�

� �

which by the identity wJi
� wNinJi

� wNi
becomes equal to
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Pnÿ1

i�1

P
n3i

n�1ÿ n� � 2
P

n A Ji

�nÿ 1�
 !

� �nÿ 1�Pn
n�1

n�1ÿ n� ÿ Pnÿ1

i�1

i�1ÿ i� � 2
Pnÿ1

i�1

P
n A Ji

�nÿ 1�;

hence our lemma follows.

We now can complete the proof of Proposition 4.12. By Lemma 4.14 and Lemma
4.15 we have

w0
l �1n� � �ÿ1�nÿ1 pAn

det�lnÿj
i �

�P
J

Qnÿ1

i�1

�ÿli�jJi j

� P
w AW

sgn�w� � Qnÿ1

j�1

l
1��nÿ1��nÿj��

Pnÿ1

t�1

wNtnJt
�j�

wj

� �ÿ1�nÿ1 pAn

det�lnÿj
i �

� P
w AW

sgn�w� � Qnÿ1

j�1

l�nÿ1��nÿj��1
wj

�P
J

Qnÿ1

i�1

�ÿli�jJij � Qn
j�1

Qnÿ1

t�1

l
wNtnJt

� j�
wj :

For ®xed w the sum over the J's becomes equal to

Qnÿ1

i�1

Qn
j�1
j3i

�lwj
ÿ li�;

hence vanishes for any nontrivial permutation w3 id. Thus our formula simpli®es to

w0
l �1n� � �ÿ1�nÿ1 pAn

det�lnÿj
i �

� Qnÿ1

i�1

Qn
j�1
j3i

�lj ÿ li� �
Qnÿ1

n�1

l�nÿ1��nÿn��1
n

which by the well known formula for the Vandermonde determinant

det�lnÿj
i � �

Q
i<j

�li ÿ lj�

eventually yields what we want. So the proof of Proposition 4.12 is complete.

Let w �Q
l

wl be an idele class character of conductor f � pr which satis®es the

hypothesis in the global Birch Lemma in section 3.2. Recall that we denote by ~w the
Dirichlet character on Zp attached to the p-component wp of w (cf. 4.1). Recall that there is
always a good pair �wy; vy� such that the associated P�s� satis®es P�1=2�3 0: For each
pair of automorphic forms �fj; jj� occuring in the global Birch Lemma let Pj�u; f � denote
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the period attached to �fj;l; jj;a� as in section 4.4. By Corollary 4.11 we have an associated
distribution ~mj � ~mj;l;a for each j:

Theorem 4.16. There is a choice of the Whittaker functions at in®nity �wy; vy� such

that integrating any wp of conductor f � pr against the distribution ~m �P
j

~mj;l;a we get

�
Z�p

wp d ~m � d�l; a� � �~kp1ÿn�r � Qnÿ1

i�1

G�w i
p� � L pn w; s;

1

2

� �

where d�l; a� � w0
l �1n� � v0

a�1nÿ1� is explicitly given by Proposition 4.12, and where G�w i
p� is

the Gauss sum; cf. 3.1.

Remark. If we multiply our distribution with the constant W :� Py�1=2� in Theo-
rem 3.5 then the renormalized distribution m :� W � ~m has its values in the number ®eld
F � Q�p; s�.

Proof of Theorem 4.16. The key to our p-adic integral lies in the global Birch
Lemma in section 3.2 and its corollary, where we are still free to choose �wy; vy� and
�wp; vp� ®xed under the respective Iwahori subgroup. We ®x the latter pair to be
�wp; vp� � �w0

l ; v
0
a�, which in particular replaces the pairs of automorphic forms �fj; jj� in

the global Birch Lemma by �fj;l; jj;a� and allows us to rewrite the formula for the special

L-value in terms of the periods Pj�u; f � as

d�l; a� � P 1

2

� �Qnÿ1

i�1

G�w i
p��1ÿ pÿ1�
�1ÿ pÿi� � L pn w; s;

1

2

� �

� �1ÿ pÿ1� f P
u

Qnÿ1

i�1

~wp�ui
i � �
P

j

Pj�u; f �:

Furthermore we choose �wy; vy� such that

P
1

2

� �
� Qnÿ1

i�1

�1ÿ pÿi�ÿ1 � 1

which simpli®es our formula to become

�1ÿ pÿ1�2ÿn �P
u

Qnÿ1

i�1

~wp�ui
i � �
P

j

Pj�u; f �

� d�l; a�pÿr � Qnÿ1

i�1

G�w i
p� � L pn w; s;

1

2

� �
:

It remains to relate the left hand side of this equality with the p-adic integral of the
theorem. By de®nition we have (cf. Corollary 4.11)

�
wp d ~mj �

P
x

wp�x�~kr
P

u

P̂j�u; r�
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summing over all x mod f not divisible by p and u taken from a representative system
in U

�0�
n of the ~u A Un�Z=f Z� with o¨-diagonal elements u1;2 � x and uj; j�1 � 1 for

j � 2; . . . ; nÿ 1. Recall that we de®ned

P̂j�u; r� :�P
v

Pj�v; pr�

summing over a representative system in U
�0�
n of the cosets in U

�0�
n =U

�r�
n which have the

same image as u under the canonical map to Un�Z=f Z�. Hence we have�
wp d ~mj � ~kr �P

x

wp�x� �
P

v

Pj�v; pr�

with v running through a representative system in U
�0�
n of all cosets in U

�0�
n =U

�r�
n with o¨-

diagonal entries v1;2 1 x mod f and vj; j�1 1 1 mod f for j � 2; . . . ; nÿ 1.

The group of diagonal matrices e A GLnÿ1�Zp� with det�e�1 1 mod f acts by conju-
gation on those cosets in U

�0�
n =U

�r�
n with all elements uj; j�1 in the o¨-diagonal being p-adic

units. Moreover in each orbit there is a representative v with unique x mod f as above so
that by the period relation in Lemma 4.8 we get

�
wp d ~mj � ~kr � ÿ�pÿ 1�prÿ1

�2ÿn�P
u

~wp

Qnÿ1

i�1

ui
i

� �
� Pj�u; f �

where now u runs over a full representative system of U
�0�
n =U

�r�
n . Here we exploit the fact

that, by de®nition, ~wp vanishes on non-units. So the theorem is proven.

Note added in proof. The expected boundedness of the distribution in the ordinary
case recently has been proven by the third author. See forthcoming publication.

References

[1] Borel, A., Stable real cohomology of arithmetic groups II, Progr. Math. 14 (1981), 21±55.

[2] Borel, A., Moore, J., Homology theory for locally compact spaces, Michigan Math. J. 7 (1960), 137±159.

[3] Borel, A., Wallach, N., Continuous cohomology, discrete subgroups, and representations of reductive groups,

Princeton University Press, 1980.

[4] Bott, R., Tu, L. W., Di¨erential forms in algebraic topology, Springer Grad. Texts Math. 82 (1982).

[5] Cartier, P., Representations of }-adic groups: A survey, in: Automorphic Forms, Representations, and L-

functions, Proc. Symp. Pure Math. 33, I (1979), 111±155.

[6] Clozel, L., Motifs et formes automorphes: Applications du principe de fonctorialiteÂ, in: Automorphic Forms,

Shimura Varieties, and L-Functions I, Perspect. Math. 10, Academic Press, 1990.

[7] Cogdell, J. W., Piatetski-Shapiro, I. I., Converse theorems for GLn, Publ. Math. IHES 79 (1994), 157±214.

[8] Deligne, P., Valeurs de fonctions L et peÂriodes d'inteÂgrales, in: Automorphic Forms, Representations, and L-

functions, Proc. Symp. Pure Math. 33, II (1979), 313±342.

[9] Fulton, W., Intersection Theory, Springer-Verlag, 1984.

[10] Gelfand, I. M., Kazhdan, D. A., Representations of the group GL�n;K� where K is a local ®eld, in: Lie

Groups and Their Representations (I.M. Gelfand, ed.) Wiley and Sons (1975), 95±118.

[11] Gritsenko, V. A., Parabolic extensions of the Hecke ring of the general linear group II, J. Soviet Math. 62

(1992), 2869±2882.

[12] Jacquet, H., Piatetski-Shapiro, I. I., Shalika, J. A., Facteur L et e du groupe lineÂaire: TheÂorie archimeÂdienne,

C.R. Acad. Sci. (A) 293 (1981), 13±18.

Kazhdan, Mazur and Schmidt, Relative modular symbols140



[13] Jacquet, H., Piatetski-Shapiro, I. I., Shalika, J. A., Conducteur des repreÂsentations du groupe lineÂaire, Math.

Ann. 256 (1981), 199±214.

[14] Jacquet, H., Piatetski-Shapiro, I. I., Shalika, J. A., Rankin-Selberg convolutions, Am. J. Math. 105 (1983),

367±464.

[15] Jacquet, H., Shalika, J. A., On Euler products and the classi®cation of automorphic representations I and II,

Am. J. Math. 103 (1981), 499±558 and 777±815.

[16] Manin, J. I., Periods of parabolic forms and p-adic Hecke series, Math. USSR Sbornik 21 (1973), 371±393.

[17] Mazur, B., Swinnerton-Dyer, P., Arithmetic of Weil curves, Invent. Math. 25 (1974), 1±61.

[18] Schmidt, C.-G., Relative modular symbols and p-adic Rankin-Selberg convolutions, Invent. Math. 112

(1993), 31±76.

[19] Shintani, T., On an explicit formula for class-1 ``Whittaker functions'' on GLn over P-adic ®elds, Proc. Japan

Acad. 52 (1976), 180±182.

[20] Vogan, D., Zuckerman, G., Unitary representations with non-zero cohomology, Comp. Math. 53 (1984), 51±

90.

Harvard University, Department of Mathematics, Science Center 325, One Oxford Street, Cambridge,

Massachusetts 02138

e-mail: kazhdan@math.harvard.edu

e-mail: mazur@math.harvard.edu

UniversitaÈt (TH) Karlsruhe, Mathematisches Institut II, Englerstraûe 2, D-76128 Karlsruhe

e-mail: cs@ma2pccs.mathematik.uni-karlsruhe.de

Eingegangen 8. Dezember 1997, in revidierter Fassung 26. April 1999

Kazhdan, Mazur and Schmidt, Relative modular symbols 141


