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CURVES OVER DISCRETE VALUATION RINGS.

By STEPHEN LICHTENBAUM.

Introduction. The purpose of this paper is to lay the foundations for
the study of geometrical questions on regular two-dimensional preschemes.
We will pay particular attention to the case when the two-dimensional pre-
scheme is given together with a flat morphism to the spectrum of a Dedekind
domain 4, usually, but not always, local. We will be motivated throughout
by the problems of determining the existence and uniqueness of minimal
models over 4, and of classifying the fibers of minimal models when they do
exist. We note that, in particular, 4 may be the ring of integers in an
algebraic number field, or a localization of such a ring.

In the first section we develop intersection theory. This proceeds along
the usual lines, with the only complications being caused by the fact that the
residue fields may not be algebraically closed. We then show that a complete
non-singular curve over a Dedekind domain is projective, a result which is
necessary for much of the later applications. In particular we use it next
to derive a “first difference form ” of the Riemann-Roch theorem for surfaces,
which makes sense in our situation.

In the second section, we discuss the theorems leading up to the exis-
tence of minimal models. First we show that any proper birational morphism
between two regular two-dimensional preschemes can be factored into a product
of locally quadratic transformations. Then we give a generalization of
Castelnuovo’s criterion for the existence of exceptional curves on a surface.
Then we prove the existence and uniqueness of minimal models over a discrete
valuation ring, in the case when the genus of the generic fiber is greater than
zero. (Otherwise, we have an analogue of a ruled surface, and the result is
not true.)

As must be evident already, this paper is written in the language of
Grothendieck, and his multi-volume work “ Eléments de Géometrie Algébrique ”
(referred to as E.G.A.) is a basic reference. For the conveniences of the author
and the reader, all rings and preschemes are assumed to be noetherian.

I would would like to take the opportunity here to thank all those whose
conversations and advice have been helpful in the preparation of this paper
and, especially, Michael Artin, Michael Schlessinger, and my thesis advisor,
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John Tate. An earlier version of the material in this paper formed part of
the author’s doctoral dissertation at Harvard University.

I. 1. Intersection theory. Our aim in this section is to develop inter-
section theory for regular two-dimensional preschemes. We will begin with
a series of definitions and elementary results on invertible sheaves, and
gradually specializes our hypotheses to the case which will interest us most.
First, we need to know something about algebraic curves.

Definition 1.1. Let k be a field, X a prescheme of finite type over k.
X 1is said to be an algebraic curve over k if for every closed point z of X,
dim Ox,4=;. This is equivalent to the statement that the residue class fields
of the local rings of the generic points of the irreducible components of X
have transcendence degree 1 over k. (E.G.A. II, Proposition 7.4.1.) X is
said to be complete if f: X —> Speck is proper.

We now recall some elementary facts about divisors and invertible sheaves
on a regular prescheme. A prescheme X is said to be regular if all its local
rings are regular. It is mormal if it is integral and all its local rings are
integrally closed. A closed subscheme D of X is a prime divisor of X if it
is integral and dim Ox,s-1, Where z is the generic point of D. The free abelian
group generated by the prime divisors of X is called the group of divisors
of X. If X is normal, a prime divisor D determines a discrete valuation vp
of the field K (X) of rational functions on X. If f is a non-zero element of
K(X), the divisor associated with f, denoted (f) is the sum 3, vp(f) where
D runs over all prime divisors of X. (This sum is finite, since all our pre-
schemes are noetherian.) A divisor is principal if it is of the form (f) for
some f. If D,—D, is principal, we say D, is linearly equivalent to D,
(D1=D,). The principal divisors form a subgroup of the group of divisors
of X, and the quotient group is called the divisor class group of X, and
denoted by C(X). If X is a connected regular prescheme, then X is normal,
so U(X) makes sense. In this case, we have a map from C'(X) to Pic (X),
the group of invertible sheaves on X, defined by sending a prime divisor D
to the inverse of the (necessarily invertible) sheaf of ideals defining D, and
this map is an isomorphism. We use here of course the fact that a regular
local ring is a unique factorization domain, in order to show that any prime
divisor is defined by an invertible sheaf of ideals. If D is any divisor, we
denote the image in Pic (X) of the class of D by £(D).

Now let X be a complete connected regular curve over a field k. Let £
be an invertible sheaf on X, and D = 3npP a divisor on X corresponding to £.
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We define the degree of £ with respect to k¥ (denoted degi(£L)) to be
Snp[k(P) :k]. This is independent of the choice of D, since X is complete.
If we only assume that X is complete and integral, let X be the normalization
of X, = the canonical map from X to X. We define the degree of £ with
respect to k& to be degy(#*£).

Let X be a complete connected curve over k, &£ an invertible sheaf on X.
Let h°(¥L) = dimy H(X, ¢£), h*(¥L) = dim; H*(X, £), n(X) = dim H (X, Ox).
If X is regular, we have the Riemann-Roch Theorem:

THEOREM 1.2. A°({L) —h (L) =1—=(X) 4 degr(£L). It is easy to
see that this result still holds if we only assume that X is integral, and that
dimz H°(X, Ox) =1.

We now are ready to discuss intersection theory.

Definition 1.3. Let X be a prescheme, F a closed subscheme of X.
F is a positive Cartier divisor on X if the sheaf of ideals defining F is
invertible.

Definition 1.4. Let X be a prescheme. Let E be a closed subscheme
of X, given together with a morphism f making F into a complete integral
algebraic curve over a field k. Let F be a positive Cartier divisor on X,
defined by a sheaf of ideals I. Then the intersection number of E and F with

respect to k (written 4 (E,F)) is defined to be degy(i*I-*), where ¢ is the
closed immersion of F into X.

We now are obliged to show that this intersection number is symmetric
if 4 (E,F) and ix(F,E) are both defined. We first need a routine algebraic
lemma.

Lemma 1.5. Let A be the local ring of a point on an integral algebraic
curve over a field k. Let f be in the mazimal ideal of A. Let A be the
integral closure of k. Then dimy(A4/fA) — dimy(A/fA), where A is the
integral closure of A.

Proof. A is an A-module of finite type and rank one. Hence A/4 is
a torsion A-module of finite type, so dimy(4/A) is finite, since A is one-
dimensional. It follows that dim(A/Af) = dimy(4/Af) -+ dim,(Af/Af)
= dimy, (4/Af) -+ dim,(A/4). Also

dimy (4/Af) = dimy (A/4) + dim; (A/Af).
So
dimy (A/Af) = dim; (4/Af).
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ProposITION 1.6. Let X be a prescheme, k o field, B and F complete
integral algebraic curves over k. Let i, j be closed immersions of E, F into X.
Let ENF=EFE XF. Assume that the following diagram commutes:

X

ENF
v N
E F
N/
k
where the maps are all the obvious ones. Assume further that both E and
F are Cartier divisors on X. Then i (E, F) =iy (F, F).

Proof. We may assume Es4F. Then |ENF| is a finite set of closed
points on X, say Py, * +,P, Since E and F are Cartier divisors, we may
assume that ¢, and f; are local equations for F at P;. It is sufficient for us
to show that we have the obviously symmetric formula

i (B, F) =§1 dimy (0s/ (e, 1) )

where O; is the local ring of X at P,

Let I be the sheaf of ideals defining F, so we have the exact sequence
0—>I—>0x—> Or— 0. Tensoring with O, we obtain

0—)I®OE-—) OE—> OF®OE-‘>O.

(Since E 4 F, and F and F are irreducible, a local equation for F is not zero
on E. Hence I ® Og— Op is injective.) Similarly we see that the sequence

is exact, where O is the sheaf of local rings of the integral closure & of E.
So we have 1 (E, F') — degy((I ® Op)*) = (by definition) degy((I ® 0g)™?)

— dimy (05/I® Op) — ﬁ dimy (Og,/fi054) — (by Lemma 1. 5)

Z:ldlmk(OE,i/f@ OE_¢) =ll—21 d1mk(0¢/ ('61, f¢) ).
We will now apply and extend this definition in some special cases:
1. Let E be a closed subscheme of a prescheme X such that
a) HC°(E,Op) is a field &.

b) E is a complete integral curve over k.
¢) £E is a Cartier divisor on X.

4
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Then we define the self-intersection number of E (written E®) to be i (E, E).

2. Definition 1.7. Let A be a Dedekind domain, ¥’ — Spec 4. A curve:
over Y is a prescheme X together with a morphism f: X— ¥ such that

a) f is flat and of finite type.
b) the fibers of f, which are preschemes over fields, are algebraic curves.

¢) X is connected.

If f is proper, we say X is complete. If X is a regular prescheme, we
say X is a regular curve. Note that the fiber of X over the closed point of ¥
(the special fiber) may be singular.

Definition 1.8. Let A be a discrete valuation ring, and let X, ¥ be as
in Definition 1.7. Assume that X is regular and complete. Let E and F be
prime divisors of X such that E is contained in the special fiber. Let & be
the residue field of A. Define (E-F) to be 4 (EZ,F). By linearity this
extends to a definition of (E-F) if E is any divisor on X with support in
the special fiber and F is any divisor on X.

It is clear that the following properties hold:

1) If E is in the closed fiber, (E-Fy -+ F,) = (E-F,) + (E-F,).

?) If E,, E, are in the closed fiber, (B, + E,-F) = (E,-F) 4 (E,-F).

3) If E and F are in the closed fiber, (E-F) = (F-E).

4) If E is a prime divisor in the closed fiber, (E - F) = degy(£L(F) ® Og).
(This follows from the additivity of degy.)

5) If E is in the closed fiber and F is principal, (£-F) =0.

2. Projective embeddings. In this section we will show that a regular
curve which is proper over a Dedekind domain A is projective over 4. We
start by reviewing some lemmas about ample sheaves.

ProrosiTiON 2.1. Let Y be a locally noetherian prescheme, f: X =Y
a proper morphism, £ an invertible sheaf on X, y a point of ¥, X, the fiber
of f over y, g the projection of X, to X. If g*<&L is ample on X, then there
exists an open neighborhood U of y in ¥ such that L | f*(U) is ample for
the restriction of f to f*(U).

Proof. This is E.G.A. III, Theorem (4.7.1).

ProrosiTioN 2.2. Let X be a prescheme, f: X— Y a morphism. Let
g be the closed immersion g: X,eq—> X. Let ¥ be an invertible sheaf on X.
Then &£ is ample over Y if and only if g*<% is ample over Y.
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Proof. This is E.G.A. II, Corollary (4.6.16).

ProrosiTioN 2.8. Let X and X’ be Y-preschemes. Let g: X’ —> X be a
finite surjective Y-morphism. Let X be proper over Y. Let £ be an
tnvertible sheaf on X. Then £ is ample over Y if and only if g*&L is ample
over Y.

Proof. This is an immediate corollary of E.G.A. III, Proposition 2.6. 2.

ProposiTION 2.4, Let f: X— Y be a morphism, ¥ an affine scheme,
and £ an invertible sheaf on X. Then &£ is ample if and only if it s ample
over Y.

Proof. This is E.G.A. II, Corollary 4.6.6.

ProrosiTioN 2.5. Let f: X— Y be a morphism, £ an invertible sheaf
on Y, {Ua} an open cover of Y. Then &£ is ample over Y if and only if
L | (Us) is ample relative to Ua for all a.

Proof. This is E.G.A. II, Corollary 4.6.4.

CoROLLARY R.6. Let f: X—> Y be a proper morphism, ¥ a noethgriah,
prescheme, £ an invertible sheaf on X. Then £ is ample over Y if and only
of its restriction to each fiber is ample.

Proof. This follows immediately from Propositions 2.1 and 2. 5.

We note that in the above situation, some multiple of £ will be very
ample over Y, and hence f will be a propjective morphism.

Proposition R.7. Let f: X—Y be a proper morphism of noetherian
preschemes. Then the set V of points y of ¥ such that the fiber f-(y) is
smooth over Speck(y) is an open subset of Y.

Prof. By E.G.A. IV, Corollary 6.8.7%, the set U of points € X such
that f is smooth at z is an open subset of X. Let y€ V. Then f(y) C U,
so f(X—f*(y)) D f(X—7U) which is a closed set which clearly contains
all points y in ¥ such that f*(y) is not smooth over «(y). Hence y€ ¥
— (X —U), which is an open subset of ¥ contained in V. So V is open.

THEOREM 2.8. Let A be a Dedekind domain, X a connected, regular
prescheme, proper and flat over Spec A, such that the fibers of X over Spec A
are algebraic curves. Then X is projective over A.

Proof. We first prove the theorem under the assumption that 4 is local.
Let F.,- - -, F, be the reduced components of the special fiber F of X. Let
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G be the disjoint sum of the normalizations 7; of the Fs. Let g be the
induced map from G to F and let & be an invertible sheaf on F. Then
Propositions 2.2 and 2.3 imply that if g*¢ is ample on G then £ is ample
on F.

An invertible sheaf £ is ample on G if and only if the associated divisor
class is of positive degree on each F;. (This is well-known if the ground field
is algebraically closed, and the general case may be easily deduced from this
by applying Propositions 2.3 and 2.4.) So our problem reduces to finding
a positive divisor D on X, none of whose components lie in the special fiber,
which meets every component of the special fiber.

Let P be a point on one component of the special fiber, and let Op be
the local ring at P on X. Let ¢ be a uniformizing parameter for the local
ring A. Then it is easy to construct a prime ideal in Op which does not
contain ¢. This corresponds to a prime divisor Dp on X which passes through
P. Taking a point P on each component of the special fiber, and taking
the sum of the Dp’s, we obtain a divisor D which corresponds to an invertible
sheaf ¥ (since X is regular) which is ample on the special fiber. So &£ is
ample on X by Proposition 2.1, and hence X is projective over Spec 4.

We now pass to the general case. Let @ be any point in SpecA. Then
the above argument shows that there exists a divisor D on X such that the
corresponding invertible sheaf &£ is ample on the fiber over . Again by
Proposition 2.1, there exists an open set U of Spec 4 such that &£ is ample
on f*(U). Since A is one-dimensional, the complement of U is a finite set
of points P;- - - P,. By the argument used in proving the local case, there
exist positive divisors D,,- * -, D,, which have no components in any fiber,
such that the invertible sheaf $%; which corresponds to D; is ample on the

n
fibre over P;. If we now let D' — D - 3, D;, then the invertible sheaf corres-
i=1

ponding to I’ is ample on each fiber, so is ample on X by Corollary 2.6. So
X is projective over Y.

3. On the additivity formula for Euler characteristics. We begin
with some motivation. Let F be a non-singular surface over an algebraically
closed field k. Let D be a divisor on F, and let K be the canonical class on F.
Then the Riemann-Roch theorem for surfaces asserts that

x(£(D)) =x(0r) + 3D (D—K).

In this form, the formula does not admit a generalization to our situation,
but we can generalize the formula obtained from this by “taking first differ-
ences” as follows:
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Applying the above formula to D =—F, and D= —EFE, —FE, succes-
sively, where E,, E, are positive divisors, and subtracting, we obtain

X(OE1+E2) —X(OE?.) =X(OE1) - (El ‘E2): or
X(0E1+E2) =X(0E‘2) +X(OE1) - (El‘Ez)'

This formula can now be generalized to curves over discrete valuation rings.

We remark that although this “first difference form” of the Riemann-
Roch theorem becomes much easier to prove in the geometric case, we are still
forced to use a fairly involved argument for our proof.

Definition 3.1. Let A be a discrete valuation ring, (X,f) a complete
regular curve over ¥ = Spec A. Let F be a coherent sheaf on X with support
in the closed fibre. Since f is proper, H°(X, F') and H*(X, F) are A-modules
of finite type, and since the support of F is contained in the closed fiber,
they are annihilated by a sufficiently high power of the maximal ideal of A.
Hence they are A-modules of finite length. We define the Euler characteristic
X(F) by

X(F) =Ilength H°(X, F) —length H*(X, F).

Let E be a positive divisor on X with support in the closed fiber. Then

we define the Euler characteristic X(#)to be x(Or). We are now in a position
to state our theorem:

THEOREM 3.R. Let ¢ be the map from the semi-group of positive
divisors with support in the closed fiber to the integers defined by ¢ (E)
=2 (E) + (F-E). Then ¢ is a homomorphism, 1. e.,

X(EBy+ Bz) =x(E.) +X(E,) — (B By).

We will show in a subsequent paper that ¢(E) actually equals — (E-K),
where K 1s the relative canonical class of the morphism f.

Proof. By Theorem 2.8, X is projective over ¥. Let £ be a sheaf on
X which is very ample with respect to ¥. If F is a sheaf of Ox-modules,
we define F(n) to be FQ L3 TLet E, and E, be positive divisors with
support in the closed fiber. We want to prove ¢ (B, + E,) — ¢ (F,) + ¢ (E,)
and it is clearly sufficient to prove this for E, irreducible. Let I be the sheaf
of ideals corresponding to E; and J the sheaf of ideals corresponding to
E, + E,. Let H be a divisor such that £ (H) = £. We know of course that
J is included in I. Tet

P(n) =2x(1/J(n)) + (Ey- ) +2(By- Bp) + 2n(H - B) — ¢ (Ey).
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We claim :

1) P is a polynomial in n, for all n.

?) P(n) =0 for n large.

We first show how 1) and 2) imply the theorem. Certainly 1) and 2) imply
P(n) =0 for all n. So let n=0. Then we have

RX(L/T) + (B By) +2(8y - Be) — ¢ (H,) =0.

From the exact sequence 0—I/J — Ox/J — Ox/I— 0, we have x(¥, -+ E,)
=x(I/J) 4+ x(E,). It immediately follows that ¢(E, -+ Ez) = ¢(E.) + ¢(F.).

So it suffices to prove 1) and 2). To prove 1) we only have to show
that x(I/J(n)) is a polynomial in n. But I/J is a sheaf with support in
the closed fiber. It has a composition series whose factors are all sheaves on
a prescheme proper over a fleld. Then x(I/J(n)) is the Hilbert polynomial
of I/J, so we are done.

In order to prove 2) we first prove

Lemma 3.3. Let E, be a positive divisor on X with support in the
closed fiber. Let E, be a positive divisor having no common components with
E,. Let I be the sheaf of ideals corresponding to E,, and J the sheaf of ideals
corresponding to E, 4 E,. Then x(I/J) =x(E,) — (E.-E,).

Proof. Let K be the sheaf of ideals corresponding to E,. We have the
exact sequence 0 — (I + K) /K — Ox/K — Ox/I + K —0. By looking locally,
it is immediate that x(Ox/(I + K) = dimy H°(X,Ox/(I + K)) — (B, E,).
On the other hand, (I4-K)/K=I(KNI)=I/KI=1/J, since X is regular
and E,; and E, have no common components. The result follows by taking
Euler characteristics of the above exact sequence.

Now to complete the proof of 2) we need only show that, given E,
irreducible with support in the closed fiber and E,, for large n there exists a
positive divisor D, such that D,— (B, + nH) is a principal divisor and D,
does not have £, as a component. To see this let I, be the sheaf of ideals
corresponding to D, and J, the sheaf of ideals corresponding to E,- D,.
Then I./Ju=1I(n)/J(n) =1/J(n) and Lemma 3.3 says that x(I./J,)
=X(E;) — (Dn- E;). So

P(n) =2x(E2) —R(E, + nH - E;)+ (B, By) +2(By- B,)—2n(B, - H)—¢(H,)
= X(H2) + (B> Bz) — ¢(B,) = 0.
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So we are reduced to finding a D, with the desired properties. We know
(E.G.A., Chapter II, Corollary 4. 6.12) that the invertible sheaf corresponding
to B, +nH is very ample for large n, and thus defines an imbedding of X
into some projective space over A. We now have only to prove the following
lemma: :

LemMa 3.5. Let Z be a closed wrreducible subscheme of projective n-
space P over Y = Spec A, A a discrete valuation ring. Assume further that
| Z | is contained in the closed fiber. Let Op(1) be the canonical sheaf.
Then there exists a diwisor D in the equivalence class determined by Op(1)
such that |D|D|Z|.

Proof. Since | Z | is contained in the closed fiber, it is sufficient to show
that there is a hyperplane section of projective space over a field ¥ not con-
taining any given non-empty closed subscheme. But the hyperplane sections
correspond to linear forms in the graded ring k[X,,- - -,X,]. But any
homogeneous ideal which contains every linear form must be the irrelevant
ideal.

II. A. The factorization theorem. In this section we prove the
analogue for general regular surfaces of the factorization theorem for non-
singular surfaces over an algegraically closed field. We repeat:

Definition 1.1. A surface X is an integral prescheme such that

a) For every point z on X, dim Oy ,= 2.
b) There exists at least one point z on X such that dim Oy ,—2.

In fact, b) will never be used, but it assures us that our propositions are
not vacuous.

Definition 1.2. Let X be a regular surface. Let P be a closed point
of X such that dim Ox,p=2. Let I be the ideal of Ox which defines the
closed subscheme (P, Speck(P)). Let X’=7Proj(XI"), and let =: X’ > X

n=0

be the natural morphism. Then we say that « is the locally quadratic trans-
formation of X with center P, and that X’ is the locally quadratic trans-
form of X with center P (X is the “X-scheme obtained by blowing up
(P, Speck(P))” in B.G.A., II, Definition 8.1.3).

Proposition 1.3. Let X, X’, = be as above. Then x is projective,
birational, surjective, and induces an isomorphism of X’—a*(| P|) onto
X —P.
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Proof. This is contained in the discussion following Definition 8.1.3
and in Proposition 8.1.4 of E.G.A., II.

ProrosiTioN 1.4. Let X/, X, = be as above. Let x and y be generators
for the mazimal ideal of Ox,p. Let U be an affine open subset of X containing
P, such that x and y generate the maximal ideal of P in T'(U,Oy) =A. Let
X” be the open subset of X equal to =*(U). Then X" is covered by two affine
open sets U, = Spec A[z/y] and U, = Spec A[y/z].

Proof. 'This follows directly from the definition of Proj(3I").
CoroLLARY 1.5. Let X/, X, = be as above. Then X’ is a regular surface.

Proof. In view of Propositions 1.3 and 1.4, it is sufficient to prove
that if Spec 4 is a regular surface, and z and y are a minimal set of generators
for the maximal ideal of a closed point of 4, then Spec A[z/y] is a regular
surface. Let B—A[z/y], ¥ be a prime ideal of B, and C =B, If yis
not in Y, then C is isomorphic to 4y na, and so is regular. It is easy to see
that B/yB is isomorphic to a polynomial ring in one variable over k¥ = 4 /(z, y).
Hence, if y is in Y, C is an integral domain with the property that there
exeists an element y in C such that C/yC is a regular local ring of dimension
=1. Therefore C is a regular local ring of dimension = 2.

Definition 1.6. Let A be a regular two-dimensional local ring with
maximal ideal m = (z,y). Let v be a valuation of the quotient field K of
A having center m in A. Assume v(y) =v(z). Let B=A[y/z]. Let
J=BNM, where M,={z€ K: v(z) >0}U {0}. Let A’=B,;, m’=JA".
Then A’ is the first quadratic transform of A along v. Assume that the n-th
quadratic transform A, of A along v has been defined and has dimension two.
Then we define the (n -+ 1)-st quadratic transform of A along v to be the first
quadratic transform of A4, along v. If B is the n-th quadratic transform of
4 along v for some n, we say that B is a quadratic transform of A along .
If there exists a v such that B is a qadratic transform of 4 along v, we say
that B is a quadratic transform of A.

TrEOREM 1.7. (Zariski-Abhyankar). a) Let A be a two-dimensional
regular local ring and let B be a two-dimensional regular local ring with the
same quotient field as A and which dominates A. Then B is a quadratic
transform of A.

b) Let Ag<A; <A, - - be strictly ascending sequence of two-dimen-

sional regular local domains with a common quotient field K. Let B— | A..
=0
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Assume that Ay, is a quadratic transform of A; for ¢=0,1,2,- - -. Then
B is the valuation ring of a valuation v of K which dominates each As.

Proof. These are Theorem 3 and Lemma 12 of [1].

We now recall the following definitions and results from the usual source
(B.G.A., I, Sections 6 and 7):

Definition 1.8. Let X and Y be two preschemes over a base prescheme S.
Let U and V be two open subsets of X and f: U—>Y and g: V—> Y be two
S-morphisms. We say that f is equivalent to g if f and g agree on a dense
open subset of U N V.

Definition 1.9. An S-rational map from X to Y is an equivalence class
of morphisms from open dense subsets of X to ¥, with the above equivalence
relation.

For convenience, we shall use the words “rational map” rather than
“rational morphism.” Thus, if X and ¥ are integral preschemes, a birational
map from X to Y is a rational map which induces an isomorphism on the fields
of functions, while a birational morphism is a birational map which is every-
where defined, i.e. a morphism.

Definition 1.10. Let X and Y be preschemes, f a rational map from X
to Y. We say that f is defined at a point @ of X if there exists a dense open
set U of X containing 2 and a morphism mapping U to Y belonging to the
equivalence class of f. The set U, of all points  in X where f is defined is
called the domain of definition of f.

Prorosition 1.11. Let X and Y be two S-preschemes. Assume that X
s reduced and Y 1is separated over S. Let f be an S-rational map from X
to Y, U, its domain of definition. Then there exists a unique S-morphism
g: Uy— Y belonging to the equivalence class of f.

Proof. This is Proposition 7.2.2 of E.G.A., I.

ProrositioN 1.12. Let X and Y be two S-preschemes, Y of finite type
over 8. Let @ in X and y in Y be over the same point s in S.

(i) If two S-morphisms f= (y,9), f'= (y’,’8) of X in ¥ are such
that y(z) =y/(z) =y, and the Og-homomorphisms 6* and ¢* of O, in O,
are identical, f and f' coincide in an open neighborhood of .

(ii) For every local Og-homomorphism ¢: O,— O,, there exists an
open neighborhood U of z in X and an S-morphism f= (y,0) of U in ¥
such that y(z) =y and 6% = ¢.
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Proof. This is Proposition 6.5.1 of E.G.A,, L.

CoroLLARY 1.13. Let X and Y be two integral S-preschemes, Y
separated over S and f an S-birational map from X to Y. We identify K (X)
with K (Y) by means of f. Then f is defined at a point z of X iff there ewists
a point y in ¥ such that Oy C O, and my & my.

Proof. It is clear that if f is defined at @, then such a y exists, namely
y =g (z), where ¢ is in the class of f. To go the other way, let ¢ be the
inclusion of O, in O,. By Proposition 1.12(ii), there exists an open neigh-
borhood U of z and an S-morphism ¢: U— Y such that ¢ induces ¢. Let
g be some map in the class of f. Let 2z be the generic point of X. Then it is
clear that g(z) =y /(#) and that y and g induce the same map of Oy, to O.,.
By Proposition 1.12(i), g and ¢ agree in some open neighborhood of z, i.e.
since X is irreducible, ¢ is in the class of f. So f is defined at z.

ProposiTioN 1.14. Let X and Y be two S-preschemes. Assume that
Y is normal, and X proper over 8. Let f be an S-rational map from Y to X,
and let Y’ be the closed set of points of Y where f is not defined. Then
codim (Y”) =®, that is, dim Oy,, =2 for every y in Y.

Proof. This is an immediate corollary of 7.3.5, E.G.A., II.

TaEOREM 1.15. (The Factorization Theorem). Let F and F’ be reqular
surfaces. Let f: F— F be a proper birational morphism. Then F is iso-
morphic to a prescheme obtained from F’ by a finite number of successive
locally quadratic transformations.

Proof. We first prove the following key lemma:

LemmaA 1.16. Let F, G, H be three regular surfaces and P a point of
H such that dim Og,p=2. Assume

1) There exists a proper birational morphism f: F— H.
R) f is not biregular at P.
3) g: G— H is the locally quadratic transformation of H with center P.

Then there exists a proper birational morphism f: F— G such that
gof'=f.

Proof of Lemma. Let f” be the H-rational map of F into G determined
by f and g. It is clear that f” induces an isomorphism of K (G) to K (F).
Let B be a point of F. Since G is separated over H, Corollary 1.13 applies,
and if we can show that there exists a point @ of G such that Oy is dominated
by Og, f” will be defined at R.



CURVES OVER DISCRETE VALUATION RINGS. 393

1) Assume that f(R) 54 P. Then we may take Q = g'f (R).

) If f(B)=P, then either dimOpr=1 or dimOpr=—R2. If
dim Opg=1, then Opr is a discrete valuation ring and by the valuative
criterion of properness, it must dominate some point of H. (Corollary %. 3. 10,
E.G.A, II). If dim Opr==2 then Theorem 1.7 applies, and Opjy is an
n-th quadratic transform of Opg,p along some valuation ». Since f is proper,
it is separated, and it therefore easily follows that n=1. But then by the
definition of @, the first quadratic transform of Og p along v is the local ring
Og,q of a point @ of F and Opr dominates Ogqg. Hence f” is defined at
every point P of F. By Proposition 1.11, there exists an H-morphism
f’: F— @, which induces f”, and it is clear that gof’=7f. Since f is proper
and ¢ is separated, f’ is proper, and f’ is clearly birational. So we have com-
pleted the proof of the lemma.

In order to complete the proof, it is sufficient to prove the following
lemma:

Lemma 1.1%. Let F, G be two regular surfaces and f a proper birational
morphism from F to G. We define a sequence of regular surfaces G, and
rational maps gn: Gn—> F as follows: Let Go= G and g, be the rational map
induced by f. Assume that g,, is not defined at some point P, of G..
Let Gy be the locally quadratic transform of Guy with center P,y and g, the
rational map induced by gns. Then this sequence is necessarily finite, i.e.
for some n, g, is @ morphism.

Proof. Assume that an infinite sequence existed. By Proposition 1.14
the set of points of &, where g, is not defined is finite, since @ is a normal
surface. It is easy to see then that there must exist a subsequence Q, of the
P, such that for all n =0, the local ring O,y of Q. is a quadratic trans-

form of O,. By Theorem 1.7 |J O, is a valuation ring B of the common
n=0

field of functions K of F and the (.. By the valuative criterion of properness,
B dominates the local ring 4 of some point R on F. Since 4 is the localiza-
tion of a ring of finite type over O,, there exists an n such that O, dominates
A. By Corollary 1.13, g, is defined at Q,, which is a contradiction.

It follows immediately from Lemmas 1.16 and 1.17 that F is isomorphic
to a surface obtained from G by a finite number of locally quadratic trans-
formations.

B. Necessary lemmas on birational transformations. In this section
we prove some basic lemmas about proper birational morphisms of surfaces
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which will be necessary for the proof of Castelnuovo’s criterion for excep-
tional curves. In particular, we will show that if a curve F is exceptional,
then it has arithmetic genus zero and self-intersection minus-one. We will
proceed as far as possible without using the factorization theorem, but its
use will eventually become necessary. Throughout this section, let X and ¥
be regular surfaces, and f: X — Y a proper, birational morphism.

ProrosiTION 2.1. Let & be an invertible sheaf of ideals on Y, corres-
ponding to a prime divisor C. So we have 0— £L—> Oy — O¢— 0. Then the
sequence 0 —> (f*&L) = Ox— f*(0¢) — 0 s ezact, and if g is a local equation
for C at a point y in Y, then g is also a local equation for the subscheme C”
of Ox defined by f*$ at any point x of X such that f(z) =y.

Proof. The question is clearly local, so let « be in X such that f(z) =y.
g
By definition of a local equation, we have 0—O0y,——> 0,— 0,,— 0.

g
Tensoring with O,, we obtain Op———> 0,—> Oy ,—> 0, and since 0, is a
domain and g %40, we are done.

Definition 2.2. Let C be a prime divisor on Y. Let &£ be the invertible
sheaf of ideals corresponding to C. We define the total transform f*(C) of C
to be the divisor associated to f*£. We extend the definition of total trans-
form to arbitrary divisors on Y by linearity.

Remark. 1t is clear from Proposition 2.1 that this definition agrees in
the geometric case with the usual one, as defined for instance in Zariski [4],
p. 70. It is also clear that if C;=C,, f*(C,) =71(C,).

Definition 2.3. Let C be a prime divisor on Y. By Proposition 1.14,
the rational map f* is defined and an isomorphism on the generic point y
of C. We define the proper transform f*[C] to be the prime divisor f-*(y),
where the bar denotes closure in the Zariski topology of X, and we take the
induced reduced structure. We extend the definition of proper transform to
arbitrary divisors by linearity.

Assume from now on that f is an isomorphism outside of a prime divisor
E and that f(E) is a point P of Y such that dim Op=2. We say that E is
an exceptional curve on X. Then we have

ProposSITION 2.4. Let D be a divisor on Y. Let v be the discrete
valuation defined by E, and g a local equation for D at P. Then f*(D)

=/ [D]+v(9)E.
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Proof. 1t is clear that fi[D]=f*[D]+ mE, and that m —=wv(g)
follows from Proposition 2. 1.

Prorosrrion 2.5. Total transform preserves intersection multiplicities.
More precisely, let D be a divisor on ¥, and C a divisor on ¥ such that for
every component F of C, H°(F,Or) is o field and F is a complete algebraic
curve over H°(F,Or). Then f*(C) has the same property, and i(D, ()
=14 (f*(D),f*(C)), where k is any field of finite index in all the fields
H°(F,Or). (For instance, if X and Y are surfaces over a ground field ¥/,
orif Xand Y are curves over a discrete vaduation ring A with residue field ¥/,
we may take k=K. Or,if C is prime, we may take k = H°(C, O¢).)

Proof. The first statement follows immediately from the fact that f is
proper. For the second, we may assume that D does not contain P by
replacing it with an equivalent divisor, if necessary. But then the result
follows from the definition of % and Proposition 2.1.

ProrosiTion 2.6. Let D be a divisor on Y. Let k—=«(P). Then
w(f*(D), B) =0.

Proof. We may assume that D does not contain P, so that f-*(D) neither
meets E nor has ¥ as a component.

ProrositioN R.7. Let k be the residue field of the point P, and D a
prime dwisor on Y which has a regular point at P. Then i (f*[D], E) —=1.

Proof. We now use the factorization theorem for the first time. Since
E is irreducible, the map f must be a locally quadratic transformation with
center P. Let D’ be the prime divisor of f*[D]. Since D has a regular point
at P, the induced map from I’ to I’ must be an isomorphism. In particular,
I’ can meet only one point @ of E. Let g be a local equation for D at P.
Since D is singular at P, we may take (g,y) to be a system of regular
parameters for P. Let A —Oy,p. Since the local rings of E on X are just
Spec A[g/y,y] U Spec A[y/g,g], we see that the local ring of the point @
is A[g/y,ylm, where m = (g/y,y). Tt is clear that y is a local equation for
E, and hence by Proposition 2.4 that 9/y is a local equation for I’. By the
definition of intersection multiplicity, i (D", B) — [«(Q) : %], but it is also
clear that Ox,¢/mx,e=x(Q) =k, so we-are done.

ProrositioN 2.8. Let E be an exceptional curve on X. Then E® — —1,

Proof. Tt is clear that there exists a D having a simple point at P.
Then by Proposition 2.6, i (f*(D),E) —0. But f*(D) =f1[D]+E, so
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i (B, B) — ix(f*[D],E) ——1 by Proposition 2.7. Since k— H(E, Ox),
E® —__1.

ProrosiTioN 2.9. Let E be an exceptional curve on X. Then H*(E,Og)
=0.

Proof. It is immediate that F is a complete curve over «(P), which is
covered by two neighborhoods isomorphic to the affine line over «(P), and
hence must be the projective line over x(P). It follows that H*(E, Og) —0.

ProrosiTiON 2.10. Let ¢’ be a complete integral algebraic curve on X
over ¥ =H°((",0¢). Assume that C's4E, so that f(C") =C, a prime
divisor on Y. Let H°(C,0¢) =k. Then

a) C®=,(0,0) =u(C,0") =K :k]iw (0, 0") = [¥:k]C’®, with
equality of and only if C does not contain P.

b) If C does contain P, then C® = [¥ :k](C"® 4- 1), with equality if
and only if C has a regular point at P, in which case k=¥ .

Proof. We have f*(C) ="+ mE, where m =0, and m =0 if and
only if ¢ does not contain P. Hence 0? =14(C, C) = 4 (C" 4 mE, ¢’ - mE)
=i (C" + mE, () =1, (¢, ") + miy(E,0”). Since 1x(H,C") =0, with
equality if and only if C' does not meet P, we have proved a).

By looking at i (E, (") as the degree of an invertible sheaf on (’, we see
that i (E, ") is divisible by [¥’:k]. Hence we have the inequality in b),
and the equality holds if and only if m =1 and 4 (Z,(0") = [¥':k]. C has a
regular point at P exactly when the local equation g of C is not in the square
of the maximal ideal at P, which is equivalent to saying that m—1. By
Proposition 2.7, if €' has a regular point at P, 4 (E,(C”) —1. So we have
proved b).

C. Castelnuovo’s Criterion. This section is devoted to proving Castel-
nuovo’s Criterion for curves over discrete valuation rings. Presumably it
holds for an arbitrary surface, and so we do as much as we can in this
generality, but we need an ample sheaf to obtain the contraction map, and
so make use of the previous results on projective embeddings of curves over
valuation rings. The proof of the existence of a map is then a modification
of the proof given in [2] for the case of surfaces over algebraically closed
fields, and the proof that the image point is regular, which is valid for an
arbitrary surface, is an interesting application of Grothendieck’s theorem on
holomorphic functions. We start with some lemmas necessary to establish
the existence of a map.
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Lemwma 8.1. Let X be a regular surface. Let E be a prime divisor of
X such that k—=H°(E,Og) is a field and E is isomorphic to the projective
line over k. Assume also that E® < 0. Let I be the ideal defining E in X.
Let Z, be the closed subscheme of X defined by Ir. Then H'(Z,) =0, and
the natural map from H°(Z,) to H°(Zs.) is surjective. (We abbreviate
Hi(Y,Oy) by Hi(Y).)

Proof. We prove our result by induction on n. For n—1 we know
H'(E,Op) —0. We have the exact sequence

0—)1""1/1”'-9 Ox/I”—) Ox/I”'l-—) 0.

By the exact sequence of cohomology and the induction hypothesis, it is
sufficient to show that H*(Op, In1/I") — 0. By Definition I.1.4. the degree
of I"*/I" is equal to — (n—1)E® =0 if n=1. Since F is isomorphic to
the projective line over %, the result follows.

LemmA 3.2. Let Z be any Z, as above. Then Pic(Z) —H*(Z, 0z*)
is isomorphic to the integers.

Proof. By the above lemma, it is clear that H°(Z,0z) > H°(E,Op) is
surjective. It follows readily that we also have a surjection from H °(Z,0z*)
— H°(E,Op*). Hence we have exact sequences

0—> H*'(N)—>H*(0z) > H*(0g) >0
and
0—> H' (M) — H*(0z*) — H*(0Op*) =0,

where N and M are the kernels of the maps from Oz to Op and from 0z*
to Op* respectively. To complete the proof, it is only necessary to recall the
following lemma of M. Artin [2], p. 486, and to observe that the proof given
in [2] of this lemma is valid without changing a word:

LeMMA 3.3. There exist chains of subgroups
HY(N) =NeD N, D- - - D Np—0,
H(M)=M,OM,D - -DMyp—=0
such that Ny,/N; is isomorphic to M /M; for j=1,- - -, n.

LeMma 8.4, Let X be a regular surface. Let E be a prime divisor of
X such that k= H°(E, Op) is a field, E is a complete algebraic curve over k,
H(E,Op) =0 and E® ——1. Then E is somorphic to the projective line
over k.
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Proof. By definition of intersection multiplicity, E® =—1 implies
that F has an invertible sheaf F of degree 1. By the Riemann-Roch theorem
on E, we conclude that dim; H°(F) =1. Hence there exists a non-trivial
map of Op—> F, which must be an injection. Tensoring with F-*, we obtain
0> F1—>05—>Q—0. Again by the Riemann-Roch theorem, we obtain
dimy(Q) — 1. Hence the support of ¢ is a single point P on E, x(P) =k,
and Q =« (P). So we see that P is a non-singular point of E, rational over k.
But the existence of such a point implies that k is algebraically closed in the
field of functions K (E) of E, (¢ in K (), integral over k=  integral over
Op=>x€0p=>2€0p/mOp=EFk).

Now we claim that F 4s non-singular. Let O = Op and O = the integral
closure of O in K(E), considered as a sheaf on E. So we have 0—>0—0
— 0/0 — 0. Taking homology, we have

0— H(0) — H°(0) = H°(0/0) — H*(0) —0.

Since k= H°(0) is algebraically closed in K (), we have H°(0) —:—>H°(O)
so H°(0/0) =0. Since G/0 is concentrated on a finite number of closed
points, we have 0/0 =0, i.e. 0 =0, and E is non-singular.

But now, since E is a non-singular complete curve over k with a rational
point and the genus of F is zero, it is well-known that ¥ is isomorphic to the
projective line over k.

Lemuma 8.5. Let X be a regular surface. Let E be a prime divisor of
X such that k=H°(E,Og) is a field, E is a complete algebraic curve over k,
E®—=—1 and H*'(E,Op) =0. Let I be the ideal defining E in X. Let
Z,=Spec Ox/I". Then the dimension over k of the kernel of the map from
H°(Z;) to H°(E) 1s equal to 2.

Proof. Tt is clear that this kernel is just H°(E,I/I?). Since E is the
projective line over k, and I/I? is an invertible sheaf of degree 1 on E, it
follows that (dimg(H°(E,I1/I?)) =2, by using the Riemann-Roch Theorem
for instance.

Lemuma 3.6. Let X, E, k, I be as above. Then X H°(E,I*/I*') is a
n=0

Zy, = SpecOx/I", Then the dimension over k of the kernel of the map from

polynomial ring over k in two variables, Ty, and T, where Ty and T, are
generators of H°(H,I/I?) over k.

Proof. I/I*1is a sheaf of degree 1 on the projective line E, and therefore
isomorphic to Og(I).
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LemMa 3.7. Let f: X— Y be a morphism of preschemes. If £, and
L., are two invertible sheaves on X which are very ample for f, then £, &L,
1s very ample for f.

Proof. E.G.A., II, Corollary 4.4.9.

Lemuma 3.8, Let f: X—> Y be a morphism of preschemes, and assume
that Y is affine. Let ¥ be an invertible sheaf on X. Let r be the rational
map defined by L. Then a sufficient condition for r to be everywhere defined
is that for every = in X, there exists an element of T(X, &) which is not zero
at z, i.e. not in m;Ley.

Proof. B.G.A., II, Corollary 3.7.4. (See E.G.A., II, Sections 3 and 4
for the definition and fundamental properties of the rational map associated
with an invertible sheaf.)

TaEOREM 3.9. (Castelnuovo’s Criterion). Let X be a complete regular
curve over ¥ —SpecA, A a discrete valuation ring with residue field k.
Let E be a prime divisor of X such that a) E is contained in the closed fiber,
b) H*'(E,0p) =0, ¢) E@=—1. Then there exists a complete regular
curve X’ over Y, together with a proper birational morphism =: X —> X’ such
that = is an isomorphism outside of E and = (E) is a point of P of X’.

Proof. We first observe that H°(E, Og) is a field ¥/, so by Lemma 3.4,
E is isomorphic to the projective line over k’. By the results of Section I.1
we know that f: X— Y is a projective morphism, so let £ =0x(1) be an
invertible sheaf on X which is very ample over ¥. By Lemma 3.7, £(n)
= ¥8m) is very ample for all n >0, and by Serre’s theorem, for large n
we have H*(X, £(n)) =0. Therefore we may assume that H(X, £) =0.

Let ¢ be the immersion of F into X. Let r— degreey (i*£). Let
M— L(E)®, where £L(E) is the invertible sheaf corresponding to E. Let
Z =the divisor rH. Since E®=—1, we have (L® M -E) =0, and there-
fore (L®M-Z)=0. Since Z satisfies the hypotheses of Lemma 3.2, we
see that the Picard group of Z is isomorphic to the integers. Letting j be
the natural injection of Z into X, we see that j* (L Q® M) == 0;. If we tensor
the exact sequences of sheaves

0> M*—>0x—>0;—0
with £ ® In, we obtain
0>L—>LOM—>j* (LB M) — 07— 0.
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Since H'(X, £) =0, we have a surjection from H°(X, L ® M) to H(Z, 05).

I now claim that the rational map defined by the invertible sheaf £ ® 9n
is regular, i.e. defined everywhere. Since £® 9 is isomorphic to &£ outside
of |Z|, it is clear that the rational map is defined and in fact biregular
outside of | Z|. We may take an element in H°(X, £ ® ) whose image is
the unit element of H°(Z,0z) and hence is not zero at any point of |Z|.
So, by Lemma 3. 8, the rational map is defined on | Z |, as well. So the sheaf
LM defines a map =: X — X*, where X* is contained in some projective
space over ¥, r is an isomorphism outside of | Z |, and £ ® M — »*(0x+(1)).

Since (£L® M -Z) =0, it follows that the image. of |Z | cannot be a
curve Z* in n(X) =X*. (If it were, the inverse image of Ox.(1) on Z
would be ample, and hence of positive degree.) Since |Z| is connected, it
follows that = maps | Z | onto a point P’.

Since X is normal, the map = factors through the normalization X’
of X*, and hence X” contains only one point P lying above P”.

To complete the proof, it suffices to demonstrate the following theorem :

THEOREM 3.10. Let X be a regular surface. Let Y be a normal
integral surface and f: X—Y a proper birational morphism. Assume that
there exists a prime divisor E of X such that the image of E is a point P
of ¥ and f is an isomorphism outside of E. Assume that k= H°(E,Og)
is a field, and that E is a complete algebraic curve over k. Assume further
that E®=—1, and H*(B,0p) =0. Then Oyp is a regular local ring,
i.e. Y 1s a regular surface.

Proof. We first recall a corollary to Grothendieck’s theorem on holo-
morphic functions:

TmrorEM 3.11. Let Y be a prescheme, f: X— ¥ a proper morphism,
F a coherent Ox-module. Then for every y in ¥, f,(F) is an Oy-module
of finite type, and we have a canonical topological isomorphism

((F),) " —%g T(f(y), F/m/'F).

n

(We recall that our preschemes are always assumed to be noetherian.)
Proof. This is Corollary 4.2.4 of E.G.A., III.

We next observe that given any ideal I on X such that Supp(0x/I)
= Supp (Ox/my) =f*(y), then lim I'(f(y), F/I"F) is canonically isomor-
—

n
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phic to lim T'(f-*(y), F/m,"F), since both are isomorphic to lim I'(f-*(y), F/J F),
- —

where the limit is taken over the directed set of all ideals J with Supp (0x/J)
—f1(y) partially ordered by inclusion. In particular we take I to be the
ideal defining F, and we take F = Ox, and we obtain

(f40x)y—> Lim T (f*(y), 0x/I"Ox).
S
Since Y is normal, it is easily seen by the valuative criterion of proper-
ness that Op — N Ox,, where the intersection is taken over all # in E. Hence
f+Ox = Oy, and we obtain

Op—> Uim T (f*(y), 0x/I"Ox).
—

n

We wish to show that Op is a regular local ring. Let 4,=T(f"*(y), Ox/I"0 x),
and let 4 =1lim 4, — Op. We have shown (Lemmas 8.1 and 3.4) that the
P .

natural maps of A, to 4, are surjective for all n. Hence the natural map
of A onto A, is surjective for all n. Let I be the kernel of the map of A
onto 4, Since 4,=H°(E,Op) =¥k is a field, we know that I, is the
maximal ideal of A. It is clear that I,» C I,, and we wish to show equality.
In fact, it will be sufficient, as we shall see, to show that I,2=1,.

We shall show first by induction on m that I,2=1I,(mod ). Since
modulo Iy, I, =T(X, I/I*) and I, =T (X, I/I**?), it follows from Lemma
3.6 that I,"=1,(mod I,,,). So in particular, I,2=1T1,(mod I;). In general,
we have the exact sequence 0 = In/Ims—> Io/Imss—> I5/Ln—> 0. By the induc-
tion hypothesis it is sufficient to show that the image of I, contains I,./Ipm.:.
But in fact the image of I,™ is equal to I,/Im.:, 0 We are done.

To complete the proof that I,2=1I,, it is sufficient to show that the
topology defined by the ideals I,, agrees with the topology defined by the ideals
I,». But by the theorem on holomorphic functions, the map

lim A/I"——51im 4 /1,
— —

is a topological isomorphism.

Since we know that A4 is a 2-dimensional local ring, to show that A is
regular it is sufficient to show that dimyI,/I,?— dim;I,/I,—2. But this
is just Lemma 3. 5.

D. Relative minimal models. In this section we prove a theorem for
curves over discrete valuation rings which is the analogue of Zariski’s theorem
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on the existence of minimal models for surfaces. However, this theorem is
by no means as deep as Zariski’s; under our hypotheses, in fact, it is a
relatively straightforward corollary of Castelnuovo’s criterion.

Recall that a prime divisor Z on a regular surface X is said to be
exceptional if there exists a proper birational morphism »: X — ¥, such that
« is an isomorphism outside of F and «(F) is a point P of Y.

We first wish to draw the following corollary of Grothendieck’s theorem :

ProposiTioN 4.1. Let A be a discrete valuation ring, S — Spec 4, X a
normal integral prescheme and f: X—> 8 a proper, flat morphism. Assume
that K (S) s algebraically closed in K (X). (It follows from the hypothesis
that f is surjective.) Then the fibers of f are connected.

Proof. From Grothendieck’s connectedness theorem (E.G.A., ITI, Corol-
lary 4.3.2), we know that it suffices to show that f,(0Ox) — 4. Since X is
flat over 4, f,(Ox) is a torsion-free A-module and it suffices to show that
the zero-dimensional cohomology group of the generic fiber is equal to K (S).
Since the generic fiber is normal and integral, however, its zero-dimensional

cohomology group is equal to the algebraic closure of K (S) in K(X), so we
are done. '

ProrosiTiON 4.2. Let X and Y be regular surfaces proper over a base
prescheme S, and assume that f is an S-birational map from X to Y. Then
there exists a regular S-prescheme X’ proper over X and S-birational to X,
such that the induced S-rational map from X’ to Y is defined on all of X',
t.e. comes from an S-morphism.

Proof. We will construct X” by applying to X a sequence of locally
quadratic transformations. We know by Proposition 1.14 that f is defined
except at a finite number of closed points. We define a sequence of S-pre-
schemes X, as follows: X, =X, If the rational map f, induced by f on X,
is defined everywhere, we stop. If not, we pick a point P, on X, where f,
is not defined and we define X,,, to be the locally quadratic transform of X,
with center P. It is easy to see that if this process does not terminate, we may
assume that there exists a sequence of points P, such that

a) P, is on X,
.b) Py is a first quadratic transform of P,
¢) fx is not defined at P,.

We know, by Theorem 1.7, that |J Op, is the valuation ring R, of some

n=1
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valuation v of K(X) =K (Y). It is clear that R, dominates the local ring
of P, on X,—2X, and hence the local ring of some point of 8. By the
valuative criterion for a proper morphism, it follows that R, dominates the
local ring Oy,q of some point @ on Y. Since Oy g is the localization of an
algebra of finite type over S, it follows that Oy,q is dominated by some Op,,
and hence, by Corollary 1.13, f, is defined at P,, which is a contradiction.

Remark. It is clear that the map f,: X,— ¥ is proper and S-birational.

ProrosITION 4.3. Let A be a discrete valuation ring, and S = Spec A.
Let X be a regular complete curve over 8. Assume K (8) is algebraically
closed in K(X). (It is clear that X is a regular surface, in the semse of
Definition 1.1). Let W be the generic fiber of X and assume that H*(W, Ow)
0. Let P be a point of X (necessarily closed) such that dim Oxp=—2.
Let X’ be the locally quadratic transform of X with center P. Let f: X’ — X
and B =f1(P). Suppose that C’ is an exceptional curve in the closed fiber
of X’. Then either C"=1E or f(C’) is an exceptional curve in X, not con-
taining P.

Proof. If O = E, then f(C”) is a curve C in X which is birational to (.
We know, by Castelnuovo’s criterion, that H*((”,0¢:) =0 and (V® ——1.
If P is not in O, then C is isomorphic to ¢/ and C® — ("®, so the result is
clear. So we may assume that C' contains P. By Proposition 2.10a), it
follows that C® = 0. Since C is contained in the closed fiber which is con-
nected by Proposition 4.1, this implies that the closed fiber is a multiple
of €, and (®=0. By Proposition 2.10b), it follows that C' has a simple
point at P, and hence C is isomorphic to ¢/, and H*(C,0¢) —0. Let F be
the closed fiber of X. Let I be the ideal defining ¢ in X. From the exact
sequence 0— I"/I"1— Ox/I"*— Ox/I"— 0, it follows easily by induction
that H*(X, Ox/I") =0 for all n. In particular, H*(F,0r) =0. Let ¢ be a
uniformizing parameter for the maximal ideal of 4. We have the exact
sequence

t
00— Ox'——> 0x-> OF—> 0,

- from which we obtain
t
H*(X,0x) —> H*(X,0x) = H*(F,05) = 0.

Since X is proper over 4, H*(X, Ox) is a finitely generated A-module, and
hence is zero by Nakayama’s Lemma. Since H*(W, Ow) — H*(X, 0Ox) Q K,
i

where K is the quotient field of 4, H*(W, Ow) = 0, which is a contradiction.
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\ THEOREM 4.4. Let A be a Dedekind domain, S = SpecA. Let X be a
‘regular complete curve over S. . Assume K (8) is algebraically closed m K (X).
Let W be the generic fiber of X and assume again that H*(W,Ow) #=0.

" Then there exists a regular complete curve Y over S and a proper S-morphism
x: X— Y such that

a) w18 birational.

b) Given any X’ such that X’ is a regular complete curve over S and
such that there exists an S-rational map X’— X which is a birational iso-
morphism, then the induced rational map from X’ to Y is a proper birational
morphism.

Proof. Let XK:SX X SpecK(S). Let K(S) denote the algebraic
4

pec

" closure of K (8). Since K (8) is algebraically closed in K (X), it follows that
K(X) @ K(8) has the property that every zero-divisor is nilpotent. (See
K(®

[5], Theorem 40, p. 197 and Corollary 2, Theorem 38, p. 195). Therefore
Xg is geometrically irreducible. By E.G.A., IV, 9.7.8, the set of points of
S where the corresponding fibers of X over § are geometrically reducible is
contained in a closed set, hence a finite set, since 4 is a Dedekind domain.
Since geometrically irreducible implies irreducible, there are only finitely
many reducible fibers of X over 8, so only a finite number of fibers may contain
exceptional curves. Also, it is clear that if the fiber of X at a point of Spec
is irreducible, and we contract one of the exceptional curves of X, the fiber
remains irreducible. Hence it is clear by the factorization theorem that there
exists a regular complete curve ¥ over-S and a proper S-morphism #: X =¥
such that

a) = is birational,
b) Y contains no exceptional prime divisors.

We say that ¥ is a minimal model under X. Let X’ be given. Let ¥”
be a minimal model under X’. We claim that ¥” is isomorphic to ¥, which
will complete the proof: By Proposition 4.%, there exists a complete regular
curve Y over Y, with proper S-birational maps = : ¥~ Y and 7,1 Y =Y.
By the factorization theorem there exist ¥'=1Y,, Yy, * *,Ym=1Y" and
Y=Y,,Y/, - ,Y,=Y" such that'Y; (resp. Y;) is a locally quadratic
transform of Y, (vesp. Y;,") for ¢=1,- -+, m,j=1,- - -,n. We may

"choose Y” such that m -+ n is minimal, and we may assume that m > 0.
Consider the map fn: Y — Yma Let E be the exceptional curve on Y.
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Since Y’ has no exceptional curves, the image of F is not exceptional in Y”.

Let F be contained in the fibre over the point  of S. Let B be the local

ring 4, and T'=SpecB. Let Z/=Y"X T and Z/ =Y/ >s< T. By Proposi-
s

tion 4.3, there exists an r such that the image of F in Z,” is the exceptional
curve of the map from Z, to Z,,’. Hence the image of F in Y, must be
the exceptional curve of the map from Y,” to Y,,’. Also, the image of E
on any of the surfaces ¥/, Y,./,- - «, Y,/ does not contain the image point
P/ in Y/ of the exceptional curve Fj;;. Hence we could have rearranged the
locally quadratic transformations so that E would be the exceptional curve
of f,/. Hence Y, would be isomorphic to ¥,,/, contradicting the minimality
of m -+ n.

CORNELL UNIVERSITY.
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