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0. Introduction

Let A = Ag denote the ring of adeles of the field of rational numbers, and, for an
integer n =2 let 7 and o be cuspidal automorphic representations of GL,(A) and
GL,-1(A), respectively. For such pairs (z,0), Jacquet, Piatetski-Shapiro and Shalika
[14] introduced an L-function L(rx,o,s) which we also denote L(n ® a,s5) to remind us
that it “would be” the L-function attached to the automorphic representation 7 ® o of
GL,(,—1)(A), the tensor product notation being in accordance with the Langlands dictio-
nary, when this automorphic representation 7 ® o exists. The L-function L(x,a,s) is
defined by Jacquet, Piatetski-Shapiro and Shalika as a certain adelic (“Rankin-Selberg”)
integral, and is shown to be an entire function of the variable s, and to satisfy a functional
equation of the expected type, interchanging s and 1 —s. The collection of functions
L(n,0,s) for fixed automorphic representation 7 and suitably varying o plays a key role in
the “converse theorems’ whose goal is to characterize an automorphic representation 7z in
terms of the analytic character of Mellin transforms.

This well-working theory of complex-valued L-functions being available to us, it is
natural to try to go further. Here is what we might wish to do, in this context, or in any
similar automorphic context. Firstly, for fixed (7, o) it will be of interest to us to study the
package of L-functions L(n ® y,a,s) for y ranging through all finite Dirichlet characters.
Now if there are critical values s=s;; j=1,2,... of the variable s for (n,0) (in the
sense, say, of [8]) one will wish to show that the function y — L(n ® yx,0,s;) (after “nor-
malization”; i.e., after division by an appropriate “period” which depends only on j and
the sign of y) takes algebraic numbers as values, and moreover, one will wish to control
the algebraic number fields containing those values, their denominators, and their depen-
dence upon y. It is natural, at least in certain instances, to try to organize all this informa-
tion in terms of “distributions”. For example, for a critical value 5; and a prime number p
one can try to find two (p-adic valued) distributions x* on Z, such that integration of a
finite Dirichlet character y of p-power conductor over the distribution %% yields the
normalized special values L(n ® y,0,s;). Having done this, the next step is to find upper
bounds for values of these distributions. In essence, such upper bounds prove analogues
to the classical Kummer congruences which give us p-adic interpolational information
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about the special values, and lead to the construction of a corresponding theory of p-adic
L-functions.

For n = 2 such a theory is already available, under suitable assumptions concerning
the infinity components (7..,0,,) and the p-components (7,,0,). See [16], [17], and with
only mild modifications such a theory is also proven for n = 3 [18]. The basic requirement
on infinity components is that there indeed be “critical values”, but more specifically that
7 and o, have nontrivial Lie-algebra cohomology. In both cases » =2 and n = 3 the
algebraicity (and integrality properties) of the special values is established by expressing the
adelic integrals involved in terms of “modular symbols” in the homology of the appropri-
ate symmetric space. The modular symbol structure gives one indeed a much tighter hold
over the structure of “special values™ insofar as it reduces many issues to relatively explicit
questions regarding homology of finite simplicial complexes with coefficients in the rings of
integers of algebraic number fields.

The first section of the present article sets up a topological construction providing a
theory of what we call “relative modular symbols” for general n which incorporates the
known constructions for n = 2, 3.

To put ourselves in a context for the study of “special values” we work under a very
simplifying hypothesis for the pair (7,0) of cuspidal automorphic representations of
GL,(A) and GL,_;(A), respectively. We suppose that 7., and o, are both “special”, which
guarantees that they both occur in the cohomology of the appropriate symmetric space
when we compute cohomology with constant coefficients, and which also gives us that
s = 1/2 is the unique critical value. We also assume that p is unramified for both 7 and ¢
and make some simplifying assumptions on the nature of the twisting Dirichlet character y.
In such a context we analyze a certain product

P.(s)  L(n® yx,0,s)

where P, (s) is an explicit entire function described as a certain integral dependent only
upon the Whittaker models of 7., and ... In particular, since we have fixed both (7., and
0. ) to be “special” the function P, (s) is uniquely determined by the integer n. We express
the special value P, (1/2) - L(n ® y,0,1/2) directly in terms of relative modular symbols,
giving that P, (1/2) - L(n ® y,0,1/2) is algebraic. To obtain algebraicity results for
L(n ® y,0,1/2) itself from this method, we would be obliged to show that P, (s) doesn’t
vanish at s = 1/2.

Question. Is P, (1/2) + 0 for all n = 2?

An affirmative answer to the above question is indeed known for n = 2,3 (for n = 3,
see Theorem 3.8 of [18]).

In section 2 we prove an analogue (for n = 2) of a result known in the case n =2 as
the “Birch Lemma”. Using it, we get some control over the behavior of L(n ® y, a,s) for
varying y. In section 4 we assume an affirmative answer to the above displayed question,
and construct p-adic distributions whose integral over finite Dirichlet characters (satisfying
appropriate conditions) gives the desired twisted special L-values. We expect a suitably



Kazhdan, Mazur and Schmidt, Relative modular symbols 99

adjusted distribution to be bounded in the ordinary case as in the case n = 3 (see Theorem
B in [18]).

Acknowledgements. The authors would like to thank Wilfried Schmid and David
Vogan for conversations about representations of real Lie groups which were enlightening
and helpful to us.

1. The topological construction of “relative modular symbols”

Let X, denote a symmetric space associated to GL,(R)’, the (connected) component
of GL,(R) consisting in all n x n real matrices with positive determinant. For concreteness
we take SO,(R) as choice of maximal compact subgroup K = GL,(R)’, and set
X, := GL,(R)°/K. Let SX,, denote SL,(R)/SO,(R) so that g — (det(g)_l/" - g,logdet(g))
gives us an isomorphism

Xn — SX, x R.

The subgroup SL,(Z) < GL,l([Ri)0 acts discretely (by left multiplication) on SX,, and its
natural operation on X, is compatible with the product structure displayed above, where its
action on the second factor R is trivial. Let I}, be any congruence subgroup of SL,(Z), and
let Y, :=T,\X, and SY, := I,\SX, denote the quotient spaces, so that we have

Y, =SY, xR

If d, denotes the common dimension of X, and Y,, then d, = (n> +n)/2. Let H* denote
cohomology. Form

S . _ 11 s . ~ 11 s .
# ._hTmﬂ (T,\SX,; C) =~ th}H ([,\X,: C)

on which one has a natural action of the group GL,(A/), where A, = Aé is the ring of
finite adeles of Q.

Any irreducible subrepresentation # of GL,(A,) in 2 may be written as a restricted
tensor product, Q) m,, where 7, is an irreducible representation of GL,(Q,) and where the
p runs through all prime numbers. There is a unique irreducible admissible representation

7o, of GL,(R) such that the restricted tensor product 7 = 7, ® ¢ Q np} is an admissible
P

automorphic representation of GL,(Ag). If a cuspidal admissible automorphic represen-
tation 7 of GL,(Ag) can be obtained in this way, one says that z ‘occurs’ in (s-dimensional )
cohomology. When n = 2, a cuspidal automorphic form z occurs in cohomology if and only
if 7 is generated by a holomorphic cuspidal modular form f of weight two. More generally
for any n = 2, a cuspidal automorphic representation = of GL,(Ag) occurs in cohomology
if and only if 7., is the “special” representation; that is, if and only if it is the infinity-
component of the “n — 1-st symmetric power” of a classical weight two automorphic form
on GL,. This seems to be well known to the experts but seems not to be explicitly found
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in the literature. To do this, one must show that the infinity-component of a cuspidal
automorphic form which occurs in cohomology

a) is unique (for fixed n), and
b) is indeed the “special representation”.

Uniqueness, together with an explicit characterization of this infinity-component
follows from Theorem 5.6 of [20]. The point here is that our representation 7., is non-
degenerate, and, using the notation of [20], the modules 4,(4) are degenerate for O-stable
parabolic subalgebras ¢ which are not the Lie algebras of Borel subgroups; one can there-
fore directly apply Theorem 5.6 of [20]. Once uniqueness is established, one is left with
the task of showing this unique representation 7., to be the “special representation”, as
claimed. For this, one uses the characterization of the modules 4, given in section 5 of [20].

Furthermore one has complete control over the dimensions of cohomology in which a
cuspidal admissible automorphic representation can occur. Specifically, let

ep:=mn—1[n/2]-1)/2,

where [-] denotes the “integer part”. Put b, := (d, — 1)/2 —e, and 1, := (d, — 1)/2 + ¢,
so that

by = (n* —n+2[n/2]) /4
and

th = (n*+3n—2[n/2])/4 - 1.

Then no cuspidal automorphic representations occur in s-dimensional cohomology
for s < b, or s > t, and if 7 is a cuspidal (irreducible, admissible) automorphic representa-
tion that occurs in cohomology, it will occur with multiplicity one in #* for s = b, and
s = t,. These facts can be computed fairly directly using the explicit description of 7,,. We
omit the relevant calculations, as they seem to be well known. We should signal, however,
we have no reference for them in the literature. We shall say that s is in the cuspidal range
(for GL,) if b, < 5 < t,. We have

n d, b, 1,
1 1 0 0
2 3 1 1
3 6 2 3
4 10 4 5
5 15 6 8
6 21 9 11
7 28 12 15.

Let

(7) n=np+ny+---+ng
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be a partition of n. Let P denote the “standard parabolic subgroup” of GL, associated to
the partition (z), i.e., P consists of upper-triangular block k& x k matrices whose (i, j)-th
entry is a matrix of size n; x n; (1 <14, j < k). Then P = L - U where

L=GL, xGL,, x--xGL,,

is the Levi component of P and U is the unipotent part of P. We view P,L and U as
algebraic groups over Q.

We take SO, n L = SO,, x SO,, x --- x SO, < L as our choice of maximal com-
pact subgroup K = L, and imbed the quotient X := L(IR)O /K into the symmetric space
X, = GL,(R)"/SO,(R):

X =LR)/K =X, X X, X - X X, =X,

Congruence data for the partition (z). Having already fixed the congruence sub-
group I, = SL,(Z), we now fix congruence subgroups I,, = SL, (Z) fori=1,...,k, and
an algebraic subgroup (usually unipotent) W < P.

For each element ue W(Q) andi=1,...,k let

Iﬂn,-,u < 1—‘n,- < SLn,-(Z)
be congruence subgroups such that if

Fn,u =L u X rnz,u X X Fn/c,uy

then T, , is contained in the intersection of u~!- T},- u with SL,,(Z)x SL,,(Z)x - --x SLy,(Z),
and put

Yiuw:="Tnu\Xy, fori=1,... k.

The natural map L — GL,, A +— u - A induces a mapping @, : Yy, X Yy, y XX Yy y— Y,
which is proper by a result of Borel and Prasad.

Main example. Consider the above construction for the partition n = (n— 1) 4 1.
Thus we imbed GL, | X GL; in GL, in the standard way:

GL,-1| O
0 GL,
viewing the subgroup L := GL, ;| x GL|; = GL, as the Levi component of the parabolic

subgroup P/g = GL,/q,
GLn,1 *
P= ,
0 GL,

and we choose W to be the group of all upper-triangular matrices.
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If I, and T,,_; are given congruence subgroups of SL, and SL,_;, respectively, then
for any u € W(Q) put

1—‘n—l,u = urnu_l M 1—‘n—l,
and I'; = {1} so that
Yooiu=Tw1.\Xs-1 and Y =X =R.

We have, as usual, Y, = I,\ X, and (with some apology) we put Y, = I},_;\X,,—1 (hoping
that the reader will forgive the incompetence of this terminology by refraining from evalu-
ating the indices when n = 2). We have, for any u € W(Q), the natural (“finite”, proper)
mapping py : Y,_1,4 — Y,—1. For each u € W we get a proper mapping

D, : Ynfl,u X Y] = Ynfl,u XR—Y,.

Let #,(—; A) denote Borel-Moore homology with coefficients in a ring 4. (See, e.g.,
[2], or [9], Ch. 19, for a summary of all we use.) Then if [, is torsion-free, (Y, is a manifold,
and) #,(Y,; A) is dual to H"(Y,; 4).

Let us return now to the general partition n =n; + ny + - - - + ng, and compatible
choice of “congruence data”. Fix a sequence of positive integers ri,...,rr, and set
r=ry+---+r. Forany ue W(Q), the proper morphism ®, above induces a morphism
on Borel-Moore homology groups,

9%‘1 ( Ynl,u; A) ® e ® %’k(Ynk,u; A) - %( Y}’l) A)
For which (nontrivial) partitions (7) is it the case that we may find a sequence of integers

i (j=1,...,k) such that r; is in the cuspidal range for GL,, (j =1,...,k) andr =} r;is
in the cuspidal range for GL,? This is an easy enough combinatorial exercise:

We may find such a sequence {r;} only for the “main example” above, i.e. for the
partition

(70) n=n;+n with np=n—1 and m=1
where r; is taken to be at the top of the cuspidal range for GL,,_,i.e.r1 — 1 =1t,_1,r, — 11is
(necessarily) taken to be 0, and r is taken to be at the bottom of the cuspidal range for GL,,

i.e., r — 1 = b,. This choice does work (because #,_; + 1 = b,).

For each u € W(Q), we then have the homomorphism induced by ®,:
Ot Ay 11( Y105 4) @ H1 (Y15 4) — Hp,1(Yu; A).

Letting 1 e #1(Y1;4) = #1(R;4) @ A denote the fundamental class, and putting
V,(x) =¢,(x ® 1) we get a homomorphism,

lﬁu : }ftn,|+l(ynfl,u§A) - %anrl(Yn;A)

Fixing o an element in the Borel-Moore homology group
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Ofec}f[

n—1

(SYn-1;4) = A1, 11 (Ya-134),
and f an element in the cohomology group

Be H"(SY,; A) =~ H"*(Y,; A)
we define the topological relative modular symbol

{o, yu} == B, 0 pi(a) € A.

2. A generalized local Birch lemma

Let F be a non-archimedean local field, and ¢ : F — C* an additive character with
kernel given by the ring of integers (r. In this section # denotes a prime element of (r. Let
U,(F) c GL,(F) denote the subgroup of upper-triangular unipotent matrices, i.e., matrices
u = (u;) such that u; =0 for i > jand w; =1. If ue U,(F), fori=1,...,n—1, let u;
denote the i-th off-diagonal entry of u, i.e., u; = u; ;1. Put

V) =TI ().

1<i<n-1
By a Whittaker function (relative to y) on GL,(F) we mean a function w such that
a) w(ug) = y(u) - w(g) forue U,(F), g € GL,(F),

b) there is an open compact subgroup K = GL,(OF) such that w(gk) = w(g) for
keK, ge GL,(F), i.e., w is right invariant under K.

Let y:0p — C* be a finite character with conductor ideal generated by a
suitable integer f € Of; we extend y to O by defining its value to be zero on non-units.
Denote by ¢ the diagonal matrix diag(f ', f72,...,f ") € GL,(F), and denote conjuga-
tion by ¢ by the superscript ¢, so that if g = (g;), then g” = pgp~! = (f I gi7)- Note that
U,(OF)" = U,(OF).

For m < n, we imbed GL,,(F) in GL,(F) in the usual manner by

g— g
1
and we shall often identify GL,(F) with its image in GL,(F) and U,(F) with

U,(F) n GL,,(F). Further let I = I, denote the Iwahori subgroup of GL,((F), i.e. those
matrices in GL,(Of) which are upper-triangular modulo 7.

Definition. Let w be a Whittaker function right-invariant under the Iwahori sub-
group I,. For ¢ € GL,_; such that det(c) € O, set

n—1

wy(c) = X(det(c)) > X(Mi)i (e u(¢—l))7

u 1
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where the summation over u is taken over a representative system for U,(Cr) modulo
U,(OF)?. Put w,(c) = 0 if det(c) is not in Op.

For the rest of this section let K = GL,_;(0f) denote the congruence subgroup
defined by the conditions:

k = (k) € GL,—1(0F) is in K if and only if k; = 0mod £~ for all i > ;.
In the special case f = 70 thisis just K = I, 1 N I,f’:i

The generalized, local, Birch lemma. Let y : Oy — C* be a character such that the

powers y, x>, ..., x" " are all primitive, nontrivial characters of conductor equal to f. For any

Whittaker function w right-invariant under the Iwahori subgroup 1,, the function w, enjoys
these properties:

a) w,(uc) =y(u) - wy,(c) forue U,_(F), c € GL,_(F).

b) wy(ck) =wy(c) for k e K, c € GL,_1(F).

c) The support of w, is contained in U, (F) - K.

Proof.  Assertion a) is evident. We now show b), i.e., that w,(c) depends only on the
left-coset of ¢ mod K. To see this, we need only show b) for k running through a system of
generators of K. Specifically, we choose the system consisting of:

(i) diagonal matrices with entries in O;,

(ii) elementary matrices E,g(a) for all « < f<n—1, where we allow a to run
through the elements of O,

(iii) elementary matrices E,g(a) for all f <o <n—1, where we allow a to run
through the elements of the ideal f!™*# .

Recall that an elementary matrix E,p(a) is a matrix whose ij-entry is given by
0jj +a- 0y - 0jp, where J;; is Kronecker’s delta-function.

Case (i). 1If k is of type (i), then k € I, and k commutes with ¢ and therefore

wy(ck) = y(det(ck)) Zu: H 7)) w(c(kukil)"’il)

and by the change of variables u — i := kuk~', where &; = k; - u; - ki +11, we find
wy(ck) = x(det(c)) - Z H w(cp™lip) = wy(c).
Case (ii). 1In this case we have k- u? ' = ¢~ (k' - u)p where we set

k' == gko™' = E4(f" - a).



Kazhdan, Mazur and Schmidt, Relative modular symbols 105

As u runs through a representative system of U,(0r) mod U, (Or)?, so does i := k' - u, and
moreover we have #; = u; mod f. Again we get invariance:

wy(ck) = wy(c)
for all a € OF.

Case (iii). Here we put k':=¢-k-¢~' hence we have k' = E,(a’) where

a’'=0mod f. For each ue U,(Or) we shall construct a matrix v e U,(Of) with the
property that
a) v-k'-uel?,
b) (v, =umod f fori=1,...,n—1.
By the right invariance of w under I, the equality w,(ck) = w,(c) will then follow.
Note that it is sufficient to show instead of a) the weaker statement
a') v-k'-ueGL,(OF)",
since vk'u € GL,(OF) and GL,(Ofr) n GL,(0F)” = I? implies a) assuming a’).

We shall define the matrix v = (v;) inductively (in the parameter r) as follows.

The r-th step of the induction. For integers » = 0 we shall find a choice of elements
v = v;j(r) satisfying:

(HU(V)> Zvis-ustrwvm'u/;j Efjii'@p
P
if j—i<r and
Zvis-usj—ka-vm-uﬂjefr-(ﬁp
S
ifj—ix=r
r=1. We wish to define v;(1), which we will refer to as simply v;; in this paragraph.

Set vj; = 0 fori > j, v; = 1 fori = j, and for i <j < n define elements v; € O, by a second
rising induction on j — i, so that they satisfy the equation

J
Z Vjs * usj =0.
s=i

Noting that for any choice of elements v; € OF, we have a- v, - ug; € f - O we see
that (H;;(1)) will then automatically be satisfied.

Passage from r to r + 1. We suppose given a matrix (v,/(r)) satisfying (H;(r)) and
seek a matrix (v;(r + 1)) satisfying (Hy(r + 1)). Take vy (r + 1) = v;(r) for j — i < r. Now
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suppose that j —i > r = 1. Define elements v;(r 4+ 1) € O, by a second rising induction on
J — 1, so that they satisfy the congruences v;;(r 4+ 1) = v;(r) mod f”, and

(1) ij_vis(r—k 1) - g +a - vip(r) - upy = 0mod £
if o« > j, and

(2) Zj:v,»s(r+ 1)ty +a- v(r+ 1) - ug = 0mod £
ifo<j.

Noting that, in either equation, v;(r + 1) occurs with a coefficient which is a unit in
Oy, we may solve, inductively for the v;(r 4+ 1)’s to obtain the unique system satisfying (1),

(2)-

To check that the system of v;;(r + 1)’s satisfies (H;;(r + 1)) we need only show that if
j—izr+1, then

Swi(r+ 1) - ug +a-vi(r+1) -ug e [ Op.
But (1) and (2) above, together with the realization that
a-vi(r+1)=a-vy(r)ymod f - Op

(recall that a e f - Of) gives this immediately. Finally, the matrix v = (v;) for v; = v;(r)
with any r = n — 1 has the properties we seek, concluding the proof of b).

As for c¢), since U, (F) is a closed subgroup, and K is a compact open subgroup of
GL,_(F), it follows that the set U,_(F) - K is open and closed in GL,_(F). Let B, (F)
denote the Borel subgroup of lower-triangular matrices in GL,,(F). To check that the
support of w, lies in the set U,_;(F) - K it suffices to show that the support of the restriction
of w, to the open dense cell, U,_(F) - B, ,(F), of the Bruhat decomposition of GL,_; is

contained in the set U, (F) - (K n B,_,(F)). For this consider the assertion:

(S(m)) The support of the restriction of w, to the open dense cell, U, (F) - B, (F),
of the Bruhat decomposition of GL,,(F) is contained in the set Uy, (F) - (K N B,,(F)).

The assertion (S(1)) is evident. So suppose we have established (S(m — 1)) for an
integer m in the range 2 < m < n — 1; we must show (S(m)). For this we need two lemmas.

Lemma 1. Let m be an integer <n and let ¢ € B, (F) be in the support of w,. Then the
entries ¢y for i < m are in f1+m_’ - O and ¢,y 1s a unit in Op.

Proof. By replacing n by m+ 1, and restricting the Whittaker function w from
GL,(F) to GL,,(F), one sees that it suffices to prove our lemma in the special case
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m =n — 1. We assume, then, that m =n — 1. For u’ € U,(F) let tu' € U,_(F) denote the
truncation of u’, i.e., for i,j < n— 1, put (lu’)ij = u,’j For varying u’ in U,(F), we first want
to find an upper-triangular matrix v € U, (F), given as a function of the entries u;, such that
its truncation fv is the identity matrix, and such that v - ¢ - u’ only depends on #u’. Since for

any choice of the matrix v € U,(F),

(v-cu')y= 3 vicsuy,
iSrs=sj

all the entries of v-c-u’ except, possibly, those in the last row (i.e., when j=n) are
independent of the entries u] , to achieve the condition that v - ¢ - u’ depends only upon 7’

m>

we need only consider the last row of v - ¢ - v/, i.e., j = n. For i < n, and for any choice of v,
we would have

(0 cou)y =30 20 Virtrstly, = Vin D D VirCrollg,

r2i ssr n>rzi s<r

Furthermore demanding that v be the identity matrix, i.e., v; =d; for i £r < n,
defining, then, the v;, (v,, = 1) by the formula

we obtain our desired v.

Now put g := v - c-u’ where u' = ¢~ 'up with u € U,(Or). Then we have

wy(e) = x(dete) - 2 1 (i)' w(v™ - g)

tu =1 Ui, i=1,....,n—1

— y(dete)- 5 TT 2un)’ - wlg) - { S )™ ~w<—vn1,”>}

where we have separated variables, the first summation above being over all choices of #u in
Uy-1(Or) modulo U,_1(Cr)”, and the second summation (in the curly brackets) being over
all choices of u;, in O modulo f"~" - O for 0 < i < n.

If ¢ is in the support of w,, we must then have that the curly brackets term be non-
zero, hence

i
Z Xn_l(un—l) . l//(Cn—l,n—l . un—l/f) + 07

Up—1
which implies that the entry ¢,_1 ,—1 1s a unit in O, since X"’l is of conductor f, and
i)
Z lp(cnfl,[ : u[,n 'fiin) :’: 0

Uin

for 1 <i < n— 2, which implies ¢,,_,; = 0mod f”fi, so we proved Lemma 1.



108 Kazhdan, Mazur and Schmidt, Relative modular symbols

We can now establish the inductive step, i.e., the proof that (S(m — 1)) implies

(S(m)).

Lemma 2. Let m be an integer in the range 1 < m < n. Let y be a character such
that the powers y,x>,...,x™ all have conductor equal to f. Suppose (S(m—1)). Let
ce B,,(F) c GL,(F) be in the support of w,. Then c € K.

Proof. As discussed in the proof of Lemma 1, there is no loss of generality in
assuming m = n — 1, which we do.

Consider the matrix k = (k;) defined as follows. The entries k; are equal to the
Kronecker d; unless i=n—1, and j<n—1, in which case k,_1; = —cu_1,j/Cr1,n-1
if j<n—1, and k,_1 ,-1 = 1/cy—1,,—1. Note that by Lemma 1, ¢, ,—; is a unit, and
k e K. Part b) gives us that ck is in the support of w, if and only if c¢ is. But a
straight computation gives us that ck lies in GL,_»(F) < GL,_;(F), and consequently, by
(S(m —1)) = (S(n—2)), we have that ck € K. Therefore so is c.

This concludes the proof of the generalized local Birch lemma.

3. Modular symbols and zeta integrals

3.1. The local zeta integrals at p. We specialize the situation of the previous
section to the case ' = Q, and an additive character . Let /() denote the space of all
(C-valued) Whittaker functions relative to , on GL,(Q,) considered as a representation
of GL,(Q,) by right-translation. Let m, be an irreducible admissible representation of
GL,(Q,) which is a subrepresentation of #'(,), i.e., m, is generic (cf. [15], [10]). The unique
corresponding subspace ¥ (n,,,) = W' () is usually called the Whittaker space of m,.
Now let g, be a generic irreducible representation of GL,_1(Q,) and suppose that 7, and
g, both are unramified. Let w resp. v be Whittaker functions in the Whittaker spaces

W (mp, W,) resp. W (op,1h,).

Hypothesis. We suppose that w (resp. v) is right invariant under the Iwahori
subgroup I, (resp. I,_1).

Further let x denote a character of @, such that all powers y, 7% ...,x""' are
nontrivial of conductor equal to f. There is an associated (primitive) Dirichlet character ¥
on Z,, defined by j(x) := x(x) for x € Z, and j(x) := 0 for x € pZ,. As in the Birch lemma
we define a Whittaker function w, € #'(n, ® x,,) by setting

o) 1= 2(det(g) - :ﬁfﬂub (g™,

where the summation over u is taken over a representative system for U,(Z,) modulo
U,(Z,)”. Recall that the local zeta integral W (w,, v, s) is defined by the formula

Wiw, o) = [ wlg)o(g)ldet(q)]* 2 dg
Un—l\er—l

where U,_1 := U,-1(Q), G,—1 = G,—1(Q,) and w,(g) :=w, <<g 1))
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Proposition 3.1.  The local zeta integral ¥ (w,, v, s) is constant in s. Moreover we have

n—1 ; n—1 l_p—l
Wowysv5) = w(l) - o(1) - 1T GG - TT 12
i=1 j=1 p

where G(y') is the usual Gau3 sum

6= % 70w, (jé) .

Proof. Consider the Iwasawa decomposition G,—j = U,—1 -4 - G,-1(Z,). Recall

that v is right-invariant under 7, and that the restriction of w, to G,_; is right-invariant
under the congruence subgroup

K ={ke G, 1(Zy) | ky=0(f""7) fori> j}

by the generalized local Birch lemma. Since that restriction has its support in U,_; - K and
Kc I, |, we get

W(wy,v,5) =0v(1) - wy(1) - vol(K).
Hence the proposition will follow from

Lemma 3.2. Withe, :=n(n+1)(n+2)/6 —n we have

) wy(1) = w(l) - £ H G(z),

B n—1 1 — p7/
b) (Gra(Z,) 1 K) = /- TT 1=
j=1 p

Proof of the lemma. a) We want to compute
n—1 o =
we(1) =32 1_[1 2(wi) - ww? )
u i=

where u runs over a representative system for U,(Z,)/U,(Z,)”. Since we have

W) = w(l) -y, G gll ”’)’

each term in the sum over u only depends on the residue class of # modulo the kernel of
the homomorphism

pr:UlZ,) — (Z,/)"", uw— (...,u;mod f,...).

Hence we get
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w () =w@)- >0 - 2 ’ﬁli(ui)i-llfp<ﬂ>'(Kef(Pr):Un(Zp)(”)

u; mod f° u,—y mod f i=1 f
n—1 .

=w(l)- Hl G(x") - (Ker(pr) : U(Z,)"),
=

and it remains to compute the index of U,(Z,)” in Ker(pr). This index can easily be read off
from the filtration

Un(Z,) FO S5 F@ 5 .00 5 gl

with F*) .= Ker(pr)) for pr(;y := pr and where

prag s FOU = (Z, ) f5Y" ) wes (g1, U2, - -y Uni,n) mod fF.
Obviously the last member in this filtration is

Uy(Z,)" = {ue U,(Z,) | u; = 0mod £/~ for j > i}.

Hence we find the index

thus proving a) by the (well known) formula

n—1
Y k(n—k)=-e,_; (fornz=3).
k=2

For n = 2 there is nothing to show.
b) We replace n — 1 by n and prove the appropriate index formula for
K = {k € G,(Z,) | ky = 0(f ") for i > j}.
Obviously K contains the principal congruence groups
K(f™) = {k € G,(Z,) |k = 1 mod f™}
for all m > n. Reduction modulo /" produces the following standard exact sequences
0= K(f™) = Gul(Z,) = Gu(Z/ ™) =0,

0—-K(f")—-K—-K-—0

where we put

K :={keG,(Z/f™) |ky=0(f""7)fori> j}.
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Hence the index
(Gu(Zy) - K) = |Gu(Z//™)|/IK]
can be determined by “‘counting elements”. We have

n—1

G(Z/ ™) =" T] (1= p*™")

v=0
and
|E| — (ﬂ(fm)n . |Un(z/fm)| i (fm—Z)n—l . (fm—S)n—Z . (fm—n)I’
where
U@/ =1

SO

_ m-n?— . i(n 1—1')

|K|:(1_p—1)n.f IZZ: +

This completes the proof of b).
3.2. A global Birch Lemma. Let 7 resp. ¢ be cuspidal automorphic representations

of G,(A) resp. G,—1(A) both unramified at our fixed prime number p. For a fixed prime
number / and each pair of Whittaker functions

(wryve) € W (s hs) X W (ar, )

the associated zeta integral

borrorsyi= w7 Jurtaldeta)) g

l]n—l\Gn—l
for G, := G,-1(Qy), U,—1 := U,_1(Q,) converges for Re(s) sufficiently large. These zeta
integrals span a fractional ideal L(n/,a,,s) - C[/*, /7] of the ring C[/*,/7°] in the field

C(/*) of rational functions in the variable /¢, thus defining the local zeta function
L(n;,0/,s) uniquely by fixing a polynomial P(X) € C[X]| such that P(0) =1 and

P(/_S)_1 = L(ny,0/,5)

(cf. [14]). Obviously we have a map on the tensor product T := ¥ (r/, ;) @ W (as,¥,)
given by

Y T, —C(%, w, Qus— P(w, @uyys) :=(wy,vy,5).
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Moreover if 7, and g, both are unramified, the zeta integral for the respective new vectors
w? and v} represents the L-function

L(”/ao'/as) = \P(W? ® U?as)'

Let 7 :=w) ® v). Let S denote the finite set of primes / where n, or g, is ramified. For
¢ € S there is at least some “good tensor” ¢? € T, such that we have

L(ny,00,5) = P(1), ).
We will next consider certain pairs (w, v) of global Whittaker fuctions on G,(A) and

G,1(A) given as products of local Whittaker functions w := [[w,, v:=[]v,, where we

choose wy := w?, v, := v) to be the respective new vector for / /not contairied in Su {p}.
For / = p, as in the previous section we will eventually let w, and v, vary among all
Whittaker functions which are right invariant under the respective Iwahori subgroup. For
¢ € S we will choose good tensors as previously described.

For any choice of w,, € #o(n.,¥..) resp. vy, € #o(ow,¥,,) (in the notation of [12])
and for arbitrary w,, v, for / € S we get global Whittaker functions (w, v) with associated
automorphic forms (¢, ¢). The product of all local zeta integrals then becomes a Rankin-
Selberg convolution (cf. [15], I1.3.3 or [7], Prop. 6.1)

= g g)|det(g)°~?
vorens = 1 o7 Jotoetordo

¢ G 1 (@\G,

for Re(s) > 0, admitting an analytic continuation to an entire function in s. This function
which only depends on the pure tensor w ® v can be linearly extended to the (algebraic)
tensor product of global Whittaker spaces

T := Wb(”a lp) ® %(J? lp)
by sending
[ITw,®[]v,— [[¥Y(W, ®vy,5).
‘ 7 7

In particular we find (up to the infinity factor) the global L-function

L(n,0,s) :=[[ L(ns,0/,5)
‘

in the image of this map. For each choice of the pair (w,, v, ) there is an entire function
P(s) such that

P(s)- L(n,0,5) =Y (W, Vg, S) '/1;[ W(1),s).

Recall that L(n.,,0.,s) is defined by the corresponding Weil group representation as in
[12].
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Note. a) We still can vary (w,, vy ) which will effect P(s).

b) Writing each ) for /€ S as a sum of pure tensors leads to a finite sum of pure
(global) tensors in T’

ij®vj: (Weo ®veo) - 1 t?.
j

{+ 0

We fix this explicit sum decomposition and, in what follows below, our formulas will
depend upon this decomposition. Separating finite and infinite parts we sometimes write
wj = W, - wj s and similar for v;. The associated automorphic forms (¢;,¢;) yield the
integral representation

PO L) = 147 Joto)ldetto) s

We will in particular consider modified (wj,v;)’s and (¢;,¢;)’s, where at / = p the local
component (wp,vo) is replaced by an arbitrary pair (wp,v,) of Whittaker functions
invariant under the respective Iwahori subgroup.

We want to consider y-twists of n for a finite idele class character y = H x,- For
simplicity we assume:

Hypotheses. y.. is trivial, and y, x?,...,x""! have the same non-trivial conductor f
which is a p-power.

The first assumption ensures that P(s) will not change when passing from 7 to 7 ® y
since 7., = (7 ® x),,. By the second assumption we can apply Proposition 3.1 to conclude
the

Global Birch Lemma. For any choice of (Wo,vs) and any (wy,v,) right-invariant
under the respective Iwahori subgroup the corresponding triples (P, ¢;, p;) satisfy

_ G 1_ —1
) o) Pls) - 1T (() (p,.)” ).

L(n® y,0,s)

n—1 . B 1
=2 a0 2 ol (9 1)“” +9;(9) - x(detg)|detg|" dy,

J G (Q\Gr-1 (A)

where u = u, (with uy =1 for all ¢ 4: p) zs taken from a representative system for U,(Z,)
modulo U,(Z,)" with ¢, := diag(f~", f72 ..., /") as in the local Birch Lemma.

Proof. We observe that any good tensor 0 for (n/,0,) supplies the good tensor
7,(det) - 22 for (n, ® y,,0,) if £ + p. So the respective local L-function is given by

L(ﬂ'/ ®X{'aalas) = \P(X/(det) ’ [?’S)

At the prime / = p where n and ¢ are unramified but y is ramified, we have the trivial local
L-function L(n, ® ,,0,,s) = 1, whereas by Proposition 3.1 the specific Whittaker function
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Wp.z, € W (1 ® 1,, ) leads to the zeta integral

n—1 G(y1) - (1 — -1
Y (Wp,z,, Upss) = wp(1) - vp(1) - 1;[11 (X[(’i _(pi)p )’

which is constant in the variable s. Again we can piece together the local Whittaker
functions to form the global Whittaker function

Wiz 3= W - Wp ~/*H 2, (det) - w; 4,
/ p’x}

which by definition of w, , as in the previous section easily can be transformed into

:200) = 2(det(@)) - 5 T 7, vy (o

with the same convention for the summation as in the statement of the lemma. Note that
u = u, has trivial /-component for / + p and therefore we have

1

-1 (p?
wi(gu’ ) = /H wi.o(ge) - wp(gpuy' ).
[ *p

Via Fourier transformation there is an automorphic form ¢, , attached to w; ,, which can
be expressed by ¢; in the form

n

¢Mm=mw@y;§@w»mwww

Summing up, the Rankin-Selberg convolutions of ¢; , and ¢; obviously become the right
hand side of the formula in the lemma. By the general theory this is equal to the product of
local zeta integrals above (in the region of convergence), hence the formula in the lemma is
valid by analytic continuation.

For later use we want to reformulate the global Birch Lemma such that the integrals
do not involve the character y. Let C; ; denote the inverse image of the idele class group

Q*\Q* - <R>O x [ z; x(1 +fZ[,)> c Q*\A~
/#%p, 0
under the determinant map
det: G,-1(Q)\G,—1(A) — Q\A*.

Let a be an arbitrary positive integer. We decompose the domain of integration into finitely
many shifts of Cj s« as follows. Write

Gt (Q\ Gyt (A) = [ C1pe - diag(x, 1,..., 1)
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where x runs over a representative system of (Z/f“Z)" in Z;. Note that the shift only
effects the p-component.

1 :
Corollary. Specializing to s = 5 e get for each positive a € 7

wy(1) - 0,(1) - p<%> . :;Hll GOEI?(_I—;;I).LGI ®X,a,%>

n—

—1\ sa b 9 o' ]
~0-p s T s ol (Y )) ] nw

J Ciga

=

Proof. We integrate over each shift of C s« separately. Observe that y(det) is con-
stant on each of these sets. A change of variables shows that these separate integrals are all
equal, i.e. do not depend on x, since multiplication by the diagonal matrix diag(x,1,...,1)
permutes the u’s such that u; transforms into x-u; and uy,...,u, | remain unchanged.
This proves the formula.

Our next aim will be to interpret the occurring integrals under certain conditions as
terms resulting from integrating cohomology classes against cycles on arithmetic quotients
of symmetric spaces (assuming the non-vanishing hypothesis discussed in the introduction).

3.3. Differential forms and cohomology. From now on we assume that our repre-
sentations 7 and ¢ both occur in cohomology with constant coefficients, in particular they
have trivial central characters. The global representations 7 and ¢ have finite parts 7, and
oy with respective new vectors wy, vy right-invariant under some open compact subgroup

A~ A~

K < G,(Z) resp. K' = G,—1(Z) such that the respective image under the determinant map
is the full unit group Z*, i.e.

det(K) = det(K') = Z*.

Moreover the canonical embedding

J G — Gy, g'_’(g 1)

sends K’ into K since by [13], Théoréme (4.1), wy is even right invariant under j(G,-1(2)),
so we may choose K containing j(K').

The advantage of the surjectivity of the determinant map is that we can easily switch
from ‘adelic quotients’ to standard arithmetic quotients and vice versa. Separating finite
and infinite parts of adelic elements we write g = (gy, g+.) for

g € GL,(A) = GL,(As) x GL,(R).

We put
Xy = Gu(R)/0,(R) = G (R)/SO,(R) = R x )
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with

2} = SL,(R)/SO,(R) = SLF (R)/0,(R) < %,
and

I={ye G, (Q)|y €K} = SL\(2).
Then we have the bijection

C\Zy — Gu(Q)\Gu(A)/K - Ou(R),

with g, € G (R). The reason is that by strong approximation we have
Gu(A) = G,(Q) - G/ (R) - K.

The same argument applies to G,_; with a discrete subgroup I'" = SL, ;(Z) attached to
K’. The embedding j : G,_; — G, induces an embedding of symmetric spaces

Ji & — 2, 9 0,1,1(R) = (g 1) ’ On(R)-

Moreover we can create a whole family of embeddings by composing j with left translation
by any element /2 € G,(R). Set

ot Tt — T, g~0n1(|R)r—>h(g 1)0,,([@).

We are in particular interested in those embeddings j, which define maps of arithmetic
quotients.

Remark. For any i € G,(Q) let
I = (e '] j() e 'Thy.

Then j, induces a proper mapping
Jn i T\Zy = T\ Ty, Thg0, 1 (R) rh<g 1)0,1(R).
Note that j(K') = K implies I'" = T hence we have, taking 4 = 1, the map

J1:TN\Z1 — T\Z,.

We want to compose the maps j, with projection p, into the second component of
X, = Ry x 52”,71, induced by the map

Py Go(R) = SLE(R), g+ g-diag(...,|detg|™"/" . ).
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Recall that the passage to quotients only effects the second component, i.e.
M\Z, = Roo x T\Z).
On arithmetic quotients we have a homotopy equivalence
Py T\Z, — T\
Of course the same arguments apply to n — 1 instead of n.

The construction of modular symbols in the first section gives for each u € U, (Q) the
proper map

Ju:TA\Z, ) — T\Z)

defined by

_1
"0,

Ju=pr0J,: 1,90, — Fu(g 1) - |detg

One aim of this section is to keep track of the effect of these maps J, on certain differential
forms. We denote by /, left translation by u and we decompose the map

p20j,: Gu1t(R) = SLE(R), g~ py(u-j(g))

further into p, o j, = p, o[, o j. Since det(u) = 1, the maps p, and /, commute, hence we
have

Proju=1Mliopyoj.
We observe that p, o j is an injective Lie group homomorphism and hence the induced
map on invariant 1-forms is surjective . Specifically, letting * denote dual vector space, this
induced mapping
d(pyoj):shy — gb,
is given by the formula

d(py 0 (@)X = w(d(p; 0 j)(X))
for a vector field X € g/,_1. Since [ acts trivially on s/ we have
d(pyoj)=0(pyoj,) = (d(Pz ° ju))*'
The map J(p, o j) respects the Cartan decompositions

Sln :kn @Ean
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resp. gl,—1 = kn_1 @ g1, where k,, = so, denotes the set of skew symmetric n x n matrices

and @, (resp. ¢,) stands for the set of symmetric n x n matrices (resp. of trace equal to
zero). In particular we have

o(p2 0 /) (9n) = 9u1-
We can now describe the map of differential forms
J o QI(O\Z)) — Q(TN\Z,1)

in terms of the complex defining the Lie algebra cohomology. Recall that one has canonical
isomorphisms

o 0,(R)
Q(r\zH) = (/\ or ® C“C(Fn\SL,;—“(R))>

and
™ r = (R)
(%) > (Avp © C(6\Ga(®)

for any discrete subgroup I, (resp. I},_1) of SL*(R) (resp. G,—1(R)) (cf. [3], §2).
We fix Maurer-Cartan forms w;, ..., ®; which form a basis of &, such that
] :=0(pyoj)(w;) fori=1,...,d
is a basis of ' , and ! =d(p,o j)(w;) =0 for i>d, . For I <{l,...,d,} with
I={i,...,i,}, |I|=r we put @; :=w; A--- Aw, Tesp. w; = a)lfl /\-~-/\a),fr. One easly

finds

Lemma 3.3. Given a differential r-form

n,= Y. orp; with ¢, e C* (1"\SLni (R))

[I|=r
we have

J;(nn) = |]Z\; 60; ’ (¢I %) Oju)

in Q" (T\Z-1).
Since J, is proper we also get a map on differential forms with compact support
Ty QUO\Z,) — QUTAZ,-1),

just by replacing C*-functions by compactly supported C*-functions in our description
above. We will later need a version of J;; on differential forms with growth conditions.
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Recall that a function ¢ € C* (SLF (R)) is of moderate growth or slowly increasing, if
there is a constant C and a positive integer m such that for all g € SL* (R) we have

[bg)l = C- gl

where ||g|| := tr('g - g)l/ 2. The function ¢ is fast decreasing, if for each integer m there is a

constant C = C,, such that this inequality holds for all g. A differential form n = >_ w;¢;

T
on (T\Z) is by definition of moderate growth (resp. fast decreasing) if the ¢; have this
property (cf. [1]). Following Borel we denote by Q; (T'\Z!) (resp. Q,(T\Z, '1)) the complex

mg

of forms 7 € Q(T'\Z!) which together with their exterior differentials di are of moderate
growth (resp. fast decreasing).

Lemma 3.4. The forms on
A%t = TAZ,,_; % Reg
which are in the image J (Qfd(l"\él”,})), can be integrated along the fibre.
We thus get a composed chain map
Qf(T\Z,) — Im(J;) — @ (TN, ),
similar to the Poincaré Lemma for forms with compact support.

Proof. Letn = HZ wr¢; be in Qf(C\Z,) and J;(n) = HZ @} - (¢ 0 Py o Ji,).
I|=r I|=r

Since ¢; is fast decreasing we know (cf. also (8) in [15], p. 799) that for each N > 0
there is a constant Cy) such that

e o

Note, that on SLE the norm ||g| := (> gé)l/2 satisfies: ||g|| = 1 and
l7]

< C(y) - min{|detg| ¥, |detg|"}.

[ e B I N %

Hence from |¢,(g)| < Cllgl|™ we specialize to

u<g 1) |detg|

" ul|” form =0,
(¢ e

m

b u(‘q l)ldetgl‘% <C,-

|t~ for m < 0.

Put
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" form=0
” " { lu ™" form < 0

Now for any m < 0 we have with 0 := |det g|

(7 1) e

2 2
Z gl] g 5:1—17
i

m m/2

:ﬁ4@+z%)

n

which, since

implies for n = 3

2
n

|| L ||m §(57%(1 _’_(5%)}%/2 _ ((57% _"_5& )111/2

< min{¢™"/", 677} < min{s Y.
Put N := —2m/n(n — 1). Then with Cy) := C, we get the required inequality.

Let ¢ denote the global parameter of the factor R~ in I',\%,,—;. Integration along the
fibre means (cf. for instance [4], p. 38) that for each w; having the invariant differential

ai_

;=i asa wedge factor we must consider the integrals

j@@(ml)ﬁﬁ?zﬁm@

for g e SL;—!(IR). These integrals are absolutely convergent by the estimate above. More-
over the resulting functions gﬁ,m are bounded, hence in particular they are of moderate
growth. The same proof as for compact supports shows that integration along the fibre is a
chain map lowering the degree of forms by 1, i.e.

—1

71 (QD\ED) = @, (TN,

‘my

Note, that
d(m.J; () = m.J,; (dn)

has coefficient functions of moderate growth, since for # € Qj’}d the coefficient functions of
dn are by definition also fast decreasing. So the proof of the lemma is complete.

As an immediate consequence we get a pairing
by g, by Jn,
Qfd(r\xnl) x Qg HCAZ,,) — Q) HTAZ, ),
(1,n") = mdy (n) A’

where b,+b,_; —1:a7n_1 =dim %’,}71. By Borel’s theorem [1], 5.2, the inclusion Q. — Qfd
induces isomorphisms in cohomology. In particular each fast decreasing cohomology class
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can be represented by a form of compact support. So our pairing induces the following
pairing on cohomology:

B, H(O\Z)) x H2-(T\7Z} ) — C,

([, ) = | =i An’”
YA

‘n—1

Recall that an invariant d,_;-form on ,1171 uniquely corresponds to an invariant measure u
on SL,_1/S0,_; induced from a Haar measure on SL,_;. So for

n= Y or-¢, 0= o9
[I|=r |J|=r

withr+# =d, | +1 we get

ndy () An' = 281(151,14'(,01/ COpA A0

|1‘=r n—1

where gy = +1 for Tu I'={1,...,d,_1} and & := 0 otherwise. Now integrating over the
whole space we get

[ omsman = zw,(u(g 1>>.(,,,,(g>dg

r,:\%nl,l l—"'\G,,,l(R) I
with a Haar measure dg on G,_;(R) normalized by demanding vol(0,-(R)) = 1. Note

that we have extended the functions (¢;, ¢;/) by demanding trivial action of the respective
centers.

Note that these integrals look very much like those that came up in the corollary of
the global Birch lemma. To get the precise connection we have to choose # and #’ attached
to 7 and ¢ in the following manner.

Leta:=2(n—1)andue U,,(Zp)'/fl. Let

K :={keK' |ujlkyu'eK}
and

K'(f*):={keK'|k=1mod f}.
Then we have for all p where 7, o are unramified,
K'(f*) s Ky
Note that K'( /) acts by right translation on C; s« and we have an isomorphism

T (fNGu1(R) — Cy o/ K'(f),
(/)9 = Gu1(Q) (90, 1)K (f)
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where I''(f“) :=={y eI’ |y = 1(f“)} = I',. In the corollary of the global Birch Lemma the
integrand is right-invariant under K'( ). Hence we can rewrite that integral as

[ o=vol(K'(f9)-2 [ ¢(ig)u") - 9(ge0) dgee

Cl-f” J r/(.f‘a)\an](R)
Note that by the left invariance of ¢;(g) under G,(Q) the p-adic factor u? = ul‘f*l can be

transformed into an infinity factor by taking representatives u = u, such that they belong
to some (i, us) € U,(Q) with us € K n U,(Z). Then we have

¢ ((g)u?) = ¢ j(9.0)),

and we are reduced to consider non-adelic integrals of the form

— -1 Yo
= ol (7)) elando
rl(.fu)\anl(R>

with u,, € U,(Z).

Finally we will exploit the fact, that 7 (resp. o) occurs in r-dimensional cohomology
for r = b, (resp. b,—1) with multiplicity one. This is a local property at co; specifically:

H"(sl,, 0,; H?) = C,

where H(%") denotes the space of O,-finite elements in the representation space H,, of 7...
Note, that T, uniquely corresponds to the irreducible representation of SLF (R) glven by

restriction, since 7., has trivial central character. As a realization of H n) we take the
space #o(my, ) of O,-finite Whittaker functions. Moreover by Prop. 3. l p. 52 in [3] we
have

0’1
HP(shy, 03 ) = (/\ b ® Wo(nm,wm)) ,

by Oy
which up to a scalar uniquely determines a form 7., € </\ Or® %(nm,tﬁ@)> repre-

senting a generator of the cohomology. We write

N = > @1 W oo(9)
\I\an

with Whittaker functions w; o, € #¢(7, ). The same procedure applies to o, instead of
7. When we replace n by n — 1, thus leading to a form of degree b,,_;

Ny = > oporq.(g)
1=y

with Whittaker functions v/ o, € #((0o, lZOO). Starting from each pair of finite Whittaker
functions (w; r,v; r) as in 3.2 we compose global elements
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by 0,
Njo :=Wi.f @1y € (/\ On @ Wo(m, l//))

and
, , bn—l _ _ On—l
toi=ur @ e (5 ® o)

which by Fourier transformation yield

b,, On
e (R oo LG ana @y k) )
i.e. cohomology classes

)] € Hoi(T\Z,)) € He(T\Z)),

cusp

and similarly

[} € Hogy (T\Z,,_y).

cusp
We have

n; = II‘Z:IwaMj,I(g)
and

n= > op-ep9)
‘1/‘:[711—1

where the coefficient functions result as the Fourier transforms of the global Whittaker
functions wy := wy o - w;, y and vy := vy o - v, r. Evaluating our previously described pair-
ing %4, we find

ggu(’l/a’?}): J ”*J:(’?j)/\n_;/'
L7,

=& j<)¢j,1 “(g 1> '?j,lf(g)dg
R

1 r‘u/\anl

with ¢; ; and ¢, ;, restricted to infinity components. We can easily switch to the adelic
setting, and obtain:

Bu(n;,m}) = vol(K,) " ZIIEICJ" ¢;.1(j(9)u;") - 9;.1:(9) dg.
1,14

In the sequel we are mainly interested in this quantity as a function in the variable u. We
put #(u) == Bu(n;,n;). We can now express our special L-values in terms of this func-

j
tion #(u). Let P;(s) denote the entire function attached to the pair (w; ., 0s, ) as in 3.2
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such that

T(Wl,m ® U[,Ooas) = PI(S) : L(EWaGOCaS)a
and

P (s) = 21281 - Pr(s).

From the corollary of the global Birch Lemma we conclude:

Theorem 3.5.  For all finite idele class characters y =[] y, with the properties
‘

b) 1, %% ..., """ have the same non-trivial conductor f = p-power,

we have the formula

wp(1) - 0p(1) - P (1/2) - T

1 G- p )
i=1 (1-p7) .L(

n—1 ]

= /200 S T 7 () VoK), ) - (™)),

[

where u = uy, is taken from a representative system for U,(Z,) modulo U,(Z,)" as in the local

Birch Lemma.

Remarks. 1. We do not know if P, is non-zero at s = 1/2 in general. For n = 3 it is
a fact that P, (1/2) # 0 (see [18]).

2. We are still free to vary the pair (w,,v,) of local Whittaker functions, right-
invariant under the respective Iwahori subgroup, which of course causes a variation
of the function #. This will eventually allow us to vary 4 such that it becomes a p-adic
distribution.

3.4. Algebraicity. We recall from the first section that the previously considered
pairings 4, of cohomology spaces are defined purely topologically and moreover with
coefficients in an arbitrary ring 4. On the other hand the cuspidal cohomology is well-
known to carry a Q-structure (cf. Théoréme 3.19 in [6]). So this suggests that we try
to choose the cuspidal cohomology classes [,] (and [7,_;]) subject to good rationality
conditions, which then will automatically lead to rationality properties of the modular
symbols (u) and hence of special L-values. We use Clozel’s terminology from [loc.cit.]. In
particular Q(ny) resp. Q(oy) denotes the field of rationality which by Proposition 3.1 in
[loc.cit.] is a field of definition and in our case in fact is a number field by the Drinfeld-
Manin argument (see Proposition 3.16 in [loc.cit.]). Let F' := Q(ns, g7) denote the smallest
number field containing Q(7) and Q(ay). In particular the global (finite) Whittaker spaces
W (rr, ) and W (ay, Jf) carry an F-structure whose underlying F-vector space we denote
by #F(---). An immediate consequence of the multiplicity one property of b,-dimensional
cohomology is



Kazhdan, Mazur and Schmidt, Relative modular symbols 125

Proposition 3.6. We can normalize the oo-part n, . (by a non-trivial scalar factor)
such that for any Whittaker function wy € Wr(ay, ;) the cohomology class [n,] attached to
Mno = Wr @1, o, is F-rational, i.e.

i, € Hoio (T\Z), F) < H2(T\Z,), Q).

cusp

Corollary 3.7.  There is a choice of good local tensors t? of Whittaker functions for all
¢ £ p such that for any ‘Iwahori fixed’ pair

(Wps Up) € Wi ()™ X Wir(ap, ) !

the formula in Theorem 3.5 holds for the associated pairing % with values %(u) in the number
field F.

4. Hecke operators and distributions

4.1. A parabolic extension of the standard Hecke algebra. For a fixed prime
number p let K := GL,(Z,) and G := GL,(Q,). We consider the standard Hecke algebra
H = H(K,G) attached to the Hecke pair (K, G), i.e. the convolution algebra of C-valued
compactly supported functions on G which are bi-invariant under K. Recall that in general
a ‘Hecke pair’ (R, S) is given by any group S with a subgroup R < S such that each double
coset RsR for s € S is the union of a finite number of left or right cosets modulo R. Thus
the free C-vector space #'(R, S) over the set of all double cosets RsR is embedded into the
free C-vector space Z(R,S) over the set of all right cosets sR by sending a double coset
RsR =) s;R to ) s;R and moreover under this map (R, S) is identified with the R-

invariants in %(R,jS) under the action
Rx A(R,S) — #(R,S), (r,sR)— rsR.
The vector space # (R, S) becomes an algebra with the multiplication defined by
(Z sz) . <E sz> = Stk R
J k i,J
and is called the Hecke algebra attached to (R, .S).
The standard Hecke algebra is well known to be isomorphic under the Satake map &

to the ring of symmetric polynomials in the variables X lil, ..., X (see for instance [5],
4.2). The map .¥ can be normalized by fixing the values of the standard Hecke operators

I, 0
T, =K K (v=0,...,
( 0 plv> =0 ")

where I, denotes the v x v-unit matrix. As usual, we put

L(T,) = p"-a,(X1,...,X,)
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1
where (v} := 3 v(v + 1) and where o, denotes the v-th elementary symmetric function in the
variables X1,..., X,.
Let B denote the standard Borel subgroup of upper triangular matrices in GL,(Q),)

and Kp := K n B. Then by [11], Theorem 2 the Hecke algebra #p := (B, Kp) is a ring
extension of #, such that the Hecke polynomial

HX) = (-1)'p"PT,x"" e #[X]
v=0

decomposes into linear factors over #%
H(X) = _HI(X— Ui)
=
where
Ui = Kp p Kp e Ap
Infi
(note that Gritsenko considers Q,(f) = " - H(t™1)).

The underlying ring embedding ¢: . # < #p sends an arbitrary element
T =5 a;-g;K € # with upper-triangular matrices ¢; (always possible by Iwasawa

decorrllposition) to

e(T) ==>_ a;i-giKp.
1
Lemmad.l. Forv=1,...,nletV,:=p<"D.UU,---U, € #5.

)28

a) Then in #(Kp, B) the double coset KB< 0

0
I )KB corresponds to

pl, A
v, = K
> < 0 Inv> g
where A runs over a system of representatives of matrices in M""~"(Z,) modulo p.

b) Furthermore the Hecke operators V, commute and the double coset KgtKg corre-
sponds to

n—1
H I/v = Z M[KB
v=1 u

where t=diag(p"',p"2,....1) and u runs over a set of representatives for
Un(Z,) /U (Z,)t "
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Proof. By elementary row and column transformations our double cosets obviously
decompose as demanded into right cosets

I, O I, A
(2 Jeey(h e

In—v A

and for the same reason we have

I, 0 0
U=Ul 0 p a,...,ani |Ks
“\N0 o0 L
where @ = (ay,...,a,) runs over a set of representatives of the a¢; mod p. Now the equality

for V, follows immediately by induction over v using the identity
P Viai =V, Uy

b) By Lemma 2 in [11] the 7, commute since they belong to the commutative subring
of #p generated as a C-vector space by the elements

Vi=U ... Uk

with i = (i1,...,i,) such thati; =i = ---

=i, = 0. Now let
ty) = diag(p"~', p*2,...,1) € GL,(Q)).

Then we get

#
I
ES
N

i

with

I 4 L 14 Lot An
u(Al,...,A,”);:( 111>(2 (12)22>...(’1 (1)1n1>

and where A4, runs over a representative system in M""~"(Z,) mod p. An easy induction
shows that these u(Ay,...,A4,) form a system of representatives for U,(Z,)/tU,(Z,)t™",
which completes the proof of the lemma.

4.2. Eigenfunctions for the modified Hecke algebra. Let .# denote the C-vector

space of C-valued functions on GL,(Q,) which are right-invariant under K. The extended
Hecke algebra % has a natural action on .# given by

Hp X M — M, <Z a; - 9iKs, W(g)) — Z ai - (9g:).
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We are interested in the action of the commutative subring generated by V;,..., V). Let
Vo := Kgl,Kp denote the unit element of 3.

Proposition 4.2. Suppose we are given a function y € M and an n— 1-tuple of
complex numbers ) = (11,. .., m_1) € C"! such that the Hecke operators

H(iy) =[] (- U) e #5
i=1

annihilate \, i.e.

H(,)WY)=0 forv=1,...,n—1.

Then
n—1 n . 1
Uy = TL LT Gap i =V
=1 j=
ji
is a simultaneous eigenfunction of Vi,..., V,_1.

v
Moreover with n, = p~"~V [ 4; we have

i=1
Vi, =n, -y, forv=1,....n—1.
The proposition will follow from

Lemma 4.3. For any A € C we have the identity in #:

Gp IV = V) = p @ TV H ().
j=1 v=0

s

Proof of the lemma. Since V; = p'~/ - V;_; U; we have for each factor
' Vi = Vi=p' T Vi (A= Uy,

and since any V, commutes with this expression we can collect the factors V, on the left
hand side. Hence we get the claimed formula of the lemma.

Proof of Proposition 4.2. By our assumption on iy we know by Lemma 4.3 that for
eachv=1,...,n— 1 we have

(A" Vi — Vi) = 0.

s

1

J

We proceed by induction over v. Since 77; = 4; we have

(m— Vi, = Ga— 1) T1 - T1 Gap™ Vi — V= 0

i=1 j*i
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which is a multiple of [[(4ip'7V;_1 — V;){ = 0. This settles the case v=1. Now we
i=1

n
suppose B

(nk_Vk)WZ:O fOI‘kZl,...,v—l.
We decompose i, as#, =17, | - ~,p' " and get

(1, = Vi = (up' ™" Vit = V)Y

by the induction hypothesis. As in the case v =1 this must be zero and the proof is
complete.

Remark 4.4. Suppose the /; are algebraic numbers which with respect to a fixed
embedding of Q into Q, have absolute values Mi|p = p'~i. Then all eigenvalues 7, are
p-adic units.

4.3. Distributions of the unipotent group into function spaces. We consider the

unipotent group U = U, of upper triangular matrices in GL,. Conjugating by the diagonal
matrix ¢ := diag(p”"~!, p"2,..., 1) defines a mapping f := inn,|U(Zp) where

inn, : U(Q,) — U(Q,), uws tut™',
and iterating 8 gives us a filtration of U") := U(Z,) by setting
U = U ) = BUe)
which obviously extends to a filtration of U(Q,) by admitting negative exponents k.

Any function u on the set of cosets uU®) into an additive group 4 is called an
(A-valued)-distribution if y satisfies the distribution relation

(DR) pU®)y =3 ,u(llﬁk(v) U(k+1))

where v runs over a representative system of U® /U,

Proposition 4.5. Let y € .4 be an eigenfunction for the modified Hecke operator
V= Vi...V,_1 with eigenvalue equal to 1. Then

#(uU"™) = y(gur®)

Q@

is a distribution with values in the C-vector space A = C% ) of C-valued functions on

GL,(Q,).

Note that y is well defined, since replacing u by another representative u’ = ut vt =*
with v € U does not affect the function i by virtue of its K right-invariance.
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Proof. Recall from Lemma 4.1 that the Hecke operator V is given by the double
coset KptKp and moreover that we have

V= ZVIKB

with v running over representatives of U®) /U1, So we get
W(g) = V(g) = 2w (gvo),
v

hence

i.e. u is a distribution.
We can weaken the condition on the eigenvalue and obviously still get a distribution.

Corollary 4.6. Let s, € M be an eigenfunction of Vi,..., V,_1 as in Proposition 4.2
B n—1
with corresponding eigenvalues ny,...,n,_ | (and suppose r; := [] n, the eigenvalue of V
v=I
does not vanish). Then

1 (UM = 1y, (gui®)
is a distribution.

4.4. Periods and C-valued distributions. We return to the global situation in the
previous section where we have expressed special L-values in terms of certain adelic
integrals (see Corollary of the global Birch Lemma). Locally at p, the automorphic forms
&, p involved in these integrals can and will both be chosen to be fixed under the respective
maximal compact subgroup and hence to be eigenforms under the respective local standard
Hecke algebra. Let A = (4,...,4,_1) € C"! respectively a = (a1, ..., %,») € C"2 denote
fixed choices of roots of the respective Hecke polynomial attached to (7,,0,). Let ¢,
respective ¢, denote the associated eigenform under the action of the respective modified
Hecke algebra as in Proposition 4.2. In this section we want to study the ‘periods’

Pusf) = | 4, ((g l)t-’uz’> () dg

for ue UY = U,(Z,), f = p" and ¢ =diag(p"~!, p"~2,...,1). Note that these integrals
(when (qﬁ& ,¢,) 18 replaced by (¢,p)) are precisely those occurring in the formula for the
special L-value. We will see in the following section that this modification of the pair (¢, ¢)
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only changes the L-value by a certain non vanishing constant in the case we are interested
in.
Lemma 4.7.  The period P(u, f) is constant on the double coset U, r >1uU "

Proof. Recall that ¢, and goa are right-invariant under the respective Kp’s and in
particular under Un respectlve U . Thus multiplying u from the right by an element of

the form #"vt™" € U ) with v e U does not affect the value of the integrand. Similarly a

factor t"vi™" e U,H with v e U,h1 on the left hand side of u can be transformed into the
right hand factor v in the argument g of ¢, by the invariance property of the Haar measure
dg and again by right-invariance ¢,(gv) = ¢,(g) the integral becomes independent of v. So
the lemma follows. ) )

Lemma 4.8.  For any diagonal matrix ¢ € GL,_1(Z,) with det(e) = 1 modulo f'we have
Peus™, f) = P(u, f).
Proof.  Again this follows by the right-invariance of ¢, and ¢, under the respective
Kp’s since ¢ commutes with # and because the change of variables g — ge does not effect the
integral.
Proposition 4.9. Let k; resp. Kk, denote the eigenvalue of ¢, resp. ¢, under the

respective operator V in the modified Hecke algebra. Then we have the following relation of
periods

Plu, f) = ()" 32 Pex” (™ up (v)e", /)

v, W, X

wzth & ! .— dlag(l +xf,1,...,1) and where we sum over representatives v of U /Un , wof
U,” 1/ o 1 and x mod p.

Proof. By Corollary 4.6 we have the distributions
1P (g) = K% - dy(gu*) on U,
(U ) (9) = 15" - ¢, (qui)  on Uy
Expressing the periods in terms of these distributions we get

Puf)= [ o (0 ) )ur ] oo

le

o)’ a0f(? ) 00 do

C]/

which (by the additivity property (DR) (cf. 4.3) of the distributions x; and y,) transforms
into ) B
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P(u, f) = (i) | Zﬂi(uﬂ"(v)U,E’“))<g 1) (B ) UTY) (9) dg

Cy, s oW

= () 'Y ¢ (g 1>uﬂr(v)l("+l) '%(gﬁr(w)t(’ﬂ)) dg.

uw Cy s

Decomposing the domain of integration as

Cr= U Cip-é

x(mod p)
and after the change of variables g — gf"(w™!) we get the period relation as claimed.
Note that the period relation in Proposition 4.9 is different from the distribution
relation which one might have expected to hold in view of Corollary 4.6. We will in fact
attach a C-valued distribution to our periods. But this distribution is rather adjusted to the

canonical filtration of U,(Z,) given by the kernel K(r) of the reduction maps modulo p”
than to the filtration by the subgroups U, Obviously the reduction map modulo p”

B, Un(Zy) — Un(Z/p"7)
is surjective and factors through
B, UV UY — Un(2/p'2).
Summing over fibres we attach to each i € U,(Z/p"Z) the ‘smoothed period’

P(ii,r) := %: P(u, p")

summing over all # from a representative system for U,EO)/ U,gr) such that f.(u) = ua. For
ue Un0 we put

lf’(u, l’) = P(ﬂr(u)ar)a

such that P(u, r) as a function in u is constant on cosets uK (r).

Theorem 4.10. Let k:=p = : (Ki;cg)fl. Then

A(uK(r)) := K" P(u,r)

defines a distribution fi := (i, ,. In particular i satisfies the distribution relation
A(uK(r)) = > a(eK(r+1)).
v (modK(r+1))

B, ()=, (u)
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Proof.  We exploit the period relations as described in Proposition 4.9. For u € U
let & = u, := f,(u) denote the image under f,. The proof of the distribution relation is based
on the following commutative diagram involving canonical projections

U(O)/U(r+l) Bra U(z/pr+lz)
I |
vou0 L u@/pa)

when passing from cosets with respect to our group to cosets with respect to a group
containing the first one. By definition and Proposition 4.9 we get

f(uK(r)) =&"- > P@',p")
u/n}(l)iiy(r)

T

= R (10c2) " 3 PlaB v B (0)e ! p )

u',o,w, X

where u/f"(v) runs over a representative system of the fibre o' (8, l(ﬁ)) = ﬂ_;rll (y'(a)).
Multiplying by #’(w~') and conjugating by &, only permutes the fibre, hence we find

. L - 0 1 ,
AWK () =& () p- (U2 U)X Plo,p™),
vqmodl]]((’j;')
vey (u

Recall from section 4.1 that we have

which implies

Ak (r) =& 3 P(o,r+1),
mod p’*!
y(0)=it

and this completes the proof.

The distribution that we have constructed in Theorem 4.10 is a distribution on a
nin—1)
2
in particular interested in a certain push-down /i to a one-variable distribution.

manifold of dimension dim(U,) = . For our application to special L-values we are

Corollary 4.11. Let & := & - p"~2. Then we get a distribution fi = f,y on Zy by

fi+p'Z,) =& Pu,r)
u
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where u = (uj) runs over a representative system of the e U(Z/p'Z) with u\ > =i and
w1 =1forj=2,...,n—1.

Proof. By the distribution property we get
ii+p'z,) = p" 2"y a(uK(r))

=p"Y Y A(K(r+ 1)

U ymodp"!
v=u(p”)

Note that the v’s run over all members of a representative system of U® /K (r+ 1) with
entries v; ;1 in the first off-diagonal of the form vy, =i+ aip”, vj ;41 =14 a;p" for

j=2,...,n—1, and where ay,...,a,_ run through congruence classes mod p. Conjugat-

ing v by a suitable diagonal matrix ¢ € GL,(Z,) with det(¢) = 1 brings the off-diagonal of

v’ := eve~! into the form

U{,z =i+ap’, vjj=1 forj=2,...,n—1.
Since by Lemma 4.8 this conjugation does not affect the periods we have
ALK (r+ 1)) = ('K (r+ 1)

and hence we find

(i + p'z,) = p It S S A('K(r + 1))

amodp v’

where v’ runs over a system of representatives of U®)/K(r + 1) such that v, =i+ap’,
vjj+1 = 1for j=2,...,n—1. In terms of j this says

Ai+p'2,)= % @i+ap +p*'z,),

amod p
hence /i is a distribution on Z,,.

4.5. Integrating characters. Let w? resp. v denote the local Whittaker function
attached to the respective new-vector of z, resp. g, as in Proposition 4.2.

Proposition 4.12.  The value of wf at the unit matrix 1, is given by

n—1)(n— )171
w(1,) = (=) p"ml““”’-nnuj—m

i=2 j<i

Where weput An :: (n B 2) Z V(lz— V) + n(lz—n)
v=1

The same formula applies to vg as well.
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Proof. First we write

S0 (VA ATE
—
as a sum of monomials in the V;’s. Let N; := {1,...,n}\{i}. Then we have

w2=71<zzl-’f<—1>””f'- I Vi) - 11 %) w

JicN; keld; ZEN,’\J,‘

) S ey 'h]<—if>""'<np”%1- Il V’) '

Ji<Ny Ju—1 <N,y i=1 kEJ,' IEN,‘\J,‘

We first deal with each separate term and consider for an arbitrary monomial

V= H vy

v o
v=1

the value (¥*w°)(1,) at the unit matrix 1,. In particular we are interested in this value for
r=r(J) for each fixed n — 1-tuple of sets J = (Jy,...,J,—1) where

yrid) = "ﬁl (H Vi 11 V[>.

i=1 kEJ,' ZEN,‘\J,'

Lemma 4.13. With the diagonal matrix

n plv Iy
(")

we have
() (1) = [T w0 (d).

Proof of Lemma 4.13. Recall that the action of V, on a Kp-right-invariant Whittaker

function w is given by
pl, A
<va><g>=§w(g( 1 ))

where A runs over a representative system of matrices in M""~"(Z,) modulo p. This easily
generalizes to powers of V, where we get

(Viw)(g) = §W<g<prlv 1::))
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where A runs over a representative system modulo p”. Hence we have

r " A, p! Lot Au r
VW) =% ... S w g( )( Pl
A1 An—l 11’171 1

where each A4, runs over a representative system in M""7"(Z,) modulo p™. An easy
calculation shows that for fixed A4, ..., 4, there is a unipotent matrix B € U,(Z,) such

that
| ] A .
p 1 Pl 2 -~-p'”1n:B'd(l’>-
1n—l 1n—2

Since our Whittaker functions are left-invariant under U,(Z,) we find

() (1) = w(d0) -1 {43}
which proves the lemma.

By Shintani’s explicit formula for class-1 Whittaker functions (in Shintani’s termi-
nology) [19] we have
Zn:“*”)‘f det(27"
W(d) = pr )
det(4; )

n

where diag(p”,...,p") =d(r), i.e. ;=) r,and i, j=1,...,n in the determinants. So
v=j

the formula in the lemma becomes

INSY(1=v)r, det(l‘sj"‘”_j)
o) (1,) = p = e
(wi)(1n) = p det(il7)
taking into account that

i(1—1)
2

M=

ri.

(i —n)si+i(n—i)ri=3_

1

In terms of the characteristic function y,, of subsets M — N; we can describe the special
r=r(J) by

n—1

ry = ; 71,0+ 1)+ 2 ()

=
and therefore
n—1

(XJ,(V +1) +XN,-\J,~(V))

i i=1

Il
M=

Sj

=
d

=2

=

=

VRS

RS> xN[<v>>.

v=j+1
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n—1

Since ) x,(v) is equal to the number of i’s different from v, we have for j < n

i=1

£ 5 ) ==+ -2 j-1)

=1l+m-2)(n—))
hence in terms of the Kronecker J
. n71 B
si=1-=06,;+(n—-2)(n—j)+ ; I, (J)-

By Leibnitz’ determinant formula we get

Lemma 4.14. For r = r(J) we have

B

1 W1 —v)r n—1
ng‘“ o w1 =D =)+3 2w, ()
(w1, =—— .

— . sen(w) - Do, =

Before we plug this into our formula for w?(1,) we determine the p-power factor of
each summand for fixed J. h

Lemma 4.15.  We have for r(J) = (r1,...,1)

n n—1
vl =+ Y Y1 —k=A4,
=1

v i=1 kelJ;

N —

In particular, the left-hand-side of the above formula is an integer which only depends on n
and is independent of J .

Proof of Lemma 4.15.  We have expressed the components r, of r by the formula

n—1

ZXJ(V+1)+XN\J( V).

i=1
So we get

1

WL =)ry = 33 (2 (04 1) + 2w, )01 =)

v=1

X

M:

1

v

—

N
|

Il
] M

(i UNGICEURS wAWURTED)

which by the identity y;, + xy,,, = xy, becomes equal to
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E(Z (1—v)+22(v—1)>

vEi vel,

n

— (= 1) Y w1 —) -

v=1

(1—1)—|—22 Yo(v—1),

i=1 velJ;

HM|

hence our lemma follows.

We now can complete the proof of Proposition 4.12. By Lemma 4.14 and Lemma
4.15 we have

WO(L) — (="' p - il
A det(4") Zl]( 4)

n—1

n 1 —] +Z)/\rr\1[

X > sgn(w) - H )m,

weW

_ (=)t
= det(}vn_j) 'WEZWSgn( ) H/le

<5 T 1T e

j=1t=1

For fixed w the sum over the J’s becomes equal to

:]:

H () — 24),

.
I
-~

hence vanishes for any nontrivial permutation w = id. Thus our formula simplifies to

_(_l)nilpA UL _ (n—1)(n—v)+1
; —@@W—gnwﬂ>nz

J*i

~

which by the well known formula for the Vandermonde determinant

det(A' ) =TT (4 — %)

i<j
eventually yields what we want. So the proof of Proposition 4.12 is complete.

Let y =[], be an idele class character of conductor f = p" which satisfies the

‘
hypothesis in the global Birch Lemma in section 3.2. Recall that we denote by 7 the
Dirichlet character on Z,, attached to the p-component y, of y (cf. 4.1). Recall that there is
always a good pair (w.,vs) such that the associated P(s) satisfies P(1/2) # 0. For each
pair of automorphic forms (¢;, ¢;) occuring in the global Birch Lemma let P;(u, /) denote
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the period attached to (¢; ;, ¢; ,) as in section 4.4. By Corollary 4.11 we have an associated
distribution z; = ; , , for each j.

Theorem 4.16. There is a choice of the Whittaker functions at infinity (W.,, vy, ) such
that integrating any y, of conductor f = p" against the distribution fi =) i ; , we get
— Fda

| xpdii=0(2,2) - (Rp'™")" - Hl G(x},) 'L<n®x,a,§>
zx iz

where 5(2, a) = wi(1,) - Ug(ln,l) is explicitly given by Proposition 4.12, and where G(x,) is
the Gauss sum; cf. 3.1.

Remark. If we multiply our distribution with the constant Q := P,,(1/2) in Theo-
rem 3.5 then the renormalized distribution wx:= Q- g has its values in the number field
F =Q(n,0).

Proof of Theorem 4.16. The key to our p-adic integral lies in the global Birch
Lemma in section 3.2 and its corollary, where we are still free to choose (w.,v,) and
(wp,vp) fixed under the respective Iwahori subgroup. We fix the latter pair to be
(Wp, 0p) = (W), v)), which in particular replaces the pairs of automorphic forms (¢;, ¢;) in
the global Birch Lemma by (¢;. A ¢; ,) and allows us to rewrite the formula for the special
L-value in terms of the periods P;(u, f) as

5@"’-‘)'P@)EGOE?(_I—,X])'L(”@%G&)

(1= ST ) SR

u =

Furthermore we choose (w., v, ) such that

P(3) Tl =1

i=1

which simplifies our formula to become

(1= S T ) S B s)
_, n—1 ] 1
=0(4,2)p™" - 1'1;[1 G(Xp)~L<7I®)(,O',§>.

It remains to relate the left hand side of this equality with the p-adic integral of the
theorem. By definition we have (cf. Corollary 4.11)

| xpdiy; = Exj Zp(X)E" Eu: Pi(u,r)
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summlng over all xmod /" not divisible by p and u taken from a representative system
in U of the iie U.(Z/f7) with off-diagonal elements u; > =x and u; ;1 =1 for
j=2,...,n— 1. Recall that we defined

Pi(u,r) :== 3 Pi(v, p")

v

summing over a representative system in U of the cosets in U}’ / U.” which have the
same image as u under the canonical map to U,(Z/fZ). Hence we have

Jxpdiy; = =" Zg 1p(X) - ;I’f(vm’)

with v running through a representative system in U,EO) of all cosets in U,§°> / U,Er) with off-
diagonal entries v;,» = xmod f and v; ;41 = Imodf for j =2,...,n— 1.

The group of d1ag0na1 matrlces e€ GL,_(Z,) with det( ) = I mod f acts by conju-
gation on those cosets in U / U.” with all elements u; j+1 in the off-diagonal being p-adic
units. Moreover in each orbit there is a representative v with unique xmod f as above so
that by the period relation in Lemma 4.8 we get

Fapdiy =5 ((p =00 S (T ) - B

u i=1

where now u runs over a full representative system of U,EO) / U,Er). Here we exploit the fact
that, by definition, y, vanishes on non-units. So the theorem is proven.

Note added in proof. The expected boundedness of the distribution in the ordinary
case recently has been proven by the third author. See forthcoming publication.
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