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CHAPTER 1

Tori and Abelian Varieties

In the first section of this chapter we recall the definition of algebraic groups and
some basic facts about them, attempting to put the classes of groups that will
interest us — abelian varieties and algebraic tori — in a somewhat larger perspective.
We quickly specialize to diagonalizable groups while the next sections treat abelian
varieties.

There are several good reasons to discuss tori in detail. They appear as degen-
erations of abelian varieties, their characters are weights of Hilbert modular forms,
and their finite subgroups are involved in defining level structures on abelian vari-
eties.

In general, we assume that this is not the first time the reader is exposed to
these topics. In particular, we assume familiarity with basic algebraic geometry,
elliptic curves and elliptic modular forms.

1. Algebraic Groups

In this section we follow very closely Borel [5], where the reader may find also a
moderate introduction to algebraic geometry.

Let k be a field with an algebraic closure K and let k° be the separable closure
of k in K. We denote Gal(k®/k) by I' throughout this section. We shall denote by
k[G] the ring of regular functions on a variety G over the k.

DEFINITION 1.1. An algebraic group over k is a quasi-projective variety G over
k together with morphisms

(1.1) m:GExG— G,

(1.2) inv: G — G,

and identity element e, such that the following diagrams commute:

13) oxGxaLaxa G%GXG GMGxG
o SN S
GxG poe G GxG—7—>G GxG—>C

Where we use e to denote also the constant map G — e.

Thus, from a “classical” point of view, an algebraic group G is nothing else than
a group G(K), with identity element e € G(k), such that the group operations
are algebraic. From a “modern” point of view, i.e., scheme-theoretic, an algebraic
group is a functor associating to each k-algebra R the group of R-rational points

5



6 1. TORI AND ABELIAN VARIETIES

of G, G(R), such that the natural maps G(R) — G(5) induced from a morphism
of k-algebras R — S are all group homomorphisms. Group schemes are discussed
in Appendix A.

An algebraic group G is called an affine or linear algebraic group if it is an affine
variety or, equivalently, if it can be embedded as group variety in GL, (K) for
some n; see [5, Prop. 1.10, p.54]. Thus, an affine algebraic group is a subgroup
of GL,, defined by a collection of polynomial equations. Examples are provided by
SL,,, On, SOy, Spay, the upper triangular matrices, the unipotent matrices. Here
the reader will notice that he is already familiar with, e.g., the tdeav GL,,. That
is, with a functor associating to any ring R a group GL,(R). Thus, GL,, becomes
more a “group machine” than a particular group. That is precisely the scheme
theoretic point of view.

If a group G is afline, the group structure may be equivalently defined by giving
the maps, dual to (1.3), on the coordinate ring:

(1.4) m : k[G] — k|G x G] = k[G] @y, k[G],
(1.5) inv : k|G] — k|G,
(1.6) ¢ k[G] — k.

The maps m, %, and ¢ are called co-multiplication, co-inverse and co-unit respec-

tively. They have the very special property of being ring homomorphisms. The

reader is invited to reflect on that. Such a structure is called a Hopf algebra.
ExampLE 1.2. Let G, = GL; be the multiplicative group. We have

(1.7) kGm] = klz, 27 = klz,y]/ (zy — 1);

(the second presentation shows it is affine). The co-multiplication, co-inverse and

co-unit maps are:

(1.8) m(z) =z @z, inv(x)=z", éx)=1
ExampPLE 1.3. Let G, = A}C be the additive group. We have

(1.9) k[G,] = klz];

(1.10) m(z)=z@1+10z, imw(x)=—z, é&z)=0.

EXERCISE 1.4. Write GL5 as an affine variety. Write its co-multiplication, co-
inverse and co-unit morphisms. Do the same for the upper-triangular matrices in
GL,.

An algebraic group G is called abelian if it is connected and projective (we will
show later that every such abelian group is necessarily commutative). The reader
is already familiar with elliptic curves. Except for the zero abelian variety, these
are the simplest abelian varieties. Indeed, every abelian variety of dimension one
is an elliptic curve. This follows, at least in the case of characteristic zero, from
Theorem 6.3 below. A product of elliptic curves is an abelian variety. The Jacobian
variety of a smooth curve of genus g is an abelian variety of dimension g, and in
fact every abelian variety is a homomorphic image of a Jacobian. See [73, Section
10]. See Section 6 for more examples.
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If G is an algebraic group, then its identity component G is a normal subgroup of
finite index.

EXERCISE 1.5. Prove this! What is the identity component of O2(R)? O2(C)?

THEOREM 1.6. (Chevalley’s theorem) Let G be a connected algebraic group.
Then G has a unique mazimal connected affine subgroup L and G/L is an abelian
variety:

(1.11) 0—L—G—G/L—0.

PROOF. See [12] and [15]. O

REMARK 1.7. In Theorem 1.6 abelian varieties and affine groups appear as
opposite sides in the ”"spectrum” of algebraic groups, yet it may happen that the
abelian variety G/L degenerates into the simplest kind of an affine group: a torus
(see below). Such degenerations arise for example in the context of compactifica-
tions of moduli spaces of abelian varieties.

A typical example of degeneration is the family of elliptic curves over the open
unit disk in C:

(1.12) v =2z —e€)(z—5), 0< e <1.

Figure 0.5.

If there was a proper moduli scheme for elliptic curves (a concept we shall
discuss further below, but for the time being can be thought of as a complete
variety parameterizing isomorphism classes of elliptic curves) this family would
have to have a limit at zero. The obvious way to complete this family is by taking
the fiber above zero to be y?> = x?(x — 5). This is no longer an elliptic curve.
However, if we delete the singular point (0,0) the remaining variety is a family
of algebraic groups (with the identity point always being the point at infinity)
over |¢] < 1. The fiber above zero being in fact isomorphic to G,,. We obtain a
family of elliptic curves degenerating to the multiplicative group G,,. The theory
of compactification of moduli spaces of abelian varieties is the content of [31].

DEFINITION 1.8. Let G, H be two algebraic groups over k. We let Hom(G, H)
denote the homomorphisms as algebraic groups from G to H defined over any
extension of k. We let Homy (G, H) stand for those defined over k.

Note that Homy: (G, H) is a I'-set. The action is given by
(1.13) ("h)(x) = ~(h(y~"2)).
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If we write G as a quasi-projective variety in P}, then every x € G(K) can be
thought of as a n+ 1 tuple (zg : -+ : @) with z; € K. Then for ¢ € T we have
ox = (oxg : -+ : oxy,) (there is a unique extension of the I'-action on G(k*) to
G(k)). However, the Galois action can be defined intrinsically:

Let X be a scheme over the field F', where F' is either k®* or K. Suppose
that X can be defined over k. That is, there is a scheme Xy over k such that
X = Xo x F (we use often this shorthand for X xgpec(r) Spec(F')). Then for every

Galois automorphism v € I we can define a conjugation morphism
(1.14) T X — X,

as follows. Let ¢ : Spec(F) — Spec(F') be the morphism induced from the field
homomorphism y~! : F — F. Then 7, is the morphism

id
(1.15) Xo xp F X0 ¥ %, F -

We remark that if Xo = Spec(k[z1,...,2n]/(f1,--., fm)) then

(1.16) X = Spec(Flx1, ..., 2n]/(f1s s fm)),

the isomorphism of X with Xy X, F' is coming from the ring isomorphism

(1.17) Flzy,...,z)/(f1, s ) 2 E[x1, . 20]/(f1y o fr) Q& F.

The morphism

(1.18) X 7 x,

is induced from

(1.19)

Ker, oo @nl)(frseees ) @ B SS9 i anl/(Fraeees ) O F
Thus, 7, takes the ideal (x1 — u,...,Tp — @) to the ideal (1 — y(a1),...,zn —
v(am,)). That is, the effect of 7, on points (in the naive sense) is just

(1.20) Ty(at, ... an) = (y(o1), ..., y(an)).

N.B. Although 7, is a morphism of schemes, it is not a morphism of schemes over
F.

If Xo,Ys are two schemes over k then I' acts on Homp (X Xi F, Yy xi F) by
the rule

(1.21) ¢r—>7:yo¢>on71.

In particular, getting back the case algebraic groups G, H, defined over k, one
can prove

(1.22) Homy, (G, H) = Homy: (G, H)".

This is descent argument. We refer the reader to [78] and [6] for more on Galois
action and descent. Note that if H is commutative then Hom(G, H) is a I-module.

DEFINITION 1.9. The characters of G are the group

(1.23) X(G) = Hom(G, Gy).
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Note that if f € X(G) then, in particular, f is a non-vanishing regular function
on G. Thus, for abelian varieties, X (G) is trivial (since any morphism from a
projective variety to an affine one is constant). However, as mentioned above,
abelian varieties may degenerate into affine groups, and even into affine groups G
for which X (G) determines completely the group G. These are called diagonalizable
groups and are discussed extensively below.

DEFINITION 1.10. The co-characters (or, multiplicative one parameter sub-
groups ) of an algebraic group G are

(1.24) X.(G) = Hom(G,,, G).
There is a pairing
(1.25) X. x X — Hom(G,,,G,,) = Z.

EXERCISE 1.11. Prove that X(GL2) is a free abelian group of rank 1 gener-
ated by the determinant character. Find X.(GL2) and the pairing X, x X — Z
explicitely.

LeMMA 1.12. (Independence of characters) The subset X(G) C K[G] is lin-
early independent over K.

PROOF. It is a classical theorem due to Dedekind. See [5, Lemma 8.1, p.111]
O

DEFINITION 1.13. We say that G is diagonalizable if K[G] = K[X(G)], where
K(G) is the affine coordinate ring of G and K[X(G)] is the linear span over K of
X (G). If furthermore, X (G)y := Homy (G, G,,) spans k[G], we say that G is split
over k.

THEOREM 1.14. Assume Y C X (G)y spans k[G]. Then:
1. Y = X(G). In particular, X(G), = X(G).
2. k[G] = k[X(G)] as Hopf algebras, where the right hand side stands for the

group algebra of the group X(G) with co-multiplication induced from the
diagonal map

(1.26) A X(G) — X(G) x X(G), A(f) = (f.)).
and co-inverse given by
(1.27) inv: X(G) — X(G), inv(f)=f1
3. If H is a closed subgroup of G, then H is diagonalizable and is split over k .

PROOF. 1. We have k[G] = k[Y] C k[X(G)x] C k[G] and X (G)y, is inde-
pendent over k. Thus Y = X(G),. Applying that to Y = X(G) € X(G)k
we get the rest.

2. The only thing to verify is that the structure on both sides agree. This is
straightforward. The algebra structure is provided by the definition. The
co-algebra follows from these considerations: if m : k[G] — k[G] ® k[G] is
co-multiplication, then (mf)(z,y) = f(x *y), where * is multiplication in
G. If fisin X(G), then f(z*y) = f(z)f(y). This shows that mf = f® f,
i.e., the diagonal morphism on X (G) induces mf = f ® f.
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3. By definition, K[H] is a homomorphic image of K[G] = K[X(G)] and is
thus spanned by the images of X (G), which are characters on H. Thus,
H is diagonalizable, K[H| = K[X(H)|, and K[G] — K[H] is the group
algebra epimorphism v, : K[X(G)] — K[X(H)] induced by the group ho-
momorphism ¢ : X(G) — X(H). But then, since X(G) = X(G)y, it is
clear that the kernel is defined over k and X(H) = X (H). In fact, Ker(ty)
is generated by {m — 1|m € Ker(¢)}.

O

REMARK 1.15. 1. Under the assumptions of the theorem, since G is of
finite type over k, X (G) is finitely generated, and therefore we have a sur-
jective group algebra homomorphism k[G!,] = k[Z"] — k[X(G)] = k[G]
for some 7 € N. Thus, G is a closed subgroup of G,,”. One views G,,” as
embedded diagonally in GL,., hence the name “diagonalizable”. Conversely,
Theorem 1.14 says that any closed subgroup of G,," is diagonalizable in our

sense.
2. Let G be diagonalizable and ¥ € ¥’ ¢ K. Then G is split over k' iff
X(G) = X(G)p.

PRrROPOSITION 1.16. The contravariant functor,
(1.28) G~ X(@),

from the category of k-split diagonalizable groups and k-homomorphisms of alge-
braic groups, to the category of finitely generated Z-modules and homomorphisms
of modules is fully faithful.

PROOF. We have a natural map
(1.29) Homy (G, H) — Homyz (X (H), X (G)).

The claim we are making is that it is an isomorphism. In particular, (exchanging k
with K'), we see that all the homomorphisms between such groups are defined over
k.

One simply verifies that any closed circle (starting from any point) in the
following triangle is the identity:

(1.30)
Homy (G, H)

T

HomHopf algebras(k[H]v k|G]) Homy (X (H), X(G)).

O

DEFINITION 1.17. An algebraic group G isomorphic over K to G,," is called
an n-dimensional torus.

Let G be an n-dimensional torus, then G is a connected diagonalizable group
of dimension n. As remarked before, if G is diagonalizable and X (G) = Z™ then
G is a n-dimensional torus. Suppose that G is a connected diagonalizable group
of dimension n. Since G, is connected of dimension 1, its only connected reduced
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subgroups are 1 and G,,. (In characteristic p the assumption of reduced is impor-
tant. See Example 1.23). Thus every element of X (G) is either trivial or surjective.
Hence, X(Q) is a free abelian group of rank n. We proved:

ProrosITION 1.18. The following are equivalent:

1. G is a n-dimensional torus;
2. G is a connected diagonalizable group of dimension n;
3. G is diagonalizable and X (G) = Z™.

COROLLARY 1.19. A closed connected subgroup of a torus is a torus and is a
direct factor.

ProoOF. Apply Proposition 1.16 and 1.18. O

Fact 1.20. Every diagonalizable group G over k is split over k°, thus over a
finite extension. (Essentially because I' is compact (being a profinite group) and
the representation p associated to X (G) is continuous with discrete image, hence
finite; the group G is split over L, the fixed field of Ker(p), which is a finite field
extension of k.)

Recall that a bilinear group homomorphism ¢ : A x B — C' is called a perfect
pairing if

(1.31) Va € A, ¢(a,b) =0 = b=0
and if
(1.32) Vb e B,¢(a,b) =0 = a=0.

ExXAMPLE 1.21. Let A be a finite abelian group, B = A* = Hom(A, C*). Then
the pairing

(1.33) Ax B —C*, (a,¢)— 9(a).
is perfect.

PROPOSITION 1.22. Let T be a torus defined over k, I' = Gal(k®/k).
a) X(T) = X(T)gs, X« = Xi(T)gs. Hence,

(1.34) X(T) =X |, X (1) = X.(T)".
b) The pairing
(1.35) X.(T)x X(T) — Z
is a perfect pairing of I'-modules.
ProOOF. By Proposition 1.16, for any k®-split diagonalizable group G we have
(1.36) Hom(G,T) = Homy: (G, T).

In particular, X, = X, (T ), and hence X, (T)r = X.(T)'. We leave the proof
of b) to the reader as an exercise (be sure to check also the compatibility with the
action of v € T). O

Let G be a diagonalizable k-group (but not necessarily k-split). Since G splits over
k®, we have

(1.37) K[G] = K @ k*[X(G)] , K[G] =k [X(G)].
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The action of I" on an element Y aqa € k*[X(G)] is

(1.38) W(Z Q) = Z('yaa)“’oz for y € T.

We conclude that the I'-module X (G) determines k[G] = k*[X(G)] uniquely.
If H is another diagonalizable group, then Hom(G, H) = Homy: (G, H), and hence
the following assertions are equivalent:

1. h € Hom(G, H) is defined over k;

2. h is I'-equivariant ;

3. h*: k*[H] — k*®[G] is T'-equivariant;

4. X(h): X(H) — X(G) is I'-equivariant.

Let A be the category of diagonalizable groups over k with morphisms being k-
homomorphisms of algebraic groups. Let B be the category of finitely generated
continuous I'-modules X, without p-torsion if char k = p > 0, with I'-equivariant
homomorphisms. Here continuous means that the map

(1.39) I'x X — X

is continuous where I' is given its profinite topology and X the discrete topology.
Or still simpler, the action of I' factors through a finite quotient (X being finitely
generated).

We remark that for X an abelian group, k[X] contains nilpotent elements if
and only if char Kk = p > 0 and X has p-torsion. Since varieties are reduced by
definition (i.e. the sheaf of regular functions contains no nilpotent elements), we
have to exclude this case. To illustrate we give

EXAMPLE 1.23. Suppose k = Z/pZ, and X = Z/pZ. We get
(1.40) k[X] = Ely]/(y" = 1),

the group scheme py, 1, of p-th roots of unity over k, and y—1 is clearly nilpotent. In
the context of group schemes p, \ is a connected diagonalizable subgroup scheme
of G,,,, but in the context of group varieties it must be excluded. See Appendix A,
Section 3.

THEOREM 1.24. The functor of characters
(1.41) X:A— B, G- X(G)
is an anti-equivalence of categories, between the category A of diagonalizable groups

and the category B of continuous T'-modules with no p-torsion if char(k) = p.

PrROOF. By proposition 1.16 and the remarks just made, the only thing we
need to show is essential surjectivity, that is, every object in B is the character
module of some object in A.

Let M be a finitely generated I'-module. Let G be the associated affine group
with affine coordinate ring k*[M], an algebra of finite type over k*. If m € M, then
m defines a character of G by

(1.42) E*lz, 2™ — k°[G] = k*[M],

(1.43) T = m.
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(m being invertible in k°[M]), and one easily verifies that in fact M = X(G)
(because M C X(G) and it spans k*[G] as in Theorem 1.14). Hence, G is diago-
nalizable.

Consider now (k*[M])". It satisfies

(1.44) k@ (K [M)Y = kS[M],

and hence gives G a k-structure. The equality (1.44) is essentially the assertion
that if I' acts continously semi-linearly, i.e.

(1.45) Y(ax) = y(a)y(z) (a € ks, x € k*[M]),

on a k°-vector space V, there exists a k-basis to V. This in turn follows from
(1.46) HY(T,GL, (k%)) =1

One can also prove it directly (see [5, Section AG 14.2]). O

REMARK 1.25. We have seen that diagonalizable groups are completely deter-
mined by their character module considered as a I'module. In particular, since
GL,(Z) is the automorphism group of G,, one sees that the n-dimensional tori
are equivalent to Galois representations p : G — GL,,(Z) up to conjugacy. All n-
dimensional tori are forms of G}, (that is, they become isomorphic to G}, over K),
and in fact H'(T', Aut(G?)) — the pointed set classifying forms of G” — is indeed

naturally identified with the set of Galois representations p modulo conjugacy.

EXERCISE 1.26. 1. Classify n -dimensional tori over the field Z/pZ. Sug-
gestion: Do first the one and two dimensional cases.
2. If you know some class field theory, classify one dimensional tori over Q.

REMARK 1.27. One often writes k*[M] in the form
(1.47) E[X*:ae M]/(XHP — xXP X0 1),
We finish this section by giving some general methods to construct tori.

EXAMPLE 1.28. Restriction of scalars. Let L/k be a separable field extension
of degree d. We assume L C k°, where k® is our fixed separable closure. Let
{01,...,04} be the embeddings of L into k®. This a I'-set:

gi

(1.48) L ——= k5 .
ks
Let us write
(1.49) TOO; = 07(j)-
Consider the continuous I'-module
d

(1.50) M =PoaiZ.

i=1

Let G be the unique, up to isomorphism, algebraic torus with X(G) = M. Note
that G is a d-dimensional torus. It is denoted Resp /1Gpp,.
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To generalize our construction, consider an algebraic variety X/L. Define Resy /X
as a functor

(1.51) Res;/, X : k—alg — Sets, Res;;,X(B)=X(B®;L).

One can show that there exists an algebraic variety over k, unique up to k iso-
morphism, such that Resp /X is its functor of points. This variety is denoted by
Resy /X as well.

EXERCISE 1.29. Let L/k be a quadratic extension of fields. Write Resy, /Gy,
explicitly as an affine variety over k. Write also the co-multiplication and co-inverse
morphisms.

To tie together the functorial and the lattice approach, note that a k*-point of G
amounts to a homomorphism M — k**, or, with the choice of the standard basis

on M, simply to a d-tuple, (z1,...,24), of elements of k**. Therefore, for every
field extension k' of k in k*, we have
(1.52) GK') ={(z1,...,2q) : 7(x:) = T,03), VT € Gal(k*/K')}.

In particular, G(k) is naturally isomorphic to L*, and in fact for every separable
field extension k' of k we find a natural identification of G(k’) with (k' ® L)*. That
shows that G is Resy, /Gy,

EXAMPLE 1.30. Tensor and Hom constructions. Let T be a d-dimensional
torus over k and let O be the ring of integers of an algebraic number field. Let
us assume that O is contained in the endomorphism ring of 7. We remark that
such examples exist in abundance, because the endomorphism ring of T" over k° is
My(Z).

Given a projective O-module M of rank r, we define two new tori over k, both
of dimension rd. They are denoted T'®» M and Home (M, T'). As functor of points
they are defined by the following formulae: For every k-algebra B

(1.53) (T ®o M)(B)=T(B) ®o M,

(1.54) (Homp (M, T)) = Homep (M, T(B)).

We leave it to reader to verify that these are indeed the functor of points of tori

over k. We remark that the character modules are given by

(1.55) X(T®oM)=X(T)®0 M, X(Homp(M,T))=Home(M,X(T)).
ExXAMPLE 1.31. Serre tori. Let K be a CM field of degree 2¢g with its totally

real field K*. We remind the reader that by definition K is a totally imaginary

quadratic extension of a totally real field. Let G = Resg/qGyy, as in Example 1.28.
The character module of G can be explicitly written as

(1.56) X(G) = {an .00 € Hom(K,Q%), n, ez}.

Let 7 be complex conjugation. Then 7 acts on X(G). Consider the I'-module N
given by

(1.57) N:{an~a:ng+nmznp+nm, Va,p}.

Note that N is of rank g 4+ 1. It defines a g + 1 dimensional torus (called a Serre
torus) over Q.
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2. Moduli Problems

In this section we discuss moduli problems and moduli spaces. We mainly focus
on ideas rather than on the solutions because the solutions — the moduli spaces
themselves — are studied closely in later chapters. Some of the paragraphs in this
section will be better understood only after reading on the book.

The notion of a moduli space is rather a set of examples or problems than a well
defined notion. Usually, by a moduli problem one means a certain kind of classifica-
tion problem. Large part of mathematics is devoted, or motivated by, classification
problems: classifying topological spaces up to homotopy; classifying all the finite
simple groups; classifying Hilbert spaces up to isomorphism etc. Usually a distin-
guishing feature of the classification problems called moduli problems is that they
appear in the context of geometry, and that one considers families of objects as
well.

In the context of algebraic geometry one may choose the most general approach
and define a moduli problem as follows: Fix a base scheme S. A moduli problem
over S is a contravariant functor

(2.1) ® : Schg — Sets

from the category of schemes over S to the category of sets. Assume that this
functor is representable, i.e., that there exists a scheme T'— S such that the
functor of points of T, hr, is naturally equivalent to ®. That is, that there exists
a natural isomorphism

(2.2) hr(R) := Mors(R, T) = &(R),

where R varies over S-schemes. One may then call T a fine moduli scheme. If T
is equi dimensional over S (and nice enough such that this makes sense), then one
may call dimg(7") the number of moduli of the moduli problem ®.

It seems that the first moduli problem, as such, was described and solved by B.
Riemann. It is still a problem that motivates much research in algebraic geometry.
In this case one fixes an integer g > 2 and takes ® to be the functor associating
to a scheme T the isomorphism classes of smooth curves C — T of genus g (here
S = Spec(Z) and hence omitted). Riemann made the statement that this problem
has 3g — 3 moduli. Local deformation theory as developed by Kodaira-Spencer,
[63], i.e. the theory of infinitesimal deformations (and in particular deformations
over the base k[e], €2 = 0, k a field, called also first order deformations ), dictates
that the k[e] deformations of a curve C' are parameterized by H'(C,T¢), where
T designates the tangent sheaf of C. By the Riemann-Roch theorem and Serre’s
duality

(2.3) dim H'(C,T¢) = dim H°(C,0(2K¢)) = 3g — 3.

See Section 6 and Chapter 3, Section 5 for more examples.
There does not exists a fine moduli scheme for this problem. It is a general
philosophy that the existence of a fine moduli space that represents a functor of
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isomorphism classes of certain objects, ! usually rules out the possibility that the
objects being parameterized have automorphisms, as some curves do. However,
there exists a coarse moduli space for this problem.

A coarse moduli scheme is a scheme T — S such that (i) there exists a
morphism of functors ® — hp; (ii) for every algebraically closed field k, with
Spec(k) — S, the morphism of functors gives a bijection T'(Spec(k)) = ®(Spec(k))
and moreover (iii) every morphism ® — hx from ® to the functor of points of a
S-scheme X, factor through ® — At for a unique morphism 7' — X.

Coarse moduli schemes may exist when fine moduli schemes do not. For exam-
ple, there exists a coarse moduli scheme for the functor ® of isomorphism classes
of curves of genus g (still g > 2). We shall denote it by M,.

Often the existence and the “justification” for the existence of coarse moduli
spaces is the following. One adds structure to the original problem, i.e., considers
a functor ® with a natural (“forgetful”) morphism ® — ®, such that in fact ®
is obtained from ®’ by a “nice” equivalence relation ~. For example, in the case
of curves, we may take ®’ to be the moduli problem of isomorphism classes of
m-pointed smooth curves. That is, a curve together with m-distinct points on it .
When m is large enough, that is m > N(g) where N(g) depends only on the genus,
this moduli problem is rigid. That is, an automorphism of a curve of genus g fixing
the m marked points is necessarily the identity. The functor @’ is representable;
there exists a fine moduli space for it, say M, ,,,. The space M, is then a quotient
of Mg m by an equivalence relation coming from forgetting the marked points.

It follows tautologically(!) that if there exists a fine moduli scheme T for a
moduli problem @, then there exists a universal object «f — T. That is there
exists an element U € ®(T') with the following property: Let R be a S-scheme and
Eg : ®(R) — T(R) be the given bijection. Let € ®(R) and Eg(z) : R — T the
corresponding morphism. By contravariance we get an object Eg(z)(U) € ®(R). It
is equal to z. In the case of m-pointed curves, this boils down to saying that there
exists a universal m-pointed curve Y — M, ,, such that for every scheme R the
isomorphism classes of m-pointed curves over R are precisely {f*(Uf) : f € T(R)}
(remember that a point f € T'(R) is, by definition, a morphism R — T)).

The moduli problems we will be interested in are those of classifying abelian va-
rieties with certain extra structure. This extra structure is meant to rigidify the
moduli problem. Some moduli schemes of elliptic curves are discussed in Section 3,
and of abelian varieties in Section 2.2. We do not presume to actually prove the
existence of such moduli schemes. What we shall actually show is that for some
moduli problems (e.g. elliptic curves and abelian varieties with real multiplication)
there are certain quotients of a power of the complex upper half plane H that are
“likely” to be coarse moduli schemes. In fact they are, but we shall only demon-
strate a natural bijection between the points of such quotients and the value of
the respective moduli problem on the scheme Spec(C). This falls short of actually
proving they are coarse moduli schemes.

We want to draw the reader’s attention to a phenomenon she encountered before
(or so we expect): There is no universal elliptic curve.

Without the proviso on the functor representing isomorphism classes it is easy to give
examples where automorphisms form no obstruction. Grassmannians and formal group laws are
such examples
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Recall that the coarse moduli scheme of elliptic curves is given by the j-line;
two elliptic curves are isomorphic if and only if they have the same j invariant.
There doesn’t exist an elliptic curve over the j-line such that its fibre over every jg
is the elliptic curve with invariant jy. This has to do, of course, with the j-line not
being quite a fine moduli scheme. There is, however, such an elliptic curve over the
j-line with the points 0 and 1728 removed: E.g., y? + xy = 2% — jjﬁmgx — ﬁ.
If we ask for the moduli of elliptic curves with a 7 torsion point (this is a rigid
problem) then there exists a fine moduli scheme and thus a universal elliptic curve
over it. This moduli scheme is an open sub-variety of P!. Given t € Al associate
to it the elliptic curve y? + (1 +t — t2)ay + (1> — t3)y = 23 + (2 — t3)2%. It has
discriminant ¢7(t—1)7 (> —8t2+5t+1). The moduli scheme is then the complement
of the zero locus of the discriminant. The 7 torsion point is (0,0). We have taken
those examples from Silverman [107, Chapter III.1, Appendix C.13].

For elliptic curves, if one takes as extra structure, say, an isomorphism of the
n-torsion points (n > 3) with (Z/nZ)? then one gets a rigid moduli problem repre-
sentable by a fine moduli scheme over Z[(,]. Although the same level structure is
rigid (that is, objects do not have any automorphism except the identity) for abelian
varieties one needs to put some more structure to obtain nice moduli schemes. The
reason has to do with the way one construct these moduli schemes.

The usual procedure is to realize all the objects one parameterizes as sub va-
rieties of a projective space of a fixed dimension, having special properties. Thus
they are typically parameterized a sub variety of an appropriate Hilbert scheme.
For curves of genus greater then 1, the divisor 3K (K the canonical divisor) is very
ample, and thus all curves of genus g appear as sub varieties of P59~¢. See [20,
Section 1]. For elliptic curves, 3 - 0 is a very ample divisor, and all elliptic curves
appear as sub varieties of P2 (Weierstrass equation). One proceeds to construct the
moduli scheme as a sub-variety of a quotient of the appropriate Hilbert scheme.

Giving a projective embedding into a fixed projective space requires a choice of
a very ample divisor and a choice of basis for its global sections. All these are extra
data and one attempt to discard it. The choice of basis is corrected by dividing the
Hilbert scheme by the action of PGL,,. The choice of ample divisor is corrected
by considering divisors up to algebraic equivalence. For elliptic curves, the last
correction is not needed because there is a canonical choice of an ample divisor, viz.,
0g. However, for abelian varieties there is no such choice and one needs to choose
an ample divisor up to algebraic equivalence. Since two divisors on an abelian
variety are algebraically equivalent if and only if they define the same map from
the abelian variety to its dual, one finds the usual definition of a polarization as
a map from the abelian variety to its dual induced by an ample line bundle (see
Definitions 1.14 and 6.27). We note that while for elliptic curves the Néron-Severi
group — the group of divisors modulo algebraic equivalence —is just Z, for an abelian
variety, though it is still a torsion free abelian group, it may happen that it is of
rank greater than 1 and thus there is no natural choice of polarization.

Thus, a typical moduli problem for abelian varieties is that of parameterizing
triples (A, A,~y) where A is an abelian variety of a given dimension (otherwise the
moduli scheme would be a disjoint union according to dimension), a polarization
A: A — A’ (that is: a map from A to its dual abelian variety that comes from an
ample line bundle) which should be thought of as an equivalence class of projective
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embeddings, and a level structure y (Typically a choice of a point, or several points
on the abelian variety that rigidifies the moduli problem).

3. Moduli of Elliptic Curves

In this section, as the title suggests, we examine the moduli schemes corresponding
to pairs composed of an elliptic curve and an associated level structure. We assume
the reader is familiar with the basic theory of elliptic curves.

Every abelian variety of dimension 1 is an elliptic curve. By an elliptic curve
E over a ring R, we mean a group scheme E over Spec(R), of relative dimension
one, which is proper with geometrically connected fibers. Equivalently, locally on
Spec(R), the scheme E can be given a Weierstrass equation y? + ajry + azy =
2% + asz? + asx + ag with variables z, y.

DEFINITION 3.1. Let R be a ring in which n is invertible and assume that R is
Z[Cn]-mOdule (Cn = €2Tri/n).

1. A full symplectic level-n-structure (or a I'(n)-structure) on an elliptic curve
FE over R is an isomorphism of constant group schemes over R

(3.1) a:(Z/nZ)* — Eln).

We further require that under « the Weil pairing on E[n] induces the sym-
plectic pairing on (Z/nZ)? determined by < (1,0), (0,1) >= (,.

2. A Ti(n)-level structure is a choice of a point P € E[n](R) of order n.

3. A Ty(n)-level structure is a choice of cyclic subgroup H C E(n) of order n
that is defined over R.

REMARK 3.2. 1. The phrase “constant group schemes over R” amounts to
saying that all the n-torsion points of E are defined over R.
2. By a symplectic pairing of (Z/nZ)? we mean a map
(3.2) ¢ : (Z/nL)? x (Z/nZ)* — pn(R),

such that ¢ is bilinear and antisymmetric.

We consider the following functors:
(3.3) M(n) : R — M(n)(R) := {isomorphism classes over R of (E,«a)}

(3.4) Mi(n) : R+— Mi(n)(R) := {isomorphism classes over R of (E, P)}

(3.5) Moy (n) : R— My(n)(R) := {isomorphism classes over R of (E, H)}

To clarify, two pairs (E1, ;1) and (Fa,ag) in M(n)(R) are isomorphic over R if
there exists an isomorphism f : £ — Fs, defined over R, such that foa; = as.
Similarly for I'y(n) and I'g(n) level structures. Thus, we always have (E, P) =
(E,h(P)), for h € Autgr(FE). For most elliptic curves h could only be £1, but for
some curves there are more possibilities.

We have the following natural transformations of functors:

(3.6) M(n) — Mi(n),
given by
(3.7) (B, a) = (E,a(1,0)),
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and
given by
(3.9) (E,P)— (E,< P >),

where < P > means the cyclic group generated by P.

Consider now elliptic curves over C. Let H be the complex upper half plane

(3.10) H={z€C:Im(z) > 0}.

Let 7 € H, and let £, be the lattice corresponding to 7, i.e.,
(3.11) Z+Z-T.

Let &; be the elliptic curve

(3.12) C/L..

Later, in Example 6.39, we shall see that every elliptic curve is isomorphic to &;
for a suitable 7 € H, and we shall prove that under the Weil pairing

(3.13) <,>: & [n] x E[n] — i,
we have
(3.14) < T eprifn) = ¢
. —, = >=ex = (.
i p(27i/n

Granted that, we get a symplectic level-n-structure
(3.15) a: (Z/nZ)? — E.[n),
by setting (1,0) = 1 and «(0,1) = Z. We also get a:
e I'y(n) level structure by taking P to be a(1,0) on &;.

e I'y(n) level structure by taking H, to be the subgroup {%\a =0,...,n— 1}
on &;.

Let T'(n),T'1(n),To(n) be the following congruence subgroups of SLa(Z):

(3.16) r(n)—{(‘; Z):G) 2)modn},
(3.17) rl(n):{(‘é Z>z<é ’1*>modn},
(3.18) Fo(n)={<‘c‘ Z)z(; :)modn}.

Let pu = ( ch Z ) € SLy(Z), 7" = pr. A short calculation yields that 7 and 7/

define isomorphic couples in the following settings:

(3.19) (Er,ar) 2 (EL dl) < peTl(n),

(3.20) (Er, Pr) = (E;_)P_I/_) < peli(n),

(3.21) (Er H:) = (B, Hy) <= p€To(n).
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Moreover, we have the following diagram:
T—C/(Z+ZT)

I(N)\H M(N)(C)

a(L,0)=7, a(0,1)=7

n

l !

(3.22) DNN\H - TEEER M(N)(©)
To(N\H 20 My(N) ()

EXERCISE 3.3. Take a point 7 for which one of the coverings is ramified. Ex-
press that in terms of automorphisms of the elliptic curve &;.

We recall that the open Riemann surfaces I'(N)\H, 'y (N)\H and T'o(N)\'H denoted
customarily by Y (N)(C), Y1 (N)(C) and Yy(N)(C) respectively can be compactified
canonically by adding the orbits of P!(Q) under the group I'(N),T'1(N) and Ty(n)
respectively. The resulting curves are denoted accordingly X (N)(C), X;1(N)(C)
and Xo(N)(C).

For sake of completeness we give information of indices and genus. ****

4. Modular Forms

In this section, we present modular forms as sections of line bundles. Though our
presentation is quite sell-contained, we assume that the reader is familiar with the
usual definition of modular forms, and our intention is to present a re-interpretation
and some interesting phenomena.

Let T be a discrete subgroup of SLy(R).

DEFINITION 4.1. A holomorphic function j : I' x H — C* is called a factor
of automorphy if for all py, pue € I' and 7 € H:

(4.1) J(pape, ) = j(p, po7)j(pe, 7).

One calls (4.1) the cocycle relation. Indeed, if we view I' as acting on the multi-
plicative abelian group Oj; of non-vanishing holomorphic functions on H by the
rule (f7)(7) = f(y7), then the association

(4.2) I'— OF, prjp,-)
is a 1-cocycle in Z'(I', O5).
EXAMPLE 4.2. Let k be an integer. Let
(4.3) k(s 1) : T X H—C,  ji(p,7) = (e1 + d)F,

where p = < (Cl Z > € I',7 € H. Then j; is a factor of automorphy.

The following diagram demonstrates the compatibility of the action of I' on
H x C:
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Figure 1.

DEFINITION 4.3. For I' C SLy(Z) torsion free (i.e. I' contains no elliptic ele-
ments), we define the Hodge bundle EF as the quotient:

(4.4) H x C/T,
with the action of I' given by (7, ) ~,, (7, jr(p, 7))

Some remarks are in order: First, recall that a group G acts properly and discon-
tinuously on a topological space X, if for any pair of compact subsets K7, Ko C X
the set

(4.5) {9 € GlgK1 N K, # 0}

is finite. Also, the action of G on X is said to be free, if gr = x for some z € X
and g € G implies g is the identity. So, using that I'" acts freely and properly
discontinuously on H x C , we get that the Hodge bundle E* is well-defined as a
complex manifold. And since I is torsion free, E* is a line bundle over I'\'H.

Secondly, we note that E®FF = (E®F)®K hecause, in general, if L;, i = 1,2,
are two line bundles defined by factors of automorphy h;, then L ® Lo is defined
by the factor of automorphy hyhs.

DEFINITION 4.4. A modular form of weight k and level I' is a global section
of the line bundle E* over I'\'H, i.e., an element of H°(I'\’H,E*). Equivalently, a
function

(4.6) f:H—C,
such that
(4.7) f(ur) = gre(p, ) f (7).

We denote the vector space of modular forms of weight &k and level T by F(C, k,T").

REMARK 4.5. Some care has to be taken here. A modular form in the sense
above is meromorphic at the cusps. The Hodge bundle extends to the compactified
curve I'\'H* and a modular form of weight k& and level I" is usually taken to be a
section of E* over I'\H*. I.e., one adds the requirement of being holomorphic at
the cusps. To distinguish we shall say “holomorphic modular forms” and use the
notation M(C, k,T).

Starting with the property (4.7), one may define modular forms of weight k and
level I for ' not necessarily torsion free, e.g., for SLy(Z), as holomorphic functions

(4.8) f:H—C,
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satisfying
(4.9) flur) = g (p, ) f (7).

Again, the usual terminology requires holomorphity at infinity as well. In the
case where I' is not torsion free, these are the global sections of a sheaf on T'\'H
which is generally not invertible. The problem is with the ramification of the map
H — T'\'H that obstructs the descent of the Hodge bundle to the quotient. To see
that indeed there is an obstruction take the case I' = SL2(Z) and note that

fom o= (' 0y ) weret S = £0) = (-1470)
from = (1§ ) wewet  fui) = F) = (D)
from po = (1) _11 we get  f(uaw) = f(w) = WP f(w)

(w = exp(27i/3)) and hence every section of the sheaf of modular forms of weight &
and level SLo(Z) vanishes: (i) identically, if 2 1 k; (ii) at ¢, if 4 1 k; (iil) at w, if 31 k.
On the other hand, it is well known that SL2(Z)\'H = C. The isomorphism is given
in fact by the j-invariant. Since C is simply connected, any invertible sheaf over it
(or equivalently, any line bundle) is trivial. But triviality of the line bundle implies
the existence of a non-vanishing section! That is impossible, since p1, 2 € SLy(Z).
See also the digression on factors of automorphy in Section 6.1

EXERCISE 4.6. Show that E!'? descends to a line bundle on SLy(Z)\H. How
does that fit with the existence of the cusp form A?

Interesting references in this context are [77] and [79].

We may interpret the Hodge bundle E! in the following way: Given 7 € H,
v = ( Z b ) € I', we have an isomorphism of elliptic curves (induced by multi-

d
plication):
£ =C/Z+Tr — = £ _—C Z+Z(M+b),
(4.10) T / < (ertd) =5 () yT / ct+d
which induces a map between the tangent spaces
C=t — t =C,

(4.11) Er0 ertd Eur,0
and therefore, a map between the cotangent spaces

th  ———tr .
(4.12) Ero i Ewro
Consider the projection map
(4'13) guniv,l" = F\guniv,l" R F\H,

where Eynivr = {(7,2) : & € C/Z + Z7}, the action of T’ being given by (7, ) ~
(y7,3(7,7)"tw). We see that the family of elliptic curves c‘funmp over ‘H descend
to a family of elliptic curves Eypnip,r over I'\'H (which is the “universal family with
level I”) and that the relative tangent space of i, over I'\'H is defined by the
factor of automorphy j(vy, 7).
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Conclusion: Let I' be torsion free. A modular form of weight k& and level I is a
section of 6*(t§umv.p®k)7 where e : I\H — Eyniv,r is the identity section induced
from 7 — (7,0).

REMARK 4.7. The reader may notice how the fact that there exists a universal
family is connected to the fact that the map H — H/T" is unramified and to the
fact that the automorphism group of an elliptic group with “I" structure” is trivial.
See Exercise 3.3.

Let f be a modular form of weight k£ and level I'. Taking the last perspective, we
have therefore a map:

(4.14) (E.T)g -1 f(E,T) € H(E,w®).

Here F is an elliptic curve over a C-algebra R and w is the sheaf over Spec(R) of
relative holomorphic forms on E. That is, w = W*QIE /R It is a projective rank 1
module over R. Every such holomorphic differential form is translation invariant
and therefore there is a canonical identification of w with the relative cotangent
sheaf at zero t, /R0

Suppose we choose wg to be some non-vanishing differential on F, and consider:

f(E,T)

k
wo

€ R.

(4.15) (E,T,wy)

Replacing wg with Awg, for A € R*, we get:

(4.16) (E,T, Awo) L f(E’kF) = \"FF(E,T, M),
Awg

so we may think of a modular form f (with level T', weight k) as a rule
(4.17) (E,T,wo)r ~ f(E,T,wo) € R

such that f(FE, T, \wo) = A*f(E,T, A\wp) and f depends only on the isomorphism
class of (E,T",wp) and commutes with base change. The point of this gymnastics is
that such a definition makes sense if we replace C by any base scheme B and allow
R to be any B-algebra! This insight is due to Katz.

REMARK 4.8. The last interpretation of modular forms is perhaps best moti-
vated by the classical view of modular forms as certain homogenous functions of
lattices. Take for simplicity I' = SLo(Z).

To give an elliptic curve /¢ up to isomorphism is to give a lattice Lg in C
up to homothety. Thus to give an elliptic curve with a non-vanishing differential
(E/c,wo) is to give a unique lattice in C, Lg . Hence, a modular form f gives a
function on lattices in C. Since we have the relation

(4.18) LENwy = ME 0,

the property f(E, wo) = A ¥f(FE,wp) is translated to the property f(AL) =
A"Rf(L). Te., f is a function of lattices that is homogenous of weight k. See
also [101, Chapter VII], [66, Chapter 3, Section 2].

Let f be a modular form with respect to the group T'o(NN) for some N. Since the
matrix < é } > belongs to T'g(N) it follows that f(7 + 1) = f(7). Therefore, f
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has a Fourier expansion, called a g-ezpansion with respect to the variable ¢ = e2™"

(4.19) f= Z anq”.

n>—N

A similar expansion can be obtained in every cusp with respect to a suitable pa-
rameter. The holomorphic modular forms have g-expansions with a,, = 0 at every
cusp if n < 0, and the cusp forms have g-expansions with a,, = 0 at every cusp
if n < 0. We note that if we let E* denote the unique extension of EF to a sheaf
on Xo(N)(C) =To(N)\H* that is invertible at the cusps divisor cusps, then the
holomorphic modular forms of weight k are just the sections H(X(N)(C),E*),
while the cusp forms of weight k are sections of H%(X(N)(C), E¥(—cusps)).

5. Some Examples of Modular Forms

5.1. Level 1. Let k be an even integer, k > 4. The Fisenstein series of weight
k is the complex valued function on the upper half plane

(5.1) HEEO !

mT +n)k’
The sum extending over all integers m, n such that (m,n) # (0,0). It is well known
that this is a modular form of level one and weight k. See [101, Chapter VII]. We
normalize G% such that the g-expansion starts with one and denote it then by Eg
or simply by Ej. Then the expansion of Eg is given by (loc. cit.)

’ form | g-expansion |
EY | 14240327 o3(n)g"
Eg | 1-504%27 o5(n)g"
)
)

(5.2) EZ | 1+480%°° o7(n)g" |
EX | 1-264 Zn Lo9(n)q"
By, [1+ 53957 ou(n)g”
EY | 1-2432 o13(n)g"

where o,.(n) = 3, d", and in general

(5.3) Er(q) =1+2¢(1 — k) Zakl

It is well known that the graded ring of modular forms of level 1 over the
complex numbers, @ M (k,SL2(Z)), is isomorphic to the free polynomial ring
in two variables C[Ey, Eg] of weights 4 and 6 respectively. The modular form

A = 52 (B3 — EZ) is a cusp form of weight 12 that induces an injection

(5.4) M(k,SLy(Z)) — M(k + 12,SLy(Z)),

whose image is of codimension one, consisting of all the cusp forms of weight &+ 12.
Thus, for £ > 0,

(5.5) dim M (k + 12,SLy(Z)) = dim M (k, SLy(Z)) + 1.
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The dimensions for small weight are given in the following table:

| weight | dimension | basis || weight | dimension | basis |

0 1 1 12 2 A, EL
2 0 — 14 1 EY

(5.6) 4 1 E} 16 2 AED EY
6 1 EZ 18 2 AEQ, EX
8 1 E 20 2 AEQ E3
10 1 ES 22 2 AEY E3

The modular form A has some important properties making it one of the key players
in the theory. First, it has a product expansion

(5.7) A=q]a—-gm*,

that shows that A does not vanish on the upper half plane, and has integral
Fourier coefficients )~ , 7(n)g". The coefficients 7(n) are the famous Ramanujan
7T-function. Second, it is the unique cusp form of its weight and thus an eigenvalue
for all the Hecke operators. Third, it has the interpretation of being (up to a con-
stant) the discriminant of the elliptic curve &, associated to 7 € H by means of the
Weierstrass p-function (and that shows again that A does not vanish).

5.2. Higher level. Let f be a modular form of level 1 and weight k& considered
as a function on H. Consider the function

(5.8) T g(1) = f(NT).
Let v = ( Z Z > be a matrix in I'g(N). Then g(y7) = f(Nvy7) = f(NYN~INT)

- f(< C/GN ]\;b ) N7) = (ct+d)* f(NT) = (er+d)*g(7). Thus g(7) is a modular

form of level I'g(N) and weight k.
Such modular forms are very important. Consider for example the modular
function of level N given by
A(NT)
A(r)
The divisor of this function is supported at the cusps. In fact, for N prime there are
two cusps ¢1,c2 on Xo(N) and this function proves the Manin-Drinfeld theorem:

every divisor D of degree zero supported at the cusps is torsion. That is, there
erists a positive integer n and a function h whose divisor is nD.

(5.9) T u(r) =

EXERCISE 5.1. Bound the order of the divisor ¢; — ¢5. In fact, one can prove
that the order is exactly the numerator of (N — 1)/12 but this is harder. See [89,
Section 3] and [90, Section 4] for generalizations.

In general, one considers the value of this function at a point 7. Since it has
integral Fourier coefficients it extends to a function over the arithmetic scheme over
Z[1/N] — the proper regular model of X((N) — and still its divisor is supported at
the cusps because the g.c.d. of the Fourier coefficients is 1. Thus, from the moduli
interpretation we see that if the elliptic curve corresponding to 7 is defined over
Q™9 and has everywhere potential good reduction then u(7) is at least an S-unit,
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where S is the set of primes dividing N. Moreover, this unit lies in the moduli
field of £;, which is equal to the residue field of 7 as a point on the algebraic curve
Xo(N). In case 7 corresponds to an elliptic curve with complex multiplication one
can further find this moduli field and the Galois action via the theory of complex
multiplication and Shimura’s reciprocity law. Those units are called Siegel’s units.
. See [66, Chapter 12] and [26, Chapter 2.2].

It is not our intention to give a systematic introduction to the theory of elliptic
modular forms, i.e. to modular forms for some congruence subgroup of SLs(Z), but
rather to give some interesting examples that connect to the material to be discussed
in this book. We thus restrict our attention to two constructions of modular forms:
Eisenstein series and theta series. We follow Ogg [88], where the reader can find
proofs and more details.

Eisenstein series. Let k > 3. 2 Let N be a fixed positive integer and c,d be
two integers. Generalizing the construction of the Eisenstein series of level one, one
defines

(5.10) Gr(r;e,d,N) = ZI !

— %
(mod N) (m7 +n)

m=c
n=d (mod N)

It is easy to verify that Gp(7;¢,d, N) is a modular form of weight k and level
I'(N). One can modify the construction and define the restricted Eisenstein series
Gi(r;¢,d,N) for (¢,d,N) =1 as

/ 1
5.11 Gi(ried N)= Y S
( ) k(T c ) (m7'—|—n)k
m =c (mod N)
n=d (mod N)
(m,n) =1

Also G (;¢,d, N) is a modular form of weight k and level I'(IV). The two kinds of
Eisenstein series are related by explicit formulae ([88, IV-34]).

The restricted Eisenstein series G5 (7; ¢, d, N) have the wonderful property that
their g-expansion starts with zero at all cusps except for the cusp —¢/d where the
g-expansion starts with a constant a that is independent of ¢ and d. The restricted
Eisenstein series are thus seen to generate the space of Eisenstein series.

Recall the notation f|y:

a

512 () = (ad =0 Per iy = (4 ) ) € Gl
‘We have with this notation
(5.13) Gi(7; (e, d), N)|y = Gi(7; (¢,d)y, N).

([88,TV-33]). Thus, from orbits of T'g(N) in the set of pairs of residues (¢, d) modulo
N such that (¢,d, N) = 1, we get Eisenstein series for T'g(N).

2For level subgroups, unlike the case of SLy(Z) they may be non-trivial modular forms of
odd weight, though there are non of negative weight.
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Theta series. Let r be an even integer and let

1 1 o
(5.14) Qz) = 3 trAz = 3 Z AT
i,j=1
be a positive definite integral quadratic form. That is A = (a,;) is a symmetric
r X r matrix of integers whose diagonal elements are even, and A is positive definite.
One defines the determinant of (), denoted D, as the determinant of A, and A, the
discriminant of Q, as (—1)"/2D. The least positive integer N with A* = NA~!
integral symmetric matrix is called the level of @), and the integral positive definite
form it defines
1
(5.15) Q" = 3 trA*x
is the adjoint form to Q. One always have N|D|N". See [88, Chapter VI].
The theta series associated to () is defined as

0(7_7 Q) _ Z 627ri~Q(v)‘r
vEL”
(5.16) .

=1+ Z ag(n)g™’?, ¢ =™ (sic)).

Here the coefficients ag(n) are the representation numbers of Q, i.e., ag(n) is the
number of vectors v € Z solving the equation Q(x) = n.

Let € be the character €(n) = (£) (Jacobi symbol. See [51, Page 56]). Then
the main theorem is that 6(7, Q) is a modular form for To(n) of character ¢ and
weight r/2. (This construction can be generalized using spherical functions. See
[88, VI-10]).

It turns out that to get modular forms of level 1 the number of variables must
be divisible by 8. See [101, Chapter VII, 6.5].

EXAMPLE 5.2. 1. Let Qn(x) = Na? corresponding to the matrix Ay =
2N. Note that 6(1,Qn) = 0(NT,Q1) and
(5.17) 0(r,Qn) =1+23 N/,
n=1

We note that
(5.18) 0(r,Q1)=1+2) ¢"/?=0 [g} (0,7),
n=1

(Riemann’s theta function, [33, Chapter VI]). The level and discriminant of
Q1 is 2 and we get that 6(7, Q1) is a modular form of weight 1/2, level I'g(2)
and trivial character.

2. Let Q(x) = a2 + 23 + 22 + 22 corresponding to the diagonal matrix A =
diag[2,2,2,2]. It is a quadratic form in four variables, of level 2 and dis-
criminant 16. It therefore defines a modular form of level I'y(2), weight 2
and trivial character.

(519) 0(7-7 Q) =1+ Z a'nqn/2a
n=1



28 1. TORI AND ABELIAN VARIETIES

where a,, is the number of expressions of n as a sum of four squares (negative
numbers allowed). Note that

(5.20) 0(1,Q) = 0(r, Q1)".
A classical formula gives an elementary expression for the coefficients a,:

PROPOSITION 5.3. (Jacobi) The number of representation a, of n as a
sum of four squares is

{SZdlnd n odd
a, =

5.21 .
(5:21) 243 gina=1 (2@ 7 even

Two strategies for proving this Proposition are as follows: (i) Observe
that since X(2) is of genus zero, there is a unique modular form of level
2 up to a scalar. Thus, one constructs a modified Eisenstein series of level
two and compares coefficients. See [80, Chapter 1, Section 15]. (ii) Use the
product expansion of 6(7, Q1) to derive the formulae directly (loc. cit.).

Connection to supersingular elliptic curves. Let p be a prime number and
consider the set of isomorphism classes of supersingular elliptic curves over Fp,.
There are i = g + 1 of them where g is equal the genus of X(p):

g_{ﬂ_w%)_u(ﬁ) bt

12 4

(5.22)
0 p=2

EXERCISE 5.4. Prove formula (5.22) from Hurwitz genus formula using that
SLo(Z)\'H has genus zero.

Let E be an elliptic curve over IF_p. We recall here various equivalent ways of
saying that E is supersingular: (i) E has no physical p-torsion: E[p|(F,) = {0};
(ii) there exists an embedding of the group scheme «,, into E; (iii) there does not
exist an embedding of p, into E; (iv) the Frobenius morphism Frg : £ — E®)
is purely inseparable; (v) the multiplication by p map [p] : E — E is purely
inseparable; (vi) the ring of endomorphisms of F is isomorphic to a (maximal)
order of the quaternion algebra B, ., — the quaternion algebra over QQ ramified at
the two places p and oo; (vii) for n large enough Fr'y is an endomorphism of FE and
its characteristic polynomial has Newton polygon w.r.t. the p-adic valuation which
is a straight line; (viii) the formal group of F has height 2.

See [107, V.3] for some of the equivalences. The others you can do once you read
Chapter 6 Section 7 and Appendix A. We recall that furthermore the j-invariant
of a supersingular curve is in Fpe;

There is an interesting characteristic p method to prove formula (5.22). One con-
siders the T'g(p)-level moduli problem of parameterizing elliptic curves with a given
subgroup of order p. One proves that there exists a coarse moduli scheme for this
moduli problem, which is a regular scheme that is a flat relative curve Yy(p) over
Z. Over the complex numbers Y(p)(C) = T'o(p)\H.

To actually have a proper morphism Xg(p) — Spec(Z), one needs to throw
in the cusps. The cusps may also be given a moduli interpretation using the
concept of generalized elliptic curves. See [22]. This interpretation shows that
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there are two cusps lying over the unique cusp of Xy(1) (the j-line). One is un-
ramified, and the other has ramification of order p, and that moreover this per-
sists in characteristic p. One proves that Xo(p) is a regular integral scheme and
the morphism Xy (p) — Spec(Z) is proper and flat. Over the complex numbers
Xo(p)(C) = To(p)\ K"

One goes on to prove that in characteristic p, the reduction of X(p) consists of
two components that intersect transversely precisely above the supersingular points
of Xo(p). See Figure ***

Figure 2.

The proof is based on the construction of two “sections”
(5.23) Xo(1) (mod p) = Xo(p) (mod p).

One section is a true section and is obtained by sending an elliptic curve E to the
pair (E,Ker(Frg)) (note that if E is ordinary Ker(Frg) is a form of p,) and the
other is obtained by sending E to (E,Ker(Verg)), where Verg : E — E(/P) (note
that if £ is ordinary Ker(Verg) is a form of Z/pZ). Leaving aside the problem of
non-integral base schemes, there is still the problem that Verg is usually defined
only after a base change. See Appendix A for groups schemes and the morphisms
Fr, Ver.

Thus the true state of affairs is that Xo(p) (mod p) is composed of two com-
ponents that we denote Xo(p)*» and Xo(p)%/P%. Those two components intersect
precisely over the supersingular points. The map

(5.24) Xo(p)'» — Xo(1) (mod p),
is an isomorphism, while the map
(5.25) Xo(p)“/"* — Xo(1) (mod p),

is purely inseparable of degree p. Thus, both components have genus zero, and
the total genus of Xy(p) (mod p) (which, courtesy of flatness, is also the genus
of every fiber of Xy(p) — Spec(Z)) is the genus of the intersection graph of the
components. This graph consists of two vertices, with A edges between them, and
has thus genus A — 1.

Fix representatives for the supersingular elliptic curve Ey, ..., Ex. For every i and
j we can consider the abelian group

(526) Ii,j = HOIHE(E“ Ej)

It is a left End(E;) module and a right End(E;) module. The function f — deg(f)
is a positive definite integral quadratic form @;; on I; ; in four variables. One
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defines the theta series

1
(5.27) eI F—— e L0
7 TAui(Ey)| Z

The main theorem is that the (7, Q; ;) are modular forms of weight 2 and level
To(p) (with trivial character) that span the space of modular forms of weight 2 and
level To(p).

We refer the interested reader to [42], [70], [96] for more on this fascinating
story. The proof that the level and character are as stated follows of course from
the theorem of Theta series we explained above and is in [96, Theorem 2.14].

EXAMPLE 5.5. There is a unique supersingular elliptic curve E over a field of
characteristic two. Its endomorphism ring is the ring Z[i, j, (1 + i+ j + k) /2] in the
rational Hamilton quaternions H, where following classical notation we write the
Hamilton quaternions as Q & Qi & Qj ¢ Qk with the relations

(5.28) —1==3%2=k ij=k=—ji.
This ring is the free Z module on 1,4, j and (14+i+4j+%)/2. The norm of an element
a+bi+cj+dkis a® + b2+ 2+ d?, and is equal to its degree as an endomorphism

of E. We see that up to a scalar, the theta function derived from F is the theta
function of the form

(5.29) Q(a +bi+cj+dk) = a® + b* + 2 + d°.
We arrive at Example 5.2, 2.

EXERCISE 5.6. The situation above can be made explicit. We leave the verifi-
cations of details to the reader.
The equation for F may be chosen as

(5.30) vy =

The substitutions

(5.31) z—ulr+ 5%,y y+ suic 4t

give an automorphism of F if and only if the following equations are satisfied:
(5.32) w=1, st+s=0, *+t+s°=0.

We write this automorphism as (u, s,t)z, (u, s,t)y. The group of automorphisms is
visibly of order 24. Now,

(5.33) (u1,81,t1)(u, 5, ) = (uyu, s +urs, t1 +t + uisys?).

This shows that there is a unique element of order two. It is (1,0,1) and we
denote it by —1. The notation is justified since in its action on FE it is equal to the
automorphism [—1], acting by (z,y) — (z,y + 1). Handy formulas are

(5.34) (u,8,t)% = (u?, s(1+u),us®), —(u,s,t) = (u,st+1).

We deduce that there are precisely six elements of order four. They are the elements
of the set {(1,s,t):s® =1, t>? +t+1=0}.

Let s1,s2 and s3 be the solutions to s* = 1 and let t1,%, be the solutions to
t2 +t+1=0. We may assume that 5153 = t1. With these conventions we let

(535) 1= (1781,t1), _] = (I,Sg,tl), k= (1,53,t1).
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The usual relations are satisfied:
(5.36) P=2=k>=-1, ij=—ji=k.

It follows that {41, +i, 475, +k} is Qs — the group of quaternions of order 8. The
cyclic group Cs of order 3 given by {(u,0,0) : u® = 1} acts by conjugation on Qs,
permuting cyclically the elements i, j, k, and

(537) Aut(E) = 03 X Qs.

6. Abelian Varieties over C

In this section we describe the theory of abelian varieties over the complex numbers.
We often refer to the excellent book by Lange and Birkenhake [67]. The reader may
also consult [109], [16] and [75] and [85]. We found it necessary, regretfully, to omit
most proofs in order to keep these lecture notes to a reasonable size. Nevertheless,
we go into detail in describing abelian varieties over C in hope of arming the novice
with some intuition when facing the much more strenuous presentation of abelian
varieties (or schemes) over arbitrary fields in later sections.

We assume some familiarity with Lie groups. Specifically, with the definition
of a complex Lie group as a analytic manifold with a group structure such that the
group operations are analytic, and with the exponential map that we recall below.

DEFINITION 6.1. Let k be a field. An abelian variety A over k is a projective,
connected algebraic group.

We consider the case k = C. Let V' denote a g-dimensional vector space over
C and A a lattice in V' (i.e. a subgroup of rank 2g such that A ® R = V under
the map A ® @ — aX ). A complex torus is a complex Lie group isomorphic to
X = V/A for some lattice A. Note that X is compact.

REMARK 6.2. Do not confuse a complex torus with an algebraic torus as in
Section 1.

THEOREM 6.3. Any connected compact complex Lie group X is a complex torus.

PROOF. We first prove that
o X is abelian.
Consider the commutator map

(6.1) X x X — X,

(6.2) (z,y) = [2,y] = zya ™'y~

Let U be an open neighborhood of 1. Let z € X. Since [z,1] =1 € U and [, ]
is continuous, for every x € X, we have open sets V, and W,, with z € V,, and
1 € W,, such that [V, W,] C U. Since X is compact,

(6.3) X =UgexVp =Uj=1,... nVy, (for some xy,---,x,).
Let W =N}, W,,, an open neighborhood of 1. Then
(6.4) (X, W]cU.

We may assume that there exists an isomorphism U = CY. Hence, for every w € W
we get an analytic function

(6.5) X—0C ; zm[z,w].
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This function must be constant since X is compact. Hence, for every w € W, we
have [X,w] =1 and thus

(6.6) (X, W] =1.

The set W is open and contains the identity element, so it generates an open
subgroup @ of X that has the property [@, X] = 1; but in a topological group, any
open subgroup is also closed. Thus, Q = X is abelian.

e It follows from the theory of Lie groups that for every complex Lie group X,
there exists a unique holomorphic map

(6.7) CxV—X ; (t,v)— ¢(1),

where V' = tx ; is the tangent space at 1, such that

1. ¢,(t) is a holomorphic homomorphism in ¢: ¢, (t1 + t2) = ¢y (t1)dy(t2). In
our case, since X is abelian, we write ¢, (1 + t2) = ¢, (t1) + ¢y (t2).
2. T'¢,(t) takes the unit tangent vector to C at zero to v (i.e. T¢U(%|0) =v).

One defines the ezponential map

(6.8) e:V—5X

by

(6.9) e(v) = ¢y (1).
Figure 3.

The two maps C — X given by
(6.10) t— dsu(t) 5 & — dy(st) (s fixed)

are holomorphic homomorphisms with derivatives at zero equal to sv. Thus, by
uniqueness,

(6.11) Deult) = bu(st),
and therefore

(6.12) e(50) = 6u(s).
Consider the map

(6.13) f:C—X
given by

(6.14) t etz) + ety) = 9o (1) + ¢y (1)
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for some fixed z,y € X. Then
f(t+t2) = e((t1 +t2)x) +e((t1 + t2)y)

= ¢u(ts +12) + ¢y (t1 + t2)
(6.15) = Gu(t1) + dult2) + y(t1) + dy(t2)

= (¢(t1) + ¢y (1)) + (¢x(t2) + ¢y (t2))

= f(t1) + f(t2)

Therefore f is a holomorphic homomorphism with derivative at 0 equal to x+y

(use the chain rule). Thus, f(t) = ¢4, (t). Plugging in ¢t =1, we get
(6.16) e(z) +e(y) =e(z+y);

so e : V — X is a homomorphism. The image of e is an open subgroup (it contains
a neighborhood of 1) and since X is connected , e is surjective. Having X compact
gives us that the kernel is a lattice A, since lattices are the only discrete subgroups
of vector spaces with compact quotient. O

COROLLARY 6.4. FEvery abelian variety over C is a complex torus, hence the
group law is commutative.

COROLLARY 6.5. Let X be a complex torus. Then
X[n]:={z|lr € X : nx =0}

(6.17) = %A/A
>~ (Z/nZ).

R

COROLLARY 6.6. Once we fix isomorphisms A; = 729, we have an isomor-
phism of groups

(6.18) HOHI(XhXQ) = {M € Mglxgz((c) : MA C AQ} — {M c MleXQgZ(Z)}.
In particular, Hom(X1, X2) is a torsion free abelian group of rank < 4¢1gs.

COROLLARY 6.7. Complex compact connected g-dimensional Lie groups are pa-
rameterized by:

(6.19) QL (C)\GLyy(R)/CLay (2).

PROOF. Any two lattices in R? = CY are equivalent under GLay(R). The
equivalence is obtained by first choosing a basis for the lattice (this gives the matrix
in GLgg4(R). Changing the choice of basis amounts to moding out by GLog(Z).
Thus, GLg,(R)/GLay(Z) is a bijection with lattices in R?9. Moding out by GL4(C)
(embedded in GLay(RR) by the isomorphism R?9 22 C9) amounts to the fact that two
complex tori C?/L; and C9/L, are isomorphic iff there exists a matrix M € GL4(C)
such that ML, = Ls. O

REMARK 6.8. While every g-dimensional abelian variety over C is a complex
torus the converse does not hold if g > 1. In fact, the moduli of complex tori is g2
dimensional, while that of abelian varieties is g(g+1)/2 dimensional. We remarked
before (see Section 2) that the moduli of curves of genus g is 3g — 3 for g > 1.
We sketch here the argument for abelian varieties following the same reasoning of
Kodaira-Spencer we used for curves.
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The Kodaira-Spencer theory dictates that the universal k[e]-deformation, i.e.,
first order deformation, of an abelian variety X is given by H'(X, tx), where tx is
the tangent sheaf to X. l.e., the sheaf of derivations. Moreover, the cup product
map “evaluating the differential on a derivation”

(6.20) H'(X,tx) x H(X,Q%) — H'(X,0x),
yields an isomorphism
(6.21) HY(X,tx) = Hom(H"(X,Q%), H' (X, 0x)).

Now, for abelian variety one can identify H°(X, Q%) with the cotangent space at
zero ty o, and H'(X, Ox) with the tangent space of the dual abelian variety tx¢ o
discussed extensively below (Section 6.2). Thus,

(6.22) HY (X, tx) = tx,o ® txeo.

That shows that the first order deformations are of dimension g?.

Moreover, if X is principally polarized (Section 6.2) 3 then this polarization
A gives a map A, from tx o to tx: . The theory then identifies the deformations
preserving the polarization with the symmetric tensors of tx o ® tx: o (under the
involution induced by v ® w +— A7 (w) ® A« (v)) giving moduli of dimension g(g +

1)/2.

EXERCISE 6.9. Deduce that if a complex compact curve is a complex Lie group
then it must be of genus 1. Prove, using just topological tools, that a closed real
two dimensional manifold is a topological group if and only if it has genus 1.

EXERCISE 6.10. Prove that any holomorphic differential on an abelian variety
X/k is translation invariant (and hence non-vanishing). Conclude the identification

HO(X, Qﬁ(/k) = t o used above.

6.1. The Appell-Humbert theorem. Let’s recall Chow’s theorem.
THEOREM 6.11. Let P be a complete algebraic variety over C and Z C P a

closed analytic subset of P; then there is an algebraic sub-variety Z of P such that
Z(C) = Z, as complex analytic spaces.

PROOF. See [41, Page 167].
O

DEFINITION 6.12. Let X be a complete analytic variety. A line bundle L — X
is ample if Ik > 0 such that L®* is very ample, i.e., if we have an embedding:

(6.23) X — P(H°(X, £F)),

(6.24) x +— {hyperplane of sections vanishing at x}.

If one chooses a basis sq, . .., s, to ['(X, L&), we can also write such an embedding
as

(6.25) x = (sg(x) i sp(x)).

COROLLARY 6.13. A complex torus is an abelian variety if and only if it has
an ample line bundle L.

3More generally, in any characteristic in fact, if X has a polarization that is a separable map.
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We would like to understand when is the complex torus CY9/A an abelian variety.
Given the corollary, the main problem we are faced with is:

(6.26) “When does CI/A have an ample line bundle?,
and even more, what are all the line bundles on C9/A?"

The Appell-Humbert supplies a complete answer to those questions.

First, let us make a digression on factors of automorphy (compare Definition 4.1):
Let X = CY9/A be a complex torus, 7 : C9 — X the natural projection and L a
line bundle on X. Because CY is simply connected, every line bundle on it is trivial,
ie. 7L = C9x C. Let Ty be the translation map on C, : T)\(x) = .+ A. For every
A € A, we have

(6.27) Tin*L=(moT\)"L=7"L.
But
(6.28) (TX(7*L))z = T Loyrs

by definition of the pullback of a line bundle. This implies the existence of a
holomorphic non-vanishing map

(6.29) j(A): C9 — C*
such that
(6.30) JA1) (A2 +v) - j(A2)(v) = F(A1 + A2)(v)

(it is the same compatibility requirement as in Section 4 ). We let A act on holo-
morphic functions f by *f(v) = f(A +v). We see that

(6.31) G+ A2) = 25 (A1) -5 (A2)
It follows that
(6.32) j€Z' (A0 (C),

where O (CY) denote the group of non-vanishing holomorphic functions on C9.
Conversely, any j € Z'(A,0*(CY)) induces a line bundle on CY/A whose isomor-
phism class depends only on the image of j in H*(A, O*(CY))

One can show the following

PROPOSITION 6.14. There exists canonical isomorphisms:

(6:;312:(X) : = { isomorphism classes of line bundles on X}
~ HY(X,0%) (Sheaf cohomology)
~ YA, 0%(CY)) (Group cohomology).
PROOF. See [67, Page 24]. O

Thus, we are only left with the task of describing this latter group !

DEFINITION 6.15. A Riemann form on C9 with respect to A is a hermitian form
H :C9 x C9 — C such that E = Im H (meaning F(u,v) = Im(H (u,v))) satisfies

(6.34) E:AxA—Z.
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Recall that a hermitian form is C-linear in the first variable, C-linear in the
second variable, and H(v,w) = H(w, v).

DEFINITION 6.16. A semi-character with respect to a Riemann form H is a
map

(6.35) XA —Ci:={z€C:|z|=1}
such that
(6.36) X(A1 4 A2) = x(A1)x(A2) exp(miE(A1, A2)).

Note that although y is not necessarily a character, x? is a character.

EXERCISE 6.17. 1. Let £ be a lattice in C. Find all Riemann forms and
quasi-characters on £. In particular, deduce that a non-trivial Riemann
form always exists.

2. Find a lattice in C? that has no non-trivial Riemann form.

We define a group structure on the set
(6.37) G ={(H,x): H a Riemann form with respect to A,
X a semi-character with respect to H}.
by putting
(6.38) (H1,x1) + (H2,x2) = (H1 + Ha, x1x2)-

An element (H,x) € G induces a line bundle on C9/A denoted Ly, defined by
the factor of automorphy jg,y):

(6.39) G W) (@) = X(\) exp(rH (v, A) + gH(A, \), veCyAeA.

THEOREM 6.18. (Appell-Humbert) There exists an isomorphism of groups,
(6.40) G = Pic(X), (H,x)— L)
In particular,
(6.41) Lty xa) ® Lt xa) = L+ Ha xaxa)-
Moreover, L ) is ample if and only if H is positive definite .
PROOF. See [67], Page 32 and Proposition 5.2, Page 86. O

COROLLARY 6.19. A complex torus X = C9/A is an abelian variety if and only
if there exists a positive definite Riemann form H with respect to A.

REMARK 6.20. 1. One can show E is alternating (i.e. skew commutative)
and satisfies the identity

(6.42) E(iz,iy) = E(z,y).

Conversely, given an alternating form E satisfying Equations (6.42) and
(6.34) it is easy to check that the function H(x,y) = E(iz,y) + iE(z,y) is
a Riemann form.
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2. One may obtain semi-characters as follows: Assume FE is non-degenerate. It
is well-known (Elementary Divisors Theorem) that there exists a basis

(643) LlyeeyLgy Y15+, Ygy

such that F is given by the matrix:

o (% D)

where 0 stands for the g x g zero matrix and D is a g X g diagonal matrix
with diagonal entries d; € N, such that dy|da|---|dg . Put

(6.45) Ay =Spang{z; :i=1,...,9}, Aa =Spany{y; :i=1,...,g}.
Clearly
(6.46) A=A @A,

Then C9 = RA; @ RA5, and we write the decomposition of a vector v € CY
accordingly as

(6.47) v =1 + va.

Put
(6.48) x(v) = exp[mi - E(vy,v2)].

Then

x(v+ w) = exp[ri - E(v1 + wi,vs + ws)]
exp[mi(E(vy,v2) + E(wy,ws) + E(vi,ws) + E(w, v2))]
x(v) - x(w) - exp[mi(E(vy, w2) + E(wy,v2))]

= x(v) - x(w) - exp[mi(E (v, w))],

(6.49)

) x(w) -
) x(w) -
because A1, Ay are isotropic with respect to E.

REMARK 6.21. Given £ € Pic(X), we may ask what is the associated Riemann
or hermitian form?
Consider the exact sequence of sheaves on X:

27i(—)

(6.50) 0—7Z—0°°— 0 —0.
The associated cohomology sequence gives a map
(6.51) Pic(X) := H(X,0%) — H*(X,Z).

Under this map, the line bundle £ is sent to an element ¢1(£) € H?(X,Z) called
the first Chern class of L. However,

(6.52) H*(X,Z) = N*H (X, 7).

That is, if X = C9/A then H?(X,Z) consists of alternating Z-valued bilinear forms
on H1(X,Z) = A (To an element Y ¢; A1); associate the alternating form (v, w) —
> o(v) —p(w). Thus ¢;(L) is such a bilinear form E which is precisely ImH where
H is the Riemann form associated to L.
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6.2. The dual abelian variety.

DEFINITION 6.22. Let X be a complex torus. The Néron-Severi group of X is
defined as the image of the homomorphism H'(X,0%) — H?(X,Z). It is denoted
by NS(X). We put NS%(X) = NS(X) ® Q.

REMARK 6.23. The Néron-Severi group is also the group of divisors on X mod-
ulo algebraic equivalence.* Using our knowledge on complex tori we see that for
X = V/A, NS(X) can be identified with the group of Riemann forms H with
respect to A. Since it is a subgroup of H?(X,Z) = HY(X,Z) AN H'(X,Z) (via
H — Im(H)), it is a free Z-module of rank < g(2g — 1), where g = dim(X). See
[47, p.447] for further details. We let NS(X)* denote the elements corresponding
to positive definite Riemann forms with respect to A.

DEFINITION 6.24. The subgroup of Pic(X) given by
(6.53) {(0,x) : x : A — C; is a homomorphism}
is called the dual abelian variety. It is also denoted by Pic’(X), X, or XV.
These groups are related by an exact sequence:
(6.54) 0 — Pic’(X) — Pic(X) — NS(X) — 0

The dual abelian variety Pic® carries a canonical complex structure, as we will see
shortly. To be precise, that canonical complex structure is part of the definition of
the dual abelian variety. We ease notation and write Pic’(X) = {x|x : A — C1}.

Consider the complex torus X = V/A, where V is g-dimensional vector space, and
A is a full lattice. Put

(6.55) Q2 =Q(X) = Homg(V,C),

where C means C-anti-linear; € is a complex vector space of dimension g and
(6.56) feQ < fo)+ f(va) = flor +v2), fw)=Af(v).

The pairing

(6.57) AxV —C, (f,v)— f(v)

is bi-additive, C-linear in the first variable, and C-linear in the second variable. We
have an isomorphism

(6.58) Q0 —=— Homg(V,R)

given by

(6.59) I — Im I.

The inverse is given by k — [, where [(v) = —k(iv) + ik(v). Thus,
(6.60) OxV —R, (I,v) — Im(l(v))

is a perfect R-linear pairing.

Put
(6.61) A={leQ:Imi(v)eZ YveA}.

4This allows one to define the Néron-Severi group of every variety. It need not be torsion
free.
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It is the Z-dual of A with respect to the real pairing between Q and V. Then A is
the kernel of the surjective map

(6.62) Q — Pic’(X), 1+ e2miml,
We get
(6.63) Q/A = Pic®(X).

Therefore Pic’(X) has a canonical complex structure induced from that of Q.

Before giving a theorem linking X to XV, let us give a few definitions. Let £ be a
line bundle on X. Define

(6.64) be(x)=T:Lo LT,
where
(6.65) T,: X — X, T(y) =7 +vy,

is the translation-by-x morphism and 7} denotes the pullback of the line bundle £
by T,. Recall that L(_I; = L(—g-1)- One can show:

(6.66) Ty Lir ) = L)
with pi.(\) = 2™ (@A) X\ € A. Here, we extend E to V by R-linearity.

EXERCISE 6.25. Prove the identity (6.66) by comparing the factors of auto-
morphy of both sides.

Thus, ¢ : X — Pic’(X) is given by a closed formula
(6.67) b (z) = ™ E@ 7)) e Hom(A, Cy).
COROLLARY 6.26. The map ¢ is surjective if and only if E is non-degenerate.

DEFINITION 6.27. A polarization of X is a homomorphism f : X — XV such
that f = ¢, for some ample line bundle L.

REMARK 6.28. 1. A polarization is an isogeny, that is, it is a surjective
homomorphism of abelian varieties with finite kernel. The degree of the
polarization is the order of the kernel. It is its degree as a finite morphism.

2. A polarization is an isogeny, but the converse is not true. Indeed, if ¢ is a
polarization then —¢ is an isogeny that is never a polarization.

EXERCISE 6.29. Prove the last remark.

DEFINITION 6.30. A polarization is principal if it is an isomorphism.

EXERCISE* 6.31. Find an abelian variety having no principal polarization.

EXERCISE 6.32. Let £ = Ly ) and £ = Im(H). Prove that ¢, is a principal
polarization iff the pairing F : A x A — 7Z is surjective.

We remark that for any abelian variety A, we can always find a principally
polarized abelian variety B such that A is isogenous to B. This follows quite easily
from the theory we have developed above and the reader may enjoy proving it to
himself. In the case of arbitrary base field this follows from the finite Heisenberg
group associated by Mumford to (X, £).
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One can parameterize abelian varieties, endowed with a rigid level structure
and a polarization, by a fine moduli scheme. Let H, be Siegel’s upper half space

(6.68) {( o ) — e M,(C):r =7 Tm(r) > o}.

It turns out that the coarse moduli scheme of couples (A4,)), A a g-dimensional
complex abelian variety, A a principal polarization of A, is Sp(2g,Z)\H9. The
action of Sp(2g,Z) is given by 7 +— (A1 + B)(Ct + D)L

THEOREM 6.33. Let X be a complex torus, X = V/A. Let XV be the dual
complex torus with its canonical complex structure.

1. XYV is canonically isomorphic to X.

2. Hom(X, XV) consists of bilinear forms H on V such that ImnH(A,A) C Z
(C-linear in the first variable, and C-anti-linear in the second variable).

3. The map ¢ € Hom(X, XV) is of the form ¢, for some L, iff the associated
form H is hermitian, i.e. H(xz,y) = H(y,z). It is a polarization iff H is a
positive definite Riemann form with respect to A.

4. Let f : X — Y be a homomorphism of complex tori. Consider the following
diagram:

(6.69) Q) — - (x)

L

Pﬁwy7>m&a)

where f* = fV is the pullback of line bundles, and F the lifting to the
universal covering space. Then f* is just the pull-back

(6.70) f* : Homg(2(Y), C) — Homg(2(X),C).

It follows easily that
(6.71) (f+9) =f"+g" (fo)'=g"f". fV=r

5. Let ® : X — XV be a polarization. The Weil pairing associated to ® is
defined as:
X[n] x X[n] =225 X[n] x XV[n]
(6.72) = 1p/Ax LA/A
— Hns

via the map
La/ax Li/i (©)
- - — o,
(6.73) n n :
(x’ k) — 627ri~n»k(x)

)

where we think of A as {k € Q@ = Homg(V,R)|k(\) € Z YA € A}. The Weil
pairing is an alternating bilinear pairing.

EXERCISE 6.34. Complete the proof of the above theorem. At this point it

is mainly unfolding the definitions. Prove also that the Weil pairing is perfect iff
(deg(®),n) = 1.
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DEFINITION 6.35. Let B be a semi-simple algebra over Q. Let Tr denote its
reduced trace to Q. By an involution on B we understand an isomorphism p :
B — B, x — z” of Q vector spaces such that (xy)? = y?z?. An element of B is
called symmetric (with respect to p) if x = 2?. When p is understood we shall also
denote it by z +— x*.

An involution © — z* on B is a positive involution if Tr(zz*) > 0 for all x # 0.
Given a positive involution z — x* we say that an element b € B is positive if
Tr(xbxz*) > 0 for any x # 0.

DEFINITION 6.36. Let A be a polarization on an abelian variety A, and put
End’(A) = End(A) ® Q. The Rosati involution associated to A is the map

End’(A) — End’(A)
(6.74) N
fe = ATV

FACT 6.37. The Rosati involution is a positive involution on End’(A). See [67,
Theorem 1.8, Chapter 5 |.

The semi-simple rational finite-dimensional algebras were classified by Albert.
Since every abelian variety A has some polarization, it follows that the endomor-
phism algebras of abelian varieties all fall into this category. We follow [105, Section
1].

Every division algebra over Q with a positive involution belongs to the following
four types of algebras.

1. (Type I) Totally real algebraic number field L.

2. (Type II) Central simple algebra B over L such that the simple components
of B® R are all isomorphic to Ms(R).

3. (Type III) Central simple algebra B over L such that the simple components
of B® R are all isomorphic to the Hamilton quaternions over R.

4. (Type IV) Central simple algebra B over a totally imaginary quadratic ex-
tension of L.

Recall that the canonical involution o is defined by = — o(z) = x — Tr(x). The
positive involutions are respectively:

1. The identity.

2. Let a € B be an element such that a? is a totally negative element of L,

we p(x) = ac(z)a!. Then p is a positive involution and every positive

involution p is obtained that way.

The canonical involution.

4. This case is more subtle. We only remark that if B is a CM field containing
L then the involution is complex conjugation.

bt

Let A : A — A? be a polarization. Define a map

(6.75) NS°(A) — End®(A),

(6.76) Ox: Ly — A oL

FACT 6.38. The set ¢ (NSY(A)) is composed of the symmetric elements of
End’(A) (under the Rosati involution), and the set ¢y (NS°(A)") is made of the
positive symmetric elements of End’(A). See [67, Chapter V, Proposition 2.1]
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ExAMPLE 6.39. Elliptic curves
We finish this section by examining explicitely some of the results discussed above
in the particular case of elliptic curves.

Let
(6.77) A=7Z+7Zr, Im(r)>0.
Let & be the elliptic curve C/A. Let E : A x A — Z be the real alternating pairing
determined by E(7,1) = 1. We have
(6.78) E(at +b,cT + d) = ad — be.
How does one determine the associated Hermitian form H? If H(1,1) = «, then
H(z1,22) = z1Z3. Recall that H(x,y) = E(iz,y) + iFE(xz,y), so
a=H(1,1)=E(,1)+iE(1,1)
=FE(i,1)

(6.79) =E (Iml(T) T Ii((?) ’ 1)

:E(ﬁ-r,l) :Iml(’i') > 0,

since 7 € H. Note also that Im(7) = area of a fundamental domain of the lattice A.
Hence H is a positive definite Riemann form with respect to A. Since every other
Hermitian form is proportional to H by a positive real scalar, such a form would
be a Riemann form with respect to A if and only if this scalar is a positive integer,
because the associated real form must be integer valued on A x A. We deduce that
H generates the Néron-Severi group of €.

Let us calculate the dual lattice A. Recall the procedure of defining the dual abelian
variety. It is defined as a quotient of {2 = Homg(C, C) by a lattice dual to A. We
use the identification

(6.80) C — Homg(C,C), cr— 1,
where [.(1) = ¢, and hence, I.(a + bT) = a + bT - c. We write a general element in C
as « + (7, where o and (3 are real numbers, and obtain
(6.81)
A ={c:Im(l.(A) CZ}
= {c:Im(l.(1)),Im(l.(7)) € Z}
= {c:Im(c) € Z,Im(7c) € Z}
={a+p7:Im(a+ B7) =0 -Im(7) € Z, Im(a7T + f77) = —« - Im(7) € Z}
1
- Im(7)
=A

Therefore the dual elliptic curve is isomorphic to the original.

A
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Choose any semi-character y with respect to H. We have the polarization

(682) £ Prrx Ev-

under which y — e*™F¥=) Let us calculate the Weil pairing:
1 1 1 1.

(6.83) —Ax —A— —AX=A— p,.
n n n n

By definition

(684) (.Z',y) = (.’17, cI)[l(H,x) (y>) = ((I)E(H,X) (y)<n$))’
and in particular,

(6.85) (1/7% T/?’L) s (1/n,€2m'E(T/n,—)) — e2m‘E(7—/n,1) — e2m’/n-
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CHAPTER 2

Complex Abelian Varieties with Real
Multiplication and Hilbert Modular Forms

1. Algebraic Preliminaries
Let L be a field extension of Q.

DEFINITION 1.1. A field L is a totally real field of degree [L : Q] = g, if every
embedding ¢ € Emb(L,C) = {01, ..., 04} factorizes via R:

(1.1) LR, Vie{l,... g}

We will assume henceforth that L is totally real. Here are some important
examples:
1. L=Q
2. L =Q(VD), for D > 1 square-free;
3. L = Q(¢n)™, ie. the subfield of Q((y,) fixed under complex conjugation,
where (,, is a primitive m — th root of unity.

Given any set S C L we denote by ST the totally positive elements of S. Namely,
the elements s € S such that o;(s) > 0 for all 4.

We let Oy, denote the ring of integers of L. We let Dy, = Dy, g denote the
different ideal of L over Q. Thus,

(1.2) D;}@z {teL:Trp)qtr)€Z VreOyL}.
We let d, = Norm(Dy, ) denote the discriminant of L.

Let CI(L) stand for the ideal class group of L and let h denote its order. Let
Cl(L)™ stand for the strict ideal class group in L and denote its order by h™. Thus,
if A, B are two fractional ideals of L then 2 = B in CI(L) (resp. CI(L)") if and
only if there exists A € L* (resp. A € L*T) such that A = \B.

Note the exact sequence

(1.3) 1— L*/O*L*" — CI(L)T — CI(L) — 1.

There is also an isomorphism L*/L** — {+1}9 taking an element ¢ to the signs
of its embeddings (sign(oy(¢)),- - ,sign(cg(£))). Thus [CI(L)T : CI(L)] divides 29.

EXERCISE 1.2. Show that [CI(L)" : CI(L)] = [(OL™)T : (OL™)?].

There is an equivalent way of defining CI(L)". Recall that CI(L) is the group
of projective Op-module of rank 1 up to isomorphism. Indeed, every such module
is isomorphic to a fractional ideal and that ideal is determined up to multiplication
by A € L*. We define an Or-module with a notion of positivity to be a projective
Op-module M of rank 1 together with a linear order <; on the real vector space
M ®,, R for every i. That is, a choice of connected component of M ®,, R.

45
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We may then talk about the group of isomorphism classes of projective Op, -
modules of rank 1 with a notion of positivity that we call temporarily CI(L)**. An
isomorphism of Oy modules M7, My with notion of positivity, is an isomorphism of
modules ¢ : M; — My such that the induced maps ¢ ®,, 1 respect the ordering.

One verifies that the natural map Cl(L)** — CI(L) has fibers that are prin-
cipal homogenous spaces under L*/Or*L** and that there is a natural map

(1.4) ClL)yt — CclyL)*T,

obtained by taking on a fractional ideal 2 the natural orderings induced from the
embeddings L = RY, where i = 1,...,¢g. It is easily checked that this map is
injective and this identifies CI(L)T with CI(L)™T.

We also remark that two notions of positivity on M are equal if and only if
they define the same positive cone. The positive cone consists of the elements of
M that are > 0 under any of the given orders on M.

2. Complex Abelian Varieties with Real Multiplication
Let L be a totally real field of degree g over Q.

DEFINITION 2.1. A complex abelian variety with real multiplication (abbrevi-
ated RM) by O, is a g-dimensional abelian variety over C together with a given
embedding

(2.1) t: O — End(A).

EXAMPLE 2.2. 1. For L = Q, elliptic curves satisfy the conditions of the

definition.
2. Consider the product E x F and the totally real field L = Q(v/D) with

D > 1 square free. The action of v/D (respectively # ) is given by a
matrix of the form ( CCL _ba ) (resp. < (1+a)/2 b/2 ), and a is

c/2 (1-a)/2
odd, b, ¢ are even), when D = 2,3 mod 4 (resp. D =1 mod 4). Note that
D = a® + be.
3. For any elliptic curve E, say over C, consider:
(22) FE®yO0p =2 B9

with the canonical right Op action. The isomorphism being obtained by
choosing a Z-basis to Or,. We get an abelian variety over C such that

(2.3) (E®z0L)(C)=E(C)®z Of.
4. If A has RM by Oy, so does the dual abelian variety AY. That is, given a
map
(2.4) t: O — End(A4),
we define
(2.5) ¥V : O, — End(AY)
by
(2.6) (@) = Y,

where ¢V is the dual map to ¢.
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First, we say that an abelian variety is simple if it has no proper sub-abelian
variety. For example, an elliptic curve is simple. By replacing the notion of
isomorphism by the notion of isogeny the simple abelian varieties become
the basic building blocks of the category of abelian variety. More precisely:

THEOREM 2.3. (Poincaré) The category of abelian varieties considered
up to isogeny is semi-simple with simple objects given by simple abelian va-
rieties, i.e. every abelian variety is isogenous to a product

ATt AR Ay simple
and the n;, A;, are uniquely determined by A up to isogeny.

We say that A is iso-simple if A is isogenous to B" for some simple
abelian variety B. We shall see in Corollary 2.6 that every abelian with RM
is iso-simple.

Let Jo(p) = Jac(Xo(p)) = Jac(To(p)\H*). Then it is a fact that the
simple factors (the A;’s) of Jy(p) are abelian varieties with real multiplication
(by some field L;).

2.1. Complex and rational representations.
The structure map,

(2.8)

t: O — End(A),

can be extended by tensoring with Q to:

(2.9)

t®1:0,®Q=L< Endgp(4) =End(4) ® Q.

Suppose that A = C9/A. Any endomorphism 7 of A induces an endomorphism 7
on the universal covering space C9 such that the following diagram commutes:

(2.10)

(Cg—F> C9

|,

A—" oA

We define the complex representation to be the map:

(2.11)

pc : Endg(4) — GL4(C), r—T.

We have an integral representation:

(2.12)

po : End(A) — Endz(A) = Myy(Z).

The last isomorphism requires a choice of a Z-basis for A. It gives the rational
representation as the map

(2.13)

po : Endg(A) — Endg(A @ Q) = My, (Q).

PROPOSITION 2.4. The rational map pg is conjugate to pc ® pc.

PROOF. Let N = pc(r) be the complex representation of an endomorphism
r € Endg(A): Put Re(N) = & ITm(N) = =2 We have the matrix

(2.14)

21

Re(N) —Im(N)
M= ( In(i(N) Re(N) ) '
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The matrix M is describing the action of N = p¢(r) with respect to the basis

1 0 i 0
0 0 0 0
(2.15) e ) , ) o )
0 1 0 i

Since A®@ R = CY9, M is pg(r) up to conjugation. Thus, we only need to show

. . N 0
that M is conjugate to ( 0N > . But

(5 0) (8 B (4 1)-(3 8)
O

COROLLARY 2.5. The tangent space tg 9 to A at the origin is a free O @ C-
module of rank 1. !

ProoF. Note that the tangent space t4,0 to A at the origin is canonically CY.
Thus it is left to check that each o; appears exactly (equivalently, at least) once in
the action of L on t4,. This action is described by the complex representation of
L as a subspace of Endg(A4). Since L is totally real the complex conjugate of the
complex representation of L is equivalent to itself, and hence, by Proposition 2.4,
the rational representation is equal to twice the complex representation. However,
in the rational representation (being rational) every character o; has to appear with
the same multiplicity. Hence, every o; appears in the complex representation as
well. [l

COROLLARY 2.6. Any complex abelian variety with RM is iso-simple.?

ProOF. The follows from the following considerations. Let B" be a maximal
iso-simple factor of A. Then L — GL,(End(B)) and the tangent space to B at the
origin is a free O, ® C-module. Hence g| dim(B"). O

2.2. Construction of families of abelian varieties with real multipli-
cation.

Let us fix some notation. For ¢ € L and t = (t1,...,t,) € C? we put
(2.17) C-t=10-(t1,...,ty) = (01(O)t1,...,04(0)ty).

For the rest of the chapter, fix fractional ideals %,B of Of.

Given z = (21,...,24) € H? , put

A=A (z1,...,29) +B-(1,...,1)
= {(o1(a)z1 + 01(D),...,04(a)zg + 04(b)) :a € A,be B} C CY.
Note that A, is a lattice: First,
(2.19) rank z(A,) < rank z + rank zB < 2g.
On the other hand,

(2.18)

g
(2.20) A, @7 R H Rz; + R) 9,

n the context of this Corollary, see Chapter 3, Section 5.
2In fact, this holds for every abelian variety with real multiplication
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since Im(z;) > 0. Thus A, must be of rank 2¢g and contains an R-basis to C?. That
is, A, is a lattice.

We let A, be the complex torus C9/A,. We now proceed to construct polar-
izations on A,. Using the connection between Riemann forms and polarizations
(see Section 6.1), we turn our attention to constructing certain R-bilinear anti-
symmetric forms.

Let r € L and define

(2.21) E :A3BxA0B — Q,

(222) Er((mlayl)v (5'327242)) = TTL/Q(T($1y2 - 932291))-
The proof of the following Lemma is left to the reader

LEMMA 2.7. 1. E, is an alternating bilinear form.
2. The image of E, is in Z if and only if r € (DL/QQl‘B)_l.

Note that for all £ € Op, a € A DB, 3 € A D B,
(2.23) E.(ba, ) = E.(a, £0).

Transport E, to A, and extend R-linearly to C9. We get an antisymmetric R-
bilinear pairing

(2.24) E,..:CIxCI —R,

with the property

(2.25) E,.(0-t,t")=E,.(t,(-t).
Moreover
(2.26) Er (A, A.) CZ <1 € (DroUB)~ "

If r #£ 0, E, , is also perfect, by property of the trace. It also follows from the
following:

LEMMA 2.8. Let

(2.27) Hy (@1, 02g), (Y15, g)) = Z%Uz(;)
i=1 ¢

Then H, . is an hermitian form and ImH, , = E, ..

ProoF. This form is clearly hermitian. To prove the last statement, it is
enough to show

(2.28) ImH, . ((z1,...,29), (Y1, Yg)) = Er (21, ..., 2g), (Y1, ..., Yg)),

for (z1,...,24) € A+ (21,...,24) and (y1,...,y4) € B-(1,...,1). (Because E, .
and ImH, , are antisymmetric bilinear forms, they are determined by their values
on such couples). But
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Im {H (o1(a)z1,...,04(a)zg), (01(b),...,04(b))}
- { oi(a)zi0:(b)oi(r) }

I
'M“

=1

ai(a)oi(b)oi(r)

[
M=

(2.29) -

rL/Q(abr)
+((a,0),(0,0))
ra(a- (21,...,24),0-(1,...,1)).

.
Il

1
& &

We note that if (z2,y2) € A @ B, then the set

(2.30) {(x1,191) € LB L : E.((x1,91), (X2,92)) € Z, Y(x2,y2) € AD B}
is precisely
(2.31) (rDr/oB) " @ (1D o) "

Hence in the case £, , defines a polarization, its degree is equal to
— [(4DLso®) ™ 2] (D12 )
(2.32) = [(rDroAB)"" : OL)?
= Norm(rDy, o2B)>.
Summing up, we get:
COROLLARY 2.9. Let z € HY and r € L. The form E, . defines a polarization
on A, iffr € ((DL/QQI%)_l)JF. If this holds, then A, is an abelian variety with

RM by Oy, and the degree of the polarization given by E, . is Norm(r’DL/QQ(%)Q.
In particular, there exists an v such that E, , is principal iff AB = ’DZ}Q in CI(L)™.

DEFINITION 2.10. Let (A,¢) be an abelian variety with RM by Op,. Let
(2.33)

My :={N:A— AY : X =X", Xis an Op-linear homomorphism} C NS(A),
(2.34) MY =={X € My : \is a polarization} C NS(A)™.
We call M 4 the polarization module of A and Mj& the positive cone of polarizations.

EXERCISE 2.11. Let A : A — B be an isogeny of two (g-dimensional) abelian
varieties with real multiplication. Show that if A is Op-linear and non-zero then A
is an isogeny.

LEMMA 2.12. 1. My is a projective Op-module of rank 1. In particular,

(2.35) LeOp, A eMy = Aole My.

2. The set M7 is a positive cone. Moreover, M, is generated by M.
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ProOOF. We first check that M 4 is an Op-module. We write more pedantically
Aol as Ao (). Then (Ao i(£))Y = 1(£)Y o AV = 1Y (£) o XA = Ao (f), using that
AY = X and that A is Op-linear. It is also clear that Ao¢(¢) is Op-linear. Thus M4
is an Op-module, torsion free (hence projective) by Exercise 2.11.

Next, we remark that any abelian variety A over C with RM by Op, has an Of,
linear polarization. This follows from considerations as in Theorem 2.16. See also
See [97, Proposition 1.17]. Thus M is not empty.

To see M4 is of rank one, take some A\ € MX and get an embedding

(236) MA — CentEndO(A) (L)sym’

where sym on the right hand side signifies the elements fixed by the Rosati in-
volution defined by A. The classification of endomorphism algebras with positive
involution shows that we must have the image of M 4®Q equal to L. See Chapter 1,
Section 6.2.

The rest follows from the general principles given there. The Rosati involution
induced by some element of /\/lz must induce the identity on L. Thus the embedding
M 4 — L given by (2.36) identifies M 4 with a fractional ideal a of L, and identifies
M with at. O

In particular, (M A7MX) is naturally an Op-module with a notion of positivity
(via the embedding in End"(A)).

In contrast to the case of elliptic curves, E = C/A, where all lattices A are
indistinguishable as Z-modules, in the case of a totally real field L of degree g > 1
and abelian varieties with RM, CY9/A, the lattice A is a projective rank 2 module
over O and as such has a canonically associated ideal class of CI(L), called its
Steinitz class, See [34, Chapter II.4]. If we write A = A © 9B, and in fact every
projective rank 2 module can be written this way, then the Steinitz class is AB.
More canonically, it is /\?QL A.

Those Steinitz classes give a discrete invariant of abelian varieties with RM by
Oy, and already show that components of the moduli space of abelian varieties with
RM, map into CI(L). The consideration of polarization would show that there is a
natural bijection between the components of the moduli space and C1(L)".

DEFINITION 2.13. The group GL(2 & B)* consists of the matrices

(2.37) {( z Z ) ca,d €O, beAIB,ccAB ™ ad — be € (0;)*}

with matrix multiplication.

REMARK 2.14. Note that GL(2l @ B)T is the set of matrices ( (cl Z > in
GLy(L) with totally positive determinant, such that
a b

(2.38) (2, B) ( ¢ d ) = (A,B).
The group G = GL(2A @ B)* acts on HY from the left by

a b _ oi(a)z; + o;(b)
o (2 8)sn(. o0mta0)

We also define the special linear subgroup of GL(2l & B)™:
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DEFINITION 2.15. The group SL(2 & B) is the subgroup of GL(2 & B)* com-
posed of matrices with determinant 1.

THEOREM 2.16. 1. The isomorphism classes of (A,1)/C such that there
exists an isomorphism
(2.40) (M, ME) —=— (€,€%), €= (DAB) 1,

are parameterized by GL(2 & B) T\ HY.
2. The isomorphism classes of (A, 1)/C together with a given isomorphism

(2.41) m: (Ma, M}) —— (€,&F), €= (D ,AB)"!
are parameterized by SL(2A & B)\HY.

REMARK 2.17. There is of course a difference between the two statements.

There is more elbow room in the first case since any z. € (Of)" induces an

isomorphism:

(2.42) (¢, et) —— (e,et).

The possible m’s form in fact a principal homogeneous space under (Of)". Fix

(A, 1,m). For any isomorphism ¢ : (B, j) — (A, ) the diagram:

(2.43) 2L pv

I
AT v

identifies (M4, M) with (Mg, M$). Let m : (Ma, M) = (€,&€%) be an iso-
morphism. Then the induced isomorphism (Mg, M%) = (€, €*) is the following:
If g € Mp then

(2.44) ¢*m(g) =m((¢~")" go7").

Now, take in particular (B, j) = (4,¢) and ¢ equal to multiplication by ¢!, where
¢ € Of. Then

(2.45) ¢ m(g) = m((e)" ge) = m(ge®).
Thus
(2.46) (A,1,m) = (A, 1, me?).

Therefore, for every u € (OF)?,
(2.47) (A, e,m) =2 (A, t,mpu).

Generically, the only endomorphisms of (A, ¢) are t(Op,), as one may verify directly
taking (A,t) = A, where z = (z1,..., z4) are independent variables over L.
Thus, generically, the map

(2.48) (A,i,m) — (A,¢,Im)
has degree [(Of)T : (0])?] = [PGL(2 & B)* : PSL(A @ B)].
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PRrROOF. (Of Theorem) Let pu = ( CCL Z ) be an element of GL(2A & B)*, and

let

(2.49) z2=(21,...,29) €EH?, 1=(1,...,1).
We have

(2.50) A,=A-2+B-1 A, =A-pz+%B-1L

First, by direct calculation, we check that (2, B)u = (/,B), for u € GL(A ® B)*.
Consider the map

(2.51) f:C9—CI 22—z M,

where

(2.52) M = diag(oi(c)z1 + 01(d), ..., 04(c)2g + 04(d)).
Under this map

(2.53) f(ALz) = Ayzdiag(...,0i(c)z + 0:(d),...)

is the lattice

(2.54)

{(. o) (”(“)Z”(b)) +oi(B),. > diag(. .., oi(c)z + oi(d), ...) :

oi(€)z; + 04(d)
(o, B) € A D B},
This lattice is equal to

o (o (@ (2 2))(3)on) @ enon).

Because (2, B)u = (A,B), for p € GL(A @ B)™, this set is precisely A,. Thus f
induces a map

(2.56) fiA,, — A,
This map an isomorphism of abelian varieties with Op-action, because L acts di-
agonally: for / € L
o1(f)
(2.57) (s
oq4(f)
because the action of ¢ on any element in -z + B -1 is
o1(4)
(2.58) a-z+ 0 —la-z+L8-1=(a-2+0-1)
og4(f)
This holds also for the extends action of L to R®z (A-z+3-1) = C9.

Recall that by Lemma 2.8
(2.59)

t
. ai\r —_ _
H,.((x1,...,29),(W1,--.,yg)) = (21,...,24)diag (7 ) ,) (U1, g)-
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Let us calculate f*H, ,(z,y). We have

(2.60)
FrH, . (z,y) = (x1,. .., 2)diag(. . ., 01(c)z + o3(d), ... )diag(. . ., Ifng)) )
diag(...,0:(c)z + oi(d), ... ) (¥, ..., Ty)
= (z1,...,25)diag(. .., bi, ... ) (WL, ..., Ug)s
where
i(€)zi + oi(d)|? i i
(2.61) b; = o;(r) - o (C)Izm‘(i';) (d)] = Inal(i:z)i)ai(ad —be) = Ig(ijz);oi(ad — be).
Hence
(262) f*Hr,z = H(det Q)T

Thus, if we want to get an isomorphism of (A4.,¢,m;) to (Aus,t,my,), we need
detpu =1.

To prove the first statement of the theorem, we still need to prove the assertions
(A) and (B) below.

(A) If A, = A,/ as abelian varieties with RM by Op, and z,z’ € HY, show that
there exists a p in GL(A @ B)T such that uz = 2/.

Suppose that A, = A,/ as abelian varieties with RM by Op. Let M : C9 — C9
be the transformation inducing the isomorphism:

(2.63) Ay =CI/A, — CI/A, = A,.
The action of L on ta, o = ta_ 0 = CY is diagonal, and since M commutes with this
action and the o; are independent, M must be a diagonal matrix diag(m, ..., mg).

We can write m; = 0;(c)z; + 04(d), for some ¢,d € L. Then M takes B -1 C A,
into A,. That is, for every 3 € B

(2.64) ((o1(6)z1 + o1 (d))a1(B), - -, (ag()zg + 04(d))og(B)) € Az

We must therefore have ¢ € B~ d € Op. On the other hand, any « - 2/ (with
« € L) is mapped into Q ® A, .That is, for suitable a,b € L:

(2.65)  ((o1(c)z1 +a(d))ai(a) - 21, ..., (4(c)zg + ag(d))ag(e) - zy)

= ((al(a)zl + (7'1(())7 .. ,al(a)zg + Ub(b))
oi(a)z1+o1(b) a
o'i (c)zllJrall(d)’ for c
lattices, it is actually in GL(A @ B), and p -z = 2’ gives o;(det ) > 0 for all 3.
That is, u € GL(A & B)*.

Take a = 1, s0 2} = = p € GLy(L). Since u preserves

7 N

(B) Given (4,:) such that (M4, M%) = (€,&F), then (A, 1) = (A,,¢), for some
z € HI.

Write A = C9/A. Since A is a projective rank 2 Op-module, we may write A =
A" @ B’ for some fractional Op-ideals A’',B’, and the isomorphism class of A is
determined by its Steinitz class A’'B’ [34, Theorem 13, p.95 ]. See also 2.2. The



2. COMPLEX ABELIAN VARIETIES WITH REAL MULTIPLICATION 55

polarization module of C9/A is (/\éL A)* = (DpjoU'®B')~'. Hence, A = A @ B.
We know that pc ~ diag(o1(l),...,04(1)).

We may therefore choose coordinates on C9 such that: A = CI/A,A = ADB
and the action of L is given by the diagonal map. If necessary, we may still change
coordinates by diagonal matrices, so that the map:

(2.66) P ABB — A,
extends to a linear map on:
(2.67) ¢ LOL —Q-A,

satisfying ¢(0,1) = (1,...,1) and ¢(1,0) = (21,...,24). Every L-linear Riemann
form is easily seen to be of the form:
ziYioi(r -

(268) H(r,z) (.’I?, y) = Z W_()a re (DL/QQL%) 1‘

It defines a polarization, i.e., is positive definite, if and only if for every i we
have sign(o;(r)) = sign(Im(z;)). We conclude that if we choose 2,8 such that
A2 A&B and NS(A)T = (DAB) 1, then Im(z;) > 0 for all i, hence A = A, for
some z € HY. O

Fix representatives of CI(L)* of the form {(2,2AT)}.

COROLLARY 2.18. 1.

(2.69) {Isomorphism classes of (A,1)/C} «— H GL(Op & A)T\HY,
(A,2%)

with (A, ) parameterized by GL(Op & )t iff there exists an isomorphism

(2.70) (Ma, ME) = (DL), (D)~ 7).
2.
(2.71) {Isomorphism classes of (A,t,m)/C} — H SL(Or & A)\HY.
(2,21)

REMARK 2.19. There is a way to compactify GL(2 @ B)T\HY that follows
the lines of the classical theory for elliptic curves: We add the finite set of points
GL(2A @ B)"\P}(L) to GL(A @ B)*\'HY. The action of GL(A & B)* on P}(L) is
the usual one:

(2)()-(28)
There is charm in the following
PROPOSITION 2.20. For any two fractional ideals U,*B of L we have
(2.73) |GL(2 & B)"\P'(L)| = h,
where h is the class number of L.
PrOOF. Consider the map:
(2.74) GL( @ B)"\P'(L) — CI(L),
given by

(2.75) (g) — (A, B) (g) — oA+ 5B.
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Using (2, B)p = (A,B) for p € GL(A D B)*, we see that the map is well-defined.
It is surjective because every fractional ideal € of L is of the form € = a2+ 3B, for
some «, B € L. Indeed, every ideal class contains infinitely many prime ideals. Take
o and 3 such that o2A¢~! and SBE~! are distinct prime ideals. Or if one wishes to
use less machinery: assume w.l.o.g. that € = O and that 2 is integral. Consider
Op/A =3 (OLy,/p:i%OLy,), where 2A = [[p;* (Chinese Reminder Theorem). We
may assume that 9B is integral. Again by the CRT (weak approximation), we may
choose 3 € L such that for every ¢ we have 880, = Or,, and 8 C O.

We now show that this map is injective. Suppose that in the class group of L
we have

(2.76) a2+ 3B = a'A+ (/8.

Multiplying *(«, 3) by a suitable A € L™, we may assume that (2.76) is an equality
of fractional ideals

(2.77) a2l + BB = o'A+ 3'B.
Let €71 = oA + $B. Then
(2.78) O = a2€ + BBE = 'AC + f'BC.

Note that a,a’ € (A€)~! and 3,3’ € (BE€)~L. We may then find A, A’ € A¢ and
B, B’ € 8¢ such that

(2.79) l=aA+pBB=dA + 5B

Consider the matrices of determinant 1

(2.80) M:(a _B>,N=<g: _Al,?/)

Note that M (1,0) = (o, ) and N ¥(1,0) = (a/, ). Thus, NM~1 (e, ) =
ta/,3"). Now,

1 ( d/A+pBB" o'B—aB
This is a matrix in GL(2 @ B)" (in fact, in SL(A & B)"), e.g., o/ B —aB’ €
(AC)~1BC + (AC) " 1BE = A~ 1B, O
To make GL(2A®%8)\P!(L) [ GL(2A&B)"\HY into a topological space one defines
a fundamental system of neighborhoods at (ioco,...,700) by setting:
(2.82) U, :={z € H|Im(z;) > r Vi}, r€R.

Acting on those neighborhoods by elements p € GLa(L), we get neighborhoods of
all (a: 8) € PY(L), and this extends the topology to GL(ASB) \PL(L) [ GL(A®
B)T\H?. One then show that in fact this topological space has a structure of a
normal compact complex variety. This compactification is called the Satake com-
pactification of GL(A & B)*T\HY. See [36, Chapter II, p.44].

From the point of view of moduli, one may ask whether the cusps have a mod-
uli interpretation. As in the curve of elliptic curves, the answer is yes. In the
case of elliptic curves the moduli interpretation is given using generalized elliptic
curves. The precise formulation requires some care, especially when introducing
level structure. We refer to [22], [27].
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Ignoring the case of level structure, we may very roughly say that the compacti-
fied moduli space classifies semi-abelian varieties with RM by Op. By a semi-abelian
variety G over a base scheme S we understand a group scheme over S, 7: G — S,
such that 7 is smooth and every geometric fiber of 7 is an extension of an abelian
variety by a torus. We say that the semi-abelian scheme G — S has real multi-
plication if there is given an embedding of rings O, — Endg(G), such that the Lie
algebra of G — S, i.e., the relative tangent space tg,g is a locally free sheaf of
O, ®z Og-modules of rank 1.3

Now suppose that one of the geometric fibres of G — S, say G, is not an
abelian variety. Then we have

(2.83) 0—T—G,— A—0,

where T is a non-trivial torus and A is an abelian variety. The ring O acts
non-trivially on 7" and therefore L acts non trivially on the rational vector space
X(T)®Q, where X(T) are the characters of T'. It follows that dim(X(T)®Q) =g
and therefore G; = T. That is,

LEMMA 2.21. A semi-abelian variety with RM has fibers that are either tori
or abelian varieties.

We further note, that if the torus T is split then its RM structure is completely
determined by the lattice of characters X (T') as an Or-module. This lattice has
rank g and is therefore a projective Op-module of rank 1. Thus, we expect that
there would be h cusps to the compactified moduli space, corresponding to the split
tori of dimension g with RM by Op. This is indeed the case.

Finally we note the following. The stabilizer of (iocc,...,i00) in SL(A @ B) 4 is

precisely the matrices ( g d where a and d are in Oy, and satisfy ad = 1, and
b is any element the ideal ® = A~1B. This group is isomorphic to
(284) OLX X D.

Dividing first only by the action of ®, we get local coordinates as follows: we choose
a basis v1,...,1, to the dual of ® (with respect to the trace pairing). Then

(2.85) 2y = exp?™TTOT) g = exp?T T e
(r = (n,...,79) and Tr(v7) = o1 (V)T + -+ + 04(v)7,4) are local coordinates
for D\HY around (ico,...,i00). Every function f invariant under the action of

®, namely under translation by the elements of ® (as every modular form w.r.t.
GL(21® B)™ is) has a Taylor expansion

(2.86) f= Z anz"
nezI
(using multi-index notation). But this is the same as writing

(2.87) f= Z a, exp?™ @)
veDY

30ne needs to modify the definition if dy, is not invertible on S. See Chapter 5

4The groups SL(2 @ B) and GL(2 @ B)* have the same number of cusps and only minor
modifications are needed to discuss the case of GL(2A @ B)T. The difference eventually amounts
to some extra relations satisfied by the coefficients of the g-expansion.
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This is the g-expansion we shall define in Chapter 5, Section 2.

3. Hilbert Modular Forms

We keep the notation of the previous sections. Thus L is totally real of de-
gree g, with different Dy, discriminant dy and ring of integers Op; Emb(L,C) =
{o1,...,04}, kT = |CI(L)*], and h = |CI(L)|. In what follows, 2 and B are
fractional ideals, and

(3.1) GL(Op @)™ = {< ‘(’; ) ca,d € Op,beA,c€ At ad —be € OF +}.

b
d
. P A TR i
Given a matrix § = 5 € GLy(R)™, put

(3.2) §(8,2) = (032 + 04)(det )~ 1/2.
For a vector k € Z9, and given u € GLo(L)™, put:

(3.3) gl 2) = [ d(oatu), ).
i=1

For f:H9 — C, put
(34) (flier) () = G (1 2) 7" fu2).-
For a group I' C GL(Oy, & )" of finite index we make the following

DEFINITION 3.1. A Hilbert modular form of weight k and level I" is a holomor-
phic function

(3.5) f:H —C,
such that
(3.6) flp=f. Vper.
Le.,

o1(a)z1 + o1(b) o4(a)zg + 04(b)
(3.7) f(ol(c)zl o (d) T 0y(Q)z + Jg(d))

) <H<fn<c>zi Fad) det(m(u))’“”) J{CHES)

i=1
And we also require f to be holomorphic at infinity in the following sense:

Let M = {a: ( (1) Cll > EF}. (Note that [GL(Op & 20)T : TJ~! C M,

therefore M is a projective Op-module of rank 1). Then f is invariant under
translation by elements of M,

1 b
(3.8) f|k< 0 1 ) = f(z14+01(D),...,2g +04(b) = f(21,...,2),
and hence possesses a g-expansion:

(3.9) flz) = Z aVGQWiTr(y-z)’

veMVY
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with MY = {¢ € L : Trp;o(¢m) € Z,¥Ym € M}, and using the notation Tr(v - z) =
o1(V)z1 + 4 04(V)zg. (When I' = GL(Op, @ A71)", we have M = 2! and

MY =~ QlDZ/lQ; in the case L = Q, g = 1, we retrieve:

(3.10) f(r)= Z a, 2T
nez

with a, =0 for n <0 ).
We require, that if g is a modular form of weight k and level I', then for every
p € GLo(L)™, f := g|gp has a g-expansion:
(3.11) fz)= Y a,e )
veMVY
with a, = 0 unless ¥ = 0 or v > 0. Here the module M is the one associated to

the group pl'p~!.

Under the topology defined in Remark 2.19, this means that f possesses a
holomorphic Taylor expansion at every cusp. The next theorem tells us that in fact
for g > 1 the holomorphy requirement we imposed is automatic !

THEOREM 3.2. (Kdcher’s Principle) Let f(z) = >, cpv an€®™ % be a mod-
ular form of weight k and level T'. Assume g > 1, then

(3.12) a, #0 = v>0orv=0.

PROOF. First, a lemma:

LEMMA 3.3. Put ri(€) = [[L_, oi(e)™*/2, for e € OFF. If ( 8 (1) > el
then
(3.13) ay = 1i(€)aey
0
1

PROOF. Let A(e) = ( 8 ) On the one hand,

flez) = flo1(e)z1,...,04(€)2q)
(3.14) _ Z a, 2T (ev2)
veMv
On the other hand,

(315) :7‘&(6) Z alleQTriTru-z.

Equating coefficients of e2™*T(¢?"2) we are done. O

Assume now that a,, # 0 for some vy # 0 such that v is not totally positive:
without loss of generality, o1(19) < 0. Find € > 0 such that
(3.16) o1(€) >1, oi(e) <1 forall2<i<yg

and
The existence of such ¢ follows from the fact that T' is of finite index in GL(O® )™
and the lattice structure of the units modulo roots of unity.
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Consider the terms of /v a, €™ 2 parameterized by vpe™, m=1,2,....
Put z = 4. Then

(317) ayoeme_27rTr(V05m) — GVOTE(E)_me_%TTr(VDEm),

But when m — 0o, e 27T (0c™)  ¢=2m01(10)-01()™ "and the exponential growth

insures 7y (¢)"™e 2" T*(0¢™) 50, So the general term does not approach zero
and thus the sum is divergent; contradiction. O

There is a geometrical explanation to the Kocher principle: If ' is torsion free,
a modular form f of weight k is a section a of line bundle on I'\'HY. In fact, ji(u, 2)
is the factor of automorphy for this line bundle. This is very similar to the case
of elliptic curves discussed in Chapter 1, Section 4. One can interprete this line
bundle in terms of moduli. Recall that for every z € HY we constructed an abelian
variety

(3.18) A, =CI/(Op-z+2A-1)
with Op-action and polarization module. The trivial line bundle
(3.19) CI x HI — HI

could be interpreted canonically as either the tangent space t4, o or the cotangent
space tj _, to A, at the origin. The usual decomposition CY = @7_,C is in fact a
decomposition of t%_ into 1-dimensional vector spaces @;_, L; . such that Op, acts
on L; ., via o;. l

Let £ = (0,...,1,...,0) (1 in the i-th place) then jg(u, 2) is the automorphy
factor for the line bundle L; ,. That is, the relative cotangent space to the ”uni-
versal” polarized abelian scheme with (Dz2)~!-polarization X — T'\HY, denoted
t*XI\Hg decomposes into line bundles: t}yF\Hg = @leLi such that O, acts on L;
via o;.

The transformation law (3.6) shows that a modular form f of weight k is a
global section of the line bundle determined by the factor of automorphy ji(u, 2).
That is, f € D(T\HY, ®7_, LE*).

As discussed above, one may add finitely many cusps® to I'\HY and get a
compact normal complex manifold I'\H9*. Moreover, the line bundle ®29=1Lz®k1‘
extends to '\ H9* and f extends to a meromorphic section of a this line bundle. If f
is not holomorphic then normality implies that its divisor of poles is of codimension
1 (and thus “visible” on I'\H9). Thus f holomorphic on I'\H? implies that f is
holomorphic on T'\'H9* if g > 1.

DEFINITION 3.4. A Hilbert modular form f with respect to I' is a cusp form if
the constant ag in the Fourier expansion of f|,u is zero for all p € GLo(L)™.

Put
(3.20)
M(C,k,T') = complex vector space of modular forms of weight k, level T.

and

(3.21)  S(C,k,T") = complex vector space of cusp forms of weight k, level T

Let M(C,T) = k@Z M(C,k,T) and S(C,T) = k@% S(C,k,T). The ring M(C,T) is
keZ9 kez9

a Z9-graded ring and S(C,T') is a graded ideal of it.

5In fact, h points if I' = GL(O, ® )T or SL(Or & 20)t.
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PROPOSITION 3.5. 1. If some k; <0 and k # (0,...,0) then M(C,k,T') =
{0}.

2. M(C,0,T) =C,M(C,0,T) = {0}.

3. If S(C,k,T') # M(C,k,T), then ky = --- = k.

PROOF. The case g = 1 is classical and we shall assume it known, though the
argument below could be used to prove this case as well.

We note that we may replace I' by a smaller group and hence we may assume
that I" has no elliptic elements. We shall use the fact, mentioned above, that for
g > 1 the nonsingular complex variety I'\H9 has a compactification I'\H9* and it
is a normal variety to which every modular form extends and thus the divisor of
every modular form on I'\'H9* is already visible in I'\HY.

Part 2 of the Proposition follows easily, because modular forms of weight 0
are identified with holomorphic functions on a normal compact variety and are
therefore constant.

Let f € M(C,k,T"), f # 0. A twisted diagonal curve mod I'" is a curve of
the form {u(z,...,2): 2z € H} mod IV (for p a fixed element of GLo(L)"). Note
that letting p range over GLo(L)™, {u(z,...,2) : 2 € H} is dense in HY (Note that
GLo(L)" is dense in [[?_; GLa(R)"). Thus 3 € GLo(L)* such that

(3.22) flipe is not zero on {(z,...,2) € H} mod I'.

Take I'" C T with IV commensurable to I', such that f|zu is modular with
respect to I'V. Consider the diagonal map

(3.23) H/T" —2 s HIT,

well-defined for some congruence subgroup I'' C SLo(Z). Then ®*(f|xp) is a non-
zero modular form of weight Y 7_, k; with respect to I'”. Hence

g
(3.24) > ki>o0.
=1

Consider first the case Y_7_; k; > 0 and some k;, say ki, is 0. Let f € My(I'). We

will show ultimately that f = 0. We have ag = 74(€)ay, for ( (6) (1) ) € I'. Since
k#0:
(3.25) ri(e) = [[(es(e))*/? < 1,
i=2

for a suitable €, and that implies that ap = 0. The same argument holds for (f]xu)
for any p € GLo(L)™; that is, under GLy(L)™, all the cusps are equivalents, so we
just need to consider the g-expansion at one cusp. Thus, f is a cusp form.

Before proving that f = 0 we note that the same argument proves Part 3: If k
is not parallel, then we can always find e such that:
(3.26) ri(e) = [[(aa(e)™/* # 1,

=1

1
have a cusp form. That is, if f € M(C,k,T)\S(C,k,T") then k1 = --- = kg.

and < 8 0 > € I'. Hence the constant coefficient of the expansion is zero, and we
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Let us finish the proof of Part 1. Recall the formula:

_det(d)Im() (61 b i
(3.27) Im(é7) = Toar 0 d= 5y 0, € GLy(R)™.

Put
(3.25) m@—([ﬂmWﬁm>fu»

eg(z) is holomorphic in z1, (ky = 0)!
e|g| is T-invariant:

lg(pz)| = (H(Im(m(u)zi))’“/?) |f ()]

det(o;(p)) - Im(zi))k‘i/2 g
|

it o@E ) 1oz Fo@l™ @etoi(u) =" 1/(2)]

e|g| = 0 at the cusps (ag = 0).

The two last statements imply that if |g| is bounded on H9 (because I'\H9*
is compact), hence, by Liouville’s theorem, g is constant as a function of z;. Fix
some (z1,...,24). The assumption yields:

(3.30) Vel |g(z1,02(p)z2,- -, 04(1)zg)| = l9(2)]-

However, {21,02(p)22,. .., 04(1)2g)},,cr I densein {21} X H9~1, hence |g| constant
implies |g| =0, so f = 0.

Consider now the case Z?Zl k; > 0 and some k; is negative; say k1 < 0. There
exists a non-zero modular form G4 of weight 4 on I' (see Section 5.1). Consider

f: f4GZk1. It is a cusp form of weight E = (k;~1,...,k~g), and Zkz > 0, k= 0.
Therefore f = 0, hence f = 0. O

DEFINITION 3.6. A Hilbert modular form of level I'g(28) and weight & is an h
tuple

(331) (fla“'?fh*),

where each f; is a modular form of weight k& with respect to the subgroup I'(, 9B)
of GL2(Or ® A1) *, where

(3.32) F(Ql,‘B):{(CCL Z):a,de(’)L,b Eﬂ_l,cem%,ad—bce(’)z+}.
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4. More on the diagonal curve

Consider the case [L : Q] = 2. To ease notation we assume that L C C and we
write Emb(L, C) = {1,0}. We have a commutative diagram:

(4.1) H H? )

| |

H/SLy(Z) —=> H2 /SLy (O}

where ® is the diagonal map: ®(z) = (z, 2), and SLy(Or) = SLy(Or, & Op).
PROPOSITION 4.1. The map ® is generically injective.

PROOF. Let A € SLy(Op) be a matrix such that for all z € H there exists 7 € H

such that \(z,2) = (7, 7). Then Vz we have 0(A) "' Az = 2. Soag(A\) "I\ = < (Cl Z )

and cz? +dz = az + b for every z € H. Hence b = ¢ = 0 and a = d, with ad = 1.
That is, 0(A\)1A = £1. We have to consider two cases:

1 o(A) =X = X eSLy(2).
2. o(\) = -\ — )\:\/a(z Z

whence a contradiction. Thus, the stabilizer of the diagonal in SLy(Op) is SLa(Z)
and the proof is complete. O

), a,b,c,d €7 = det\#1,

4.1. Modular interpretation. Let 7 € H and let A be the lattice Z + Z7 in
C; let A be the lattice O, - (1,7) + O, - (1,1) in C2. Consider the map

(4.2) C—C®0p, z—2z1.

It induces a map
(4.3) C/A 2 CROL/AR Oy

Under the isomorphism C ® O = C?, given by z @ £ — (fz,0(f)z), the lattice
A ® Oy, is mapped to the lattice A. Let E = C/A. We note that the map ® is non
other then the map

(4.4) L — E®z 0y,

given by r—r ® 1.
Assume that Op =7Z [\/E}, with basis 1,v/d. Then

oo (00804

and v/d acts on C? by < \{)E 0\/3 ) The rational representation of v/d with

0 d 0 0
respect to the basis given in (4.5) is: Vd —

o OO

1
0
0

= o O

0
d
0
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We may change the coordinate on C? by:

w o (1) ()

Under that change of coordinates Ais mapped to

(6060

(This lattice is obviously defining E x E) and v/d acts now on C? by

an ()R (Y -0
(with the same rational representation).

What are the Op-linear symmetric homomorphisms p: E x E — (E x E)V ?
Let A : Ex E — (E x E)V be the canonical polarization. That is, if we let
pi + E x E — E be the projection on the i-th component then A\ = ¢, where

L = p;0x(0) ® psOr([0]).

REMARK 4.2. The map p is Op-linear iff ym = mYpu for all m € Oy, iff
A tm = (AT A) (A ).

Recall that g —— A~y gives an embedding NS < End®(A)*¥™, that m —
A~ImY X is the Rosati involution defined by . In our case, identifying End(E?)
with My(End(E)), where End(F) = Z or an order in an imaginary quadratic field,
one finds that the Rosati involution is given by

(4.9 (i) —(5 &)

where V is complex conjugation. Thus, the symmetric elements are the elements of
the form

(4.10) ( ;‘V ? ) :
with a,d € Z and § € End(FE).

Write A~y = < ﬁoi/ g ),takem (

v () ()=

That is, if and only if

(4.12) (? ddﬁaV):<g; déﬁ)

So B =Y, § = ad, and this implies:

(4.13) MAz{(g dﬂa):aﬂeZ},



5. CONSTRUCTION OF HILBERT MODULAR FORMS 65

(4.14) Mz:{(g di)eMA a>0,da 62>0}
But D! = <%, ﬁ> and M4 = D; ' as Op-modules via

a 1 1
(4.15) (ﬁ da)l—>a«2+ﬂ'ma

because

wo (5 2)(00)-(2 )~

2" ayd 2 2Vd
Under this isomorphism
1 1
M+r—>{a-+ﬂ:a>0,da2>/82}
A \/—
(4.17) { p B }
= st+B—F7ia+-—=>0a-—=>0
2f Vd Vd

= (Df)*.

Note that this fits with SLa(Op)\H? = SLa2 (O, & Op)\H? parameterizing abelian
varieties, constructed from lattices O - 7 + O, and having polarization module
(D' (D))

5. Construction Of Hilbert Modular Forms

5.1. Eisenstein series. Fix a fractional ideal 2 of L.
The complex manifold

(5.1) GL(Op @ A~ H T\ HY.

parameterizes complex abelian varieties with RM by O and polarization module
(AD; ', (AD;')*T).  Take B a fractional ideal of L with class B in CI(L). Put
k=(k,....k), k>2 ke 2Z.

DEFINITION 5.1. The Eisenstein series of weight £ and class B is:
k " k
(5.2) Grp(z):=N®)* > Naz+8)"
(a,)EBADD

where the symbol ” indicates the following: We say that («, ) and (p,d) are
associated if there exists an € € Of such that:

(5.3) (o, B) = (€p, €0).

This is an equivalence relation, and the summation is over representatives of equiv-
alence classes different from {(0,0)}. We use the notation N(v) = N(v1,...,v,4) =
vy ng_

Let us show that an Eisenstein series of weight k& and class B in indeed well-defined:
If (o, B) ~ (u,9), say («, 3) = (e, €d), the norms satisfy

(5.4) N(az + )% = N(e) *N(puz + 0) ™" = N(uz +6) 7",

because k is parallel and k is even implies N(e) =% = 1.
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REMARK 5.2. The sum converges for k > 2, and also for & = 2, provided g > 1,
and defines a holomorphic function on HY. Note that G g depends only on the
ideal class of B.

An Eisenstein series is modular form with respect to GL(Or @ 24~1)™. To see that
note first that the group GLy(Or @2~1)T is contained in the automorphism group
of BA D B:

(5.5) (BADB)p = BAD B, VYu e GLo(Op @A T,

This follows from the definition of GL2(Or, @ 2A~1)T as invertible elements with
totally positive determinant of the ring

(5.6) ( (;L 9(19—: )

The action of GLy(Or &A1) T respect the equivalence relation we defined on pairs

(o, B) € BAD® B. Furthermore, let p = < (Cl Z ) then

N(auz + 8)* = [N(a(az + b) + d)][N(cz +d)~7*

e (2 1)) e

Thus

(5.8) Gr,p(pz) = N((cz + )" G, p(2) = ji (1, 2)Gr.5(2),
where, as usual,

(5.9) i (s, 2) = N((cz + d))*N(det p) 72 = N((cz + d))*.

DEFINITION 5.3. Let A be an ideal class, b an integral ideal. Put

(5.10) Calk)= > NO™  oprall)= D N
ccA,cCOL ceAbCcCOY
THEOREM 5.4. 1. The modular forms Gy p on GL(Op & A1) T\HI are
linearly independent over C, and span a vector space of dimension h =
|CIU(L)].

2. The Fourier expansion of Gy g with respect to the cusp (ico, .. .,100) is

1-k )
(5.11) Grp=c % + Y okip (WATDL)ETTE S
VGQI’DZI,V>>O

. ) e —k
with ¢ = ((Zfl))!g dlL/2 .

REMARK 5.5. The number CD%S?]C) is a rational number by a theorem of
Siegel, and oy_1,5p, ((v)A~'Dy) are integers by definition.

In what follows, we give a heuristic explanation for the rationality of {p, 5(1 — k):

The algebraic variety V whose underlying analytic variety (formed of its com-
plex points) is isomorphic analytically to GL(Or & 2A~1)T\HY is defined over Q
and so is the space of modular forms of parallel weight k. In fact if X — V is
the universal object then the space of modular forms is T'(V, det tj(@"ﬁ) This vector
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space is contained in Hom(V, det t} /), a space with a natural G(C/Q)-action since
both 2 and det t} ,, are defined over Q.

If f is a modular form, so is f7 for o € Gal(C/Q). The g-expansion principle
says that the g-expansion of f is in some sense algebraic. It is really the development
of f to power series with respect to local parameters in the local ring at infinity
that are defined over the rationals. That is, if f = Zyemozl a, €2V e expect

that f7 =3, cao-1 age?™ vz Thus, the constant

(5.12) (W) — (WY = (%Gk,B> - (%Gk,B)U

is a modular form of weight k£ > 0, which is possible only if this constant is zero.

EXERCISE 5.6. Prove that a modular form of weight k& # (0,...,0) which is
not zero has infinitely many terms in its g-expansion.

We also define the following Eisenstein series:

1
L«
(513) Ek = E Z Gk,Ba
BeCI(L)

and
(5.14) EE=29¢,(1 - k)LE"
Thus, the g-expansion of E,f* at the cusp (ioo,...,i00) is

CL(I - k) - miTrvz
(515) T + Z O'k_l((l/)gl 1DL)€2 T ,

vEADL >0

where
(5.16) or-1(b) = > N

bCcCOL

5.2. Other methods of constructing modular forms. We indicate more
methods of constructing modular forms. In essence they all come one way or
another from theta series. The first method, that we now demonstrate by a
particular example, is to pull back modular forms from other modular varieties.

Let 2 be a fractional ideal of L, taken with its natural notion of positivity,
and consider the (coarsely) representable functor ® of abelian varieties with RM
and polarization module . That is, the functor assigning to a scheme S the
isomorphism classes of triples over S

(5.17) (A, e,m : (Ma, ME) = (A,2)).

Choose an element A € A, consider it as an element of M, and let d = (d| ... |d,)
be the elementary divisors of Ker(A). There is a natural transformation of functors
from the functor ® to the (coarsely) representable functor ¥ of abelian varieties
of dimension g with a polarization having elementary divisors d = (d1,...,dg). If
we let M*(C) denote the moduli scheme over C that (coarsely) represents ®, and
we let Sg(C) denote the moduli scheme that (coarsely) represents ¥, 6 we get a

6Scheme like M2 usually go under the name of Hilbert modular schemes (not to be confused
with Hilbert schemes!), while the schemes Sq usually go under the name of Siegel modular schemes.
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morphism of schemes
(5.18) f: M*(C) — S4(C).

(Such morphisms and their generalizations, are usually called modular embeddings,
though they are rarely embeddings. Another example of such a map is the diagonal
curve discussed in Section 4 and Section 4.1). One may write (5.18) explicitely.
See [106, pp. 640-1]. It can be formulated as coming from a suitable embedding of
GLy(L) in Sp(2¢,Q), and the interpretation of the moduli spaces as double cosets
spaces of the adelic points of these algebraic groups.

Every modular form of weight k on Sq(C) (that means: f: Hy, — C such that

(5.19) f(97) = det(C + D) f(r), = < 4 )

in a suitable subgroup of Sp(2g,7)) pulls back to a modular form on M%(C) of
parallel weight (k,..., k). While this may be checked by laborious calculation,
using the explicit form of the map f : M¥*(C) — S;(C), it may also be justified
easily using Katz view of modular forms. We discussed that view point in the case
of elliptic curves in Chapter 1, Section 4. The case of abelian varieties with RM is
similar and is discussed in Chapter 5, Section 77.

Based on that we argue as follows. Given

(5.20) (A,1: O = Endg(A),m : (M, M%) — (A,2),w)/S

where w is an Op ® Og basis to tjx/s’ we get the data (A, \,w’), with w’ a basis
for det tj‘/s. Here, we first decompose O ® Og as ©ocrmb(r,c)Os (Os is a sheaf
of C-algebras), and get from w an Og basis, {wi,...,wy} to t*A/S. We then let
W' =wi A+ Awg. Thus, the rule is

(5.21) (A1, m,w)/S — f(A N\ W').

It is immediate that this is a modular form!

Take for example the case when 2l = Op, and A is the principal polarization corre-
sponding to 1. Then we consider a map

(5.22) GL(Or @ Dy o) "\H? — Sp(29, Z)\H,.

On Hy one can define Riemann’s theta functions with characteristic [ g } € Q¥
by

(5.23) @[ “ }(T) =3 exp (m{% EN + (N +¢) + t(N—i—e)e’}) .
Nezs

They are holomorphic functions on Hy. One can show, using the transformation

formula for theta functions ([67, Chapter 8.6]) that if ne, ne’ € Z9 then @8”[ g } is

a modular form of weight 4n on the principal congruence subgroup of level 2n; if n is

even ©%" [ g ] is a modular form of weight n on the principal congruence subgroup

of level n; @2{ S } is a modular form of weight 1 on the principal congruence

€

subgroup of level 4n2.
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By pulling back these modular forms we get Hilbert modular forms, of some
level. We note that the construction is arithmetic. The morphism

(5.24) fimMOr — Sa,..1)

exists over any scheme. The theta functions often have the g.c.d. of their coeffi-
cients equal to one, and in any event the g.c.d. divides 2n if ne, ne’ € Z.

We remark that Shimura used vector valued modular forms in [106, pp. 640-
642] to obtain Hilbert modular forms of weight (1,...,1,2,1,...,1).

EXERCISEX 5.7. For which weights are there non-zero modular forms? (Same
question in positive characteristic).
6. Siegel’s formula
Consider the case A = Or. Let
(6.1) & : SLy(Z)\'H — SLao(OL)\H

be the diagonal curve. Let Fy, = @*E,f’*. It is a modular form on SLy(Z) of weight
gk with g-expansion:

CL(l B k) - n
(6.2) Iy = T + Zak(n)q )
n=1
where
(6.3) ax(n) = Z or-1((¥)Dr) = Z Z N(20)*1,
ve(mphHt ve(pphHT (V)DLCACOL
Tr(v) =n Tr(v) = n

Lets apply this when ¢ = k = 2. Since the space of modular forms on SLs(Z) of
weight 4 is one dimensional, F5 is a multiple of

Gl(=3) | <« L1
(6.4) GisLy(z) = O +n§::163(n)q = %10 +tq+--.

Hence 1(r(—1)/555 = a2(1), and

1
(6.5) G-D=g > S N
ve(mHt (DLCACOL
Tr(v) =1

LEMMA 6.1. We have the following identity:

(6.6) wl= Y o (dL 4_“2) .

a€Zlal <\/dr
a=dy; (mod 2)

PRrROOF. We have

_ 1 [a+bVdy
(6.7) DLI:{\AE( 5 L):a7bEZ,a7bEdL (mod2)}:E0L.

EXERCISE 6.2. Write the totally positive elements v of trace 1 in Dzl explicitly.
Find out the ideals v D, and obtain the formula

(6.8) as(1) = > > N().

la] < /dr aty/dy,
a=d; (mod 2) (—5—)CACOL

1
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We rewrite (6.8) as

(6.9) az(1) = > > d-Saa,(d),
lal < /dr ) 4L—e?
a=dp (mod 2) 4
where
(6.10) Sady (d) = > 1.

(“%L)caco,, Na=d
We claim that S, q, (d) = 1. Write

a+\/a — a; gc Bi i
(6.11) (T)_Hsi SR 17

where the first product run over split primes, the second over ramified primes and
the last one over inert primes.

Recall that the primes dividing \/dy are precisely the ramified primes. If
Valﬁ(%) > 0 then Valﬁ(%) > 0, which implies that valz, (v/dL), being

equal to Valﬁ(% + %) is positive. Contradiction. If both vals, (%) =
Vals—i(%), and valg,i(%) are positive, then vals,(v/dr) > 0. Again, a con-

tradiction. We conclude that we may write:

(6.12) (% 'dL) =TIs=IRY, fori#j,8i#5,5;.

Therefore

dL — a2 a; Bi < 2
(6.13) — = s TIr  (s0) = SiSi (i) =R,
The inclusion “*Y9e C 2, N2 = d implies,
(6.14) d= H‘S?HT?Z’ a; < ai,ﬂ; < B;.

And therefore
(6.15) o= [[s TR

That is, /U is uniquely determined by d and the condition (@) C A N =d,
hence the claim.

COROLLARY 6.3. Siegel’s formula

(6.16) (r(—1) = % 3 o1 (dL 4_“2) .

a €Z,a=dp _(mod 2)
lal < dr

EXERCISE 6.4. (See [13]) Prove
o 1 dL — a2
(6.17) Cr(=3) = 155 > o3 ( 1 ) :

a €Z,a=d (mod?2)
lal < Vdr




CHAPTER 3

Abelian Varieties with Real Multiplication over
General Fields

In this chapter we explain some methods of studying abelian varieties in positive
characteristic. After defining abelian varieties over a general field, the dual abelian
variety, polarization and the Weil pairing, we turn to study finite Heisenberg groups.
These groups, introduced by Mumford, allow one to study line bundles on abelian
varieties and their behaviour under isogenies and are replacing, in the situation of
characteristic p, the more powerful tool given by the Appell-Humbert theorem.

We discuss various methods to understand abelian varieties over a field of
positive characteristic: The Honda-Tate method that describes isogeny classes of
abelian varieties over finite fields; Serre-Tate coordinates that describe ordinary
abelian varieties and their deformations over an algebraically closed field of finite
characteristic, and Deligne’s refinement. Following Chai-Norman and Ribet, we
give some applications to moduli spaces.

1. Abelian Varieties over a General Field

In this section, we will develop some general features of abelian varieties defined
over any field k. Recall that an abelian variety A over k is a connected, reduced
projective algebraic group.

LeEmMA 1.1. (Rigidity lemma) Let f : V xW — U be a morphism of algebraic
varieties over k. Assume

1. V is projective.
2. There exist vg € V,wg € W such that

(1.1) f{vo} x W) = f(V x{wo}) = {uo} -
Then f(V x W) ={up}.

PRrROOF. Let Uy C U be an open affine set such that ug € Uy, let my : V %
W — W be the projection and let

(1.2) Z = mw (f~1(U\Uh))-

The set U\Uj is closed. Since V is projective, hence proper over k, my is a closed
map, and thus Z is closed. The set Z is also characterized by by the following
property:

(1.3) w¢Z = f(Vx{w}) CUy.

Hence W\ Z is a non empty, hence dense, open set in W. For w &€ Z, f(V x{wq}) is

a point, being the the image of a projective variety in an affine subset. Combining
this with

(1.4) f{vo} x W) = {uo},

71
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we get,
(1.5) FVx (W\Z)) = {uo} -
Since V' x (W\Z) is dense in V' x W, we conclude: f(V x W) = {up}. O

COROLLARY 1.2. Every morphism f : A — B of abelian varieties over k is of
the form Ty o h where h : A — B is a homomorphism of abelian varieties, b € B,
and Ty, is the translation-by-b-map: T,(b') = b + b.

PROOF. Replacing f by Tp o f, with b = —f(0), we may assume f(0) = 0 and
we need to prove that f is a homomorphism. We apply the rigidity lemma to the
morphism

(1.6) F:Ax A— B,
given by
(1.7) F=foma—mpol(f f)

(Le., on points, F(z,y) = f(z +y) - f(z) = f(y)).
The assumptions of the rigidity lemma hold: F(A x {0}) =0 = F({0} x A).
Hence F' is the constant map with image Op. L.e., f is a homomorphism. O

COROLLARY 1.3. The group law on an abelian variety is commutative.
PRrROOF. Apply Corollary 1.2 to the inverse morphism:

(1.8) inv: A— A.

It gives that ¢nv is a homomorphism, hence the group law is commutative. O
COROLLARY 1.4. There is a unique group law on A for which 0 4 is the identity.
PrOOF. Apply the corollary 1.2 to the identity map ! O

One can prove that the multiplication by n map, denoted [n] (or simply n), is
an isogeny of degree n?9. That is, it is a surjective homomorphism and A[n], the
Kernel of [n], defined by the cartesian diagram:

A[’I’L} closed A

immersion

(1.9) l l[n] ;

Spec(k) —— A

is an affine group scheme of order n?9 (where g = dim A), i.e. A[n] = Spec(R)
where R is a Hopf algebra of dimension n29. If char(k) = 0, or (char(k),n) = 1,
then A[n] is étale, i.e., A[n] ®y k* = (Z/nZ)*. 1f char(k) = p and n = p, then

(1.10) | Alp)(k)| < p°.
By a theorem of Oort [94, (15.11)] every finite commutative group scheme over a
perfect field embeds as a subgroup of some abelian variety.

EXERCISE 1.5. Write the automorphism group as a semi direct product of
translations and group automorphisms. Find the connected component of this
algebraic group. Deduce that it needs not be of finite type.

Use the notion of polarization to find subgroups of finite order. What Galois
representations can you obtain this way?
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1.1. The dual abelian variety. Let Pic(A4) denote the isomorphism classes
of line bundles on A ® k. It is an abelian group under the operation of tensor
product. For every line bundle £ the map:

(1.11) By A Pic(A),
(1.12) bp(r)=TiL@ LY,
is a homomorphism of groups:
THEOREM 1.6. (Theorem of the Square) We have:
(1.13) Ty LOL' =TI LOL QT Lo L
PROOF. See [72, Theorem 4.5] O

Let Pic’(A) denote the isomorphism classes of line bundles £ such that ®, = 0.
Note that for all £, Tm(®.) C Pic’(A):

* * —1 * —1\—1 * * p—1 * p—1
(114) Ty(Ty L@ L )T, Lo L) =T, LRT,L T, L ®L=0.

Note that Pic’(A) is a subgroup of Pic(A). This follows from the formula: ® g =
O, 4+ Do One defines the Néron-Severi group , NS(A), by

(1.15) NS(A) = Pic(A)/Pic’(A).
Then:
(1.16) 0 — AY — Pic(A) — NS(A4) — 0.

EXERCISE 1.7. Let k = C. Use Appell-Humbert theorem to show Pic®(A) is
precisely the dual abelian variety we defined previously.

One denotes Pic’(A) also by AV, or A?, and calls it the dual abelian variety. The
name is justified by the following theorem and further properties we list below. The
proofs of these properties will take us too much astray, and we content ourselves
with referring to [76], especially Chapters 8 and 13.

THEOREM 1.8. There exists an abelian variety AV /k such that AV (k) is in
isomorphism (as groups) with Pic®(A).

Moreover, on Ax AV there is a line bundle P, unique up to isomorphism, called
the Poincaré bundle, with the following properties:

1. For everya € AV the line bundle Plax{ay represents that element ofPicO(A)
given by «.
2. Plioyxav is trivial.

Fact 1.9. 1. If £ is ample, then ®, : A — AV is an isogeny, i.e. a sur-
jective homomorphism with finite kernel (but the converse is not necessarily
true).

2. A= (AY)Y canonically. The isomorphism is given in fact by ¢ — P|ixav.
Moreover, the Poincaré bundle on A x AV, when A is interpreted as AVV, is
the same bundle.

3. Let fi1, fo be homomorphisms and f), fy : BY — AV the corresponding
homomorphisms of the dual abelian varieties (f;(£) is just the pull-back

f#(L)). Then it is a theorem that (f1 + f2)¥ = f + fy.

K2
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EXERCISE 1.10. Use the fact that A is an abelian variety to deduce the the-
orem of the square from Corollary 1.2.

THEOREM 1.11. Let

(1.17) 0 H A—L.B 0
be an exact sequence with A, B abelian varieties, and H a finite group scheme.

Then
(1.18) 0 HY B I gV 0

where f¥ (L) = f*(L), and HY is the group scheme dual to H, i.e., representing
the functor S — Hom(H (S), G, (5)).

We refer to Appendix A for properties of group schemes.
PROOF. See [75, Theorem 1, Section 15, Chapter III, p. 143] O

REMARK 1.12. The duality theory of abelian varieties and the special role of
the Poincaré bundle can be developed much further. In particular, there is a Fourier
transform. See [84], [25].

REMARK 1.13. The relation fo f¥ = [deg(f)] holds for elliptic curves, but does
not hold in general if dim(A) > 1.

DEFINITION 1.14. We define a polarization of A to be a homomorphism,
(1.19) f:A— AY,
such that f = ®, for some ample line bundle L.

FAcT 1.15. If f is a polarization, then f is an isogeny and f = fY (under
(AV)Y = A). Hence, the kernel of a polarization is a self-dual group scheme.

The polarization is called principal if f is an isomorphism. Since A is a variety,
A C PV, for some N, by definition. Thus A possesses an ample line bundle. In
particular, A always carries some polarization and is isogenous to its dual AV.

For every commutative group scheme H over k, there exists a perfect pairing

(1.20) Hx H — G,,.

Now,

(1.21) 0 —— Aln] A—"— A 0,
gives:

(1.22) 0 —— (An])V AV gy 0.

On the other hand, note that 1Y = 1, and since (f + g)¥ = f¥ + gV, it follows by
induction that nV = n. Thus we conclude that

(1.23) AY[n] = An]Y,
and we therfore obtain a perfect pairing.:
(1.24) Aln] x Aln]Y — Gp.

If A\ : A— AV is a polarization, we get a bilinear, antisymmetric, Gal(k/k)-
invariant pairing:

(1.25) (, )y :An] x Aln] — Gy,
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(1.26) (,9), = (@, A\(y)) .
This pairing is called the Weil pairing. It is perfect iff (deg A, n) = 1.
We mentioned in Section 1 that if char(k) = p > 0 then

(1.27) AR < 9.

One may prove this by showing that if A is isogenous to B, then
(1.28) AR = [ BIp)(B)!

Take B = AV, and use the Weil pairing:

(1.29) Alp] x Alp]Y — G,
If we put H = Ap](k), K = AV[p](k). The map
(1.30) H x K — Gy, (k)
factors through p, and we get:

(1.31) Hx K — p,(k) = 1.

Hence K C H*+. The perfectness implies |K| < p29/|H|. On the other hand,
|K| = |H|, thus |H| < p9.

2. Finite Heisenberg Groups

Over the complex numbers, the Appell-Humbert theorem allows one complete un-
derstanding of line bundles on abelian varieties and thus of polarizations and their
behaviour under isogenies. The Appell-Humbert theorem rests on the fact that
we have a surjective analytic map C9 — A where CY is a contractible space that
is independent of A. In characteristic p, there is no similar construction known.
Thus one needs other methods to manage line bundles and polarizations. This is
provided by the finite Heisenberg group defined by Mumford. For an extensive
treatment, see [76] and [67]. See also [82].

Let A be an abelian variety over an algebraically closed field k, and £ an am-
ple line bundle on A. We assume, for simplicity, that either char(k) = 0, or
(deg L, char(k)) = 1.

DEFINITION 2.1. Let: G(L) := {¢|¢ : L — L} such that ¢ is an isomorphism
of L that covers a translation map on the base and induces a linear map on fibers.
That is, there exists a € A such that the following diagram commutes and ¢ is
linear on fibers:

r ¢ .

(2.1) l l

AT 4

The group law is composition: ¢ o ¢ is given by
C 1 r P2 r

22 I o1

Tay T,
A A 25 A

One calls G(£) the Heisenberg group, or Theta group, associated to (A, L).
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An equivalent way of defining G(L£) is as the set of pairs (¢, a), where a € A
and 1 : L — T L is an isomorphism. Indeed, let p : £ — A be the projection.
Then T L = {(x,1) : p(l) = To(z) = v 4+ a}. The map ¢ : L — T L has the form
(p(£),€) — (p(£),d(£)), for some ¢, where p(¢(£)) = p(€) + a. Thus,

¢

L — L

(2:3) & X

AT 4
Conversely, given ¢ such that (2.3) holds, define ¥(p(£),¢) = (p(£), p(¢)). We note
that in this language we have (¢2,a2) o (¢1,a1) = (T, ¢2 © ¢1,a1 + as).

The group G(L) sits in an exact sequence:
(2.4) 0 Gm G(L) —— K(L£) — 0.

The group K (L) is defined as {a : T L = L} = Ker(®,). Fixing a, ¢ is unique up
to a scalar. To see that, note that if ¢’ is another such map, then

(2.5) pod L —L

is an isomorphism of line bundles, and thus for every a € A the morphism f :
L, — L, is multiplication by a constant f(a) and f(a) # 0,00. We get therefore
amorphism f : A — G,,,. But A is projective and G, is affine, hence f is constant.

We have the following:
FACT 2.2. deg(L) = dim;, T'(A, £), and |K(L)| = (deg(L))?.

One finds immediately that G,, C Z(G(L)), the center of the Heisenberg group,
and we may define an alternating bilinear pairing, the Mumford pairing

(2.6) £ K(L) x K(L) — Gy,
by
(2.7) e (x,y) = [Z,7],

where 7,7 are lifts of # and y, respectively, to G(£), and [a,b] = aba=1b~ 1.
DEFINITION 2.3. A subgroup H C K (L) is isotropic if e“(H, H) = 1.

DEFINITION 2.4. A subgroup H of G(L) is called a level subgroup if w(H) = H.
If H=n(H), we say H is above H .

EXERCISE 2.5. There exists a level subgroup H above H iff H is isotropic.

Let f: A — B be an isogeny of abelian varieties, M an ample line bundle on B.
Let £ = f*M. Then we have a canonical level subgroup Hxq above H = Kerf. It
is constructed as follows: Given a € Kerf,

(2.8) T LT M= (foT,) M= f*M=L.
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~

All isomorphisms being canonical. This yields a canonical isomorphism ¢, : £ =
TxL, for every a € H and Hyg = {¢, : a € H} is a level subgroup of G(L£) above
H. Conversely, given a level subgroup H C G(L£), let H = 7(L) and consider:

L —— L/H
(2.9) l J
A A/H
This is an inverse construction:
(2.10) Hy;=H.

The construction is in fact a manifestation of the theory of descent. Using it one
shows that there is bijection between the level subgroups over H and the line
bundles M on A/H such that pj;(M) = L. This is the true content of the two
exact sequences:

(2.11) 0 H A2 A/JH —— 0,
and
(2.12) 0 HY Pic(A/H) — " Pic(A) — 0-

Note that any two level subgroups Hy, Ho over H differ by a character x of H: Let
x € H and 2/,2" be its lifts to H; and Hy respectively. Let x(x) = (z/)~1(2").
Then Y is a character. Conversely, if x € HY and Hj is a level subgroup over H
define Hy by {x - x(7(z)) : € Hy}.

LEMMA 2.6. Let f : A — B be an isogeny with kernel H, M an ample line
bundle on B, and L = f*M. Then

(2.13) K(M)=~H'/H.

PROOF. Let Hq be the level subgroup corresponding to M defined above. To
prove the claim, consider the set of all possible liftings of isomorphisms

M —2 M

(2.14) l l

B -, B

to elements of G(L£). It is easy to see that for ¢ € G(M) the lifting pj;¢ is an
element of G(£) commuting with Hq, and pi;¢ is well-defined up to a choice of an
element of Ker(py) = H. Indeed, given a € A such that f(a) = b there is a unique
morphism ¢’ completing the following diagram:

ppM —L pyM M —2 M
(2.15) l l . l
A L 4 B . p

Conversely, every automorphism in 7~ '(H*) = Centg(z)(Ha) will descend to
an automorphism of M. Thus, in fact G(M) = Centgz)(Ha)/Ha and hence
K(M)=H'/H. O
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Fact 2.7.

(2.16) deg M = deg L/|Kerf]|.

This also follows from descent theory: I'(B, M) = T'(A, f*M)Hr,
COROLLARY 2.8. 1. We have the following equalities:

(2.17) (deg M)? = |K(M)| = |H*|/|H| = (deg £/|H|)* = |K(L)|/|H.
2. We have |K(L)| = |H|-|H*|. Hence, €~ is a perfect pairing and G,, =
Z(G(L)).
COROLLARY 2.9. Every abelian variety A/k is isogenous to a principally po-
larized abelian variety.

PRrROOF. Let £ be an ample line bundle on A. Let H C K(L£) be a maximal

isotropic stlbgroup.1 Let H be a level subgroup above H. Let M be the line
bundle £L/H on A/H. Clearly (A, ¢r) is isogenous to (A/H,¢r). Moreover, by
Corollary 2.8, deg(M) = |[H+/H| = 1. O

There is a connection between the Mumford pairing e* and the Weil pairing: As-
sume that M is an ample line bundle on A and M = £L®". Then,
re€KM) < ToM=M

— (T;L)"=L"
(2.18) = (TiLxLH)"=0

= n-¢c(r)=0

«— x€n] 'K(L)
Therefore, if £ is of degree 1, then K (£) = {0} and K (M) = A[n]. One can prove
that Mumford’s pairing e and Weil’s pairing <, >4, are equal:
(2.19) eM(z,y) =< 2,y >4,, =,y € Anl.

If one accepts (2.19) then one obtains that the e pairing is Galois equivariant and
depends only on the class of M mod Pic®, and, on the other hand, that the Weil
pairing is an alternating pairing. The proof of (2.19) is not hard but requires going
in detail into the identification of H" as the kernel of Pic(A/H) — Pic(A).

The finite Heisenberg groups are instrumental in the construction of moduli spaces
for abelian varieties and in studying isogenies between them. Over the complex
numbers this translates to identities between Riemann theta functions. An exhaus-
tive treatment may be found in Mumford’s trilogy, [80], [81], [82]. Our discussion
below is intended mainly to whet the reader’s appetite.

Suppose that £ is a very ample line bundle on A. Then a choice of basis
S0, --.,8 of ['(A, L) gives a projective embedding

(2.20) A— P,

(2.21) a— (so(a) : -+ s.(a)).

For a general variety A there is no canonical way to choose the basis. In the case of
abelian varieties, one can use the fact that I'(X, £) is an irreducible representation

1We only discussed those notions in the case where the degree of £ is prime to the charac-
teristic of k. However, the theory may be extended to cover the general case.
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of G(L£) to try and narrow down the choices of bases, making such a choice “almost
canonical”.

DEFINITION 2.10. A representation p of G(£) into GL,, is called of weight 1 if
for every = € G, p(x) acts as multiplication by z.

THEOREM 2.11. (Stone-Von Neumann) Under the assumptions above, there
exists a unique irreducible representation of weight 1. 2

PROOF. Let V' be such a representation, and choose a maximal isotropic sub-
group H of K(L). Let H be a level subgroup above H. We may decompose V/
according to characters of H

(2.22) V= @ VX

xEH*

We denote the summand corresponding to the trivial character by V1. Let

(2.23) k:G(L) — H*,
be defined by
(2.24) k(g) = [ g]-

Let v € VX and g € G(£). Then for h € H,
h(gV) = (hg)V = ([h, glgh)V

(2.25) = [h, glx(h)gV

= (k(g)x)(h) - gV.
Hence
(2.26) gVX = Vr9x,

Therefore, if one VX # 0, then every VX 2 0 and they are all isomorphic as vector
spaces. Let v € V1,0 # 0. Then (2.25) implies that Span{gv : g € G(£)} is a sub
representation W of G(L£) whose intersection with V1 is k- v. Hence W = V and
V1 is one dimensional.

Choose a section [gy : ¥ € ﬁ*] to k; and choose a basis v to the one dimensional
vector space V1. Then

(2.27) V= & gypk-v.

beH*
Every element in G(£) can be written uniquely as zyz, with z € k*,y € {gy} and
z € H. (Ker(k) = kX - H, because H was chosen to be maximal.) We see that
the representation is completely determined (2.27). The only thing that matters is
2gy = gy 2z for some ¢’. We remark that in fact (2.27) shows that V = Indengz
(where k is the trivial one dimensional representation).

REMARK 2.12. Almost canonical bases.

2This theorem was greatly generalized by Weil [121], [122], who used it to derive and gener-
alize Siegel’s theorem on quadratic equations. A theorem now known as the Siegel-Weil theorem.
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We now apply the representation theory of G(£) to geometry. First note that
T'(A, £) is a representation of G(L). The action being described by the following
diagram:

r % .

(2.28) T %

That is,
(2.29) ¢-s=¢osoT, "

The center of G(L) acts by scalars and dim I'(X, £) has the dimension of the unique
irreducible representation of weight 1. Therefore I'(A, £) is that unique irreducible
representation.

Let £ be a symmetric ample line bundle. That is, [-1]*£ = £. This induces a
canonical automorphism ¢ of G(L), where ¢(¢) = t*¢.

Let di,...,dy with 1|dy|ds|---|dy be the elementary divisors of K (L), i.e.
K(L) = ®(Z/d;Z)*. One can show G(L) = G(q,,....a,), where
(230) G(d1 dy) = kX x (EB?:lZ/dZZ) X (@gZIZ/dlZ)*,

,,,,,

and

(2.31) (a,z,9)(B,y,%) = (abf(z),x +y, o).

An isomorphism 0 : G(£) — G4, ... q,) restricting to the identity on C*, and
satisfying 6 o . = [—1] 0 § (where [—1] on the right hand side is the automorphism
Ga,,..d,) given by (o, z,¢) — (a, —x,¢07 1)) is called a theta level structure. . If
M is an ample symmetric line bundle of degree one and £ = M®", a theta level
structure on G(£) is intermediate between full level n structure and full symplectic
level 2n structure (see [76]).

One may consider the moduli of triples (A, L,6). Here A is abelian variety (or,
more generally, an abelian scheme), £ is an ample line bundle of fixed elementary
divisors dy, ..., dg, and 0 : G(L) — G4, ... 4,) is a theta level structure. Because
of the relation to the usual level structures, proving the representability of such a
functor is virtually equivalent to proving the representability of the usual moduli
functors. B

Given 6, there is an evident choice of level subgroup H, the one corresponding to
{(1,2,0)}, and there is an evident choice of a section to , the one corresponding to
{(1,0,%)}. Then choosing an non-zero element (unique up to scalar) © of I'(4, £),
we get a basis {gy©} to I'(4, £), where the g, are representatives to the cosets of
k* H in G(L) corresponding to {(1,0,%)}. The bases obtained by this method are
“almost canonical”; they depend on the finitely many choices for 6.

Define a map

(2.32) A —P(I'(A, L)),
by
(2.33) a— ((940)(a))yen--
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According to Mumford, when £ is ample enough (e.g., an 8-th power of an am-
ple symmetric line bundle of degree 1), this embeds our moduli space as a quasi-
projective variety. The point corresponding to (4, M, ) is ((g4,©)(04)), where 04
is the identity. More than that, this construction actually gives the universal family
over the moduli space.

Over C, for the line bundle considered in the discussion of the Appell-Humbert
theorem, those g,© are, up to a common exponent factor, Riemann’s theta func-

tions @[ 5 }:

(2.34) @[ < }(T): 3 exp <2m'{%t(N+e)T(N+€)+ t(N—l—e)e’}).

NeZ9

3. Honda-Tate Theorem
Let k be a field, A/k an abelian variety of dimension g. Let ¢ be a prime such that

(¢, char(k)) = 1 if char(k) # 0.
Define the ¢-adic Tate module

(3.1) Ty(A) = lim A[C")(R).

An element of T;(A) is thus a sequence (z,,)n>0, where zg = 0, and £z,41 = . It
has a natural Gal(k/k) action.

EXERCISE 3.1. Let T' be an abelian group, then we may define Ty(T") in the
same fashion: Ty(T) = 1(21 I'[¢"]. It may again be described as sequences (z,,)n>0,
where z, € I', 29 = 0, and ¢z,11 = x,. The addition is by component-wise
addition and the zero element is the sequence consisting of x,, = 0 for all n.

Show that T;(T") is a torsion-free Z,; module and that Aut(I") acts as automor-
phisms on Ty(T"). (N.B. When going back to the case of abelian varieties note that
I' = A(k) and not A. In particular, Gal(k/k) acts on A(k), and it does not act as
automorphisms of the variety A! The representation Gal(k/k) — Aut(T,(A)) is
called the ¢-adic representation).

An important example is taking I' to be the group of roots of unity of ¢-power
order in k. We shall denote T;(I") in this case by Z,(1).

If I and A are G-modules and

(3.2) 'xI' — A
is a G-equivariant alternating pairing, we have an induced G-equivariant pairing
(33) Tg(r) X Tg(r) — TZ(A),

and hence a G-equivariant homomorphism
2

(3.4) N Tu(T) — Tu(A).
Ze

That is, the following diagram commutes:

N2 To(T) —— Ty(A)

(3.5) [ |

N Ty(T) —— Ty(A)
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Use this to show that for an elliptic curve F over a totally real number field k,
taking
(3.6) I'=E(k), A=lm pum
n
and the Weil pairing, we get that the ¢-adic representation is odd. That is, complex

conjugation has determinant —1.

We come back to the case of abelian varieties. If A and B are two abelian varieties
over k, then we have a natural map commuting with the Galois group action,

(37) Homk(A, B) Rz Ly — HOHIGk (T((A), Tg(B))

We remark that the module Ty(A) is a free Zy-module of rank 2g. The map in
(3.7) is always injective with torsion free cokernel. When k is a finite field (Tate
[112]), or a function field over a finite field (Zarhin [125], [126]) or a number
field (Faltings [32]) or a finitely generated field over Q (Faltings [32]) then it is an
isomorphism. There are obvious cases when this is not so.

Let A/k be an abelian variety, k = F,~. We refer the reader to Appendix A
for definition and discussion of the Frobenius and Verschiebung morphisms, and to
properties of group schemes. We define & = Fr"y = Fypr-1yo--Fr e oFra. Then

(3.8) d:A— AP = 4

is a homomorphism of degree (p?)" = p9" and ker(®) is a finite connected group
scheme of A of order p9”. Using Ver we see that

(3.9) Ker(®) C A[p"].
Moreover, since Ker(®) is a connected group scheme,
(3.10) Ker(®)(k) = {0}.

This may also be seen directly: = € A(k) implies that there exists an £ such that
ot (z) = x._Incidentally7 since A[p] is a group scheme of order p?9, this shows again
that |A[p)(F)]| < p°.

For any prime /, including ¢ = p, we let:

(3.11) Ty(A) = h£1 AleM.
Whether ¢ = p or not, we get an endomorphism:
(3.12) ® € Endg(Ty(A4)).

Let A be the characteristic polynomial of ® (for £ # p). One can prove that A has
coefficients in Z, is independent of ¢ and has degree 2g.

THEOREM 3.2. (Honda-Tate)

1. Let A be a Fy-simple abelian variety. Then E = Endr, (A)®zQ is a division
algebra with center Q[n], m = Fry = (Fr,)",q = p". The number « is an
algebraic integer such that for every embedding Q [r] — C, we have |7| = \/q
(We call such an algebraic integer © a q- Weil number).
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For any prime v of Q [,

v real

_ v complex
nvy (E) = ord, ()

ord;(q) [Q [ﬂ-]y : Qp] I/|p

0 otherwise

Moreover, dim A = 3 [Q[r]: Q] - /[E: Q[n]] and e = \/[E: Q[r]] is the
lowest common denominator of the inv,(E)’s. The characteristic polynomial
of m is m(T)¢, where m(T) is the minimal polynomial of m over Q.

Two simple abelian varieties A and A’ over F, are isogenous over Fy iff
there exists an isomorphism ¢ : Q[wa] — Q[r'y] such that ¢(w4) = 7'y.
Every q-Weil number comes from a IFy-simple abelian variety.

REMARK 3.3. 1. In Part 1 of the theorem, the abelian variety does not

(3.14)

(3.15)

need to be E—simple. For example, put 7 = p. Hence ¢ = p?, and

v real

vV=p
0 otherwise

N[— N[

v, (E) =

We infer that m corresponds to an elliptic curve X over Fp2, and £ =
End]pp2 (X) = Bp oo, the “unique” quaternion algebra over Q ramified at p
and oo. This is a supersingular elliptic curve.

Now do the calculation with 7 = ,/p, so ¢ = p and Q[7] = Q[,/p].

1
invy (E) = { 2 v real .
0 otherwise

The quaternion algebra E over Q[,/p] is split at all finite places and rami-
fied at the two real places. Then, the corresponding abelian variety A is 2
dimensional, and A is simple abelian surface over F,. But A it is not simple
over F,2, because over F> we get the previous computation leading to the
elliptic curve X. In fact, A is isogenous to a product X; x Xo, where the X;
are elliptic curves. Moreover, since 72 = p induces the Frobenius morphism
of each XZ-/Isz, we see that X; and X, are both [F2-isogenous to X above.
There is a bijection between Fg-isogeny classes of simple abelian varieties
over [F; and characteristic polynomials of g-Weil numbers.

Take a supersingular elliptic curve over F,. Enlarging ¢, we have ' = B, .
Then 7 € Q and replacing q by ¢, we get 7 = ¢q. Conclusion: Every two
supersingular elliptic curves are isogenous over an algebraically closed field.
Examples of g-Weil numbers giving elliptic curves: Let 7 be a solution to

X2~ BX +q=0for |8 < 2g,8 € Z. Then m = TV i potally
imaginary, || = /g, hence ¢ = 77. If 7 is not associated to 7, then p is
split in Q[rx].

See [111],[74], [119], [123], [100] for more on this fascinating subject.

EXERCISE 3.4. Estimate the number of isogeny classes of elliptic curves over
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EXERCISE 3.5. Fix ¢, (¢,2) = 1, and an elliptic curve E : y?> = 2 +ax + b over
F,. For every d € F, let E4 be the quadratic twist dy?> = 3 + ax + b of E. Among
all quadratic twists, how many isomorphism classes are there? how many isogeny
classes?

4. Ordinary Abelian Varieties and Serre-Tate Coordinates

4.1. Ordinary abelian varieties. Let k be an algebraically closed field of
characteristic p > 0. An abelian variety A over k is ordinary if

(4.1) |Alp] (k)| = p7.

As explained in Section 1, this is the maximal power of p possible. The property
of being ordinary is stable under isogeny. If A/F, is an abelian variety and A is
the characteristic polynomial of Fry, then we will see later the A is ordinary iff the
Newton polygon has two slopes, 0 and 1. N.B.: Ordinary is an assertion about the
Newton polygon of A, while the isogeny class is an assertion about A itself, and
hence stronger. In fact

EXERCISE 4.1. Use Honda-Tate, and in particular Remark (3.3)(4), to show
that there are infinitely many isogeny classes of ordinary elliptic curves over Fp,.

REMARK 4.2. Ordinary abelian varieties are of paramount importance because
they are almost always dense subsets of moduli spaces ([120]), ordinary is an open
property, and ordinary abelian varieties can be studied most effectively using Serre-
Tate theory.

Let Ci, be the category with:
1. Objects consisting of triples (R, mpg, ¢), where R is a local Artinian ring,
mp is its maximal ideal, and ¢ : R/mp — k.
2. Morphisms: Mor(R;, Ry) are local homomorphisms @ : Ry — Ry induc-
ing the identity on k. Recall that a local homomorphism of local rings is a
homomorphism satisfying mgz, = ¢~!(mg,).
Consider the functor F of local deformations of A/k:
(4.2) Cr — Sets,

given by
(4.3) F(R) = {A/R an abelian scheme with an identification ® : A ®p k —— A,

up to isomorphisms inducing the identity on A}.

By fundamental results of Grothendieck, Mumford and Schlessinger (see [91] for
discussion and references), there exists a complete local noetherian ring O = M4/,
3 with residue field k such that the functor of points h of Spec(Q) pro-represent F.

3This notation is intended to suggest that O is the completion of the local ring of the point
corresponding to A/k in the moduli space M of abelian varieties, if such existed. In fact, if
one rigidifies the situation by introducing more structure into the deformation problem (e.g.,
polarization, real multiplication) then the corresponding complete local ring that pro-represents
the new functor (it would be a quotient of O by some ideal) is the completion of the local ring of
the moduli space M parameterizing such an object at the point corresponding to A + the extra
data.

As a General Principle, if one has a fine moduli space 9t representing a functor F, and
z € M(k), then /ED\Tx — the completion of the local ring of 99 at & — pro-represents the local
deformation functor F|¢, with the initial data given by the object parameterized by x.
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That is
(4.4) h(R) = Morgpec(r) (Spec R, Spec O) = Hom(O, R) = F(R), VR € Cy,

where the ring homomorphisms are local homomorphisms. We shall discuss those
notions in more detail in Chapter 6. In particular, we shall state precisely a theorem
of Serre and Tate that asserts that the deformations of an abelian variety A over an
algebraically closed field k of characteristic p are the same as the deformations of
its p-divisible group hiQ Alp™]. For ordinary abelian varieties over k the p-divisible

group is composed of the local part, which is the completion of a split torus, and
the étale part which is a constant group scheme isomorphic to (Q,/Z,)?. Rigidity
for tori implies that the deformations are all given by extension classes of these two
groups. It is thus possible to describe those in a very explicit manner. This is done
in [61]. We describe the final result below.

4.2. Serre-Tate coordinates. Let A be an abelian variety over an alge-
braically closed field k of characteristic p.
THEOREM 4.3. (Serre-Tate Coordinates)

1. We have an isomorphism of functors on the category Cy:
(45)  May(-) = Homg, (T,A) (k) @z, (T,AV)(k), G(-)), R€Cy.

2. Let R € C, and let A/R, B/R be deformations of two ordinary abelian
varieties A/k, B[k, respectively, with corresponding bilinear forms qa, q5.
A homomorphism f: A — B extends to homomorphism f : A — B if and

only if
(4.6) qa(@, [ (y)) = as(f(x),y), Yz € T,A(k),y € T,B" (k).
We recall that if A is ordinary, then T}, A(k), T, AY (k) are free Z,-modules of rank
g, and that G,, is defined by

(4.7) Gy =lm pipn.

EXERCISE 4.4. Prove that for R € Cy, G,,(R) = 1 +mp. Thus (4.5) says that
for all R € Cg:

(4.8) F(R) = My i(R) = Homg, (T, A(k) @z, TyAY (K), 1+ mg).
Choosing coordinates for T, A(k), T, A" (k) as Z, modules, we find

2

(49) ﬁA/k = Z;‘Zz ®ZP @; = @;g .

More importantly, for every R € Cj, the deformations of A over R, §J\TA/k(R) =
F(R), correspond to Zy-linear maps:

(4.10) AJR — <> 4: T,A(k) x T,AY (k) — 1+ mp.

A remarkable consequence of the existence of the Serre-Tate coordinates is the
existence a natural group structure on 9, ,,. This group law is simply given by
”addition” of bilinear forms (N.B.: The bilinear forms are with values in multiplica-
tive group. Thus the sum of bilinear forms is obtain by multiplying their values).
In particular, it has a distinguished element, the identity of the group which is just
the trivial bilinear pairing <, >= 1.
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DEFINITION 4.5. For every R, we let A““™ /R be the deformation corresponding
to the pairing <, >= 1. It is called the canonical lift of A to R.

By taking limits, we can also get a canonical lift to W (k) (this uses results of
Grothendieck on algebraization of formal schemes and uses implicitly the existence
of a polarization on the “limit” object “lim A" /(W (k)/p"W (k))”).

One sees from the criterion furnished by (4.6) that Endg(A) lifts to A" /k. In
general, a deformation A/W (k) such that Endy(A) lifts to A/W (k) corresponds to
a W (k)*-valued pairing satisfying

(4.11) < fV(y) >=< f(z),y > Vf € End(A),z € T,A(k),y € T,A" (k).

If £ = F,, then this property characterizes the canonical lift. Essentially, because
A is defined over some Fy, and then the endomorphisms of A given by f = Fry,
f¥ = Ver,, behave very differently. The action of f and fY on the group schemes
pqr and Z/q"Z are given by the following table:

o Z/q"Z
f raising to ¢ power; |id
(4.12) Ker(f) = sy
Fd id multiplying by  ¢;
Ker(fV)=¢"'Z/q"Z

We note that over k, Alq"] = pu, ®(Z/q"Z)9. Assume that A/W (k) is a deformation
with a bilinear form <, > such that every endomorphism of A lifts to 4. We want
to show that A = A°". Let U; denote the units of W (k) that are congruent to 1
modulo p. It is enough to show that for every r the induced pairing

(4.13) <, > T,A(k)/q"T,A(k) x T,AY (k)/q" T, A" (k) — Uy JUY ",

is trivial. Apply f". Since f" is an endomorphism of A, we must have

(4.14) <z, (f)'y >=< f(z),y >, V(z,y) € T,A(k) x T,A" (k).

However, on T,A(k)/q"T,A(k) = Alq"|(k) = (Z/q"Z)9 the morphism f” is the
identity, while on T,AY(k)/q"T,AY (k) = AV[q"|(k) = (Z/q"Z)9, the morphism
(fV)" is zero. This proves that (4.13) is trivial.

We further remark, that if A is a principal polarization of A, and we use it to
identify T,,A with T, A, then the deformations of (A, \) (as a principally polarized
abelian variety) are given by the symmetric elements of

(4.15) Homy, (T, A(k) @z, TyAY (k), Gm(—)).

EXAMPLE 4.6. If 91 is the moduli space of principally polarized abelian vari-
eties (with level n structure, n > 3), x € M(k), then
S ___aletn)
(4.16) M, = f):n(A,/\)/]C =G, 2 ,
where 21, is the formal spectrum of the completion of the local ring of = in 9, where
53\1( A,n)/k 1s the complete local ring that pro-represents the functor of deformations
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of (A, \) over Ci, and where the last isomorphism is valid for A ordinary. Thus,

at least at ordinary points, we know that 9 is non-singular of dimension @

(though this is true at every point).

Following Chai-Norman [11] we give another application of the Serre-Tate coordi-
nates.

DEFINITION 4.7. A T'o(p) level structure is a pair of two principally polarized
abelian variety (A, A4) and (B, Ap) of dimension g, and an isogeny:
(4.17) (A, 24) -5 (B, Ap),
such that f*Ap = pAa.

Put V. =T,A, W = T,B. Let us compute the structure of the moduli space of
To(p) level structure at a formal neighborhood of an ordinary point. The local
deformation functor C;, — Sets is given by:
(4.18) R +—— { symmetric pairings
<, >viVRV — Gn(R), <,>w:WeW — Gn(R),
such that < v, f¥(w) >yv=< f(v),w)w, for v € V,w € W}.

By the Elementary Divisors Theorem, we may choose bases (v1,...,vq) for V, and
(wi,...,wq) to W, such that

(419) f(lul) = Wi,..., f(’()a) = Wq; f(va-i-l) = PWa+1y---, f(vg) = PpWwy,

and hence

(4.20)  fY(w1) =por,---, [V (wa) = poa; [ (War1) = Vay1, -, [V (wg) = vg.
We have a w-dimensional space of pairings such that:

(4.21) < i, fV(w;) >y=< f(v;),w; >w, Vi,j.

More precisely, the conditions

(4.22) <y, puj >y=<w;,w; >w, 1<i<a, 1<j<a,

a(a

. 1 . . .
give an T+)—d1mens1onal space; the conditions

(4.23) < >v=<w,w; >w, 1<i<a, a+1<j<g,

give an a(g — a)-dimensional space; the conditions

(4.24) <w,v >y=<pw;,w; >w, a+1<i<g a+1<5<g,

give a W—dimensional space. Together we get a(a +1)/2 + a(g — a) +

(g—a)(g—a+1)/2=g(g+1)/2 dimensions. Therefore, the following theorem is
proved.

THEOREM 4.8. (Chai-Norman) The coarse moduli space M for To(p)-level
structure at an ordinary point f : (A, Aa) — (B, Ap) satisfies
9(g+1) —

(4.25) Mipa—p =2y * @z, Gy

P
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5. Abelian Varieties with Real Multiplication over a General Field

Let k be a field. Let L be a totally real field of degree g with discriminant dj,.

DEFINITION 5.1. An abelian variety with real multiplication by Oy, (or, an
“abelian variety with RM” for short) is an abelian variety A over k together with
an embedding of rings

(5.1) t:Op — Endg(A),

such that the Deligne-Pappas condition holds:
(DP) A®p, Ma = AY.

A few remarks are in order. First, since O, acts on A it also acts on AY by
duality. One defines then the symmetric Op-linear homomorphisms

(5.2) Ma={A:A— AV : Xou(r)=u(r)V o\, Vr e OL}.

The abelian variety A ® o, M4 and the homomorphism A ®n, M4 = AY are all
determined uniquely by their behavior on k-algebras R:

(5.3) (A®o, Ma)(R) = AR) ®0, Ma; &\ — ).

Secondly, one can show that if A satisfies the (DP) condition, so does AV.
The module M4 is a projective Op-module of rank one endowed with a natural
notion of positivity determined by the cone of polarizations in M 4. C.f. Chapter 2,
Section 2.2.

Thirdly, if (char(k),dr) = 1 or char(k) = 0 then the (DP) condition is equiv-
alent to Rapoport’s condition :

(R) t/ is a free Op ®z k-module of rank 1, and M4 is a projective
Or-module of rank 1.

This condition is heuristically easier to understand. We remark that for abelian
varieties in characteristic zero, or for ordinary abelian varieties condition (R) holds
automatically, provided they have an Op-linear polarization. See Chapter 2 Corol-
lary 2.5 and Corollary 6.4 below.

Let us engage again in Kodaira-Spencer heuristics:

The moduli space of complex abelian varieties with RM is g-dimensional. If a
reasonable moduli scheme, say over Spec(Z), for abelian varieties with RM exists at
all, we expect it then to be of relative dimension g. The Kodaira-Spencer method
(see Chapter 1 Remark 6.8) allows us to compute the tangent space to the moduli
problem. It is given by

(54) HOHI@L (tz,fAv).

If condition (R) holds this is a g-dimensional space. Thus condition (R) is natural
to impose. However, it turns out that the moduli scheme is then not proper over
Spec(Z), not only because of lack of cusps (that are necessary because degenerations
of abelian varieties with RM to semi-abelian varieties with RM exist), but because
of families of abelian varieties with RM satisfying (R) degenerating into abelian
varieties with Op-action not satisfying (R). Deligne and Pappas discovered [21]
that abelian varieties with RM satisfying (R) satisfy (DP) and, moreover, the
property of (DP) is preserved under degenerations.
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It also turns out, see [21] (see also [3]), that the moduli scheme is singular at
all fibers dividing dr, the singular locus is of codimension 2 and consists precisely
of all points where condition (R) fails.

LEMMA 5.2. The Condition (R) always implies Condition (DP). If (p,dr) =
1, the conditions are equivalent.

Proor. To be supplied. O

Examples of abelian varieties with real multiplication can be constructed in charac-
teristic zero by means of the complex uniformization given in Chapter 2 Section 2.2.
One can then obtain examples in characteristic p by reducing modulo a suitable
prime ideal.

Since the moduli space of abelian varieties with RM is smooth over Z[dzl],
every abelian variety in characteristic p, (p,dr) = 1, can be lifted to characteristic
zero. The same holds for characteristic p such that p|dr, but one needs a more
elaborate argument, due essentially to Mumford (see [91, p. 249]). It is a general
principle saying, roughly, that if your object (in this case an abelian variety with
RM) is a special fibre on a nice enough family, over an equi-characteristic integral
scheme, of objects of the same kind. And if the generic fibre of such this family
lifts to characteristic zero, then the special fibre lifts as well.

It is enough therefore, given an abelian variety with RM in characteristic p,
represented by a point x in the moduli space, to construct a smooth curve in
the moduli space modulo p that passes through x and whose generic fibre is non-
singular point of the ambient moduli space; namely, that the relative cotangent
is generically free. At least for ¢ = 2 such a curve may be constructed using a
Moret-Bailly family (See [3]). In general, such a curve exists because the moduli
space is quasi-projective and the singularities are of codimension 2.

Another way to produce examples is to use the Honda-Tate Theorem (The-
orem 3.2) to construct first isogeny classes having multiplication by some order
in O, and then finding particular representatives for this isogeny class that have
multiplication by the whole of Oy.

6. Irreducibility of the Moduli Space of ji,~-level Structure

Let L be a totally real field of degree ¢ = [L : Q], with ring of integers Oy,
different Dy, and discriminant dy, . In this section, we follow Ribet’s proof of the
irreducibility of the moduli space of abelian varieties in characteristic p with p,-level
structure when (p,dr) = 1. The argument is essentially that of monodromy.

We first give the scheme theoretic analogue of our definition of abelian varieties with
RM generalizing the notion of abelian variety with real multiplication of Definition
5.1.

DEFINITION 6.1. Let S be a scheme in which dj, is invertible. An abelian
scheme with real multiplication by Op is a couple (A/S, ), where A/S is an abelian
scheme and

(6.1) t: 0 — End(A/S)
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is a ring injection such that t,,g, the relative tangent sheaf (also denoted by
Lie(A/S)), is a locally free O ®z Og-module of rank 1, and such that the Of-
module of symmetric Op-linear homomorphisms to the dual abelian scheme is a
projective rank 1 module in the étale topology.

REMARK 6.2. If we let AV /S be the dual abelian scheme, and define:
(6.2) V1 Op — End(AY/S), Y (m)= («(m))".
Then (AY/S,.V) is again a abelian scheme with real multiplication.

Let us restrict our attention to the case of an algebraically closed field k of
characteristic p not dividing the discriminant. Let A/k be an ordinary abelian
variety of dimension g with real multiplication by Op. Consider the Tate module
T,A(k) (=2 Z3) as a module over Z, ® Or. Note that Z, ® Of, acts faithfully on
T,A(k) because Z,/p"Z @ O, acts faithfully on A[p™](k):

One can show that A has a polarization of degree prime to p (see the proof of
Lemma 5.2), hence Alp] is a self-dual group scheme, since this polarization on A
induces an isomorphism of A[p] with AY[p] = A[p]". So,

(6.3) Alp"|(k) = (ppn)? & (Z/p"Z)* = ppr @ Op & (Z/p"Z) © O,

and the faithfulness of the action of Z,,/p"Z ® Or, on py,» @ Of is equivalent to the
faithfulness on (u,~)9. But,

(6.4) Lie(u, ® Or) = Lie(A/k) = ta.

Therefore Z,/p"Z @ Or, acts faithfully on p,» ® O and by duality of Op-groups
also on Z/p"Z @ Of,.

COROLLARY 6.3. The Z, ® Or-module T,A(k) is free of rank 1.

COROLLARY 6.4. An ordinary abelian variety with RM satisfies condition (R).

What are the deformations of (A/k,¢) ?

Apply Serre-Tate coordinates: for R € Cy, we look for the pairings

(6.5) <, > T, A(k) ® TyAY (k) — G (R),

such that:

(6.6) <z,my>=<mz,y>, Vo TT,Ak), ye€T,A"(k), me€ Or.
Fix a generator y of T,AY (k) as an Z, ® Oy, module. Define

(6.7) by : TyA(k) — G, ¢y(z) =< 2,y > .

Note that ¢,(mz) =< z,my >, and hence ¢, determines the pairing. Con-
versely, given a homomorphism ¢ : T,A(k) — @; define a pairing by < z,my >=
¢(ma). One checks that this is a well defined Op-bilinear pairing <, >: T,A(k) ®
T,AY (k) — ((/};(R) Thus the Op-pairings are identified with Hom(TpA(k),@;),
and one concludes:

PROPOSITION 6.5. There is an isomorphism

—_— ~ /\g
(6.8) Mai,y) £ Gy
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DEFINITION 6.6. A full level n structure on a abelian scheme with real multi-
plication (A/S,¢) is an isomorphism of constant group schemes with Op-action

(6.9) a: (0p/n0L)? = Aln].

(Note that we do not take necessarily a symplectic level structure).

THEOREM 6.7. (Rapoport [97, Lemme 1.23, p.267]) If n > 3 the functor over

Z[i] -schemes:

(6.10) § — {(A/S,1,0)} | =
is representable by a smooth morphism M — Z[ﬁ] of relative dimension g.

COROLLARY 6.8. For (p,n) = 1, the components of M ® F,, are the same as
the components of M ® C.

PRrROOF. Recall Zariski’s Main Theorem:

THEOREM 6.9. Let f : X — Y be a birational projective morphism of noe-
therian schemes, and assume that Y is normal. Then for every y € Y, f=(y) is
connected. See [47, Corollary 11.4, p. 280, Chapter I1I].

The Main Theorem yields that the geometric fibers are connected; but since
the scheme M is smooth over its base, these fibers are geometrically regular of
equi-dimension g. In fact, the points corresponding to a fixed full level n struc-
ture form a component, so the set of components of either M ® F_p or M®C is
Isom(Or,/nOL)?, A[n]) = Isom(puy,, Z/nZ) (which has cardinality ¢(n).

See [97, Théoreme 1.28, p. 268, Variante 6.2, p. 325] for more details. O

We may ask how do level structures behave under reduction mod p when the prime
p divides the level. After all, a regular scheme over Spec(Z,) with an irreducible
generic fibre may very well have a reducible special fibre. E.g., Spec(Z,[x,y]/(zy —
p) — Spec(Zy,) (Figure ****); or see Kodaira’s classification of the special fibre
of the Néron model of an elliptic curve (e.g., [108, Chapter IV.8]). This is quite
a subtle question and to study one such level structure (the p,r level structure
defined below), just for ordinary points, we would requires Deligne’s description of
ordinary abelian varieties over finite fields.

Figure 4.

Let A be a g-dimensional abelian variety over F;, ¢ = p". Fix an algebraic

closure F, and an embedding W (F,) &, C. Assume that A is ordinary; then, via
¢, we get a canonical lifting Ac of A to C: A¢ := A" Ow (Fy) C. Put

(6.11) T(A) = Hy(Ac,Z).

It is a lattice in C of rank 2g. Note that Fr, € EndW(E)(A) = Endc(Ac), hence it
defines a linear operator F' € End(T'(A4)).
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THEOREM 6.10. (Deligne [19]) The functor

(6.12) {ordinary abelian varieties over Fy} —
{free even rank Z — lattices with an endomorphism F
such that the conditions 1,2,3,4 hold},

(6.13) A— (T(A),F)
is an equivalence of categories. The conditions are the following:

1. F'is a semisimple operator all whose eigenvalues have complex absolute value

Va-
2. Half the roots of the characteristic polynomial of F' are p-adic units.

3. There exists a linear operator V such that F'V = q.
4. There exist free Z,-modules Ty, T, such that; (a) T @ Z, = T, ® T}/, (b)
rankz, T, = rankz T)', and (c) F|,, is invertible and F\_,, is divisible by q.

REMARK 6.11. If the condition 1 holds, then {2,3} <= 4.

REMARK 6.12. In fact, starting from A/F,, T' = T'(A), then T}, T}’ are non-
other than T, A(F,) and T,A (F,).

COROLLARY 6.13. Let (A/Fq,t) be an abelian variety with RM by Or. We
get an induced embedding T(¢) : Op — End(T(A)) such that the image of Of
commutes with F'. Thus,

(6.14) (A,0) — (T(A), F,T(0))

is an equivalence between ordinary abelian varieties with RM by Or over F, and
free even rank Op-lattices with an Op-endomorphism F such that the conditions
1,2,3,4 hold.

Given a € Of, such that ((a), (p)) = 1, and n such that a® — 4p™ < 0, let
(6.15) T = Oplz])/(z* — ax + p").

It is a Z-lattice of rank 2¢ and a free Or-module (of rank 2). Let F' be multiplication
by x; then Of, acts on T as ordinary multiplication. Note that T ® Q is a CM field,
hence F' is semisimple.

2 _ n 2 _ n _ 2 _ n
(616) o] =[SV VI S VE S
Mod p, x solves the equation z(x —a) = 0. This implies that half of the roots of the
characteristic polynomial of F' are p-adic units. Take V = —(z —a) then F'V = p".
Conclusion: The conditions imposed in Corollary 6.13 on (T, F,:) are satisfied
and (T, F, 1) corresponds to an ordinary abelian variety A of dimension g with RM
by Or, over Fpn.

Remark that T'® Z, = T, ® T/ and F acts on T, by an invertible Or-linear
endomorphism. We conclude that F' = Fr,» acts on T,A(k) by the unique n €
(O, ® Zy,)™ such that n* —an + p" = 0.

REMARK 6.14. T = Op, & Oy, as Op-modules, hence the polarization module
of the associated abelian variety with RM is just Dzl. Replacing O, by 27! in
(6.15), we get the polarization module 22D} . Tt is easy to modify the construction
to get any polarization module (and not just those of the form 242 - D;1). We will
assume that henceforth. Thus we have the following
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COROLLARY 6.15. If 9 is the coarse moduli space of abelian varieties with RM
then every component of M @ F,, contains an ordinary point.

This follows because Corollary 6.8 gives that the components of 9 ® F_p, with
no level structure, are in bijection with classes 2 € CI(L)". Ribet’s construction
gives an ordinary point on each component.

COROLLARY 6.16. The ordinary locus is a dense open subset, hence it is irre-
ducible in every component.

Indeed, the Serre-Tate coordinates imply that the ordinary locus is open.

DEFINITION 6.17. A piyn-level structure on an abelian scheme with RM by Op,
(A/S, 1) is an Op-equivariant embedding

(6.17) fipn @ D;}@ — APp"].

A ppe -level structure is a compatible sequence of such embeddings.

REMARK 6.18. 1. An abelian variety with RM and a pi,n-level structure is
ordinary.

2. The coarse moduli space of abelian varieties with RM together with level
ppn (n < 00) exists; denote it by 9M(uyn) — Spec(Z) for any n > 0 (M =
M(ppo)). If n > 2 it is a fine moduli space. Let M (F), j1,») be the reduction
modulo p of 9y, ) and let M(F,)°™ be the ordinary part of M(F,). Then
the fibers of

(6.18) fM(F,, ppn) — IM(F,)°"
are principal homogeneous spaces under (Or/p"Op)* ( for n = oo, take
(OL @Zp)™ ).

THEOREM 6.19. (Ribet [98]) Let 2 € CI(L)*, let B be the component of
D)T(Fp)ord corresponding to A, and let N be the preimage of B under the morphism
[ M(Fyp, pipn) — M(F,)™. Then, M is geometrically irreducible.

PrOOF. To simplify the exposition, assume that B corresponds to the polar-
ization class Dzl. It is enough to prove the claim for n = oo.
The morphism

(6.19) fin—®B

is étale with fibers being principal homogeneous spaces under (O, ® Z,)*. It gives
a p-adic character

(6.20) x:m(BF,) — (0L ®Z,)".

The preimage I is irreducible if and only if x is surjective .
Now,

(6.21) m(BRF,) =] m(BFpm),

and

(6.22) O ®Z, =lim O @ (Z/p*Z).
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Therefore, it is enough to prove that for every k there exists an N such that for
every n > N the homomorphism 71 (B @ Fpn) = (O /p*OL)* is surjective.
Given a € (Or,/p*Or)*, choose a € Or, such that a = a mod p¥, and choose
N > k such that a® — 4p" <« 0 for n > N. Consider the ordinary abelian variety
(A, 1) over Fpn constructed as in (6.15) from Oy, a,n.
Let z € B(F,») be the point corresponding to (A,¢) with residue field k(z).
Let xo be the composition:

(6.23) 71 (Spec(k(2))) — T (B @ Fpn) = (O /pFOL)*.
But
(6.24) m1(Spec(k(2))) = m1(Spec(Fpn)) = Z

and < Fr,» > is a dense subgroup of 71 (Spec(k(z))) that provides the isomorphism
with Z. The character Xo is just the action of Fr,» on the fiber of f : 91 — B
over z. That is, it is the action of x¢ on pyx ® Of — A[p¥]. By duality, this is the
action of Fr,» on T),(A/F,«) mod p*. This was given by n € (O ®Z,)* such that
n? —an + p" = 0. We may read this equation mod p* obtaining n(n — o) = 0. We
get that xo acts by n = o mod p* viewed as in (O /p*Or)*. O



CHAPTER 4

p-adic Elliptic Modular Forms

1. Introduction

In its simplest appearance, as defined by Serre [102], a p-adic modular form is a
power series

(1.1) Zanq", an € Qp,

n=0

which is a limit, in a suitable sense, of usual modular forms with coefficients in
Q. Another approach is due to Dwork [29], who used p-adic analytic functions on
modular curves, endowed with the action of the U-operator. Those notions were
superseded and generalized by Katz, who gave a more conceptual definition of such
a form as a section of a line bundle over open sets of the moduli space of elliptic
curves with level structure.

In the next two sections we shall describe briefly two sources of motivation for
the study of p-adic modular forms: first, p-adic L-functions, and second, deforma-
tions of Galois representations.

1.1. p-adic L-functions. Let K be a number field of degree g = [K : Q]. Its
zeta function:

1 1
) w@= ) mar - U TRomp @ >t
aCOgk pC OK
p prime

can be continued meromorphically to the complex plane and satisfies the following
functional equation:

a4 (3)" perats) = 4 (152) T - o -,

A=27"n92\ [d,.

Here T" is the complex gamma function interpolating the values I'(n 4+ 1) = n! for
a nonnegative integer n. Note that the product in (1.2), called an Fuler product,
shows that (i does not vanish for £(s) > 1.

The set of poles of the gamma function is precisely the nonpositive integers.
The gamma function does not vanish on the real line. Therefore, if K is not totally
real (i.e. 7o > 0), then (x (1 —m) = 0 for every integer m > 1; if K is totally real,

95
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then (x (1 —m) = 0 for every odd integer m > 1. Thus, we are interested in the
numbers (g (1 —m), m > 2, where m is an even integer, and K is totally real.!

Recall that (x(1—m),m > 2 is a rational number (See Chapter 3, Section 5.1).
As a further indication that there is bound to be interesting information encoded
in these values, we recall that the ubiquitous Bernoulli numbers appear as special
values of the Riemann’s zeta function (gp:

B

(1.4) G-k =-5, k22
Here By is the k-th Bernoulli number, which is zero for k odd. We include a table
of some values of (g.

|k [G-k) | [k [C(—k) |

—T 283617

2 | o5 20 | gz

1 — 22 i3 3% ror

0 | e Sl 525 2k

8 | sr3s 26 | =y

= 9310.362903

10 i 28 4751 0 rosossT

12 225713 50 PR ir e e

M 2 52 TPt rEsT

16 | osiary7 34 | ——rs

18 | =43867 3G | Z6315271553053477373
22.33.7.10 23.38.5.7.13.19-37

Another motivation is Siegel’s formula:

1 daxi ANd dz, A dy,
(1.5) / (—yr A B Ao (),
SLa(O)\H (2m) Yi Ya

for the hyperbolic volume of SLs(Op)\HY.

Let p be a prime. Let g = [K : Q] and g, = [K N Q(p) : Q], where ppo is the
group of p-power roots of unity in C. We have the following congruence relations:

THEOREM 1.1. (Kummer’s congruences) 2

1. Assume p > 3,m > 0 even.

a) If gom # 0 (mod p — 1) then val,((x(1 —m)) > 0.

b) If gm =0 (mod p — 1) then val,((x(1 —m)) > —1 — val,(gm)
2. vala((x (1 —m)) > g — 2 — valy(gm)
3. Ifm=m' (mod p"(p—1)), and gm £ 0 (mod p — 1), then

(1.6) (1—p" k(1 =m) = (1—p™ )¢k (1—m') (mod p™*)

We shall prove certain parts of this theorem in Corollary 4.9 and in Corollary 5.3
in Chapter 5. The link to modular forms is that one can find special values, say
Crk (1 —m) or L(1 — m,x) where x is a Dirichlet character, as leading coefficients
of modular forms whose higher coefficients are integral. We already saw and used

IThose special values of the zeta function are connected to ratios of the orders of the torsion
part of the K-groups of Ok . It turns out that even when (g (1 — m) = 0, the leading coefficient
of the Taylor expansion around that point still retains the K-theoretic interpretation. See [64]

2In fact this theorem can be improved, using Hilbert modular forms. See [38]. It can also
be formulated for the prime 2.



1. INTRODUCTION 97

that for the zeta function in Chapter 5.1, 6. More general constructions appear in
[23]. See also [115].

One of the reasons for interest in this theorem is that it provides the p-adic
interpolation of the values (x (1 —m) (m > 2 even) by a continuous function whose
domain is Z,. The group Z, plays an essential role in Galois theory (e.g., via the
Kronecker-Weber theorem); Iwasawa has also developed a very satisfactory theory
of Z,-extensions, using p-adic L-functions. See [117, Chapters 7, 13].

A more subtle link comes as follows: Let A denote the p-Sylow subgroup of
Cl(Q(¢p)). Recall that p divides |CI(Q,)| iff p divides the numerator of some
Bernoulli number By, for k=2,...,p—3 ([117, Theorem 5.16]); in that case, p is
called an irregular prime.

EXERCISE* 1.2. Prove there are infinitely many irregular primes. (Hint: One
way to prove it is to use Clausen-von Staudt theorem and Kummer congruences).
It is not known whether infinitely many regular primes exist.

Let G = Gal(Q(¢,)/Q). The abelian group A can be considered as a Z,[G]-module.
The group G is provided with an isomorphism to (Z/pZ)*; a residue class n oper-
ating by ¢, — (. Let w be the Teichmiiller character; it is the unique character of
conductor p with values in y,_1 C Z, such that

(1.7) wm)=n modp, n#£0 (mod p).
EXERCISE 1.3. Find the p-adic values of w for p = 5.
The character w is a generator for the character group G of G,
(1.8) G’:{wi:OSiSp—Z}.
We decompose A in w'-eigenspaces:
p—2
(1.9) A= o A,
i=0

We have Ag = 0 (trivially), and A; = 0 (this needs proof). Forevery i =2,...,p—2,
it is known that A; is killed by the generalized Bernoulli number B; ,-i, that has
the property

sy

p—1
—1

(1.10) By - = mod p.

3

We recall that for every Dirichlet character x of conductor f, the generalized
Bernoulli numbers B, , are defined via the expansion of the following function
in one variable:

! x(a)te® & tm
a=1 n=0

The formula (1.4) for the values {g(1 — m) can be generalized:
By,
(1.12) L(1—m,x) = ——""%X m>1.
m

The analogue of Theorem 1.1 enables one to prove:

THEOREM 1.4. (Kubota-Leopoldt) There exists a unique p-adic meromorphic
function Ly(s,x) (x a Dirichlet character) with the following properties:
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1.
(113)  Ly(s.x) = ==+ > an(s—1)" a0 € Q) == Q{x(a) : a € Z}),
n=0
(1.14) a_l{lgﬁ i‘(;i

The series converges in the disc {s € Cp:|s—1| <r},r = \p|ﬁ|q|_1 >1

(if p# 2, put ¢ = p; otherwise, put ¢ =4 ).
2. For n a positive integer, we have

(1.15) Lp(l=n,x) = (1= (x-w ") @)p" ") - L1 =n,x-w ™).

For the proof see [52, Chapter 3|, or [117, Chapter 5.2]; C, is a completion of
an algebraic closure of Q.

1.2. Deformation of Galois representations. Let S be a finite set of
primes of Q. Let Gg be the Galois group of the maximal extension of Q unramified
outside S, I a field of characteristic p, Cr the category of complete noetherian local
rings (R, mp) with a given isomorphism R/mp = F.

Let p: Gg — GLo(F) be a representation. Given R € Cr, we say that

(1.16) p: Gs — GLa(R)

is a deformation of p if the composition with the projection to F is p. Two
deformations py,pe over R are equivalent if they are conjugate by a matrix in
GL2(R) N (1 + My(mp)), that is, in the kernel of the map GLa(R) — GLy(F)
induced by the projection. One says that p is ordinary at Sy C 9, if for every
inertia group I; over a prime of Sp, the submodule (R x R)’ of vectors fixed under
I, is a free rank 1 R-module which is a direct summand of (R x R)!*. A Galois
representation p is said to be absolutely irreducible if there is no extension F of F
such that the representation space F'™ associated to p ®r F has a proper subspace
invariant under the action of Gg.

THEOREM 1.5. (Mazur) If p is ordinary at S and absolutely irreducible, then
there exists a universal deformation pU over a ring RY, i.e. the deformation func-
tor:

(1.17) Dy : Cp — Sets,

is representable,

(1.18) D5;(R) = Hom(RY, R),

and p¥ : Gs — GLy(RY) is universal among all deformations of p.

Let p € Si(T'1(n), R) be a newform that is an eigenvector for the Hecke op-
erators Tj, I /[pN and the diamond operators. One can attach to f a Galois
representation (Deligne, Serre, Eichler, Shimura ***):

(1.19) Pf - Gs — GLQ(R),

S ={ prime [N} U {p,o00},Sy = {l € S:pis ordinary at [}.

Modular deformations, i.e. deformations coming from modular forms have been
studied intensely in the last two decades, with some crowning achievements, such
as the Shimura-Taniyama conjecture, now a theorem due mostly to Wiles, to the
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effect that all elliptic curves over Q are modular. We recall the celebrated Serre
conjecture: Let p > 3.

CONJECTURE 1.6. Let p : Gal(Q/Q) — GLy(F) be an irreducible, odd, two-
dimensional representation. There exists a normalized eigenform f of level N(p),
weight k(p) and character €(p) such that:

(1.20) P~y

One important point is that the weight, level, and character are all specified.
See [103] Sections 1-2. Excellent notes on Serre’s conjecture are in preparation by
Ribet and Stein [99].

Recall the moduli space M (pnpeo) of elliptic curves with I'y (IV)-structure and
Ty (ppoe )-structure (ppn — E,Vn). One let Vj o be (essentially) the space of all
functions on M(punpe-) “defined over R”. It is a space in which every space of
classical modular forms Sy (1 (Np”), R) injects, and their union is dense in V; .
There is a certain Hecke algebra T acting on V(N, R) and an eigenvector f for

T corresponding to a homomorphism T 2, R — T; let my be the kernel of the
composition. We call the completion of T at m the universal modular deformation
R™(f).

Suppose p is absolutely irreducible and I-ordinary. Let R(p) be the associated
universal deformation ring.

CONJECTURE 1.7. (Mazur) The universal deformation ring and the universal
modular deformation are isomorphic:

(1:21) R(p) = R™(f),
i.e. all deformations of a modular residual representation are (p-adically) modular.

See [40] for a more complete introduction to deformations of Galois represen-
tation.

2. Congruences between Modular Forms mod p

In this section, we explore some classical congruences involving coefficients of ¢-
expansions of modular forms. We begin our discussion trying to stay as “lowbrow”
as possible, so that a story emerges out of concrete facts.

To begin with, there are striking congruences for the Fourier coefficients 7(n)
of A:

(2.1) Alg) =q [J(=gM* =D 7(n)g™
n=1 n=1

We recall that A (discussed in Chapter 5) is the unique cusp form of weight 12 for
SL2(Z), hence an eigenform for all the Hecke operators. This already implies the
relations:

(2.2)

7(mn) = 7(m)7(n), (m,n)=1; 7(p"*)

=7(p)T(") —p"'7(p"""), p prime.

Perhaps the most elegant of the congruences satisfied by A, found by Ramanujan,
is:

(2.3) 7(n) = o11(n) mod 691.

Here is a table of some values of 7(n):
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(n [rm) [[n [7(y ]
1 |1 13 | -577738
2 | -24 14 | 401856
3 | 252 15 | 1217160
4 | -1472 16 | 987136
5 | 4830 17 | -6905934
6 | -6048 18 | 2727432
7 | -16744 19 | 10661420
8 | 84480 20 | -7109760
9 |-113643 21 | -4219488
10 | -115920 22 | -12830688
11 | 534612 23 | 18643272
12 | -370944 24 | 21288960

EXERCISE* 2.1. What can you say on the sign of 7(n)?

Ramanujan’s 7 function played a very important role in the development of the
theory of modular forms. We just mention the consequence of Deligne’s deep work
[17], [18] on the Weil conjectures:

(2.4) |7(n)| < ao(n)ntt/?,
(called “Ramanujan’s conjecture”) and the intriguing
CONJECTURE 2.2. (Lehmer) 7(n) #0, Vn > 1.

Recall that the Eisenstein series F,,, = E;% for m > 4 even, are modular forms
of level 1 and weight m (Chapter 5) and have the following g-expansion

(25)  BS—1+ ﬁ 3 oms(olg” =1 o 3 omea ("
We also define

(2.6) E;, = B = L(l?— ™) g

(2.7) = M + nz_:l Om-1(n)q".

Put

(2.8) P=Ey=1-24) o1(n)q"

(2.9) Q=E;=1+240) o3(n)q"

(2.10) R=Eg=1-504) o5(n)q"

Ramanujan’s congruence

(2.11) 7(n) =o11(n) (mod 691)

is equivalent to

(2.12) A= Ef, (mod 691).
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To see this, recall that

(2.13) = %(Q?’ - R,

because the right hand side is a normalized cusp form of weight 12. Granting
ourselves the expression

1
2.14 EY, = ——(441Q3 + 250R?
( ) 12 65520( Q° + 250R?),

and noting that 441 - 1728 = 65520 mod 691, and 250 = —441 mod 691, the
congruence (2.12) follows, because the polynomials in @, R expressing both sides
are congruent mod 691. We also note that Fggo =1 mod 691. We shall see that
all the congruences are of these types. That is, congruences, say modulo the prime
p = 691, are either coming from p-integral polynomial expressions being congruent
modulo 691, or from Fggo =1 mod 691.

The expression (2.14) follows from

LEMMA 2.3. Put F,, = (”?7_:"2), Then, for m > 4 even,

(m—2)(m+5)
12
PROOF. The Weierstrass g function is given by

(2.15) Friys = FyFp + FsFp_o+ -+ F Fy.

1 m
(2.16) pzm) = 5 +2 3 (=) (@m) " Fria™,

and it satisfies the differential equation
(2.17) 9 (2,7)° = 4p(2,7)° = ga(T)p(2,7) — gs(7),

where g2(7)/E4(7) and g3(7)/Es(7) are constant and the derivatives are taken with
respect to the variable z. The second derivative is:

(2.18) ©"(2,7) = 69(2,7)% — ga(T)/2.
Compare both sides of (2.18): The coefficient of z™ on the left hand side is

(2.19) 2. (=1)"2" (2m)™ 4 (m + 1) (m + 2) Fopa,
while on the right hand side we have:
(2.20)
6-4- Z (—1) T 2m) R s 164 (<1) 75 (20) " Fa.
l+k=m,
l, k even
The Lemma follows. O

Here are some explicit expressions

E,=P  Eg=Q?

Ei=Q  Ein=0QR

Es=R  Ei = 5:(441Q% + 250R?)
Eiy=Q°R
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Let M = &My, the ring of modular forms on SLy(Z). For every ring B D Z we
let M(B) = @, My(B) be the subring of modular forms whose Fourier coefficients
belong to B. Let S = @Sk be the ideal of cusp forms. Recall that

(2.21) M= M(C) =C[Q, R)]
is a free polynomial ring in two variables and that f — f-A yields an isomorphism
(2.22) My(B) = Sky12(B)

for every R.

LEMMA 2.4. Let f be a modular form, and

(2.23) Oy =Zlao(f),a1(f),.-.].
Then f has a unique expression as an isobaric element of
(2.24) Of[A,Q] @ROf[A,Q].

PROOF. The uniqueness is easy and is left as an exercise to the interested
reader. We prove the existence by induction on the weight. For k < 12, it is clear.
For k > 12, k = 4a + 6b, we obtain the cusp form f —ao(f)Q*R’ = A -g. We have
O, C Oy (because ¢~ 'A € Z[[q]]*), and the result follows by induction. O

EXERCISE 2.5. Prove that Oy is finitely generated over Z.

Before addressing the issue of determining all the congruences between modular
forms on SLy(Z), we discuss a certain derivation operator 6 due to Ramanujan.
Let 0 be the derivation

1
(2.25) 0= g2 d

= Uig ~ Tmidr
Given a g-expansion f = Y a,q", we obtain a new g-expansion 0f = > na,q". We
shall use the following
Fact 2.6. We have
1 o 127
(2.26) P(r)=P(r+1), P(——)=7°P(r) + —.
T 271,
THEOREM 2.7. (Ramanujan) If f € My, then

(227) 5kf = 129f - ka € Mk+2.
PROOF. We want to show: (6 f)(—2) = 7%%25, f(7).

(2.28) TFF25, f(1) = 1278720 f (1) — k (72 - P(1) + %) R () + %k,r’““ f(7)

(229) = KPA(-1) + 2R 1) 1 127420 (7)

2m
On the other hand
230 00)7) = 53 (D)) = 5o E Dy gL,

T 2midr \ 7k T 2mi

Replacing in (2.30) 7 by f%, using k even and (2.28), we get:
(231) 12(6/)(~ 1) = 4o f(r) + 127 2(0F)(r) = T2 (7) 4 KPF(— 1),
T i T

and (2.27) follows. O
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DEFINITION 2.8. Define § : M — M, 6 = &d. If f € My, 0f = §f =
120f — kPf.

EXERCISE 2.9. Verify the following identities:

(2.32) 6Q = —4R, SR =—6Q* 0A =0, 6P=—-P>—-Q.
COROLLARY 2.10. 1. § is the unique derivation of M such that
(2.33) 8Q = —4R, SR = —6Q°.

2. C[P,Q, R] is stable under §.

PrROOF. The only thing to prove is that § is a derivation. Indeed,

(2.34) O(firfe) = 120(f1 - f2) — (k1 + ko) P f1 f2
(2.35) = (120f1 — k1P f1) f2 + (120 f; — ko P f2) f1
(2.36) =0(f1)f2 +d(f2) f1-

O

‘We now begin to study modular forms modulo p, and we look first at the g-expansion
map modulo p. While in characteristic zero the g-expansion map

(2.37) M(C) = @My (C) — C[q]],

is an injective ring homomorphism, this is not true in characteristic p. As we
shall see, first for SL2(Z) (by “naive” methods) and then in greater generality, the
g-expansion map is injective on each My, but has a kernel on M.

DEFINITION 2.11. Let NV}, = My(Z,)). We identify N, with its image under
the g-expansion map. Thus N}, consists of all g-expansions of modular forms of
weight k on SLy(Z) whose coefficients are p-integral. We let

(2.38) N = &eNi = L) [la]]-

Let A be the reduction of N C Z(p)[lq]] modulo p, so N c F,[[q]l.

THEOREM 2.12. Let p > 5.

1. NZZ@)[Q,R].

2. Let A be the polynomial such that A(Q,R) = E,_1. Then, via the g-
expansion map, >

(2.39) N =TF,[Q,R]/(A-1).

PROOF. Lemma 2.4 gives N' = Z,[Q,A] ® RZ[Q,A]. Note that A =
1755 (@ — R?) € Z»[Q, R]. Thus the first assertion follows.

Let

(2.40) A = Ker(F,[Q, R] — N).

The ideal 2 cannot be maximal, else both R—1and @ — 1 would be algebraic over
F,. But gcd(240,504, p) = 1, and therefore the coefficient of ¢ in either @) — 1 or

R —1 is not zero, contradiction. By the Clausen - von Staudt Theorem 2¢(1 —p)~!
is zero modulo p. Thus, E,_; has g-expansion congruent to 1 modulo p. Therefore

3We use ~ to denote reduction modulo p. When we write @ etc., we mean the reduction of
the g-expansion of @ modulo p
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A —1 € 2 and since dim(F,[Q, R]) = 2, we conclude that it is enough to show that

A — 1 is irreducible. We shall use the following
FacT 2.13. (Igusa [50]) The polynomial A has simple roots.

We will prove this fact later, in much greater generality in fact. See Theorem 3.5.

Suppose A-1is reducible, then it has a factor of the form

(n < p—1, ®; = weight i part). The group F acts on the graded ring F,[Q, R]
(where @ has weight 4 and R has weight 6): If ( € F; and g is homogenous of
weight n then [(]g = ("g. We note that A-1is fized by this action. Therefore,

(2.42) [ID(Q, R) = "D (Q R) 4+ + 1

is a distinct factor of A — 1, and hence ®(Q,R) - [¢(]®(Q, R) divides (A — 1). By
weight considerations, ®,(Q, R) - ("®,(Q, R) divides A, hence A has a repeated

factor, contradicting Fact 2.13. U
COROLLARY 2.14. 1. N has a natural Z/(p — 1)Z grading,
(2.43) N= & N No= U N
a€Z/(p—1)Z k=a mod p—1

2. Let f € Ni, ' € Ny and f 20 mod p. Then f = f mod p implies that
k=K modp-—1.

Let A(Q, R), B(Q, R) be the polynomials such that A(Q, R) = E,_; and B(Q,R) =
E, 1. Examples for p = 5,7,11 and 13 are provided in Page 101.

THEOREM 2.15. 1. A(Q,R)=1,B(Q,R)=P.
2. 0A=B,0B=-QA.
3. The polynomials A and B are relatively prime.
4. The algebra N is stable under the derivation 0.
PROOF. First, recall that

2(p+1)

(2.44) Ep=1- B > op(n)g".
However, by the Kummer congruences (Theorem 1.1)

(2.45) ff i = % mod p,

and obviously o,(n) = o1(n) mod p for all n. Hence,

(2.46) E, 11 =P (mod p).

We now compute the action of d:

(2.47) SA(Q,R) = 120A(Q,R) — (p — 1)PA(Q, R)
(2.48) =P

(2.49) = B(Q,R).
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Therefore, A(Q, R) — B(Q, R) has g-expansion with coefficients in pZ,). Hence
by Lemma 2.4, 6A(Q, R) — B(Q, R) is in pZ,)[Q, A] ® RpZ,)(Q, A] = pZ,[Q, R].
Thus, A — B =0 mod p.

We use a similar argument for B:

(2.50) §B(Q,R) =120B(Q,R) — (p+ 1)PB(Q, R)
(2.51) = 120P — P?

(2.52) — 6P + P?

(2.53) =-Q

(2.54) = —QA(Q,R).

(

We used Exercise 2.9). Thus, (5§(C§,]§) = —@g(@,é), whence 6B = —QA.

We next prove that the polynomials A and B are relatively prime. Say
(2.55) A=2(Q,R)-¥(Q,R),
where necessarily (®, ¥) = 1. Then
(2.56) B=0A=6® U +00-.

If ®|B then ®|6® (A has no repeated factor). But wt(d®) = wt(®) 4 2 and we get
a contradiction, because F,[Q, R] has no elements of weight 2.

Finally, we see that P € N, hence 0f = %(5]‘—1— kEPf) EN. O

3. Operators and Systems of Eigenvalues

3.1. A higher brow view of modular forms in characteristic p. So far
we discussed modular forms in characteristic p as the reduction modulo p of modular
forms in characteristic zero, and that from two perspectives: first, as the reduction
of the algebra Z,)[Q, R] modulo p; second, as the reduction of g-expansions )  a,q"
of modular forms such that a,, € Z,).

Those view points are clearly very restricted and artificial. Moreover, the meth-
ods use very heavily the description of modular forms on a very particular group:
SLo(Z). One would like to consider modular forms in a more intrinsic way, along
the lines hinted in Chapter 1, Section 4. This point of view is due to Katz and uses
in an essential way the fact that modular forms are “living” over moduli spaces.

Recall the definition of an abelian variety with RM by Op, (L a totally real field)
with p, level structure: Let S be a scheme over which dj, is invertible. Then we
consider triples (4,t,3),s, where A/S is an abelian scheme, ¢ : O, — Endg(A)
is an embedding of rings making the relative tangent space t4,s into a locally
free O ® Og module of rank 1, and 3 : uy ® Dzl — A is an Op-equivariant
homomorphism. Moreover, the module of symmetric O7-homomorphisms A — A?
is a projective Op-module of rank 1 in the étale topology.

The existence of a uy structure implies that the fiber of A/S, over every point
of S with residue field of characteristic dividing NV, is ordinary.

LEMMA 3.1. Let N > 4. The moduli problem of abelian varieties with RM and
un level is rigid.



106 4. p-ADIC ELLIPTIC MODULAR FORMS

PROOF. Let A = (A,1,8),s be an abelian variety with RM and py level.
We may assume S is the spectrum of an algebraically closed field. Let D be the
centralizer of L in End(4) ® Q. It is known that D is either L, a CM field such
that DT = L, or a quaternion algebra over L that is ramified everywhere at oco.
See [8], Lemma 6.

Let Op = DNEnd(A). If £ € Op is an automorphism of A preserving the
polarization, then ££* = 1, where * is the unique positive involution of D. Hence, £
is of finite order. It follows that the field L() is either L, or a CM field whose totally
real subfield is L, and that £ is a root of unity of order n. The case of L(§) = L
is just the case of £ = £1 and is easily dispensed with. We assume that L(§) # L.
Hence, [L(€) : Q] = 2g. Equivalently, 1 < ¢(n), ¢(n)|2g and LN Q(&) = Q).

If ¢ preserves a py-level structure, it follows that N9|deg(l — £). Hence, n
is a prime power. Say n = £", £ a prime. Then deg(l — &) = £29/9(") Since
¢(n) > 1, this is divisible by a g-th power if and only if ¢(n) = 2. On the other
hand, ¢(n) = ¢"~1(¢ —1). This implies r = 1 and ¢ = 3, or r = 2 and ¢ = 2. Both
imply N < 4. ([

It follows from the general theory of moduli spaces of abelian varieties that the
moduli problem of yy-level is representable by a scheme M (uy) over Z[d;'].* The
morphism M (uy) — Z[(Ndy)~!] is smooth of relative dimension g. There exists
a universal object AY = (AY .V, BY) — M(un).

We now restrict our attention to the case of elliptic curves. That is L = Q. We
shall later on (Chapter 5) lift the general discussion from the point we now leave
it.

DEFINITION 3.2. Let N > 4. Let 9M(B, un), B a Z[(Ndy)~!]-algebra, denote
the base change M (1un) Xgpec(z[(Nd,)-1]) Spec(B). It represents abelian schemes
with RM and py level structure over bases S — Spec(B). Let

(31) AB = (AB,LBaﬂB) — 9'),I(B?,U/N)

denote its universal object (obtained by base change from (AY, .Y, 8Y) — M(un)).
A modular form f over B of weight k and upy-level is a section of the k-th
tensor power of the relative cotangent space: (tzB/SJI(B HN))@k

Using the property of the moduli space as classifying triples (4, ¢, 8)/S/B, and
the fact that if (A,¢,3)/S is parameterized by a morphism ¢ : S — IM(B, un) of
schemes over B then ¢* (t;B/m( YOk = (tz/s)‘gk we find the following reformu-
lation of Definition 3.2:

B,un)

DEFINITION 3.3. Let N > 4. A modular form over B of weight k and puy level
is a rule f associating to any triple (A,¢,3)/S/B an element f((A4,¢,3)/S/B) in
(t / S)®k. The rule f is compatible with isomorphisms and commutes with base
change.

Using that the sheaf (t% / 5)®% over S has the property of being locally free (in

general, for RM, we shall use that condition (R) holds) we arrive at the following
reformulation:

4In fact, using condition (DP), we may get it over Z.
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DEFINITION 3.4. Let N > 4. A modular form over B (B a Z[(Ndy,)~!]-algebra)
of weight k and uy level, is a rule f associating to any quadruple (4,¢, 3,w)/R/B,
where R is a B-algebra, and where w is an R-basis to t7 /R AN element

(3.2) flA ), B,w) €ER

that depends only on the isomorphism class of (4,¢, 5,w)/R, commutes with base
change, and satisfies

(3.3) f(A1 8,07 w) = ¥ f(A,1, B,w), Vae R*.

Unfortunately, it is quite hard to come up with a definition of a modular form using
this language. This leaves the analytic methods as the most powerful methods of
generating modular forms. To the rescue comes the g-expansion principle. It allows
one to study modular forms defined analytically as arithmetic objects.

First, note that since modular forms are sections of one scheme over another,
there is a Galois action. In particular, if B is a field then Gal(B/B) acts on the
modular forms defined over B.

THEOREM 3.5. (g-exzpansion principle) Let N > 4 and let f be a complex
modular form. Let )", anq"™ be the q-expansion of f with respect to the cusp ico.

1. The form f°, o € Aut(C), has g-expansion ), a%q"; [ is defined over a
ring R C C if and only if a, € R for all n.

2. Let k C C be a number field. Let Oy be its ring of integers, and let p<1Oy
be a prime ideal relatively prime to Ndyp. Let f be a modular form over
k. Then there exists a € k such that aa, € R for all n. Assume that f is
defined over R, then f (mod p) (i.e., the section obtained after base change
(=) xXr R/p) is zero if and only if every a,, belongs to p.

REMARK 3.6. Below (Chapter 5, Section 2) we introduce g-expansions in every
characteristic. It would allow a sharper formulation of the g-expansion principle.
Namely, that g-expansions commute with base change.

We note that the group (Z/N7Z)* acts as automorphisms on 9M(uy). Finally,
we define a modular form f over B of level 1 and weight k£ as a couple of modular
forms g, h of levels 4 and 5 respectively, that are defined over B[1/2] and B[1/5]
(resp.), are (Z/4Z)* and (Z/5Z)* equivariant (resp.), and agree under pull-back
to B[1/10].

One has to note that there could be modular forms in characteristic p that are
not obtained from characteristic zero. E.g., there could be forms of weight 1 and
level 1.

3.2. Operators. We discuss some operators acting on modular forms in char-
acteristic p. We assume, for simplicity, that our modular forms are defined over a
field F.

DEFINITION 3.7. (Hecke Operators) For every prime ¢, different from the char-
acteristic of IF, we define the operator T} as follows: For every couple (E,w),/ g con-
sisting of an elliptic curve over an F-algebra R and w a non vanishing differential
(i.e., an R-basis to tj; ),

(34 (T Ew) = 5 3 B/, 1)

H<E
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The sum extends over all subgroup schemes H of E of order ¢; for every H we
denote by 7y : E — E/H the natural morphism.

One verifies immediately that Ty f is a modular form over F of the same weight
as f, and that the Hecke operators commute with each other. Thus the free algebra
Z[Ty : ¢ # char(FF)] acts on modular forms of weight k.

If F = C the definition of the Hecke operators takes the usual form. Let
E =C/(Z+ 7Z). Then the subgroups H of order ¢ corresponds to the ¢+ 1 points
in the projective space obtained from (¢~1Z/Z)+ ({~17Z/77Z) that we identify with
(Z/¢Z)?. The points {(a :1) : 0 < a < ¢—1} and (1 : 0) account for all of them
and give us the subgroups H of E that are of order /. Using the obvious notation,
the lattices Ly = H + (Z 4 77) all contain the lattice Z + 7Z and the natural map

(3.5) C/(Z+~Z) — C/Ly,
is an isogeny with kernel H under which dz — dz.

Now, the point (a : 1) gives us the lattice spanned by {1,7, 5%}, or simply by
{1,752}, Thus, the points {(a: 1) : 0 < a < £ — 1} contribute to the sum in (3.4)
7Y 0<aco—1 S(TE2). The other point (1 : 0) defines the lattice spanned by {4, 7}.
The pair (C/(+Z+7Z),dz) is isomorphic to (C/(Z+ {rZ), $dz) and contributes to
the sum ¢ f(C/(Z+(7Z), ydz) = €*~! f(¢7). Therefore, we find that for a modular

form f of weight k,
(36) T =07+ Y 1,
0<a<l—1

~| =

This is the classical formula for Hecke operators.

One can calculate the effect of T; on g-expansions. See [108] Chapter I, Proposition
10.3. If f has g-expansion ), a,q" then

(3.7) Tif(q) = amg" + 071 ang™

The last formula shows, by the g-expansion principle, that the action of 7, on modu-
lar forms in characteristic p that are reduction of modular forms from characteristic
zero is well-defined and its effect on g-expansions is > a,g" — Y apng™.

One may ask if there is a more intrinsic definition of this operator. For example,
if there is an analogue of Definition 3.7 for the operator 7},. First, note that a
problem immediately arrises from the fact that if ¢ : E — E’ is a non-separable
isogeny, as the one coming from dividing by the kernel of Frobenius, then ¢* acts as
zero on the cotangent space and one can not push-forward differentials. However,
the problem is precisely the one created by the Frobenius morphism and can be
circumvented by thinking about “Frobenius the base-change” and not “Frobenius
the morphism”. We therefore make the following:

DEFINITION 3.8. Let f be a modular form of level 1 defined over a field F of
characteristic p. We define the modular form V f of level 1 over F, by

(3.8) (V)(E,w) = fF(EP, @)
(See Appendix A for generalities on Frobenius and Verschiebung).

For example, if E is given by a Weierstrass equation 3% 4+ ayxy + azy = X3 +
asz? + ayx + ag with Néron differential w = dx/(2y + a1x + a3) then E®) is given
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by y? +alxy +ahy = X3 + aba® + afx + ai and wP) is again the Néron differential
dz/(2y + diz + ab).

Now, Vf(E,a 'w) = f(E® (a"'w)P) = f(E®) a~P(w)P) = aP*V f(E,w).
Therefore V f is of weight pk. The effect of V' on g-expansions can be computed
easily once Tate objects are introduced. The g-expansion is evaluation of the mod-
ular form at a particular Tate object, and, by definition, this evaluation commutes
with base change. 5 If f(¢) = Y, anq™ then

(3.9) VH@) = ang™

To get an operator which does not raise the weight, we use the Verschiebung mor-
phism. We make the following

DEFINITION 3.9. Let f be a modular form of level 1 defined over a field F of
characteristic p. We define the modular form U f of level 1 over F, by

(3.10) (UNE,w) = f(E/H, THw),
where H is the kernel of the Verschiebung morphism.

One sees that if f is of level 1, defined over F, and of weight k, then so is U f.
The effect on g-expansions can be calculated to be

(3.11) U)g) = apmq™

Thus U f is the reduction modulo p of the operator T}, on forms of weight greater
then 1. This gives us an intrinsic characteristic p definition of 7},. Note that T, is
thus defined on all characteristic p modular forms of all weights. It is clear from
the definitions that the operators U, V' commute with the operators Ty.

The next operator acting on modular forms in characteristic p that we mention is
the operator 6 discussed above. It takes modular forms of weight k& to modular
forms of weight k£ 4+ p + 1 and its effect on g-expansions is

(3.12) Z ang” - Z nanq™.
n n
It therefore follows that 87! raises weight by p?> — 1 and acts on g-expansions by
(3.13) 9p_1(2 anq") = Z anq".
n (n,p)=1
The following identities on g-expansions are immediate:

(3.14) Uv=1, VU=1-6¢"""

—~—

Let us denote the operator of multiplication by the modular form E,_;, whose

g-expansion is 1, by [h]. Le. [h]f = E/’;:f. It raises the weight by p — 1 and
commutes with Ty, U,V and 6.

5The base change of the Tate object (G, /periods, dt/t) over Fp[[q]] is the “same” object but
considered over Fp[[¢P]].
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We summarize all this. Let f be a modular form over a field F of characteristic p,
of weight k and level 1. Let

(3.15) J@) =3 aug"

be its g-expansion.

operator effect on weight | effect on g-expansion

T, (L#p) | k—k > "+ Y ang™
U k—k D pnq"”

4 k — pk > on @ng”"

0 k—k+p+1 |> na,q"

[h} k'_)k+p71 Znanqn

Some relations satisfied by these operators on g-expansions are the following:

T,U =UT,, T,V =VTy;
QTZ ZETgQ;

Uv=1, VU=1-6r1
Ug=0, 6V =0.

Let NV be the reduction modulo p of the g-expansions of all p-integral modular
forms on SLo(Z) as in Section 2. We note that there is a well defined action of

Ty, [h],0,V and U on N.
PROPOSITION 3.10. There is an exact sequence

(3.16) 0 NLN LN TN 0.

PrOOF. We already observed that Uf = 0 and 8V = 0. Clearly V is injective
and since UV = 1, U is surjective. Let f € Ker(d). Then f = (I — 6P~ f =VUf
and hence f € Im(V). Finally, let f € Ker(U). Then f(q) = Z(n,p):l anq™.
Therefore, f = P~1f and hence f € Im(9). O

We note that the definition of the operators Ty for (¢, N) = 1, U and V extends
verbatim to the case of modular forms of level py, where N is prime to char(F).
The operator 6 extends as well: just repeat the discussion taking level uy into
account. These operators are also defined on all modular forms in characteristic
p. In addition there are the operators < d > for every class d € (Z/NZ)*. Their
action is given by

(3.17) (<d> f)(E,w,fn) = f(E,w,[d] o fN).

3.3. Filtration and systems of eigenvalues. We use the notations of Sec-
tion 2. We consider the reduction modulo p of modular forms of level 1, or rather
their g-expansions, modulo p. Let us fix 0 < a < p—1 and view N'® as an ascending
union:

XEp_1 ~ XEp_1 ~ xEp_1

(3.18) /\705 — Na+p_1 — Na+2p_2 —

DEFINITION 3.11. Let f € N Define the filtration of f, w(f), to be the least
k such that f € Np.
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In fact w(f) =« mod p— 1.
LEMMA 3.12. 1. Let f € Ny, f=®(Q,R) € Z,)|Q, R], and suppose that

f+£0. Then
(3.19) w(f) < k< AlD.
2. Let f € N®. Then
(3.20) w(0f) <w(f)+p+1,

with equality iff w(f) # 0 mod p.
3. Let f € N®. Then
(3.21) w(Vf) = pw(f).
4. Let f € N, then
(3.22) w(Uf) < S(wlf) +2* =1,
with equality iff w(f) =1 mod p.

PRrROOF. 1. Say ® = AU. Let ¥ € Z»)[Q, R] be any isobaric lift of ¥ and

= 9(Q, R). Then g( )= f(q) and wt(¥) < wt(®), hence w(f) < k.
Conversely, if w(f) < k let g be a modular form of weight w(f) such that
9(q) = f(q). Write g = ¥(Q, R). Then g(q) = f(g) implies (A —1)|(& — ).
Since wt(W¥) < wt(®), we get A|®.
2. Let g € Ny(s) such that g = f. Say g = ®(Q, R). Let k = wt(f). Recall

that
(3.23) 120f = 1205 = w(f) Epy19 + Ep-109 € Nopyspr1-
Then
wOf) <w(f) +p+1 e Alw(f)BE + AsD
= A|w( )BD
(3.24)

= Aw(f)d
(A.B)=1

= either w(f)=0 mod p or A|D,

but the latter is impossible, because of Part 1. o

3. We write f <I>(Q R) with deg(®) = w(f), and by Part 1 A f®. Clearly,
V= @”(Q R) and thus w(Vf) < pw(f). But again, Part 1 implies that

w(Vf) < pw(f) <= A|®P. This cannot happen, because A has simple

factors.

4. Part 2 implies that w(6P~1f) < w(f) + p? — 1. The inequality is strict iff
there exists a j, 0 < j < p — 1 such that p|(w(f) + j(p + 1)); equivalently,
w(f) #Z1 mod p.

Now, VUf = f — P71 f, and using Part 3 we get
(3.25) pw(Uf) =w(VUf) =w(f -1 f) < max{w(f),w(@ ' f)}.

This gives the inequality w(U f) < %(w( f)+p?—1). The equality occurs iff
w(f) =1 mod p.
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COROLLARY 3.13. 1. Ifw(f) =1 modp, Uf #0.
2. Ifw(f) >p+1, then w(Uf) <w(f).

DEFINITION 3.14. Let Wy, = Nj, ® E/N;:,,:l ®F,.

We note that Corollary 3.13 gives the following: If £ > p+1, then U annihilates
Wi.

We now focus our attention on the structure of N as a Hecke algebra. The first
question is about how many different systems of eigenvalues exist modulo p? To
that end we first make a

DEFINITION 3.15. A set {)\z M EF, L#p prime} is called a system of eigen-
values if there exists 0 # f € N ® F,, such that Ty f = Ao f for all £ # p.

Even though we have infinitely many such systems in characteristic zero, in
characteristic p, the situation is different:

THEOREM 3.16. (Jochnowitz)[55] There exist only finitely many systems of
eigenvalues.’

PROOF. It is enough to prove the finiteness of systems for all the Wy’s. Given
1 <a<p-1, we define the twisted Hecke module

(3.26) Wila] := Wy, @5 F,
where Ty acts on f @ r by Ty(f) ® £%r.

Note that if {\;} is a system in Wy, then {\,£*} is a system in W [a]. Therefore,
it is enough prove the following
Claim: If j > 2p then W; = W,,[a] as Hecke modules for some 1 <a < p—1 and
m < j.

Case 1. j #1 mod p.
Lemma 3.12 states that w(0f) < w(f) + p + 1 with equality if w(f) Z 0 mod p.
Thus, 6 : Wy, — Wiypy1 if w(f) #0 mod p. If £ > p+ 1, this is an isomorphism.
This follows from calculating the dimensions of the two vector spaces. A verification
we leave to the reader.

Let us apply these observations for k = j — p — 1 noting that 6 o Ty = {1y o 6.
Since k > p+1 and k # 0 mod p, we get W;_,_[1] = Wj.
Case 2. j =1 mod p.

In this case, since j > 2p > p+1, by Corollary 3.13 and Lemma 3.12, U induces
a homomorphism:

(3.27) U:W; — W%er.
Composing with V : Wiz, = Wygpz_q, we get
p
(3.28) VolU:Wj = Witpriep-1)-
This map must be an isomorphism by the same dimension count. Therefore, U is
an isomorphism. ]

6This theorem was much superseded by the results of Ash-Stevens. See [1], [2].
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3.4. Congruences mod p™. Let p > 5, f € Q[Q, R]. Let f(q) = > anq™ be
the g-expansion of f. By assumption, a,, € Q. Define
(3.29) valy(f) :=inf{valy(a,) :n=10,1,2,...}.
It follows from the g-expansion principle 3.5 that val,(f) > —oo.

THEOREM 3.17. (Serre) Letm > 1. Let f, f' € Q[Q, R] of weight k, k', respec-
tively. Suppose f # 0. If val,(f — f') > val,(f) +m, then

(3.30) K=k mod (p—1)pm "
ProOF. By multiplying by p~¥»(/)| we may assume that val,(f) = 0 and

hence we are given that val,(f — f’) > m. Namely, both f and f’ are p-integral
and

(3.31) f=f modp™, m>1.
In particular, f = f’ (mod p) and by Corollary 2.14
(3.32) K=k modp—1.

Hence, the theorem is true for m = 1. Assume now that m > 2. We shall use the
following

EXERCISE 3.18.
(3-33) E,=1 modp™ <= r=0 mod (p—1)p™ "

Let h = k' — k. Replacing [’ by f'E(,_1)p»(n > 0) we may assume that h > 4.
We know that h =0 mod p—1. Let r = val,(h)+1. We want to show that » > m.
Suppose that r < m. We claim that p~"(fE}, — f') is p-integral and

(3.34) p " (fEy—f)=p "f(En—1) mod p.
We have
(3.35) fEw—f =f—f+f(EBL—-1).

Now, f — f' = 0 (mod p™) and Ep — 1 = 0 (mod p"). Thus p~"(fE) — f') is
p-integral, and r < m implies (3.34).

We have:
(3.36) P (B —1) = A6,
where A € Z and ¢ = 7 op_1(n)q". Let
(3.37) 9:=A"p"(fEy— f).
Then (3.34) implies that
(3.38) g=f¢ mod p.
Put:
(3.39) 6=7/f

Note that ¢ is well-defined since f is not zero. Since wt(g) = k' is congruent to
wt(f) = k modulo p — 1, ¢ belongs to the quotient field of N. We shall use the
following fact.

Fact 3.19. (See Corollary 5.4) N0 is a Dedekind domain.
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We claim that 5 is integral over NO. To see this, first note that

(3.40) I Z op—1(n)g" mod p.

(pyn)=1
Define, for r € Z, (n,p) =1,

(3.41) or(n) = Zdr mod p.
d|n
Then
(3.42) o_1(n) =0c1(n)/n, o,(n) =0p(n) =0r4p-1(n).

Consider the following identity:

gh—1 ( i al(n)q”) = i n" 15 (n)q"

n=1

=Y glin)qn (h=0 (modp— 1))

(77’717):1
(343) — Z 5_1(n)qn
(’I’L,p):l
= Z Oh—1(n)g"” (h=0 (modp—1))
(n,p):l
=§— .
Therefore,
PUEYS I o1 L o1, 1 p—2/10
(3.44) ¢ = ¢F =~ 00 (P) = = 0 (Bpr) = =507 (Bpa),
6P~ is idempotent). The last expression shows that qg — (;1/’ belongs to
( p p g
(3.45) N1t -2y pi1) = Npz_1 C N

This proves the claim of integrality, hence that 5 — %p belongs to N 0. plus the fact
that

(3.46) 6— " =—0""(Epy).

Now, the filtration of ¢—g@P is max {w(q?), w(&;)} = max {w((b),p . w((b)} = p-w(e).

—~—

But Lemma 3.12 says that w(6?~2E, 1) = p? — 1, and this is a contradiction. [

4. Serre’s p-adic Modular Forms and p-adic Zeta Functions

Throughout this section p > 5.

Let m be a positive integer. Put
(4.1) X =2/(" " (0= 1)L =Z/p" 'L xZ/(p - 1)Z,
and

(4.2) X =lim X, =2, xZ/(p— 1)Z.
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Since the maps Z — X,,, are surjective, we get that the injection Z — X has
a dense image. Define for v = vyvy € Z; = Uy X pp—1 and k = (k1,ke) €
Zyp X Z/(p—1)Z

(4.3) ok = ol € Zy.
In this way
(4.4) X = Endeon (Z).

DEFINITION 4.1. We say k = k1ks in X is even if k € 2X. Equivalently, ks, is
even or (—1)F = 1.

DEFINITION 4.2. A p-adic modular form (& la Serre) is a formal power series
f=>"anq", where:

1. an € Q.

2. There exists a sequence (f;);eny of modular forms of level 1 and weight k;

with rational Fourier coefficients, such that

(4.5) val,(f — fi) ——2% .

THEOREM 4.3. (Serre) The weights k; have a limit in X. This limit depends
only on f and not on the particular sequence (f;)ien. It is called the weight of f.

PrOOF. For i > 0, val,(f;) = val,(f) (uniform convergence), and given any m
for j > i > 0, we have

(4.6) val,(fi — f;) = val,(f) + m = val,(f;) + m.

Since by Theorem 3.17 k; = k; mod (p — 1)p™~?, there exists a limit to the ;’s.
If f1, f},... is another sequence converging to f, consider the sequence

(47) flaf{vf?afév‘“!

O

The weight of f is always even simply because it is a limit of even weights.
Note that under val,, the space of p-adic modular forms is a p-adic Banach space.
That is, it is a vector space over @, with a norm p~ V2> (f) and the space is complete
with respect to this norm. That means that if f; are p-adic modular forms forming
a Cauchy sequence with respect to the norm, then the limit of the f;’s exists.

m

EXERCISE 4.4. Prove that — = lim E? | .
p—1 m p

THEOREM 4.5. Let m be a positive integer. Let f, ' be two p-adic modular
forms of weight k, k' € X respectively and assume f # 0. Then val,(f — f') >
val,(f) +m implies that k = k' in X,,, = Z/p™'Z x Z/(p — 1)Z.

EXERCISE 4.6. Prove the Theorem 4.5.

The following corollary is one of the most amazing results of the theory of p-adic
modular forms. It is an integral analog of Siegel’s Theorem on the rationality of
values of zeta function (Chapter 2, Remark 5.5). Recall that the idea behind the
proof of that theorem was that if all the higher coefficients of a modular form are
rational so is the leading coefficient. Thus there is a “rational” influence of the
higher coefficients on the first coefficient. The following corollary says that this
influence can be refined to an integral influence: If all the higher coefficients are
p-adic integers then the leading coefficient has a valuation bounded from below in
terms of the weight alone!
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COROLLARY 4.7. Let f = ag + a1q + azq® + --- be a p-adic modular form of
weight k # 0. Let m > 0 be such that k # 0 in X,,11. Then

(4.8) valy(ag) +m > Tllgfl {val,(an)} .

PRrROOF. If ap = 0 then val,(ap) = oo and the assertion holds. Else ag # 0
and we let ' := ap be a modular form of weight 0. We have val,(f — f') =
inf,,>1 {val,(an)}. If, on the contrary, inf,>q {val,(a,)} > val,(ag) + m, i.e., if
val,(f — f') > val,(f') + (m+ 1), then Theorem 4.5 implies that £k =0 in X,,,41, a
contradiction. O

COROLLARY 4.8. Let k be such that (p — 1) A k. If a; are integral for every
1> 1 then ag is also integral.

ProOOF. Take m = 0 in Corollary 4.7. O

COROLLARY 4.9. Let L be a totally real field of degree g. For p such that kg # 0
mod p — 1, we have that (1, (1 — k) is p-integral. More generally,

(4.9) val,(¢L(1— k) > —1 — val,(kg).

PrOOF. Recall the modular form of level 1 and weight kg defined in Chapter 2,
Section 6:

(410) " (2791 = k) By p1) = # +> ( > Uk—l((V)DL)>qnv

n=1 veD 't

where ® : ' H — HY is the diagonal map.

The leading coefficient of this modular form is #, and the higher coeffi-
cients are p-integral (in fact, integers).

If kg 20 mod p— 1, then Corollary 4.8 says that the leading coefficient is also
p-integral.

To get the general inequality, we may assume k= kg is congruent to 0 modulo
p—1. Let m = valp(z) +1; then k # 0 in Xom+1, hence

(4.11) val,(Cr(1 — k)) +m > inf {val,(a,)} > 0.

COROLLARY 4.10. Let
(4.12) fO=>"allq", i=1,2,..
n=0

be a sequence of p-adic modular forms of weight k™. Suppose:
1. Forn > 1, aﬁf) — an, € Qp uniformly in n. (That is, there exists a power
series limit in the val,-topology, lim; (307 | ag)q") ).
2. k) — ke X, and k #0.

Then aéi) — ag € Q, and

(413) f = Z anqn
n=0

s a p-adic modular form of weight k.
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PROOF. By deleting some f()’s, we may assume that there exists an m > 0
such that all the £(?)’s have non zero image in X,,,1. Now, uniform convergence
implies there is a t € Z such that

(4.14) val, () > ¢, Vn,¥i>1.

By Corollary 4.7 valp(aéi)) >t —m. Hence, there exists a subsequence i; such that

aéii ) 120 o€ Q,- Then clearly,

(4.15) f=1lim f%) =ag+a1q+asq® + ... .

is a p-adic modular form of weight k.

Remark that in a compact metric space a sequence converges if and only if every
converging subsequence converges to the same limit. If i; is another converging
(i5)
0

subsequence ay’’ — ag, then f = af + >..° | a,q¢™ is a p-adic modular form of

weight k, hence
(4.16) f=f=ao—ay

of weight k, but also of weight zero! Since k # 0 we must have ag — aj, = 0. O

ExAMPLE 4.11. p-adic Eisenstein series. Let k € X, and define

(4.17) op_1(n) = Z "1, n>1neZ
d|n
(d,p) =1
Assume k is even, choose k; > 4 such that k; — k in X, and k; — oo in R.
Then ox_1(n) — o}_,(n) in Z, uniformly in n. Therefore, by Corollary 4.10, the
modular forms G, converge p-adically to a p-adic modular form Gj},. Moreover,

1 e
(4.18) Gi = 5G 0 — k) + Y oia(m)g"
n=1

is a p-adic modular form of weight k, where we define
(4.19) G = k) =Tim Co(1 — k).

(The existence of the limit is a consequence of Corollary 4.10!) One calls G}, the
p-adic Fisenstein series of weight k. Note that even if k is an integer G} # Gi.

REMARK 4.12. It is known that the Eisenstein series E5 of weight 2 is not a
classical modular form. But for any prime p, the g-expansion of Es indeed arises
from a p-adic modular form.

THEOREM 4.13. (Serre) Put h = (s,n) € X (odd). Then
(4.20) C(1—(s,n) = Ly(s,w'™),

p
where w s the Teichmdller character.

Recall that L,(s, x) interpolates the special values of classical L function L(s, x).
Thus Serre’s construction creates the “correct” p-adic zeta functions: they inter-
polate p-adically special values of classical L functions. One can generalize Serre’s
construction to get a p-adic zeta function for L totally real (see Serre’s paper in
[101)).
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5. A Geometric Approach to Congruences

The methods of the previous sections rely very much, so it seems, on the specific
structure of the ring of modular forms on SLy(Z). To obtain a more general theory
that works for level structures as well as for Hilbert modular forms, we reconsider
the question of congruences. This time from a purely characteristic p approach.
Thus our original object of study are modular forms in characteristic p and not the
reduction of modular forms from characteristic zero. Already for elliptic modular
forms there is a difference, but for Hilbert modular forms the difference becomes
much more dramatic, with important characteristic p modular forms that cannot
be lifted to characteristic zero.

We shall only treat the case of elliptic curves here, allowing ourselves a sim-
pler picture then in the general Hilbert modular case that would be discussed in
Chapter 5.

Let N > 4 be an integer. Let 91 = 9M(F,, un) be the fine moduli space parameter-
izing elliptic curves E//R over Fj-algebras R, endowed with a pn level structure:

(5.1) BNt un/r — E/R.

We may compactify 991 to a scheme 91" by adding finitely many cusps. In fact,
M represents a similar modular problem involving generalized elliptic curves as in
[22]. The scheme 9" is integral, geometrically irreducible, regular proper scheme
of dimension 1.

Let M (pp) = M(F,, pnp) be the fine moduli space representing elliptic curves
E/R over Fp-algebras R, endowed with a py, level structure:

(5.2) BN X Bp: fiN/R X Hp/R < E/R.

Let 9" (1) be the scheme obtained by adding the cusps. The scheme 9" () is
not proper. In fact, if we let 9t°"™d denote the open subscheme of 9* obtained by
deleting the points corresponding to the supersingular elliptic curves then we have
a surjective étale Galois morphism

(53) M () — ",
with Galois group (Z/pZ)*.

5.1. The Hasse invariant. Let (E,(y,w)/g be an elliptic curve over an
F,-algebra R, with py-level B and a non-vanishing differential w. We define a
modular form H, called the Hasse invariant, as follows. We consider the exact
sequence

(5.4) 0 —— HY(E, Q) —— Hip(E) —— H'(E,05) — 0.

There is a perfect pairing
(5.5) HY(E, Q) p) x HY(E,Op) — H'(E, QL) = H'(E,Op)" =R
(using Serre’s duality) and we let n € H'(E, Og) be the element dual to w under
this pairing.

The sheaf Op is a sheaf of rings of characteristic p and therefore the Frobenius
map f +— fP induces a homomorphism of sheaves of abelian groups Op — Of
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and hence a map (called Frobenius) on cohomology

(5.6) Fr: HY(E,Og) — H'(E,Og),

which is Frobenius linear: Fr(av) = oPFr(v) for « € R and v € HY(E,Og). We let
H(E,Bn,w) be the unique element of R such that

(5.7) Fr(n) = H(E, By, w) - 1.

One easily verifies that the definition commutes with base change and depends only

on the isomorphism class of (E,w). Moreover, if « € R* then the element dual to
a lwis an and Fr(an) = oPFr(n) = o 'H(E,w)an. That is,

(5.8) H(E,Bn,a 'w) = o H(E, By,w).

Thus, we proved the first half of the following proposition. The second part follows
from the more general discussion of Tate objects given in Chapter 5, Section 2.

PROPOSITION 5.1. The Hasse invariant H is a modular form over F,, of level
one and weight p — 1. Its q-expansion at every cusp is 1.

5.2. The kernel of the g-expansion. Let M(F,, k, pn) (N > 4 prime to p)
be the vector space of modular forms defined over I, of weight k and level pp.

THEOREM 5.2. (Serre — Swinnerton-Dyer) The kernel of the q-expansion map
(5.9) B MEp by ) — Fyllall,
is generated by H — 1.

PROOF. Let R be the ring of regular functions on the curve 9*(u,). Let
G /q(Z) be a Tate object represented by a cusp Tate of I (1,).

PRrROPOSITION 5.3. There is a surjective ring homomorphism

(5.10) r: @ MFp, k,un) — R,
keZ
such that the composition
(5.11) & M(Fy. k) = R~ Rrate
€

is the g-expansion map at the cusp Tate.

Given the Proposition, if we further prove that Ker(r) = (H — 1) the Theorem
is proved.

To construct the map r we first construct modular forms a(k) for k € Z with
the following properties (compare [43]):

o a(k) is a modular form over I, of y,-level and weight k.
e a(k)a(k') = a(kk')
e a(k) does not vanish.

Indeed, given a pu, level structure

(5.12) By pp — E,

we have an induced isomorphism

dt

<

Thus we get a canonical element weq, = (df,) (dt/t) in t, /r- This gives the

modular form a(1). We note that since weqy, is non-vanishing a(1) is non-vanishing.
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We simply put a(k) = a(1), a non-vanishing modular form of weight k& and level
tp. Moreover, since for the Tate object weqn is the canonical differential, the g-
expansion of a(1) (and hence of every a(k)) is 1.

We now define the map r by

/
5.14 F,, k —— € R.
( ) M( P HU‘N)Bf'—)a(k)e
The properties of the forms a(k) guarantee that this provides a well defined ring
homomorphism & M(F,, k, un) — R. Furthermore, since the g-expansion of a
kezZ

modular form is obtained by evaluating it at a Tate object over a base which is
isomorphic to the completion of the moduli space at this point, the composition of
r with the inclusion R < Rrate 1S the g-expansion.

We define an action of (Z/pZ)* on & M(F,,k, pn) and on R. Given a modular
keZ
form f of weight k and a € (Z/pZ)* we define

(5.15) [a]f = a*f.
Given a function g € R we define
(5.16) ([e]g)(E, BN % By) = g(E, Bn X (By 0 ),

where we denote by « : pt, — 1, the homomorphism of “raising to the oo power”.

We claim that the map r is equivariant for this action. Indeed, the same
definition given for functions g € R may well be given for modular forms on 9*(p,,).
Namely, by twisting the p, level. Thus

_ lelf _ F
17 VD= o)~ Talali)
(Note: as a modular form on 9*(u,) f is invariant under the action of (Z/pZ)*.

Thus [a]f = f. But, as a modular form on 9t* we have by definition [a]f = oF f).
Now,

(5.18) ([da(1))(E, Bp) = a(1)(E, By o @)
(5.19) = d(By 0 a)” ! (dt/t)
(5.20) =dB, "da~ " (dt/t).

Since da(dt/t) = dt® /ta = at*~Ldt/t™ = adt/t, we find that da~1(dt/t) = a~1dt/t
and hence that [a]a(1) = a~ta(1). Therefore,

(5.21) []a(k) = a Fa(k),
and
(5.22) [a]r(f) = a*r(f) = r([a]f)-
We note that
(5.23) R="5 R,
k=0

where RF = {f € R: [a]f = o f}. Then r(M(F,, k, un)) C R*.
We already know that H — 1 € Ker(r). Let now f; 4+ -+ + f, be in the kernel
of r. Say, f; is of weight k;. We assume that for i # j, k; # k;. By replacing f; by
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fi + fi(H — 1) for suitable i’s and sufficiently many times, we may assume that if
i # j then k; # k; modulo p — 1. But then every r(f;) lies in a different summand
of the right hand side of Equation (5.23). Hence, every r(f;) = 0.

Note that on any fixed weight the g-expansion , equivalently the map r, is
injective. This is evident from Equation (5.14). Thus, for every i, f; = 0.

Finally, the map r is surjective. Let g € RF. Define f = g - a(k)- H". Then
f is invariant under the Galois group of 901*(,) — 9°™d. Hence, it defines a
meromorphic modular form on 991, with poles supported on the supersingular locus.
Now, the Hasse invariant vanishes on the supersingular locus. This follows readily
from interpreting H}p(F) as the Dieudonné module of E[p]. See Appendix A. Thus,
for n > 0 the modular form f would be holomorphic. Clearly, 7(f) = g.

O
COROLLARY 5.4. We have
(5.24) N = ©  M(Fk pun)/(H-1) = R
k=0 (mod p—1)

RO is the ring of reqular functions on the affine regular modular curve M(F, puy)°rd.

Hence, NO is a Dedekind domain.

5.3. Operators revisited. We use the method of Section 5.2 to interprete
the operators Ty, < d >,U,V and 0 via the isomorphism

(5.25) r: @®pMEFp, k, un)/(H—1) =R,

where R is the ring of regular functions on the affine curve 9*(F,, un,). The a
priory observation that the formulae for those operators are given solely in terms
of their g-expansion and that for T} it depends on the weight only modulo p — 1
indicates that “they are coming from R”. To define those operators we shall think
of the points of R as pairs (E, Bnp).

Let g € R. Define

1
(5.26) (Teg)(E, Bp) = 5 D 9(B/H,mh 0 Bry);
HCE
The summation ranging over all subgroups of order ¢ of E and 7y : E — E/H is

the projection. We claim that

(5.27) r(Tef) =Ter(f).
First note that
(5.28) r(f)E, Bnp) = f(E,Bn, Bp(dt/1)).

where we put (B,. = (dB,)"!. This follows immediately from checking the g¢-
expansions. Hence,

(5.29) (T f)(E, Bnp) = (Tef)(E, By Bp«(dt/1))
(5.30) :%Zf(E/HaWHOﬂNawH)a

HCE
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where wy is the differential induced from f,.(dt/t) via E — E/H. That is, wg =
(e 0 Bp)«(dt/t). On the other hand,

630 Tr(EGwy) = 7 3 r(PE/H w0 )

HCE

(5.32) = O B/ Hy i o B, (e ). 1),

HCE
Formula (5.27) follows.

We defined for a modular form f

(5.33) (<d> f)(E,BN,w) = f(E,Bn od,w).
We define for g € R

(5.34) (<d>g)(E,Bnp) = (E, By o d, Bp.(dt/t)).
Clearly,

(5.35) r(<d> f)=<d>r(f).

We defined for a modular form f

(5.36) (VIE, Br,w) = FIEP, 50, @),

The scheme 9M(F, unp) is a scheme defined over F,. We thus have a Frobenius
morphism

(5.37) Fr: M(F, unp) — DUE, pnp)-
Given a function g € R we let
(5.38) Vg=gokFr.

From a moduli perspective, since the point corresponding to (E(p), ﬁ](\f;) is Fr of
the point corresponding to (E, Bnp):

(5.39) (Vo) (B, Bxy) = g(E®, 5.

In particular,

(5.40) (Vr(f)(E, Brp) = F(ED, B, (B).(dt/1))
(5.41) = F(EWD, B (B (dt/t))®)
(5.42) = (V)(E, Br, Bpe (dt/1))
(5.43) = (V) (E, Bnp)-

That is,

(5.44) r(Vf)=Vr(f).

Given an elliptic curve E let E[V] denote the kernel of Verschiebung. Given a
pair (E, By) (resp. (E,Bnyp)) we get a well-defined pair (E/E[V], mgp,) 0 Bn) (resp.
(E/E[V],mg[ © Bnp)). We defined for a modular form f

(5.45) (USNE, BN, w) = f(E/E[V], mgp) © Oy, wev)),
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where wgy) is the differential on E/E[V] which is the image of w under the sepa-
rable map 7, : E — E/E[V]. We define for a function g € R

(5.46) (Ug)(E, Bnp) = g(E/E[V], mgw] © Brp)-
One easily verifies
(5.47) r(Uf) =Ur(f).
Finally, given a function g € R we define
dg
5.48 0g = ——F—.
549 9= KS(a(2)

We explain our notation. There is a well known isomorphism, called the Kodaira-
Spencer isomorphism,

(5.49) KS: (G0 on(eun)

Foun) - Qéﬁ(F,pN)/]F(cusps)a

for every field k of characteristic prime to N. In particular, one can associate to
a modular form f of weight 2 over M(F, ux) a differential K.S(f) on that curve.
This differential is holomorphic iff the modular form is a cusp form.

Over the complex numbers this is very familiar: If f is a modular form of weight
2 (i.e. a section of (t;U/SJT(C,#N))@z) then f(7)d7 is a meromorphic differential with
at most simple poles supported at the cusps. Indeed

(et +d)a — (aT + b)c

(cr + d)2 ar

(5.50) fOyr)dyr = (et + d)*f(T) -
(5.51) = f(r)dr.

At ioco, if f(q) = )", ang™ then ¢ = exp(2mi-7) implies dg/q = 2mi-dr and therefore
f(r)dr =2mi - f(q)(dg/q), which is holomorphic if and only if f is a cusp form.

The covering
(5'52) M*(Fm/‘]\/p) - iIn*(FZN:uf\f)ord7

of non-singular affine curves, extends uniquely to a covering of non-singular proper
curves

(5.53) IMT(Fp, pinp) — I (Fp, i)

Moreover, MM (F,, uxn,) may be defined intrinsically as 9*(F,, un)[a(1)] — the
scheme obtained from 9t*(F,, un) by adjoining the (p — 1)-st root of the section H
of the line bundle (tzv /4, - (r, HNP))@’I’“.

The morphism M (F,, pnp) — MM*(Fp, ) is thus a finite separable mor-
phism of degree p — 1, commuting with the action of (Z/pZ)* (in fact, I*(F,, un)
is the quotient by this action), and its ramification divisor is (p —2)W7, where W7 is
the supersingular locus. In particular, it is totally ramified over the supersingular
locus.

Now, when dealing with level pnp, (N, p) = 1, in characteristic p, the Kodaira-
Spencer isomorphism needs to be modified. On the one hand, if we let f denote
the morphism M (F,, unp) — M*(Fp, iy then

(5.54) f*(tzv/s;n(mw)) = fo/DJ?(RuNp)‘
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On the other, since the separable morphism f : 9 (F,, unp) — M(Fp, un) is
completely (but tamely) ramified over the supersingular locus Wy, we get

(555) f*Ql *(Fpoun) = Qil)nT(vaMNp)((Z a p)Wl)
(See [47, IV.2]). Putting it all together, we get an isomorphism

(5.56) KS: (W*t*EU/m(IF,#Np))@Z — Qéﬁ*(]}“ (cusps + (2 — p)W7).

vaNp)

It follows that a(2) defines a differential whose order of vanishing along W is
p=2+(p—2).

We claim that r(6f) = 0r(f). This is readily checked via the g-expansions. If the
g-expansion of a function g is 3 a,,q" then fg has expansion (3" na,q"*dq)/(dq/q)
(the differential on the Tate curve corresponding to a(2) is dg/q). Thus,

(5.57) r(0f) = 0r ().

Some of the delicate behaviour of the operator 6 can be explained by this interpre-
tation. First

LEMMA 5.5. Let g € RFo. Then the expansion of g around every supersingular
point P has the form

kp+p— kp+2(p—1) +
ceey

(5.58) ap ™ 4 Qppyp1T Y4 appgopo1)T

where kp = ko (mod p — 1). The filtration of the g-expansion g(q) is
(5.59) w(g(q)) = —min{kp : P € W1 }.

PROOF. The shape of the Taylor expansion follows immediately from the fact
that every supersingular point is a fixed point of the group action (Z/pZ)* and
g € R¥o. The second fact is also evident, because a(b), as a modular form, vanishes
to order b at such point. O

COROLLARY 5.6. Let [ be a modular form of weight k and filtration w(f).
Then:

1. w(f) <k iff f vanishes along W71, or equivalently, H|f;
2. w(Vf)=p-w(f);
3. w(0f) <w(f)+p+ 1 with equality holding iff p Jw(f).

PrOOF. The first assertion is immediate. Note that the Taylor expansion of
r(f) at a supersingular point P starts with z=*** where ¢ is not zero iff f vanishes
at P.

To see the effect of V', we note that the Taylor expansion of r(f) at some
supersingular point starts with a_w(f)x*“’(f) ((a_w(s) #0) and at all other points
with terms of not smaller degree. The Taylor expansion of Vr(f) starts at some
point with cx=?*() because Vr(f) = r(f) o Fr and at all other points with terms
of not smaller degree.

To prove the last assertion, note that if at some supersingular point r(f) has
expansion ay, " + agpip_ 12 TP 4y o, 1y 2FP 2P 4 then r(f) has
expansion starting with ckz®*~1~P (using that dg starts with kz*~! and a(2) with
x~P). Thus, w(8f) < w(f) +p+ 1 with equality iff p fw(f). O
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6. p-adic Elliptic Modular Forms

6.1. Test objects and overconvergent forms. Let B be a p-adic ring. By
that we mean that B = lim B/p"B, and so, in particular, B is a Z,-algebra. Note

that examples are provided by the ring of integers R of a finite extension of Q,,
and by any quotient R/(7™) of R, where 7 is a uniformizer. One may take n = 1,
or more generally any field of characteristic p.

We fix:
e B — a p-adic ring. (“The base ring”).
e r — an element of B. (“The growth gauge”).

DEFINITION 6.1. Let A be a p-adic ring which is a B-algebra. A test object of:

e level uy,
e growth condition r,
e over B,

is a quadruple:
(6.1) (E,w,BNn,Y))a,

such that:

e E//A is an elliptic curve, i.e. a proper, smooth group scheme over Spec(A4),
such that the geometric fibers are connected curves of genus one;

o wety /A is a relative non-vanishing differential;

® BN :pnja — E is an embedding of group schemes over Spec(A);

o YV € Asatisfies Y - Ep_1(FE,w) =1.

EXAMPLE 6.2. 1. Given (E,w, Bn5),a, such Y need not exist. For example:
if r =1 (or any unit) the condition is that E,_1(EF,w) € A*. This excludes
every elliptic curve F such that E (mod m) is supersingular, where m is a
maximal ideal. Indeed: the ring A is p-adic, so pA # A, and we take m to
be any maximal ideal. Note that if a € pA then (1—a)™ ' =14+a+a?+...
converges in A. Therefore pA is contained in the Jacobson radical of A.
That is, every maximal ideal contains pA. The reduction (E mod m,w
mod m) is an elliptic curve together with a non-vanishing differential. Since
the reduction modulo p of E,_; is the Hasse invariant, it vanishes at all
supersingular elliptic curves over fields of characteristic p with any choice of
differential. Thus

(6.2) Ep_1(F,w) (modm)=FE, (F modmw modm)=0 modm

if E (mod m) is supersingular.

2. Examining the idea further, note that if E,_1(F,w) = p, then indeed it may
happen that p'/®=1) € A and then Ep,l(E,pl/(P—l)w) =1, but pﬁw is
not a non-vanishing differential over A. That is (E,p'/?~Yw) is not a test
object over A.

3. On the other extreme, if r = p, and say E,_1(E,w) = p, then (E,w, 8y, 1)
is a test object.

4. Given (E,w,n,Y)/a, any other Y is of the form Y +¢, with t-E, 1 (F,w) =
0. Note that if E,_1(E,w) is invertible, Y is uniquely determined.
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5. If (E,w,Bn,Y),4 is a test object, so is (E7)\w7ﬁN,)\p_1Y)/A for A € A*.
Indeed,

(6.3) (APLY) (B, 1 (B, W) = APV AP VE, (B w)=r
Equivalently, a test object could be thought of as that data
(6.4) (B, BN, Y)ja, YV € (tya)~ Y

such that Y - F,_; = r, where E,_; is interpreted as a rule associating to
E/A a section of (t*E/A)p_l.

DEFINITION 6.3. A p-adic modular form (& la Katz) of:

weight k € Z,
level pp,
growth r,
defined over B,

is a rule associating to a test object (of level ux and growth r) (E,w,Bn,Y) /4 an
element f(F,w,fy,Y) € A such that:

e f(E,w,0n,Y) depends only on the isomorphism class of the test object

(E,w,ﬁN,Y)/A;
e the rule f commutes with base change;
o for every A € A* and every test object (E,w,8n,Y)/a

(65) f(E7 )‘w7ﬁN7Ap_1y)/A = A_kf(vaaﬁI\UY)/A'

DEFINITION 6.4. The space of modular forms over B, of py-level, weight k
and growth condition r is denoted by F(B,k, un;7). If r & B>, they are called
overconvergent modular forms.

Given s € B, we have a B-module homomorphism

(66) F(B,k,,uN;ST) —>F(kaa/u'N;7ﬁ)7

(67) fo/a f/(anaﬂNay)/A:f(vavﬁNaSY)/fL

If s € B*, then this is an isomorphism. Thus, whenever » € B>, we might as well
take r = 1. We shall see in Corollary 6.15 that for = 1 these are Serre’s p-adic
modular forms.

In the case » = 1, as we pointed out, we discard all elliptic curves with super-
singular reduction; but if we consider growth condition r ¢ B>, it could very well
happen that the modular form in question is defined also on some portion of the
supersingular disks of the moduli space of elliptic curves with level upy-structure,
besides being defined on the complement. This is why such forms are called “over-
convergent”. To be precise, the very definition of the supersingular disks uses F,_1
([14, Sections 1-2]). The disk of radius n may be defined as all the Q, points = of
M(Qp, 1) such that E, has good reduction modulo p and for one (equivalently,
any) differential w, on E, such that (F,,w,) has good reduction (i.e., w, extends
to a non-vanishing differential over (’)@) we have |Ep_1(Ey,wy)| < p~™. In fact the

growth r actually controls the growth of the coefficients of the Laurent expansions
of these forms around the supersingular disks.
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Every classical modular form f of weight k, level N, over B defines a p-adic modular
form (still denoted f) in F(B, k, un;7):

(68) f(E7w,ﬁN,Y)/A = f(E,w,ﬁN)/A.

As an example of a truly p-adic modular form, consider the modular form in F(B, 1—
p, N T) given by:

(6.9) f(E,w,Bn,Y)a =Y.

This is indeed a p-adic modular form. The requirement on base change and iso-
morphism class being obvious. By definition,

(6.10) F(E, D w, By, AP7YY) = APy = \=UP f(B w, By, Y).
Therefore, the weight is 1 — p.
Ifr=1,thenY - -E, 1(E,w) =1, ie,
1
E,_1

We remark that this is also a modular form & la Serre (Exercise 4.4).

(6.11) Y =

6.2. g-expansion for p-adic modular forms. If E,_;(E,w) is invertible,
then in any test object (E,w,By,Y) we must take Y = r - E,_1(F,w)~!. This
applies in particular to the Tate curve Tate(q) = G,,,/q(Z) over B. The Tate curve
carries a canonical py-level:

(6.12) Bean : pn — G, — Tate(q),

and a canonical differential we,, induced from the differential dt/t on G,,. The
cusp (Tate(q), Bean) is called the standard cusp.

DEFINITION 6.5. Let f be a p-adic modular form,f € F(B,k, un;r). The ¢-

expansion of f is

613)  f (Tate<q>,wm,ﬁm, r

€B .
Ep—l(Tate(Q)awcan)) ((Q))
Similarly, for any cusp (Tate(q), By) we define the g-expansion of f by

(614) f (Tate(q)vwcanvﬂl\’a

Ep_l(Tate(q),wcan)> € B((9)-

We call f holomorphic (respectively, cusp) form if all its g-expansion lies in
B[q]] (respectively, in ¢- B[[¢]]] at every cusp). We denote the holomorphic (resp.
cusp) forms by

(6.15) M(B, k. px;7)  (vesp. S(B, k, ;7).

PROPOSITION 6.6. Take any X € {F,M,S}. Then
(6.16) X(B,k, pn;r) =lim X(B/p"B,k,un;r).
PrOOF. All our objects are p-adic: B = lim B/p"B, and to give an elliptic

curve over A is equivalent to giving an inductive system

(6.17) El/(A/pA) - E2/(A/p2A) - E3/(A/p3A) -
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We offer some remarks:

1. The g-expansion of a p-adic modular form f’ induced from a classical mod-
ular form f as in (6.8) is the same g-expansion as of f.
2. The g-expansion is injective. See Corollary 6.13.

6.3. The case when p is nilpotent. In this section we let p > 5 be a prime
and N > 4 is an integer prime to p. As before B be a p-adic ring. We now assume
further that p is nilpotent in B.

We use our usual notation

(6.18) M(B,k, py)

for classical holomorphic modular forms over B, of uy-level structure and weight
k. We denote by

(6.19) F (B, k, pn)

the classical modular forms over B, of uy-level structure and weight & with possible
poles at infinity. As above, F(B, k, ;) is the space of p-adic modular forms with
growth 7. Given j > 0, define a map:

(6.20) F(B,k+jlp—1),un) — F(B,k,un;T)

(6.21) fe o F(Bw. By Y) e =Y (B0, 6).
We claim that fis a p-adic modular form of weight k. Indeed
FE. dw, By, W71Y) = (WHY) f(B, Mw, By)
(6.22) = M@=Dyix~(+ie-D) £(B o, By)
= A w, fx.Y).

(Alternately, Y7 is a modular form of weight —j(p — 1). See (6.10)). Under this
map, Ep_1f is sent to E,_1 f, and

Ez::f(va,ﬁNay) = Yj+1f(E7wvﬂN) : Epfl(vaaﬂN)
(6.23) =r-Y/f(B,w,By)

=r-f.
Therefore, we have obtained a well-defined homomorphism of B-modules as follows:
620 (@ FBE il 1)) ) /(Eyes 1) — Bk i)
J>

Here (E,_1 —r) stands for the submodule generated by {(E,—1—7)f : f € F(B,k+
](p - 1)) MN)}

PROPOSITION 6.7. The map
(6.25) (@7 B+ 50 =100 ) [(Byes =) = BB ki)
J=Z

is an isomorphism.
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Proor. Consider the functors:

Fll

(6.26) A € B-algebra — Fy(A),

where Fj(A) consists of isomorphism classes of the following data:
° (Ev/gNay)/Av
e Y e gg(p_l), such that Y - E,_1 =,

where wy = tE/A.
This functor is equivalent to the functor associating to A € B-algebra the
following data:

e g:Spec(A) — M(B, un),
e Y cg*(L),such that Y - g*E, 1 =,

where £ = gf(pfl),g = tZ‘U/Em(B uN)"

The functor F'1 is a subfunctor of F'2:

Fy:

(6.27) A € B-algebra +— Fy(A),

where F5(A) consists of isomorphism classes of the following data:

® (Eaﬂ]\ﬁy)//lv

eV e g1*5(19*1)’

which is by the same token equivalent to the functor associating to A the following:
e g:Spec(A) — M(B, un),
o Y e g*(L).
The last functor is representable by the (B, uy)-scheme Spec(S(L£Y)).” The
condition that a section Y satisfies Y- g*(E,_1) = r is exactly that locally, if the ho-

momorphism Spec(S(LY)) — M (B, un) describing Y is given by A;[x1] X4,
we have Y(E,_1) =Y -E,_1 =7.
Hence F is representable by the 9(B, ux) scheme:

(6.28) a = Spec(S(w’™)/(E,—1 — 1)) — Spec(S(wP™ 1)) — IM(B, un).
We write f: o — M(B, un).
"The notation is as follows: for a line bundle £ — X we let £Y = £~1 denote the dual line

bundle on X. We let S(L£) denote the sheaf of symmetric algebra on X constructed from £. We
let Spec(S(LY)) — X denote the associated affine morphism. See [47, Exercises II 5.16-5.18].
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We may identify the space F(B,k, un;r) of p-adic modular forms over B of
weight k with growth r as follows:

(6.29)
]F(Bv k, pns T) = Ho(av f*ﬂk)

(6.30) = H'OMM(B, un),w” ® f.0,) (Leray’s spectral seq., [47, Ex. IIT, 4.1])
(6.31) = H (M(B, ), " @ &0’ /Byt — 1))

(6.32) = 1 (M(B, o), 2D /(B 1 = 1))

(6.33) _+ o (W(B’HN)’GB?-;OQHJ'(VU) J(Ep—1—1)

(6.34) = 0720 F(Bk+jp—1),N)/(Ep—1 —1).

Let us explain the equality marked by *. Note that b = @;?';ngﬂ 1) is quasi-
coherent sheaf on the affine scheme 9M(B, puy). We have an exact sequence:

(6.35) 0 p XEr oy, b)(Eypr —1) — 0

Since all higher cohomology of quasi-coherent sheaves on affine schemes vanish we
get an exact sequence:

x(

B HO (OB, ), )
—s HOO(B, i), b/ (Ep1 — 7)) — 0.
J

(6.36) 0 — H(M(B, un),b)

A similar argument, using the compactified curve 9*(B, un) gives

(637)  M(B,k,un;r) = HO (90 (B, ), (93200 D) /(B 1 7).

Jj=

Though (&52oM(B, k+j(p—1), un))/(Ep-1—7) is contained in this space, generally
they are not equal. However, when r is a p-adic unit they are.

PROPOSITION 6.8. Let r be a p-adic unit. Then
(6.38) M(B, k, pn;7) = (8520 M (B, k + j(p — 1), un)) /(Bp—1 — 1),
and
(639)  S(B,k,unir) = (€2S(B,k+j(p— 1), i) /Byt — 7).
PROOF. The idea is to use the affine curve
(6.40) IM(B, ) = M*(B, uy) — {supersingular locus}

instead of the affine curve 9 (B, uy) used before. We may assume without loss of
generality that » = 1. Consider:
Fy: The functor associating to a B-algebra A the data:

® g:Spec(4) — M*(B, un),
o YV eg*(L)such that Y - g*E,_1 =1,

where £ = w~®=1),

Fy: The functor associating to a B-algebra A the data:
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e g :Spec(A) — M (B, un),
o Y eg*(L).

The functor F} is a subfunctor of the functor F5, which is represented by the scheme

(6.41) Spec(S(LY)) — M*(B, pun).
A similar reasoning gives that F} is represented by the scheme
(6.42) 3 =Spec(S(L)/(Ep-1 — 1)) — M*(B, pn).

Still better, the structural morphism of 3 factors through 9MM(B, uy)°™d. Thus Fy
is represented by

(6.43) f:B— M(B,un)° .

Let w denote the sheaf of modular forms on M4 (B, uy). Let X be one of the
symbols M, S. We define a sheaf b by

k _
(6.44) X =% X=M
wF(—cusps) X =S

Then

(6.45)  X(B,k,un,1) = H°(3,b)

(6.46) = HO(M(B, un )", b ® £.0p)

(6.47) = H (M(B, 1y, b @ (9520w’ V) [(Epy — 1))
(6.48) =H° (im(B,MN)Ofd, b® @?‘;Ogﬂp—”) J(Ep_q1 —1)
(6.49) = 720X (B, k+j(p— 1), un)/(Ep—1 — 1).

Here X = M (resp. S) if X = M (resp. S), and the equalities follows from the
same considerations as in the proof of Proposition 6.7. O

6.4. The case of r a unit. An immediate consequence of the Propositions 6.7
and 6.8 is the following

THEOREM 6.9. Let N > 4 be an integer. Let p > 5 be prime and let B be a
p-adic ring. Let r € B*. Then
(6.50) M(B, k,py;r) =lim (872 M(B/p" B,k +j(p—1),un)) /(Ep-1 — 1),
and
(6.51)  S(B,k,punir) =lim (852,S(B/p" Bk +j(p—1),un)) /(Ep-1 — 7).

Note that we could have equally written
(6.52)

M(B, k, un;1) = Ein (@;‘;OM(ZJC +j(p - 1)a:uN) ® B/pnB) /(Epfl ),

and

(6.53) S(B,kjuniv) =lim (85208(Z,k +j(p— 1), ux) © B/p"B) [(Eper — 7).

n



132 4. p-ADIC ELLIPTIC MODULAR FORMS

Note that the sums appearing on the right hand sides are not finite anymore. To
gain some firm grip on the space of p-adic modular form we introduce a kind of
“basis” for that space. This is the topic of the next section.

6.5. Katz’s expansion. Consider the map:

. xXEp_1 .
We note that upon reduction modulo p this map is injective, as is obvious from
looking at g-expansions. This implies:
e The map in (6.54) is injective.
e The map in (6.54) splits.

We choose complements:
(6.55) M(Zp, k+ (G +1)(p—1),un) =
Ep1- M(Zp, k+3j(p—1),un) © AlZp,k+ G+ 1)~ 1), un)-

(A(Zp, k,un) = M(Zp, k,pin)). We may tensor with B and we get the same
equality with B-coefficients. Then

Jj=

(6.56) & A(B.k+alp — 1), ux) = M(B,k +5(p — 1), )

the map given by
J
(6.57) (for-- i fi) = > fa BI7Y.
a=0

Consider the p-adically complete B-module:
(6.58) A"SY(B,k, un) =

{Zb“ :b, € A(B,k+a(p—1),un), by — 0 p-adically uniformly} .
a=0

(i.e. Vn,3e(n) such that a > ¢(n) implies p"|b,). If B is a d.v.r. with quotient field
K then taking A"89(B k, ux) to be the unit ball in A™84(K k, ux) we get that
A" (K k) is a p-adic Banach space.

ProposITION 6.10. (Katz’s expansion) For every growth condition r there
exists an isomorphism:

(659) Arigid(Bakvlj‘N) %} M(B7kvﬂ’N;T)

given by

(6.60) D by <Y e /EY >,
a=0 a=0

where the right hand side stands for the p-adic modular form whose value on a test

object (E,w,Bn,Y)/a (where Y - E, 1(A,w) =) is:

(6.61) <D ba/Ey > (B,w,By,Y) =Y Y (E,w, ).
a=0 a=0
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PRrROOF. One easily sees that 1 is a well-defined continuous homomorphism of
B-modules (in particular, the sum on the right hand side converges). Note that
M(B, k, un;r) is the p-adic completion of (@;‘;OM(B, kE+ij(p— 1),MN)) J(Ep—1 —
T).

Consider the following diagram:

(662) Arigid(B,k/’,,LLN) % M<B7ka,U/N7T)

] ¢

& AB,k+alp—1), uy) ——> M(Bk+ j(p— 1), un)

a=0
In this diagram:

J J

(6.63) 7)(2 by) = Z by, - Eg:‘f (an isomorphism);
a=0 a=0

(6.64) §(Z by) = Z b, (the natural inclusion);
a=0 a=0

(6.65) (D ba)(E,w, By, Y ZY‘I (E,w, Bn);
a=0

(6.66) O(f)(EB,w,Bn,Y) =Y - f(E,w,BN).

The diagram commutes:

J

(6.67) ¢(7I(Z:Oba))(E»waﬁN7 Zb - E)"1)(B,w, BN, Y)
(6.68) Zb EI"N)(E,w, Bx)
(6.69) = ZY“ (E,w,By)

(6.70) = ¢(€(2:) ba))(E,w, BN, Y).

Now, every element z of M(B, k, un;7) can be written as

(6.71) Zsj, s; € M(B,k+j(p—1),pn), s; — 0 p-adically.
§=0
Note that when we say Z;io sj € M(B, k, pun; ), we really mean that as a function

whose values on a test object are given by (Y s;)(E,w, 8n,Y) := Y. Yis;(E,w, Bn).
Hence, this element really is (3" s;) if the sum belongs to A"89 (B, k, uy) !
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Improving on Equation (6.71), one can write z as:

(672) Zsjv Sj GA(ka+j(p_1)7NN)‘
=0

Moreover, still s; — 0 p-adically. Indeed, if pN divides s; = a; + bj, where a; €
A(B,k+j(p—1),un) and bj € E,_1-M(B,k+(j—1)(p—1), un) then p™|b;. Thus,
collecting terms backwards does not destroy convergence! s; — 0 p-adically, and
thus Z;io sj € A"8(B k., uy). This shows that 1 is surjective.

To prove the injectivity of ¢, assume that ¢(} 0 b,) = 0. Fix an integer Nj.
Then for some Ny we have a > Ny = ppn,|bg. Thus

(6.73) w(i ba) =0 (mod p™).
=
However, (332 ba) = d(n(Xaty ba)) = (Xao baFy 1 *). Therefore,
(6.74) ¢<§ baEp2i ") =0 (mod p™°).
But, w

(6.75) M(B,k+ Ni(p— 1), un)/(p"°) = M(B/(p"°),k + N1(p — 1), pn) <
M(B/(p™°), k, i) = M(B, k, punvs )/ (p™°).

Thus Zi\;lo be = 0 (mod p™°), and hence Y 0 b, = 0 (mod p™°) for every Np.
This implies > o2, b, = 0. O

COROLLARY 6.11. Let 7o = rry. Then the natural map
(676) M(B,ka;T2) —>M(B,k,N;7"1),
(given by f — f' and f'(E,w, By, Y) = f(E,w, Bn,rY)) is given by

(6.77) i bo ir%a
a=0 a=0

and is thus injective.
6.6. Properties of ¢-expansions of p-adic modular forms.
PROPOSITION 6.12. Let b € B be an element dividing a positive power of p.
Let f € M(B, k,un;1). The followings assertions are equivalent:
1. feb-M(B,k,un;1).
2. The g-expansion of f lies in b - B[[q]].

PROOF. Since the g-expansion is B-linear, the implication 1 = 2 is clear.
Now, let us prove 2 = 1. Note that

(6.78)
M(B/bB, k, un; 1) = A" B/bB, k, uy) = A8 B, k, un) /A B, k, puy).

Thus, replacing B by B/bB, we may assume that b = 0 and that p is nilpotent in
B. We aim to prove that the g-expansion map is injective.
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For p nilpotent, f is a finite sum ZZ:O ba, by € A(B,k+a(p—1),un), and its
g-expansion is

(6.79) f(Tate(q),wean; Beans E Z (¢ — expansion of b,)

q — expansion of (E4"¢ - b,)
(6.80) :Ej Fr ,
p—1

so the g-expansion of Za OEg T+ by is zero. By the g-expansion principal for

classical modular forms Za 0 Ed T - bg is zero. This implies that each b, is zero,
because (by, . ..,bq) € Za:O (B, k +alp—1),un) 2M(B,k+dp—1),un). O

COROLLARY 6.13. The q-expansion map on p-adic modular forms is injective.

THEOREM 6.14. Let f(q) € B|[q]] be a power series. The following assertions
are equivalent:
1. f(q) is the g-expansion of an element f € M(B, k, un; 1)
2. For all n, there exists a positive integer M(n), M(n) =0 mod p"~*, and
a classical modular form g, € M(B,k+ M(n)(p —1),u ) such that the
q-expansion gn(q) = f(g) mod p™.

n—1

PRrROOF. First, let us show that 2 = 1. Writing E,_1(q) = 1 + pz, we see
that Eg:l =1 mod p". Now, multiplication of g, by Eg:l changes the weight
by (p—1)p" !, so we can assume M (n) is increasing. Let A(n) = M(n+1)— M (n),
S0
(6.81) In+1 —9n - E
(since A(n) =0 mod p"~1).

Hence, go + Y oo o(Jat1 — Ga - E, ( )) € M(B, k, un; 1). Modulo p™ this sum is

NMGP “M(B,k+ (p—1)M(n+1),un),

A(n—
(6.82) 9o+ (91— GBS D)) + -+ (gn — gno1 - EXGTY).

But E,—1 =1 in M(B, k, un; 1), so the telescopic sum is equal to g,. Hence, the

g-expansion is lim g, (q) = f(q).
The implication 1 = 2 can be proved as follows: Let f € M(B,k, un;1).
Then

(6.83) =90 ba), ba€AB,k+alp—1),un).
Consider ¢, = ¢¥(3}1_1ba) = o(n(>0_yba)) € M(B,k+n(p—1), un). Take M(n)
to be suitably increasing powers of p and g,, = cpr(n)- O

COROLLARY 6.15. Serre’s p-adic modular forms of weight k € 7Z are the same
as p-adic modular forms a la Katz of growth condition 1: M(B, k, un;1).
7. The Ring of Divided Congruences

In this section we follow Katz [59]. Let p > 5 be a prime number and let k be
a perfect field of characteristic p. We fix the following notation
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the ring of infinite Witt vectors over k.

W (k)

Wi (k) the ring of Witt vectors of length m over k (equal to
W (k)/p™" W (k).

N an integer > 3 and prime to p (auxiliary level).

¢ a fixed root of unity of order N in k (or in W (k) via the

Teichmiiller lift).

MW (k),N) the fine moduli scheme of elliptic curves over W (k) alge-
bras with symplectic level N structure ((Z/nZ)? = E[N]
s.t. the symplectic pairing given by < (1,0), (0,1) >= (¢
corresponds to the Weil pairing).

M*(W(k), N)  the canonical compactification of 9 (W (k), N) obtained
by adding cusps.

MY, is (Wi (), N) = MW (), N) Dt W ()-

SO is the open subscheme of M? where the Hasse invariant
is invertible.

My, is m*(Wm(k)v N) = f)ﬁ*(W(k), N) ®W(k) Wm(k)

Sm is the open subscheme of M,, where the Hasse invariant

is invertible.
We remark that the schemes S, and S9, are affine and that the structural mor-
phisms S, — W, (k) and SO, — W,,,(k) are smooth with an irreducible special
fiber. We have the compatibilities:

(7.1) Sm = Smt1 Ow, (k) Win(k), S = Spiit Ow, (k) Win(K).-

We let

(7.2) Ton — Sm

be the étale covering of ppn-level: Bpn : ppn — E. That is, T}, ., represents
the moduli functor of elliptic curves over W,, (k)-algebras with symplectic level N
structure and p,» structure. The covering 15, , — Sy, is thus Galois with Galois

group (Z/p™Z)*. It follows that T, ,, is an affine scheme and that the morphism
T.n — Wi (k) is smooth. We have the compatibility

(73) Tm,n = dm+1in ®Wm+1(k) Wm(k)

The schemes T3 ,, appeared before in Section 6. We offer a panoramic view:

Tiy — Tos Ty
2 | |

(7.4) Tio —— Tys T
2 | |

Ty —— Ty, Ty,
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The horizontal arrows are all closed immersions. The vertical arrows are all étale
Galois coverings. Let V;, , be the ring of regular functions on 7T, . We get the
dual diagram, with horizontal arrows being surjective and vertical arrows being
inclusions.

Vig &——— Va3 Va3
(7.5) Vip «——— Vap V3,2
Vipg «— Vo Vi
Vig «——— Vap Vo
Note that
(76) Vm+1,n/pmvm+1,n = Vm,n'
We let
(7.7) Tmoo =lm Ty, Toooo =1lim Thpy oo
n m

We remark that the scheme T o represents the functor of W (k)- algebras

(7.8) R — Iso. classes of (E, By : @; = E)
Let
(7.9) Vin,oo = th Vi, Voo,o = 1{31 Vin,oo-
Note that
(7.10) Vint1,00/P2" Vint1,00 = Vi oo-
The rings Vi, , are smooth W), algebras and via the standard cusp we have
(7.11) Vinn € Win[[g]]-

LEMMA 7.1. The cokernel Wy, [[q]]/Vin.n is a flat Wy, -module.

PROOF. Since W, is a local ring, the assertion amounts to

(7.12) P (@) € Vinn = f() € Vi,
Let g € V,,,,», with a g-expansion p - f(g). Now
(7.13) Vi @w,, Wi = Vinn @w,, k = Vi, — k[[q]].

Thus g is zero modulo pVy, 5. O
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COROLLARY 7.2. For m < oo we have an injection
(7.14) Vin,oo = Win[lg]]
with a Wy, flat cokernel.

Consider the group scheme i,n 4 = Spec A[z]/(z?" —1). Let B = A[z]/(z?" —1).
Then

(7.15) Qi /5pec(a) = 2p/a

is the B-module generated by dx with the relation d(zP” — 1) = 0. That is, Qp/a
is the B-module

(7.16) Bla]/(zP" —1,p"aP" Y.

It is free over B iff p” =0 in B.
We conclude that the schemes T, , with m < n are special in that that the
level structure

(7.17) Bpn : bpn Jr — AR, R e W,, — Alg,
induces an isomorphism
(7.18) t o r =tk

In particular, there ezists a canonical modular form of weight 1, a(1) on T, ,, for
m < n corresponding to the image of the canonical generator dz/x of tz /R
P

EXERCISE 7.3. Prove that under the maps

(7.19) Tont1 — Tnn m<n
and
(7.20) Ton — Tt1in m+1<n

the modular forms a(1) agree. Conclude that there exists a modular form of weight
1 on the schemes T}, oo and T -

We let
(7.21) a(i) == a(1)",
denote the modular form of weight ¢ on the scheme T}, ,, with m < n (including
m = 00).

For every m let
(7.22) Ry = @ D(Mpy,,w")

k>0

be the graded ring of classical modular forms on the scheme M,, (w = T.t5y /Mm)'
Let

(7.23) Roo = @ (M, "),
k>0

be the graded ring of classical modular forms on the scheme M.
Now, fix m and define a homomorphism

(724) Tm ¢ Ry — Vm,m — Vm,ooa
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by
(7.25) rm(Y 1) =Y fifali),  fi € T(Mp,w").
We define
(726) Too : Roo — VOO,007
by the composition
lim 7,

Since the g-expansion of a(1) is one at the standard cusp, the ¢ expansion of
rm (D fi) is just Y fi(q), where fi(q) is the g-expansion of f; and it belongs to
Wi [lq]]-

Let
(7.28) L my < Ry

be the ideal of R, consisting of all sums Y f; such that > fi(¢) =0 (mod p™*) at
the standard cusp.

LEMMA 7.4. Let > fi € Lym,, then the q expansion ) fi(q) with respect to
any cusp satisfies >, fi(¢) =0 mod p™.

PROOF. We are given that 7, (p™ ™ > f;), which is a function on the irre-
ducible scheme T, ., is expressed in the local ring a certain point (i.e., the one
belonging to the standard cusp) by zero. Therefore, the function r,,(p™ =™ > fi)
is zero, and hence is zero in every local ring on T}, ,,,. In particular, it is zero in
the local ring of any other cusp. That is, all its g-expansions are zero. O

COROLLARY 7.5. Let Y fi € Iy m,. Then for all a € (Z/p™Z)*
(7.29) Z a'fi(¢g) =0 mod p™.

PrOOF. The Galois action of (Z/p™Z)* on Vi, , is best described on points:
The effect of a € (Z/p™/Z)* is (E, Bpn) — (E, Bpn 0 a). As in the proof of Theo-
rem 5.2 one verifies that r,, is equivariant with respect to this action when we let
a act on a modular form of weight i by a’. O

Let > fi € Ijm, (m1 < m). Then pm"r,, (3" fi) is zero in V,, ,,. Since
Winlldll/ Vin,m, is a flat W,,,-module, there exists an h € Vj;, 1, such that
(7.30) rm(>_ i) =p™h.

The function h is unique modulo p”*~™! and we obtain a well defined homomor-
phism

(731) Ymq - Im,m1 — Vm—mi,m C Vm—ml,oo-
We write symbolically,
1

Passing to the limit, we get a homomorphism

(733) Ymq ¢ Ioo,ml — Voo,oo-
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If > fi € Inom, then > f; € Ry = @p'(M,w") and " fi(¢) = 0 (mod p™);

furthermore,

(7.34) (s (O @) = —— 3 fila).

pm™

We have the following diagram

Ree — Ly —— Lleo DcRmH
(735) lroo J/p"\/l J/p2~72 “ee J,ﬁ
Voo,oo E— Voo,oo I Voo,oo ... Voo,oo

Horizontal arrows being the natural inclusions). The Z,-algebra D is precisely
P

the elements in R, [%} with p-integral g-expansion. It is called the ring of divided
congruences.

THEOREM 7.6. For every m, the map
(7.36) B(m) : D/p™"D — Vi 00 /P™ Vo,00 = Vim, o0,
induced from (B, is an isomorphism.

PROOF.

e (3(m) is injective.
Let > f; € p "I be in the kernel of 3(m). Then Y fi(q) = 0 (mod p™).
Therefore, > fi € D" Ioontm =" (0" " Ioontm) C P"D.

e 3(m) is surjective.
We claim that if 3(1) : D/pD — Vi  is surjective then 8(m) : D/p™D — V,
is surjective. Indeed, if B(1) : D/pD — Vj & is surjective and x € Vi, o, there
exists an element g € D such that 3(m)(g) = x (mod pV;,, ). Therefore 5(m)(g)—
x = px for some z; € V};, o, etc.. The process stops because p is nilpotent in Vj, oo
It remains to show that

e (1) is surjective.
We know that the composition

(7.37) Ry — V1o — V11

is surjective (see the proof of Theorem 5.2). We shall abuse notation and denote
this map by 5(1) as well.

Artin-Schreier theory says the following: Let A be a ring of characteristic p
(e.g. A=Vi,) and B D A a finite étale A algebra with Galois group Z/pZ (e.g.
B = Vi p41), then there exists b € B such that: (i) b — b € A; (ii) £ € Z/pZ acts
by b+ b4 £. Such an element b is unique up to addition of elements from A. Note
that any element b € B such that b — b+ 1 under some element of Z/pZ generated
B as an A-module. We call such an element an Artin-Schreier generator for B over
A.

We next note that the group Z; acts on D. First, Z, acts on Ro[1/p] by

(7.38) @O f)=> dfi

By Corollary 7.5 the action preserves D.
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LeMMA 7.7. (Key Lemma) Let n > 1. There exists an element d,, € D such
that for every k >0

(7.39) (14 p"*)(d,) = dn + p*Ep—1 (mod p**'D).
We first explain how the Theorem follows from the Key Lemma. We know that
(7.40) B(1): Roo — V11.
It follows that for n > 1 we have
(7.41) Vit = Vin[B(1)(dn)]
where d,, is the element provided by the Key Lemma. Indeed,
(7.42) [1+p"")(dy) = dp +pEp—1  (mod p*D)
and
(7.43) dn +pEy,_1 =d, (mod pD),

whence 3(1)(d,) € Vi nt1 (because Aut(Vi i1 /Vin) = (1+p"Zy) /(1 + p" T Zy)).
Similarly,

(7.44) 1+p"|(dn) =dn+Ep_1=d,+1 (mod pD).

Thus, d, is an Artin-Schreier generator for Vi 41 over Vi, and (7.41) follows.
Therefore, the map

(7.45) B(1): Roo — Vi
is surjective for every n and that implies that

is surjective because R, is p-adically complete.

Proof of Key Lemma. The proof is by induction on n. For n =1 take

1-E,_
(7.47) dy = — =1
p
We calculate that for a suitable integer ¢
1-FE,_

1a8) L) = [ ()

1-Q1 k=g
(7.49) = (+pp) p-1

1—E -1 1+kE7 242k
(7.50) = pt P Up B p e By

p p p

(7.51) =dy +p"E,_1 (mod p"T'D).
Suppose that dy,...,d, were constructed. As noted, for £ <n
(7.52) Vierr = Vi[B(1)de], (B(1)de) — (B(1)de)? € Viye.
Thus,
(7.53) Vin = B(1)(Roo[di, - - - dn-1]),
and

(7.54) (B(1)dn) = (B(1)dn)" = B(1)en
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for some ¢, € Rld1,...,dn—1]. Hence, d,, — df, — ¢,, € Ker(3(1)) = pD. We let
dp —dP —cp

» .
It is an element of D. We check the Galois action. First:

(7.56)  [1+p" VTR (d, 1) =

[1 +p(n+1)+k](dn) . ([1 +p(n+1)+k](dn))l) _ [1 +p(n+1)+k}(cn)
» .

(755) dnJrl =

On the other hand, by induction,

o [1+p"t(+MY(d,) =d, +p*T'E,_; (mod pF*2D).

o ([L+p"t(+R)(d,))" = d- (mod p**+2D) .

o [1+p"t0+M](c,) = ¢, (mod p*+2D) (true for any ¢ € Ro|dy, . . ., dy]).
Put together this yields
dp —dl —cp, +p*ME,

p

(7.58) =dpi1+p"E, 1 (mod p" D).

(7.57) [+ pT ] () =

O

COROLLARY 7.8. The ring of divided congruences D is p-adically dense in the
space of Katz functions Vg oo.



CHAPTER 5

p-adic Hilbert Modular Forms

In this chapter we follow the conceptual frame work laid in Chapter 4. We shall
not be able to present a theory as complete as for elliptic curves simply because
the theory is not yet worked out!

The motivation for studying p-adic Hilbert modular forms includes the same
reasons given in Chapter 4. Namely, they include p-adic interpolation of L-functions
associated to totally real fields (see Cassou-Nogues [7] and Deligne-Ribet [23]), and
deformations of Galois representations of a totally real field.

When developing the theory of p-adic modular forms one must abandon the
hope of using specific knowledge of the ring of modular forms over C and using
“down to earth arguments” as, say, in Chapter 4, Section 2. That distinguishes the
case of g > 1 from the elliptic case. On a conceptual level this is expected: while for
g = 1 there is “one modular curve” (i.e. up to correspondences; or lim L'(n)\9),

for g > 1 there is “one modular variety” (in the same sense) for every totally real
field of degree g over Q.
1. Algebraic Hilbert Modular Forms
Let N > 4 be an integer. Let
(1.1) M(un) — Spec(Or[d; ')

be the fine moduli scheme parameterizing abelian varieties with real multiplication
and pp level structure A = (A, ¢, Bn) satisfying condition (R) (it exists in fact over
Z[d;']). See Chapter 4, Section 5.

For any scheme f : B — Spec(Og[d;']) let

(12) W(B,ILLN) = gﬁ(ﬂN) XSpec(OL[dgl]) B — B.

It is the fine moduli space for abelian varieties with real multiplication and py level
structure over base schemes S € Sch/g. If B = Spec(R) we just write IMM(R, un).
Let

(1.3) 7 AY — M(uy)

be the universal object and let A® be the induced universal object over 9(B, iy ).
We let

(1.4) W= jt*AU/W(HN)

be the sheaf over M(uy) of relative cotangent spaces at the origin. Similarly, for
f: B — Spec(O[d;']) we let

(1.5) wp = t*AB/B = ffw.
When there is no danger of confusion we write w for wp.

143
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The sheaf wp is a locally free Op-module of rank ¢ and is a locally free O ®Op-
module of rank one.

Let B be a Op[d; ']-algebra. In order to define weights for Hilbert modular forms
we introduce the following functor Tg. It is a functor from B-algebras to abelian
groups given by

(1.6) R—Tp(R) = (0, ®z R)*, ReB-Alg.

Then Tp is a group scheme over Spec(B), which is in fact a torus. ! That is, for
every geometric point Spec(k) — Spec(B) the scheme T Xgpec(p) Spec(k), which
represents the functor
(1.7) R (0L ® R = élRX, R e k-Alg,
is isomoerhic to Gm";k.

Let L be a Galois closure of L. If we take B to be an O; [d; ']-algebra, where

O; is the ring of integers of L, then Tg is a split torus: if we enumerate the
embeddings

(1.8) 0'1,-~-,O'gZL‘—>I~/,
then

(1.9) 0L®B=Z_§B,

by the map induced from

(1.10) a®1lw (o1(a),...,04(a)),
and we get a canonical isomorphism

(1.11) Tp = Gmp-

Assume henceforth that B is an Oj[d}']-algebra. The character group X (Tg) is
given by the free abelian group (written multiplicatively)

(1.12) X(Tg) =< X1,---5Xg >

on the characters xi,..., x4, Where x; is the projection of Tp on the ¢ — th com-
ponent

(113) TB:Gm?B —>Gm/3.

We are ready to define modular forms. Over 9(B, py) the vector bundle w de-
composes as a direct sum of line bundles

(1.14) w=wx1)® - Bwxg)

This decomposition comes from Equation (1.9), O ® B = ®_, B, where we also
denote the i-th projection from Oy ® B to B by

(1.15) Xxi: 0L ®B — B.

'In fact Tp = (Resp, ;2Gm) Xspec(z) Spec(B).
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Note that x;(a ® 1) = o;(a) as an element of B. Thus, O, acts on w(x;) via the
homomorphism y; : O ® B — B. We define for x = x{* -+ Xy’
(1.16) w(x) =w(x2)®" @ @w(xy) "

It is a line bundle over M(B, un). We remark that if w is defined by a cocycle
& € H'(M(B, un), (Or @ Ogn(p,uy))™) then w(x) is defined by the image of &
under the map

(1.17) HYOM(B,un), (OL @ Om(p,un))™) e Hl(W(B,uN%OSﬁ(BM)) .

Note that the same construction applies for every abelian scheme A — S (where
S — Spec(O;[d; ")) with real multiplication and py level structure. Indeed, via
the classifying morphism S — MM (uy), A is A%, If we wish to make the depen-
dence on A clear, we shall write w 4 ().

DEFINITION 1.1. A Hilbert modular form f over B, of un-level and weight
X € X(Tp) is a section of wg(x)-

Equivalently,

DEFINITION 1.2. A Hilbert modular form f over B, of uy-level and weight
X € X(Tp) is a rule

(1.18) A f(A) € wya(X):
commuting with base change and depending only on the isomorphism class of A.

Let R be an O;[d;']-algebra and assume that wy is a free O ®@ R module
of rank 1. A generator w € w, is called a non-vanishing differential. We may
equivalently define a Hilbert modular form as follows:

DEFINITION 1.3. A Hilbert modular form f over B, of un-level and weight
X € X(Tp) is a rule

(1.19) (A w)/r— f(Aw) ER

(R a B-algebra, w a non-vanishing differential), commuting with base change and
depending only on the isomorphism class of (4,w) /g, such that

(1.20) f(A,a'w) = x(a)f(A,w), a€(0p®R)* =Tg(R).

REMARK 1.4. If B = C, a Hilbert modular form of weight x = x{* --- xg’ is a
complex Hilbert modular form of weight (ai,...,aq). See Chapter 3, Page 60. As
a matter of notation we use

(1.21) Norm = x1 -+ Xg-

Thus, a Hilbert modular form of parallel weight k is of weight Norm” is this termi-
nology.

DEFINITION 1.5. We denote by
(1.22) M(B, x, 1N)

the space of Hilbert modular forms over B of weight x and level py.
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2. Tate Objects and the g-expansion

The purpose of this section is to define and state the properties of the g-expansion
of a Hilbert modular form over arbitrary base rings. This g-expansion is to be
obtained as a “special value” of the Hilbert modular form at particular abelian
varieties with real multiplication - The Tate objects. For simplicity of exposition we
shall treat only the case of parallel weight. The analogous assertions for non-parallel
weight are correct with the necessary evident modifications. E.g., the base rings
should be over the ring of integers of a Galois closure of L (so that the different
weights are defined, etc.).

Given a closed point = € M(B, pn) and a choice of local parameters t1, . .., t, at

x such that O, = Bl[t1,...,t4]] and a trivialization of 10 (B ux) Around z, every

L

modular form can be expressed uniquely as an element of O, by a Taylor series
expansion. Moreover, this expansion is the value of the modular form at AU| &
The g-expansion is obtained by performing a similar process around a cusp. That
is, in its essence it is nothing more than a Taylor expansion. Alas, several problems
arise:

e The cusps are not regular points of I* (B, un).

e The universal family AY over 9(B, uy) does not extend to a family of
abelian wvarieties over IM* (B, uy) and, in particular, there does not exists
an abelian scheme with real multiplication over the completion of the local
ring of a cusp that extrapolates the existing family over the “punctured”
local ring.

Now, while for elliptic curves there is a totally satisfactory solution for this problem
obtained by considering generalized elliptic curves (a family of generalized elliptic
curves is allowed to have fibers that are a cyclic configuration of P’s - an “N-
gon”) — a concept flexible enough to yield a universal object &Y /IMG(B, pn) that
extends the universal family of elliptic curves EY /Mq(B, uy), when g > 1 no such
solution seems to be available at this time. Instead we must consider a whole class
of polarized semiabelian schemes with real multiplication A — Spec(S) over base
schemes S, such that S is a normal local noetherian ring; the family is abelian
outside the unique closed point sg; so maps to a particular cusp of M} (B, un). We
then evaluate any modular form (of parallel weight) at A|spec(s)—{s,} and obtain
a value lying in a suitable localization of S. This value turns out to be dependent
only on the cusp to which sy maps and “descends” to an element of the completion
of the local ring of that cusp on I} (B, un).

Fix a totally real field L of degree g over Q and let O, be the ring of integers and
DZ}Q the inverse different. Let ¢ be a fixed fractional ideal of L. We think of ¢, or
rather on its class in CI(L)T, as defining a module with a notion of positivity and
therefore a component of M(B, un).

Let a,b be two fractional ideal of L such that
(2.1) c=ab"l.

Recall (Chapter 2, Section 2.2) that over C, c¢-polarized abelian varieties with real
multiplication come from the lattice b @ (Dra)~! via various embeddings

(2.2) b® (Dra)™t —b-7® (Dra) -1, 7e€HY.
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Indeed, we computed that the polarization module is (Dg, - b - (Dra)~!) 7! = c.
The moduli space over C of ¢-polarized abelian varieties with real multiplication is
isomorphic to 2

(2.3) SL(b @ (Dpa)~ ')\ HY.
The group SL(b @ (Dra)~!) contains the translations
(2.4) T T4+a, «ac (Dpab)l.

Therefore, every modular form over C has a g-expansion with respect to the totally
positive elements of ab = ((Drab)~1)V:

(25) f(a7b)an =ag + Z aaqa7 qOé — eQﬂ'i-Tr(a-T).
a€(ab)t

The ring Z[[¢® : @ = 0 or a € (ab)T]] (where ¢° = 1 and ¢%¢® = ¢**”) is not noe-
therian — a somewhat awkward situation for algebraic geometry. We thus consider
“approximations” of this ring. Let

(2.6) A=At )

be a set of Q-linear functionals on the g-dimensional rational vector space L that
are independent and have the property

(2.7) ;(LT) C Q.

We say that an element m € L is A-positive if

(2.8) L;(m) >0, Vi

Given a lattice M C L we let

(2.9) MaA_pos = {m € M : m is A — positive}.

One observes that Ma_ . is a finitely generated monoid, whilst M = {m € M :
m € LT} is not. We also note that

(2.10) Mt = ﬂMA_pos.
A

EXERCISE 2.1. Prove the assertions made on Ma_pos and M. Prove that a
discrete monoid M C L is finitely generated iff M ® Q7 is finitely generated.

EXAMPLE 2.2. Let L = Q(v2) = {a +bv2 : a,b € Q}. Let M = Op. Let ¢,
and /5 be the following functionals

(2.11) li(a+bV2) =a, flyla+bV2)=a—b.

Let A = {¢1,03}. Note that (OL)a_pos is generated by 1 + V2 and —v/2. See
Figure ****

Figure ****

2For any two ideals 0, ¢ such that (D 0e)~! = ¢ we may take SL(0 ® ¢)\'H9. The advantage
in choosing different groups is that the stabilizer of ico in SL(d @ ¢H9) contains 0~ 'e. Thus, by
the choosing properly the group we mod by we get rid of the need to work with other cusps beside
£00.
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Note that @7 is not finitely generated. See Figure ****

Figure ****
We define
(2.12) Z[[M; A]] = {Z 0q” i aq € Z,a € MA,pOS} .
It is a ring under the rules
(213) q() — 1, q&qﬁ — qa+ﬁ.

Note that if x1,...,z, are generators of Ma_,.s then Z[[M;A]] is a quotient of
Z[[z1,...,xzy]]. Therefore, Z[[M;A]] is a local noetherian ring.

EXERCISE 2.3. Prove that Z[[M;A]] is complete with respect to the ideal I
generated by {¢*: « € MT}. Prove that it is a normal domain.

We let
(2.14) Z(M; 8)) = ZIM; AUY, U = {0 € M*}.

EXERCISE 2.4. Let o be an element of M such that £;(«) > 0 for all 4. Prove
that
(2.15) Z((M; A)) = Z[[M; All[(g*)7")-
Prove also that
(2.16)

Z((M;A)) = {Z a0q” 0o € Zya € M, 3n s.t. aq = 0 unless £;(a) > n,Vi}.

EXERCISE 2.5. Prove that the natural map a — ea defines an action of O
on the ring Z((M;A)). Note that it doesn’t act on Z[[M; A]].3

Consider the torus T = G,,, ®z DZ}Qa’l over the ring S = Z((ab; A)). Recall that
for any R € S — alg we have

(2.17) T(R) = R* @7 Dy 0"

and that characterizes T. The character group of T is a = (Dg/l@a’l)v.

3When dealing with non-parallel weight one needs to modify the action by introducing the
ri(€) factors.
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We claim that there exists a canonical Op-linear homomorphism

(2.18) q:b— Gy, ®2Dpjga ",

where b can be interpreted as a constant group scheme. To begin with, there is a
given Z-linear map

(2.19) q:ab — G, (9),
given by
(2:20) a(0) = ¢*.
We can define a unique Op-linear map,
(2.21) q:ab — G, @2 Dy o,
having the property
(2.22) (1®Try g)(g(e)) = q(e) = ¢,
where of course

-1
(223) 1®TI‘L/QZGm ®ZDL/Q—>G7” ®ZZZGm
Tensoring Equation (2.21) by ®e, a~!, we get the map
(2.24) q:6— G @z Dpjpa .

FacT 2.6. The quotient G,, ® DZ}Qa_l/g(b) can be algebraized to an abelian
scheme with real multiplication (called Tate objects) by Or, Tateqs(q), over the

ring S = Z((ab; A)) which carries a canonical ¢ = ab~!-polarization. The relative
cotangent space is given by

. o oAt
(2.25) rate, (/s = S @z -

If a = O, (and hence b = ¢ ') the abelian scheme Tate, (g) carries a canonical
differential

dt
(2.26) Wean = ®1,
and a canonical py-level for every N
(2.27) BN,can : N @ DL Jo = G @ Dy o /a(c7).

DEFINITION 2.7. The Tate objects Tatep, -1(g) over S = Z((c~';A)) are
called standard Tate objects (or standard cusps). They have a canonical c-polarization,
non-vanishing differential wc,, and canonical py-level structures By cqn for every
N. We shall denote such an object by Tate.(q).

We note that

(2.28) Tateqo(g) ®0, ¢ = Gy @2 Dp o0 tab™! /g(bab™")
(2.29) =G ® Dy job " /a(a)
(2.30) = Tatey o(q).

That is, Tatep o(g) is the dual abelian variety to Tateq s(q).
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Given a Hilbert modular form (of parallel weight) over a base ring B, we define its
g-expansion at the standard cusp Tateq (g) by

(2.31)
fC(q) = f(Tatec(q) s 537 Lean s )\canawcanaﬁN,can) € SB = Z((c_l; A)) Xz B.

In general, to obtain g-expansions at every cusp we need to specify a differential
and level structures. Thus given B, one chooses an isomorphism

(2.32) jia®; B=0; @y B.

This allows one to identify G,, ® ’Dg/l(@a’1 with G,, ® ’DZ}Q over the base Sp =

Z((c7 A)) @z B. We let w(j) and By ; be the resulting non-vanishing differential
and ppy-level structures obtained via this identification.

DEFINITION 2.8. The g-expansion of a Hilbert modular form f defined over B
(of parallel weight) at the cusp Tateqp ;(g) is

(2.33)
fa,i(q) = f(Tateqs,;(q) /55, teans Acans w(J), Bn,j) € Sp = Z((ab; A)) ®z B.

Note that immediately from the definition we obtain that the g-expansion com-
mutes with base change and has bounded denominators.

THEOREM 2.9. (g-expansion principle) Let g > 1. *

1. The g-expansion fqp.;(q) of a Hilbert modular form f defined over B, of
polarization module ¢ = ab™! and of level N at the cusp Tateqp ;(q) is inde-
pendent of A and lies in fact in Z(( (ab)* )V~ @ B, where Uy is the group of
units of Oy, that are congruent to 1 modulo N. The ring Z(( (ab)* ))U% @ B
is isomorphic to the completion of the local ring of the cusp (a,b,j) on
M (B, jiv).

2. The g-expansion map is an injective Galois equivariant homomorphism

(2.34) M(B, Norm*, iy ) — Z(( (ab)* )’ @ B

that commutes with base change.
3. Let f be a complex Hilbert modular form of polarization module c. Let jc : a®
C — Op ® C be the natural identification. Then the algebraic q-expansion

(235) fa,b,j(Q) = f(Tatea,b,j(g)/SBa Leans )\canaw(j)7ﬁN,j)

1s equal to the analytic q-expansion

(2.36) J(a,6)an = G0 + Z aaq”.
a€(ab)t

We refer the reader to [9], [97], [60], [31] and [30] for a complete exposition of
the theory of g-expansions.

4For g = 1 see Chapter 4, Theorem 3.5. The only difference is the Koecher principle.
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3. Hasse Invariants

3.1. Definition and main properties of partial Hasse invariants. Let
R be a ring of characteristic p. Let f : A — Spec(R) be an abelian scheme. The
exact sequence for R a field

(3.1) 0 — H(A,Q}g) — Hip(A/R) — H'(A,04) — 0
can be jazzed up to a sequence of sheaves °

(3.5) O—>R0f*Q}4/R — Hi}n(A/R) — R'f,.04 — 0.

The identification H* (A4, 04) = tae g for R a field, where t4: /5 is the tangent space
at zero Tt o or equivalently Lie(A'/R) 6, can be extended to an identification

(3.6) R'f.04 =ty p.

Given a polarization A : A — A? of degree prime to p we get an isomorphism
(3.7) Av tta/r — tar/r,

and hence, a perfect paring

(3.8) < >2 RULOY X R .04 — R, (a,b) —< a, A\ (D) > .

Here < a, \;}(b) > stands for the natural pairing

(3.9) i r X tayrp — R

Assume that p is not ramified in L. Let F be a fixed finite field isomorphic to the
residue field of any of the residue fields of the prime factors of p in L. We now
define modular forms hi, ..., hy in characteristic p (more precisely, over IF) that we
call partial Hasse invariants.

Assume that A = (A, ¢, Bn) /g is an abelian variety with real multiplication and
pn-level over an F-algebra R. Assume further that t’ /R is a free O ® R module.
Let w be a non-vanishing differential. Then w gives an R-basis to t% /R

(3.10) Wiy e Wy

Letting e; be the i-th idempotent of the ring O, ® R = ®Y_, R, we have w; = e;w.
Let A be an Op-linear polarization of degree prime to p.

LEMMA 3.1. Such X\ exists.

SHere H),(A/R) are the right derived hypercohomology R’ f. QZ/R' That is, we have the
hyper cohomology of the global sections functor with respect to the sequence

(3.2) O—>*OAL>*Q}4/R1>*Q?4/RL>...
(QZA/R = (QA/R)®i). See [44, Section 11.4], and [87, Section 5]. It comes with a spectral sequence
(3.3) HI(A, Qi/R) = Hjr(A/R).

The construction can be made into a sheaf on the base. Furthermore, when the base is affine, as
we indeed assume, the global sections of the sequence (3.5) give an exact sequence:

(3.4) 0 — H°(A, QY /) — Hj,(A/R) — H'(A,04) — 0.

SNote that over C, the sequence 0—7Z— 0y — OX —0 gives
H'(A,Z) — H'(A,04) — H'(A,03)% = A', making the identification H!(A,O4) clear in
this case.



152 5. p-ADIC HILBERT MODULAR FORMS

Proor. This follows from the proof of Lemma 5.2 in Chapter 3. O
Let
(3.11) < e>aityp Xtayp — R
be the associated pairing, and let
(3.12) Mg
be the dual basis over R to ta:/ g = R'f,04.

LEMMA 3.2. The natural action of Fr : R'f,O4 — R'f,04, induced form
Op — Oy by x — 2P, permutes the Op-eigenspaces Rn;.

PrROOF. It is enough to prove that [a] - Fr(n;—1) = 0;(a)Fr(n;—1) for a € Of.
But the action of Fr commutes with endomorphisms “. Thus

(3.13) [a] - Fr(n;—1) = Fr([a] - mi—1)
(3.14) = Fr(o;-1(a)ni-1)
(3.15) = ol | (a)Fr(ni—1)
(3.16) = oi(a)Fr(n;—1)-

O
Let ¢ — ¢(i) be the permutation induced by the action of Frobenius on Ry;.

DEFINITION 3.3. The i-th partial Hasse invariant h;(A,w) is the unique ele-
ment of R such that

(3.17) Fr(77¢—1(i)) = hi(A,w)n;.
We shall write symbolically
FT(%—l(z‘))

(3.18) hi(Aw) = 777
THEOREM 3.4. The rule
(3.19) (A,w) — hi(4,w)

is a Hilbert modular form over F, of level 1 and weight X’;,l(i)x;l and is indepen-
dent of \. Its q-expansion at every cusp is 1.

Proor. To simplify notation we shall assume henceforth that p is inert in O;.
In this case we may work over Oy, ,-algebras. We choose F = O /(p). We write
01,...,04 for the embedding . — L,. We assume that

(3.20) 000; =041,

where o is the unique lift of the Frobenius map Fr: F — F given by x — 2P .
The verification that the rule h; commutes with base change and depends only
on the isomorphism class is straightforward. It is also evidently independent of the
pn-level structure 8. We calculate the weight:
Let o € (O ® R)*. The basis for t},, obtained from o™ 'w is

(3.21) ei(faw) =lei-a ] [e] - w=xi(a) eilw, i=1,---,g.
"Either because of the fact that endomorphisms induce homomorphisms of Dieudonné mod-

ules, or because we are using two independent factorialities of H1(A, O4): with respect to the
space A (endomorphisms) and with respect to the coefficients O4 (Frobenius).
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The dual basis is thus

(3.22) xi(a)n, - 7Xg(a)779a
and

Fr(xi-a(@)ni-1) _ p (-1, FE0i-1)
(3.23) xi(@)m; = Xi—1(@)x; (@) m .
That is,
(3‘24) hi(éﬂa_l ) = (Xf—lX;l)(a)hi(A7w)'

Hence, h; is of weight X7, x; '

Let A be another Op-linear polarization of degree prime to p. Then X' = mA for
some m € L such that (m,p) = 1. We have

(3.25) <y >A=< x,my >y .
Hence, if 71,...,n, are A dual to wi,--- ,wy then mmn,---,mn, are X dual to
Wi, ,wy. But,

(3.26) Fr(mn;_1) _ mFr(n;_1) _ Ff(m‘—l).
mn;—1 mn;—1 Mi—1

Therefore, h; is independent of A.

We now address the issue of g-expansions. We first remark that it would follow
from the map

(327) r: @ M(Fa X ,U’N) — R,
X€X(T)

(which is the analogue of the map (5.10) in Theorem 4.1) that it is enough to
prove that the g-expansion of h; is 1 at one cusp of every component of the moduli
space M(F, yun). Let Tate = G,, ® D;'/q(b) be a standard Tate object with
its canonical Op-structure tcqyn, canonical py-level structure By, cqn, and canonical
non-vanishing differential weq,,. It is a scheme over S where S *** Then

) dt
(328) tTate/S’ 2 S®,0L- 7

The canonical isomorphism is provided by the invariant differential dt/t of G,,, with
coordinate t.
We have, over a perfect ring of characteristic p:

(3.29) < Fr(ni—1),w; > =< 1;—1, Ver(w;) >E\1/p) .
Therefore, it is enough to show that

(3.30) Ver(Wean,i) = Wean,i—1, Vi.

This amounts to the identity

(3.31) e;Ver = Vere;_;

as operators on t’}ate/s- Now,

(3.32) (a®)1Ver = Ver(a ® 1), (a® rP)Ver = Ver(1 @ r).
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Hence, we just assert that the automorphism v : O ® R — O ® R given by
via®r) = a®rP takes e;_1 to e;. Since clearly v(e;—1) is a multiple of e; (consider
the action of Op) the assertion follows from e; being orthogonal idempotents

(3.33) l=e +- - +ey e =e, Vi
O

For further study of the partial Hasse invariants see [37]. In Corollary 11.7 we
prove the following

THEOREM 3.5. The divisor of h; is reduced.
Let
(3.34) H="hy- - hy

be the total Hasse invariant. It is the determinant of the Hasse-Witt matrix and is
a Hilbert modular form over F (in fact over Z/pZ) of level 1 and of weight Norm? ™.
It has g-expansion 1 at every cusp. In Chapter 11.2 we relate the divisors of the
h;’s to a certain stratification of MM(F, ux) studied in [39]. In particular it follows
that the divisors

(3.35) Wi = (hy),
are reduced and “as transversal to each other as possible”.

EXERCISE 3.6. Prove that for ¢ = 1 and p > 5, H is the reduction modulo p
of the normalized Eisenstein series £,_;. What goes wrong for p = 2,37 Can you
provide a geometric explanation for this?

3.2. Further properties. Following [116] we state prove the following

LEMMA 3.7. Let A= (A, 1, Bn) /i be an ordinary abelian variety with real mul-
tiplication (and py-level) over a field k O F. Then A[p]® = u, @ D" iff there ewists
a non-vanishing differential w € Q}L‘/k = Q,lax[p]ﬂ/k such that h;(A,w) =1 for all i.

==

PROOF. If Afp]® = ,u,,@DZl then the same computation giving the g-expansion
shows that for the canonical non-vanishing differential w on p, ® Dzl we get
hi(A,w) =1 for every i.

Conversely, let w € 9,14 Jk be a non-vanishing differential such that h;(A,w) =1
for every i. We may assume without loss of generality that k is a perfect field. We
identify H°(A, €} ) with the Dieudonné module of Afp]°. The Dieudonné module
of p, ® DZ}Q is canonically k ® O, where the O, action is the evident one: Fr is
the zero map and Ver is the map determined by 2P @ m — = ® m.

We define a map

(3.36) ¥ HO(A, QY )) — k@ Of
by
(3.37) O wi@wmiw Yz @m;.

It is obviously an isomorphism of k® O, modules. Since Fr is zero on HY(A4, Q) the
only question remaining is whether 1 is Ver-equivariant. But this just boils down
to the assertion that Ver(e;w) = e;_jw, which in turn holds iff h;(4,w) = 1. O
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4. The Kernel of the ¢g-expansion

Similar to the case of g = 1, the identification of the kernel of the g-expansion
map is based on comparing modular forms of py-level with functions of pn, level.
To simplify the exposition, we assume that p is inert in L. This is merely a technical
requirement if one assumes that p is unramified in L. See for [37] an explanation
of the yoga.

Let N > 4 be a fixed integer prime to p. As before, we denote by M(F, n)
the fine moduli scheme of triples A = (A, ¢, Bn),s of abelian varieties A with real
multiplication ¢ and py level structure By : puny ® Dgl — A over F schemes S.
We let 0 (F, un) be the compactification obtained by adjoining the cusps. We let
IM(F, pinp) (resp. IM*(F, punp)) be the moduli space with pn,-structure, which we
write as By x B, (resp. with the cusps added). The morphisms

(4]‘) 9)’t(]F7 :LLNp) — M(F, ,LLN)Ordu m* (]F7 MNp) — M* (Fa ,LLN)Ordu

are Galois coverings (with Galois group isomorphic to (Or/(p))*) of the open
scheme consisting of the ordinary locus of M(F, uy) and I*(F, uy), respectively
(the cusps are ordinary). The components of I (F, i) are the same as those of
IN*(F, ). This follows from Ribet’s Theorem 6.19.

THEOREM 4.1. Fiz a polarization module. Let (a,a™) be a representative of
the polarization module. Let Tate be a standard Tate object for this ideal a as in
Section 2. The kernel of the q-expansion map,

(4.2) ® M(F,x,un) — F[l¢" : v € H|]
XE€X (Tr)

(H consisting of the totally positive elements of ***), is the ideal
(4.3) (hi—1,...,hg —1).

PrOOF. We consider Tate as a cusp on 9U(F, un,). Let R be the ring of
regular functions on M(F, un,). We define a surjective map,

(44) T D M(F7 e ,uN) - R7
X€X (Tr)

such that the composition,

—

(45) D M(Fa X5 MN) — R— OSZTZ(IF,,uNp),Tatea
XEX (Tr)

is the g-expansion map. We then prove that

(4.6) Ker(r) = (hy —1,...,hyg — 1).

This, together with the surjectiveness of r, would prove the Theorem and also give
Corollary 4.4.

To define the map r we first need a construction.

LEMMA 4.2. For every x € X(Tg) there exists a canonical modular form a(x)
on I*(F, unyp) such that:

a(x) has weight x.

a(x) has g-expansion 1 at Tate.

a(x)a(x) = a(xx')-
(x)

a(x) doesn’t vanish.
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PROOF. Given (4,,)/r over a ring R. we have an induced isomorphism
Lk *
(4.7) /Bp*’tup®Dzl — /R

The image of dt/t is a non-vanishing differential w on A/R. We let

(4.8) a(xi) = ew.

For x = X' -+ - xg° we let

(4.9) a(x) = alx1)™ - - alxg)™.

The properties of the a(x)’s are easily verified. O

‘We now define

4.10 r(f) = o e ME, X, pun),

and extend it by linearity to

(4.11) r: & M(F,x,un) — R.
X€X (Tr)

The properties of the a(x)’s ensure it is a ring homomorphism. Furthermore, the
composition in (4.5) is the g-expansion. First note that the g-expansion of r(f) is
the same as that of f. Second, it follows from *** that the g-expansion of r(f)
with respect to a Tate object is non other than its expression in the local ring of
the cusp corresponding to that Tate object.

At this point we may conclude:

e [ :=Ker(r) is the kernel of the g-expansion map.
e« ID(hi—1,....hy—1).
e The g-expansion map is injective on every fixed weight, because r restricted
to any M(TF, x, un) is injective!
The next ingredient is defining a
Galois action: Let F* = (O /(p))* act on

o f e M(F, x,un) by [a]f = x(a)f.

* g€ Rby ([elg)(4,5p) = g(A Bpo (1® a)).
One verifies that r is equivariant for this Galois action and that in fact F* =
Gal(M*(F, punyp) /M (F, un)°"?). Let us note that F* — (F@F)* = Tp(F). There-
fore, every character x € X (Ty) gives a homomorphism y : F* — F*. We let

(4.12) X(1)p = {x € X(Tr) : x(F*) =1}

(4.13) =<xixah XXX >
Kummer theory gives

(4.14) R = XGX%((l)pRX.

LEMMA 4.3. We have the identity [a]a(x) = x " (a)a(x).-
PrOOF. (Of Lemma). It is enough to prove that

(4.15) [a]a(xi) = x7 ' (@)a(x.)-
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Now, a(x:)(4, 5p) = eiﬂp*% ® 1. Note that 1 ® « acts by 1 ® a on the tangent
space of fip, ®DZ/1Q and (1® ), acts of the cotangent space by (1 ® a)~! whenever
this is defined. Thus,

(4.16) 0Ja(x)(A, ) = el o 1@0), L @1
(4.17) zﬁp*ei(l®a)*? ®1
(4.18) = Xi(a)_lﬂp*ei% ®1
(4.19) = vilo) () (A, ).

r is surjective: Given g € RX let
(4.20) f=g-alx)-H", n>0.

Then f is a holomorphic modular form on 9*(F, un,) which is F*-invariant. Hence
f is a meromorphic modular form on 9t*(F, 1), which is holomorphic if n > 0.

Clearly r(f) = g.

Ker(r) = (h1 —1,...,hg — 1): Let fy, + -+ fy, be in the kernel of r (with fy,
of weight v¢; € X (Ty)). We may assume without loss of generality that for i # j,
Vi # ;.

Replacing fy, by fy, + fu,(h; — 1) sufficiently many times and for appropriate
7’s and j’s we may further assume that

(4.21) i#j=vi#¢; (mod X(1),).

But since r is equivariant, every r(fy,) “falls” in a different eigenspace in the
decomposition R = ©yex/x (1), RX. Thus every r(fy,) = 0. But r is injective on
every M(F, x, un). Thus, fy, = 0 for every 7.

O

COROLLARY 4.4. We have

(4.22) & MEF,x,pn)/(h1—1,...,hy—1)=R.
x€X (Tr)

COROLLARY 4.5. The kernel of the g-expansion

(4.23) k%ZM(IF, Norm”, puy) — F[[g” : v € % * ]]

is (H —1).

REMARK 4.6. Theorem 4.1 and its Corollaries hold for any cusp.

5. Applications

COROLLARY b5.1. The g-expansion map over C is injective.

PROOF. The kernel of the ¢ expansion is Gal(L*9/L) equivariant and hence
the kernel is generated by modular forms with coefficients in L. Let ZE=1 fu, €
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AM(C, x, pn) be such a sum of modular forms with g-expansion equal to zero. We
assume that for i # j we have 1; # ;. Now, choose a (inert® ) prime p such that
e The g-expansion of every fy, is p-integral and is non-zero modulo p.
o The weights 91, ..., are non congruent modulo X (1),,.

Then the reduction of the forms fy,, modulo p is well defined, fy, Z 0 (mod p) and
the weights are distinct in X/X(1),. It follows from Theorem 4.1 that each fy,
(mod p) is zero. A contradiction. O

Recall Siegel’s construction. For g > 1 and k > 2 (or ¢ = 1 and k > 4) there
exists an Eisenstein series Ej = E,f* (and a normalized Eisenstein series Ej, = EL)
of level 1, weight Norm” and g-expansion

(5.1) By =279 (1—k)+ Y ckwq”s Er=29(1-k) B},
veot
where
(5.2) Chy = Z Norm(c)*~1.
OLQCD(V)

COROLLARY 5.2. We have the following bound on denominators:
(5.3) k#£0 (modp—1)= ((1—k) isp integral.

PROOF. Assume that p divides the denominator of {1 (1 — k). Then we have
the following congruence of g-expansions:
(5.4) Ei(g)—1=0 (mod p).
However, the ring @M (F, x, un)/(h1 — 1,...,hg — 1) is X/X (1), graded. Thus,
the homogenous parts of the relation Ex(¢) —1 =0 (mod p) also belong to (hy —

1,...,hg—1). Since 1 & (h1—1,..., hy—1), it follows that E(¢q)—1 is a homogenous
element. That is

(5.5) Norm® =1 (mod X(1),).
That is, the map Norm® : F* — F* is the trivial character. Hence (p — 1)[k. O

COROLLARY 5.3. We have the following congruences between values of zeta
functions. Suppose that k Z 0 (mod p — 1) then

(5.6) k=K (modp—1)=(.(1—k)=(.(1-k) (mod p).
PRrROOF. Let a =279((r(1 — k) — (r(1 — k)). Consider the congruence
(5.7) E;—El,—a=0 (mod p).

Using a grading argument, we infer from Norm” = Norm" # 1 (mod X(1),) that
a =0 (mod p). That is, (1 — k) = ((1 — k') (mod p). O

This method of obtaining bounds on the denominator of the zeta function of L and
congruences between its values at negative integers can be generalized considerably
to cover the cases k =0 (mod p—1) and to give congruences modulo p™. The idea,
following Serre and Katz, is to consider the moduli space modulo p™, and use the
easy congruences on the higher coefficients of suitable Eisenstein series to obtain

8If a number field has one inert prime, it has infinitely many inert primes. We insist on
inert primes only because we formulated the g-expansion kernel for inert primes. But, in fact, the
argument easily generalizes to any totally real number field and non-ramified primes.
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information on the constant term. The details may be found in [38]. We include
here the results for completeness and for the reader’s convenience. It seems they
are sharp.

PROPOSITION 5.4. Let p be inert in L. Let k > 2.
1. Letp #2, then if k=0 (mod p — 1)

(5.8) val, (¢ (1 —k)) > —1 — val, (k),

and Cr,(1 — k) is p-integral if k Z 0 (mod p — 1).
2. If p=2, then

(5.9) vala(Cr(1 — k)) > g — 2 — vala(k).

PROPOSITION 5.5. Let p be inert in L. Let k,k" > 2 and k = k' (mod (p —
Dp™).

1. If k£ 0 (mod p — 1) then
(5.10) (1—p?* N (1 —k)=(1—p?* D) (1—K) (mod p™*h).

2. If k=0 (mod p—1) but p # 2, then

(5.11) (1 —p* V)¢ (1 —k) = (1—p@ V)¢ (1~ &) (mod pm~'—vabe(B4D),
3. If p=2, then

(5.12)
(1 -2~ )¢ (1— k) = (1 - 290 D) (1~ k') (mod 2mHo—2-vala(k-k)),

PROPOSITION 5.6. There exists a notion of filtration on Hilbert modular forms.
Given a g-expansion b(q) such that it is a g expansion of some Hilbert modular form,
there exists a unique modular form fy such that the set of all modular forms with
q-expansion b(q) is the set

g
(5.13) {fo-J]hi": ai = 0}.
i=1
We call the weight of fo the filtration of the g-expansion b(q).

PrOOF. If f and g have the same g-expansion then r(f) = r(g), and vice versa.
We are given that b(q) is a g-expansion of some Hilbert modular form of weight,
say, X. Let f’ be a function on 9M(F, punp) such that f € RX and in the local ring of
the appropriate cusp f’ = b(q). Then all the meromorphic modular forms having ¢
expansion b(q) are of the form f’-a(x)-[[hi* where the a; € Z. But the divisor of
hi is a reduced effective divisor W;. Therefore, there is a choice af, . .., aj such that
fo=f"alx) 1] h?: is holomorphic and non-vanishing on (H) = Wy U---UW,. It
follows that every other holomorphic form with the same g-expansion is a multiple
fo . H?:l h;“ with a; 2 0. O

6. p-adic Hilbert Modular Forms

This section is modeled after Chapter 4, Section 6. Many of the definitions and
proofs extend verbatim, with additional supporting arguments needed every once
in a while. We shall therefore be brief and let the reader refer back to Chapter 6
whenever needed. For simplicity we shall discuss only Hilbert modular forms of
parallel level. The totally real field is of course fixed and is denoted by L; the
prime p is unramified and for simplicity of exposition assumed to be inert in L.
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6.1. Test objects and overconvergent forms. We fix a Hilbert modular
form with respect to L, denoted for heuristic reasons by E, with the following
properties:

Ey has level 1.

Ey has g-expansion Ey(q) with coefficients in Or;
Ey(q) is congruent to 1 modulo p.

Ey has weight Norm® and (p — 1)|/.

REMARK 6.1. 1. Such a modular form always exists. Indeed, for n > 0
the modular form H™ over F lifts to a modular form of level 1 over Or,,.

2. Given Leopoldt’s conjecture one can choose E; to be the Eisenstein series
E; in (5.1).

We fix:

e B — a p-adic ring.

e 7 — an element of B.

DEFINITION 6.2. Let C be a p-adic ring which is a B-algebra. A test object of:

e level uy,
e growth condition r,
e over B,

is a quadruple:

(61) (A7w7ﬂN7Y)/C7
such that:

e A/C is an abelian variety with real multiplication (A, ) defined over C such
that condition (R) holds;

e weth e is a relative non-vanishing differential;

® ON:pn/c® D;' < A is an embedding of group schemes over Spec(C);

o YV e C satisfies Y - Eg(A,w) =1.

If (A,w,Bn,Y)/c is a test object, so is (A4, )\w,ﬁN,Norm)\éY)/c for A € C*. In-
deed,

(6.2) (Norm\’Y) - (Ey(A, \w)) = (NormA“Y)(NormA =) Ey (A, w) = -
Equivalently, a test object could be thought of as

(6.3) (A,88,Y)jc, Y € (detty o)~

such that Y - Ey = r, where Ejy is interpreted as a rule associating to A/C a section
of (det t’;‘/c)é.

DEFINITION 6.3. A p-adic Hilbert modular form (& la Katz) of:

weight Normk, kez,
level up,

growth 7,

defined over B,

is a rule associating to (4,w, Bn,Y),c an element f(A4,w,BN,Y) € C such that:

o f(A,w,Bn,Y) depends only on the isomorphism class of the test object

(AawvﬂNaY)/C;
e the rule f commutes with base change;
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o for every A € C* and every test object (4,w,8n,Y),c
(64) f(A7 va ﬁNa NOI‘m)\EY> = Norm/\_kf(é7 W, ﬁN7 Y)

DEFINITION 6.4. The space of Hilbert modular forms over B, of upy-level,
weight Norm* and growth condition r is denoted by F(B,k,un;r). It r & B*,
they are called overconvergent modular forms.

Again, the study of modular forms of growth r € B* amounts to the case
r = 1. In that case we discard all abelian varieties having non-ordinary reduction.

Every classical modular form f of weight Norm”, level N, over B defines a p-adic
modular form (still denoted f) in F(B, k, un;r):

(6.5) f(A,w,88,Y) )0 = f(A,w,BN)/c-

As an example of a truly p-adic modular form, consider

(6.6) fAw, BN, Y) =Y.

By definition,

(6.7) f(A, dw, By, NormA'Y) = NormA‘Y = Norm\’ f (4, w, Bx,Y).
Therefore, it is a modular form in F(B, Norm ™", iy T).

6.2. g-expansion for p-adic modular forms. If F;(A,w) is invertible, then
in any test object (A,w,By,Y) we must have Y = r - E;(A,w)"!. This applies

==

in particular to the standard Tate object Tate.(q) = G,, ® D;'/(c¢™!) over Sp =

Z[[c=*; A]] ® B. The Tate object carries a canonical py-level:
(6.8) Bean : iy @ D7t — Gy, @ D — Tate.(q),
and a canonical differential w4, induced from the differential dt/t®1 on G,, ®Dzl.

DEFINITION 6.5. Let f be a p-adic Hilbert modular form, f € F(B,k, un;r).
The g-expansion of f in the cusp Tate.(q) is

(6.9) f (Tate[(g),wcm,ﬁcan7 ) cZq" :ve c‘1+]]U12v ®yz B.

r
Ey(Tate(q), wean)
Similarly, for any cusp (Tateq,;(q), Bn) we define the g-expansion of f by
(6.10)

r
f <Tatea,b,j (g)a Wean,j s ﬂN,jv

Ey(Tateq p,;(q),Wean)

We call f holomorphic (respectively, cusp) if all its g-expansion lies in B[[g” :
[ ZNS (gerab)+]] for every cusp (respectively, has no constant coefficient at every
cusp). We denote the holomorphic (resp. cusp) forms by

(6.11) M(B, k,un;r) (resp. S(B, k, pn;7)).

> €Zl¢" v e (ab)*]]U?V ®z B.

PROPOSITION 6.6. 1. Take any X € {F,M,S}. Then
(6.12) X(B,k,un;r) =lm X(B/p"B,k,un;r).
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2. (Koecher’s principle) For g > 1,
(6.13) F(B,k,un;r) = M(B, k, un;T).

ProoOF. All our objects are p-adic. The same proof as in Chapter 4, Proposi-
tion 6.6 works.

Koecher’s principle follows from the fact that the Tate objects are defined over
normal local rings of dimension greater than 1 (See Section 2). Since divisors have

codimension 1 we conclude a modular form whose g-expansion is a rational function
on the base with no poles outside the closed point, is regular. O

We offer the same remarks as in Page 128.

1. The g-expansion of a p-adic modular form f’ induced from a classical mod-
ular form f asin (6.5) is the same g-expansion as of f.
2. The g-expansion is injective. See Corollary 6.10.

6.3. The case when p is nilpotent. In this section we let p be a prime and
N > 4 an integer prime to p. As before B be a p-adic ring. We now assume further
that p is nilpotent in B. We use our usual notation

(6.14) M(B, k, un)

for classical Hilbert holomorphic modular forms over B, of uy-level structure and
weight Norm”*. We shall assume that g > 2. Thus

(6.15) F(B,k,un) = M(B,k, in)

where F (B, k,un) are the classical modular forms over B, of uy-level structure
and weight k with possible poles at infinity. As above, M(B, k, un;7) is the space
of holomorphic p-adic Hilbert modular forms with growth . Given j > 0, define a
map:

(6.16) M(B,k+ 3, un) — M(B, k, un;r)

(6.17) fef (4w B, Y) e =Y f(Aw,Br).
We claim that fis a p-adic Hilbert modular form of weight Norm®. Indeed,
F(A, Aw, By, NormA‘Y) = (NormA\'Y ) f(A, \w, Bx)
(6.18) = Normx\jeYjNorm/\_(k’Lmf(E, w, BN)
= Norm)\*k]?(A, w, BN, Y).
Under this map, F,f is sent to Eg}, and
Eef(A,w, 05, Y) = Y7 f(A,w, By) - Be(A w, )
(6.19) =7r-Y/f(A w,BN)
=r-f.
Therefore, we have obtained a well-defined homomorphism of B-modules as follows:
(6.20) <j€>90M(B, k+ 3¢, MN)) /(B¢ — 1) — M(B, k, un;7).

Here (E; — r) stands for the submodule generated by {(F¢ —r)f : f € F(B,k +
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The analogue of the isomorphism
(6.21) <,e>eof<B7 K+t m) /(e =r) = F(B.k, i)
J>

existing for ¢ = 1 (Chapter 4, Proposition 6.7) is probably not true. The proof
there, recall, was based on the fact that the modular curve with no cusps is affine.
However, some information along these lines (e.g. Equation ( 6.32) has an ana-
logue). Moreover, in analogue to the elliptic case (Chapter 4, Proposition 6.8) we
do have

PROPOSITION 6.7. Letr be a p-adic unit in B any p-adic ring (p not necessarily
nilpotent). Then

(6.22) M(B, k, pn;r) = (B520M(B, k + jl, un)) /(B — 1),
and
(6.23) S(B, k, pun;r) = (8520S(B, k + jl, un)) /(Ee — ).

As in passing from Proposition 6.8 to Theorem 6.9, one deduces the general
case from the case where p is nilpotent.

Assume that p is nilpotent. The proof for holomorphic modular forms is prac-
tically the same. One needs to use that the ordinary locus 9M(F, ux )™ (the cusps
are ordinary) is affine. This follows from the fact that its complement is (H) and
H is a section of an ample line bundle.

For the case of cusps forms one needs that cusp forms are sections of a suitable
quasi-coherent sheaf (and thus its higher cohomology on an affine scheme vanishes).
This is a bit delicate (and technically demanding). We refer the interested reader
to [38].

6.4. Katz’s expansion. Consider the map:
(6.24) M(Opp k4§, pn) “25 M(Opp, ki + (G + 1)L, ).

We note that upon reduction modulo p this map is injective. This implies that the
map in (6.24) is injective and splits. We choose complements:

(6.25) M(Oppk+ (j+ 1), un) =
EZ . M(OLp7k +.]£7MN) @ A(OLINI{: + (] + 1)£7,U/N)

(A(Opp, ki) = M(Opy, k,pn)). We may tensor with B and we get the same
equality with B-coefficients. Then

(6.26) éOA(R k+al, juy) 2 M(B, k + 50, 1oy );
J:

the map given by
J

(6.27) (for- o fi) = > fa BIT
a=0

Consider the p-adically complete B-module:
(6.28) A9(B,k, ) =

{Z bo : by € A(B,k+ al, un), by — 0 p-adically uniformly} )
a=0
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By the same methods of Chapter 6.5 we prove:

PRrROPOSITION 6.8. (Katz’s expansion) For every growth condition r there ex-
ists an isomorphism:

(6.29) A B k) % M(B, k, ;)

given by

(6.30) D ba > <Y e /Ef >,
a=0 a=0

where the right hand side stands for the p-adic Hilbert modular form whose value
on a test object (A,w,BN,Y)/a (where Y - Eg(A,w) = 1) is:

(6.31) <Y ba/Ef > (Aw, By, Y ZYa (4,w, Bn)-

a=0

6.5. Properties of ¢-expansions of p-adic modular forms.

PROPOSITION 6.9. Let b € B be an element dividing a positive power of p. Let
feM(B,k,un;1). The followings assertions are equivalent:

1. feb M(B,k uy:1).

2. The g-expansion of f lies in b - B[[q]].

The proof is the same as the proof of Proposition 6.12.

COROLLARY 6.10. The g-expansion map on p-adic modular forms is injective.

THEOREM 6.11. Let f(q) € Bl[g]] be a power series. The following assertions
are equivalent:

1. f(q) is the q-expansion of an element f € M(B, k, un;1).

2. For all n, there exists a positive integer M(n), M(n) =0 mod p"~ ', and a
classical modular form g, € M(B,k+M(n)l, un) such that the g-expansion

gn(q) = f(q) mod p".
PROOF. First, let us show that 2 = 1. Writing E,(q) = 1 + pz, we see that

n—1

Efn_l = 1 mod p". Now, multiplication of g, by Efn_l changes the weight by
lp"~1, so we can assume M (n) is increasing. Let A(n) = M(n+ 1) — M(n), so

(6.32) Gni1 — gn - E5™ € p - M(BLk+ (M (n+ 1), uy),
(since A(n) =0 mod p"~1).

Hence, go + Y oo o(9at1 — 9o - E, (a)) € M(B, k, pn;1). Modulo p™ this sum is
(6.33) 9o+ (91 = 9B "))+ + (g0 — gur - B ),

But Ey = 1 in M(B, k, un; 1), so the telescopic sum is equal to g,. Hence, the

g-expansion is lim g, (q) = f(q).
The implication 1 = 2 can be proved as follows: Let f € M(B,k, un;1).
Then

(6.34) Zb b € A(B,k + al, uy).

Consider ¢, = (> 0_yba) = ¢(77(Za _oba)) € M(B,k+ nl,uy). Take M(n) to
be suitably increasing powers of p and g, = cpz(n)- O
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We didn’t define Serre modular forms. But the definition is rather obvious.

DEFINITION 6.12. A p-adic Hilbert modular form (& la Serre) over L, of level
1N, is a uniform p-adic limit of Hilbert modular forms over L, of level .

Such a modular form would have a limit which is a weight in Z,. This follows
from the results in [38].

COROLLARY 6.13. Serre’s p-adic modular forms of weight Norm”* € Z are the
same as p-adic modular forms a la Katz of growth condition 1: M(B, k, pun;1).
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CHAPTER 6

Deformation Theory of Abelian Varieties

The goal of this chapter is to explain the local deformation theory of abelian va-
rieties in characteristic p, concentrating on the case of abelian varieties with real
multiplication. Some of the applications we have in mind are proving that the
divisor of the Hasse invariant is a reduced normal crossing divisor.

Non-standard conventions is that N = {0,1,2,3, ...}, while N* = {1,2,3,...},
and that W(R) denotes the “full” Witt vectors while W,(R) denotes the Witt
vectors with components a power of p. The ring W,(R) is the “usual” ring of Witt
vector (e.g., W,(Z/pZ) = Z,). 1t is denoted elsewhere in this book by W (R).

Most attributions will be omitted. The results are due foremost to Kodaira-
Spencer, Grothendieck, Serre, Tate, Dieudonné, Cartier, Lazard, Mumford, Nor-
man, Deligne, Rapoport, Oort, Zink and others.

Here is a rough diagram of the strategy for studying deformations of abelian vari-
eties we are going to present:

Abelian varieties | Serre-Tate (connected) Tate (smooth)
p-divisible groups Formal groups

Cartier, Dieudonné | Cartier-Dieudonné | Mumford, Norman | Displays
-

modules ,
Oort, Zink

1. Fine moduli schemes

Fix a rational prime p, an integer g > 1, and an integer n > 3 such that (n,p) = 1.
We shall assume we are in one of the following situations :

I. We consider principally polarized abelian schemes (4, A\, &)/ of relative dimen-
sion g, and full level-n-structure. Thus, A — S is an abelian scheme of relative
dimension g, A : A — A! is an isomorphism, defined locally on S by a relatively
ample line bundle, and « : (Z/nZ)?*? — A[n] is an isomorphism of constant S-
group schemes.

There exists a fine moduli space A — Spec(Z) for such data. That is, there
exists a scheme A — Spec(Z) representing the functor

(1.1) S +— {S — isomorphism classes of (4, \, «)/s}.

DEFINITION 1.1. Let S — T be a morphism of schemes and (A4, A, a)/g be
given. A deformation of (A, \,a)/s to T is a triple (A", X, a’)/r together with an

167
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isomorphism over S
(1.2) (AN o) xp S = (AN ).

Two deformations, (A", N, a’) and (A”, N’ '), are isomorphic if there exists an
isomorphism of abelian schemes over T, say ¢ : A’ — A", such that ¢|g is the
identity, @*A\" = X, and po o’ = o”.

Let k be a field. Let A = k if k has characteristic zero and A = W,(k) (infinite
Witt vectors) if k& has characteristic p. Let Cj, the category of local artinian rings
A-algebras (R, mpg) together with a given isomorphism R/mpg = k. Morphisms are
local homomorphisms of rings inducing the identity on k.

Fix an object (A, A, a)/speck and consider the functor C;, — Sets given by

(1.3) R+ { isomorphism classes of deformations over Spec(R) of (A, )\, a)/x}.

This functor is known to be representable by a ring, say RY, and if 2 € A(k) is the
moduli point corresponding to (4, A, a)/s, then

(1.4) RY = Oy,
We shall say we are in the situation I, if all schemes are I, -schemes.
I1. We are given a totally real number field L of degree g over Q. We denote by O

its ring of integers, by Dy, its different ideal relative to Q and by dj, its discriminant.
We assume that p t dy. Write p as a product of prime ideals

in O, and let
(1.6) fi =deg(pi/p), f=1lem{f;}.

Fix a field F of pf elements. Note that if we let ¢ denote the Frobenius automor-
phism on F as well as on the Witt vectors W(IF), then the embeddings of L in
W (F) ®z Q can be indexed by

(17) U(j,l)) 1§J<ra1§l§f’
in such a way that
(18) o O U(j,l) = U(j,i+1)'

We consider triples (A, A, Bn)/s where S is a Z[dL_l]—scheme, consisting of an
abelian variety A — S of relative dimension g, an embedding ¢ : O, — End(A4/S)
such that condition (R) holds (Chapter 3, Section 5), and an Op-equivariant em-
bedding By : pn ® Dzl — A.

There exists a fine moduli scheme 9(un) — Z[d} '] for such data. The same
remarks concerning deformations, deformations over Cj etc. apply here with the
obvious modifications. We shall say we are in case II,, if all schemes are F-schemes.

Most local deformations theories over p-adic rings for I or II (or similar scenarios)
pass through the p-divisible group,

(L9) Ap) = Tim A",

of the abelian variety A. See [11] for a review of the available tools and [113],
[104], for essentials on p-divisible groups.
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From now on, let k stand for a fized field of characteristic p. Let A/k be an abelian
variety.

THEOREM 1.2. (Serre-Tate) For every ring R in Cy the functor
(1.10) A — A(p),

induces an equivalence of categories between the category of deformations A of A
over R with morphisms being morphisms of abelian schemes over R, to the category
of deformations of A(p) into p-divisible groups over R with the morphisms being
morphisms of p divisible groups whose restriction to A(p) comes from an endomor-
phism of A/k.

One immediately deduces that in case I we have an equivalence of categories
Isomorphism classes of Isomorphism classes of
(1.11) deformations of (A, \,«)/k p — 4 deformations of (A(p), A(p))/k
to R to R

~

where A(p) : A(p) — A'(p) = (A(p))" is deformed into symmetric isomorphism
A:G— G

In case II we have an equivalence of categories
Isomorphism classes of Isomorphism classes of
(1.12) deformations of (A,¢,a)/k 3 — < deformations of (A(p),t(p))/k ¢,
to R to R
where ¢(p) : O, — End(A(p)) is deformed to homomorphisms ¢ : O, — End(G).

REMARK 1.3. Note that the extra level structure disappears. This follows from
rigidity of étale group schemes; i.e., there always exists a way to extend this level
structure to any such deformation, and uniquely so. Note also that we do not
require condition (R) to hold for a deformation. It is automatically satisfied.

EXAMPLE 1.4. Let E/k be an ordinary elliptic curve over k. Then

(1~13) E(p) gQzﬂ/Zp/k,EB(ET-;/ka
where
(1.14) G = lim fipn.

We find a coarser formulation of the Serre-Tate coordinates discussed in Chapter 3,
Section 4.2; there is a canonical deformation, or canonical lift, of E(p) to R. Namely

(1.15) Qu/Zp

Clearly it has the property that every endomorphism of E(p) extends to it. We
conclude that for every R € Cy, there exists a canonical lift of E over R, say E““"/R
with the property

(1.16) Endp(E®") = Endy,(E).

The same argument applies to ordinary abelian varieties.
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2. Proof of the Serre-Tate theorem

We follow Drinfeld’s proof as presented in [?]. Consider a more general scenario:
We are given two rings, R and Ry, and a ring homomorphism ¢ : R — Ry with
kernel I, such that there exists a b with I® = 0 and there exists an a such that
p® =0 in Ry. We consider two categories:

o Abp = Category of abelian schemes over R with morphisms being homomor-
phisms of abelian schemes.

e Def , = Category of triples (A/Ry, G/R, ), where A/Ry is an abelian scheme,
G/R is a p-divisible group and ¢ : A(p) — G|g, is an isomorphism. An arrow
(A/Ro,G/R,1) — (A’/Ry,G'/R, ") is a homomorphism f : G — G’ whose re-
striction fy : A(p) — A’(p), induced via ¢ and ¢/, is induced also from a homomor-
phism of abelian schemes A — A’.

We have a natural functor

(2.1) ®: Aby — Defyi ®(A) = (A®g Ro, A(p)/ R, tean)-
THEOREM 2.1. (Serre-Tate) The functor ® is an equivalence of categories.
Proor. We first make a

DEFINITION 2.2. Let G be either a finite flat group scheme over R or an abelian
scheme over R. Let J be an ideal of R. Define a group functor G; on R — Alg by

(2.2) G(S) = Ker(G(S) — G(5/J)),

where here and below S/J stands for S ®g (R/J).
LEMMA 2.3. Let g = p®. Then

(23 dGr =0,

PrOOF. We assume that G is an abelian scheme. After localizing on R, we may
assume that G = SpfR|[[z1, . . ., 24]] with augmentation ideal topologically generated
by x1,...,24 (for a finite flat group scheme, write G = Spec R[z1,...,x4]/a for a
suitable ideal a and augmentation idea generated by 1, ..., zq).

Let S € R—Alg and o € G;(S). Then we may identify o with a vector
(a1,...,0q) with a; € JS. Writing

(2.4) ([p*]e); = p*; + higher order terms in g, ..., aq,

we see that [p%]a € G4 2. Applying this to J = I, 1%, I3, ... we see that [¢|G; =
0. O

Note that the lemma also holds for a p-divisible group over R.

PRrROPOSITION 2.4. Let G and H be either p-divisible groups or abelian schemes
over R. Let Gy and Hy be the objects obtained from G and H, respectively, by base
change to Ry.

1. The groups Hompg(G, H) and Homp,(Go, Hy) are torsion free.

2. The homomorphism Homp (G, H) — Hompg, (Go, Ho) is injective.

3. Given fo in Hompg,(Go, Hy) there exists a unique homomorphism q/}”/o in
Hompg(G, H) lifting qfo.

4. The homomorphism fo lifts to a homomorphism ﬁ) in Hompg(G, H) if and
only if G[q] C Ker(qfo).



3. DEFORMATION OF p-DIVISIBLE GROUPS 171

PrROOF. Part 1 is clear. For 2, we note that
(2.5) Ker(Homg(G, H) — Hompg, (G, Hy)) = Hompg(G, Hy).

But Hj is torsion and Hompg(G, H) is torsion free!

3. Let o € G(S) and let & denote its image in G(S/I). Regarding & as an
element of Go(S/I), we write fo(a) for the image in Hy(S/I). Since the map
H(S) — H(S/I) is surjective, we may lift fo(a) to some o € H(S). Let

(2.6) qfo(a) = qa’.

This is well defined, because any other choice of a lift, say o differs from o’ by
an element of H;(S), hence killed by ¢. Immediate verification shows that quB isa
homomorphism and its uniqueness follows from part 2.

4. Clearly if fj lifts to some ﬁ) then, by uniqueness, (;ﬁ) = q]?o and therefore
c;fo kills G[q]. Conversely, if q’fo kills G[g] we may factor it as quJO = qg for some
g € Homg(G, H). Let go € Homp,(Go, Hy) be the homomorphism induced by g.
Then qgo = qfo as both are obtained by restricting q}/(). Since Homp, (Go, Ho) is
torsion free, go = fo. O

Let us show now that ® is fully-faithful. I.e., that
(2.7) Hompz (A, B) — Hom((Ao, A(p)), (Bo, B(p)))

is an isomorphism. We know it is injective by Proposition 2.4. Let, therefore, f be
in Hom(Ag, By) and ¢ be in Hom(A(p), B(p)) such that

(2.8) f(p) = do,

where here and below “(p)” denotes passing to the p-divisible and the subscript g
denotes base change to Ry. Using Proposition 2.4, we see that the homomorphism
qf lifts uniquely to a homomorphism Z]? € Homg(A, B) and f lifts to Hompg (A, B)
if and only if &? kills A[g]. But Z]\]/” kills A[g] if and only if c,]\]/”(p) kills Alg]. Since
(/va(p) is a lift of q¢p to A(p) and since ¢g does lift to A(p), we have, by part 4 of
Proposition 2.4 that ﬁ(p) kills A[g]. Therefore f lifts.

It remains to prove essential surjectivity of ®. Let (Ao, G,t) be an object of Def .
Because R — Ry is a nilpotent thickening there exists some abelian scheme B
lifting Ay to R. This can be deduced for example from [83, 6.3]. Let ag be the
isomorphism B(p)g — Gg. Let qag € Hompg(B(p), G) be the canonical lift of gay.
Let K = Ker(gayp). Then K is a finite flat group scheme such that Ky = Ag[g], and
D := B/K is an abelian scheme. The map g&g induces an isomorphism between
D(p) and G, which under the identification Dy = Ag/Ap[q] is equal to «p. O

3. Deformation of p-divisible groups

Let R be a ring. By an n-dimensional smooth commutative formal group over R,
or simply, n-dimensional formal group, we mean the following: It is a power series

ring R[[z1, ..., x,]] together with n power series
(3.1) F(z,y) = (Fi(z,y),..., Fa(z,y))
in the 2n variables z = (1,...,2,) andy = (y1,...,¥n). The following are required

to hold for every i:
b Fl(gv 0) = Iy, Fl(oag) = Yi-
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e Fi(F(z,y),2) = Fi(z, F(y, 2)).
Define inductively the multiplication by m maps [m]:

(3:2) (@) = z; [m](z) = F([m —1](z),z).
Note that [m](z) = ([m]1(x), ..., [m]n(z)) defines a endomorphism of R[[z]] by

We say that the formal group is p-divisible if R[[z]], considered as an R[[z]] module
via [p](z), is a finitely generated module.

ExAMPLE 3.1. Let n = 1. Define the additive formal group @; /R Over any
ring R by

(3.4) F.(zx,y) =z +y.
Thus,
(3.5) [pl(z) = pz.

One verifies that ((/}; is p-divisible if and only if p € R*. Remark that @; /R is the
completion of G,/R = Spec(R[x]) along the zero section defined by the ideal sheaf

(z).
EXAMPLE 3.2. Let n = 1. Define the multiplicative formal group @; /R Over
any ring R by
(3.6) Fo(z,y) =z +y—ay.
Equivalently, 1 — Fy,,(z,y) = (1 — 2)(1 — y). Thus,
(3.7 1—[pl(z) = (1 —x)P.

One verifies that G,, is p-divisible for every p. In fact {1,2,...,2P~1} span R[[x]]

as a module (via [p](x)) over R[[z]]. Remark that @;/R is the completion of
Gm/R = Spec(R[t,t71]) = Spec(R[l — =, (1 — 2)71]), where z = 1 — ¢, along the
zero section defined by the ideal sheaf (z).

Note that F, is the group law of 1 — exp(—z). That is

(3.8) 1—exp(—(z+y)) = Fn(l —exp(—z),1 — exp(—y)).

EXAMPLE 3.3. Let € and 0 be free variables. Define a power series F, 5(z,y) in
Z[1/2][[e, 6]] by

(3.9) Fes5(z,y) = V) £y K(x), {(x) =1 —202% + ex’.

1 — ex?y?

The fact that this is a formal group law is quite tedious to check directly. A more
insightful approach is to prove that this is the formal group associated to the elliptic
curve E : y? = {(x) with the zero point (0, 1).

As a special case, take € and 0 equal to one. Then the formal group is simply

z+y
1+azy

(3.10) F(z,y) =
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It is immediate to verify the axioms in this case. Note that F'(x,y) is the group
law of the hyperbolic tangent

T — o T
3.11 tanh(z) = ———.

(3.11) anb(a) = &

That is,

(3.12) tanh(x + y) = F(tanh(z), tanh(y)).

THEOREM 3.4. (Tate [113]) Let (R, m) be a complete noetherian local ring with
residue field k = R/m a field of characteristic p. Then the category of connected
p-divisible over R is equivalent to the category of p-divisible smooth commutative
formal groups over R.

Note that every R in Cy is of this form. Thus, to study local deformations of data
I or II, one is led to consider p-divisible formal groups over local artinian rings.
We remark that the situation that will ultimately interest us is when both the
p-divisible group and its dual are connected. To deal with the general situation
one uses the theory of mixed extensions (see [11]). We further remark that certain
strengthening of Tate’s theorem are known. For example, if one generalizes the
notion of a formal group to objects “looking locally like a formal group”, then
Tate’s theorem holds for p-adic rings R (i.e., R & IEnR/p”R) — see [69].

ProOOF. To be supplied. O

4. Commutative smooth formal groups

We follow Lazard [Laz] in our exposition of the study of commutative smooth
formal groups, or simply, formal groups, via their Cartier-Dieudonné modules. We
shall refer for most details to loc. cit..

Before embarking, we remark that while Cartier-Dieudonné theory works for
any formal group (commutative, smooth) over any commutative associative ring
with 1, the applications to studying deformations of p-divisible groups are limited
to specific rings, e.g., artinian local rings.

Let K be any commutative associative ring with 1 and denote by nil(KX') the category
of commutative nil-algebras A over K. This means that every element in A is
nilpotent. Note that A has no identity element. We also let nil(K,n) be the full
sub-category of nil(K) consisting of nil-algebras A such that for every x1, ..., Zp41
in A we have 21 -... - z,41 =0.

We are interested in three closely related functors from the category nil(K) to the
category of pointed sets x Sets. They are the following:
e Models: These are the functors
(4.1) DW : nil(K) — % Sets; DD (A) = AD,
where I is any index set and AUY) = {(aq)aers : o =0 except for finitely many a}.
e Formal modules: For any free K-module L, define a functor

(4.2) LT :nil(K) — xSets; LT(A) = A®k L.
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e Formal varieties: A formal variety over K is a functor

(4.3) V :nil(K) — % Sets

isomorphic to D) for some 1.

Thus, formal modules are examples of formal varieties. A choice of a K-basis pro-
vides such an isomorphism. Formal varieties appear naturally in algebraic geometry
in the following way:

Let V be an n-dimensional algebraic variety over K and let v € V be a non-
singular K-rational point. The completion of the local ring of v is isomorphic, by

a choice of local coordinates, to K[[x1,...,zy]]. The functor defined on nil(K) by
(4.4) A Hom$" (K[[z1, ..., x,]], K & A),
where

(4.5) Hom$™(K[[21,...,2,]], K & A) = lim Homy (K[[x1,...,2,]]/I7, K & A)

and I is the maximal ideal of K{[x1,...,z,]], is identified with D™. More canoni-
cally, the completion of V' along v, ‘A/, defines a formal variety taking every nil- K-
algebra A to Mor(Spec(K @ A), V) (morphisms in the category of formal varieties).

A particular case of great importance is when V' is an abelian variety (resp.
scheme) and v is its zero point (resp. section). This includes Example 3.3 as a
special case. The case when V is the additive group (resp. multiplicative group)

leads to Example 3.1 (resp. Example 3.2).

Formal varieties form a category whose morphisms are functorial morphisms (nat-
ural transformation) of functors. If V and W are formal varieties, we denote by
Mor(V, W) the morphisms from V to W.

LEMMA 4.1. (Morphism Lemma, [Laz, p.10]) The functorial morphisms
(4.6) f:DY — D,
are in bijection with formal power series ) .y Ca® with co = 0 (multi in-
dex notation). A morphism f : D — D) s defined by its components fi:
DU — D, jelJ.

PROOF. The only point here is that any morphism f : DY) — D can be
expressed as a power series. Given A = (J,n) with J a finite subset of I and n an
integer, let Ay be freely generated in nil(K,n) by elements {zy;:i € J}.

Consider the point z) in D(I)(AA) given by xx = (zx)ier, where ) ; = 0 for
i ¢ J. Then fa,(x)) is an element of Ay and can thus be written as

(4.7) In@)= Y e

aEN<I),0< lal <
supp(a) C J

for uniquely determined ¢y o € K. But for any A € nil(K) and any = € A we can
find A = (J,n) and ¢ : Ay — A such that z = ¢(z,). By functoriality

(4.8) falz) = Z cx 0z

aeND o< lal < m
supp(a) C J
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Finally, applying this consideration for the case x = xy, € Ay for X = (J',n’) and
A = (J,n) such that J' C J and n’ < n, one sees that ¢y o, depend only on «. O

4.1. Curves. Let V be a formal variety. A curve v in V is a morphism

(4.9) v:D— V.
Put
(4.10) C(V) = Mor(D, V)

— the set of curves in V. One defines 7+ to be the induced map
(4.11) T : Dl 1) — Vit 1)

and calls it the tangent to v. We further let

(4.12) TV ={Tv:veC(V)},

and call it the tangent space to V. We make 7 into a functor by defining 7 f for
f:V — W by the formula

(4.13) TfoTy=T(fon).

One easily verifies, using the Morphism Lemma, that any curve in C(D)) is
of the form v =} ., a,t™ for some a,, € KW and vice versa. Then T+ is just
a; € KO, Beside showing that the definition of tangent agrees with the intuitive
one, it also gives a canonical isomorphism of 7D with K, and thus 7D is
canonically a free K-module. One can show further that given a formal variety V,
the K-linear structure on 7'V deduced from a choice of isomorphism V = D) is
in fact independent of the choice of isomorphism. Furthermore, if f: V — Wis a
morphism then 7 f is K-linear. One puts:

(4.14) dim(V) = dimg (TV).

The concept of curves is crucial to the whole theory we are about to present. The
following results are evidence for that.

THEOREM 4.2. (Isomorphism Theorem, [Laz, 1.8]) A morphism of formal va-
rieties f : V — W s an isomorphism if and only if Tf : TV — TW is an
isomorphism.

The proof is quite easy. One direction is immediate. For the other, one passes to
models and applies the Morphism Lemma, which reduces the assertion to formal
inversion of power series.

LEMMA 4.3. (Curves Lemma, [Laz, 1.10]) The functor V — C(V) is faithful.
That is, if f and [’ are morphisms from V to W and f o~ = f' o~ for every
v €C(V), then f = f'.

The argument is easy: Reduce to the the case V¥V = DU and W = D and use
the morphism lemma and enough “test curves” to show that f — f’ (the difference
defined using the power series expression) is actually zero.
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4.2. Formal groups. A formal variety G is called a formal group if G is a
commutative group object in the category of formal varieties. This amounts to
giving morphisms
(4.15) m:GxG—G, inv:G— G,
such that the expected diagrams commute. Still more concretely, it is equivalent
to giving for every A € nil(K) a group structure on G(A) that is functorial in A.

We see that if G = D) this agrees with the previous notion of (smooth com-
mutative) formal groups defined in Section 3 using power series. Note that the
coordinates of the formal power series F(z,y) = (Fi(z,y), ..., Fn.(z,y)) are the co-
ordinates for the morphism m : D" x D" — D" constructed from F. The simplest
examples of formal groups are thus ((/}; = D with F(z,y) = z +y and (é; =D
with F(z,y) =z +vy — zy.

A more interesting example is provided by the completion A of an abelian variety
A at its identity. We explained above that A is a formal variety, and we note that
the multiplication morphism m : A x A — A induces a multiplication map

(4.16) Ax A— A,

making it into a formal group. See also Example 3.3.

If G is a formal group then V — Mor(V, G) is a contravariant functor from formal
varieties to abelian groups. In particular C(G) is an abelian group! We shall write
the addition in this group as

4.3. Operators on C(G). Given ¢ € Mor(D, D) we define a composition
operator,

(4.18) comp(p) : C(G) — C(9),

by

(4.19) comp(p) -y =70 .

Note that

(4.20) comp(ip1 © p2) = comp(p2) o comp(p1).

We define the following composition operators:

e For n > 1, let V;, denote comp(p) for p(t) = t™.

e For ¢ € K, let [¢] denote comp(y) for ¢(t) = ct.

e For n > 1, define an operator F,, as follows: Fix an isomorphism G = D).
Given v € C(G), let 0 : D™ — G be defined by

(4.21) oy (t1, ... tn) = (1) —Ct —Ci{—fy(tn).

One can prove ([Laz, I.11]) that o, factors as s., o sym,,, where

(4.22) symy (x1,...,2,) = (in, inxj, Ce XY e X))
i<j

One defines

(4.23) F,-y(t) = 5,(0,...,0,(—=1)""'¢).
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Consider C as a functor on the category of formal groups, and consider the ring of
natural transformations of this functor. Denote it by Cart(K). Every composition
operator we defined above is an element of Cart(K).

THEOREM 4.4. In Cart(K) the following relations hold:
(4.24) [lxl=Vi=F = ICart(K); [c][d] = [cd]; FruFm = Fam; VaVin = Vi

(4'25) [C]Vn = Vn[cnh Fy [C] = [cn]Fn§ FoVi=n- 1Cart(K)?

(426) VnFm = FmVrH Zf (n,m) =1

Most of the properties are easy to verify from the definition. For the proof see
[Laz, 1.10, II1.3, IV.1]. Note that in general [c] + [d] # [¢ + d], and in particular
n - loary(x) 7 [n]. Also, in general, Vi, Fyy # n - Loarg(k)-

ExaMPLE 4.5. The formal group Ga (compare Example 3.1):

—

Let v(t) =Y ant™ and v/ = > al,t" be two elements of C(G,). Then

(4.27) gl ér V() = (an +ap)t,

a

and
(4.28) [ey(t) = Z anc"t", Vpy(t) = Z ant™", Fpy(t) = Z Mamnt".
In particular, letting v, (t) = t, we get F,,y, = 0 for all m > 1. See [Laz, IIL.3].

EXAMPLE 4.6. The formal group @; (compare Example 3.2):
Let v and +' be as above. Then

(4.29) v+ A ) =) antt,
Gm
where
(4.30) an = an+a, — Z a;a, ;.
0<i<n

We also have
(4.31) [e]y(t) = Zanc”t", Viny(t) = Zantm".

Let v (t) = t, then Fy, 7y, = 7y, for all n.

How does one compute F,,? There is a formal “trick” for that. Let G be a formal
group. One has formally the identity

(4.32) VinFmy = Zg [Ci]%
i=1

where ¢ is a primitive m-th root of unity (which need not exist in K) and where

Zg denotes summation + . Thus, for example, V. Frpyvm = ¢t + ... + ("t =
g o Gn  Gm
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1—TI%, (1 = ¢'t) = t™, which gives F;,Ym = Ym. More generally,
Vi Py = (O anC™") + ... + (O an(™™t")
Gm

Gm
m

=1-JJa->an™m).

i=1

DEFINITION 4.7. Let V be a formal variety and let (7;);er be an indexed set of
curves in V. It is a called a basic set of curves if (T+;)ier is a K-basis for TV.

PRrOPOSITION 4.8. ([Laz, III 6.1]) Let G be a formal group and (v;)icr be a
basic set of curves. Then any curve v € C(G) can be written uniquely as

(433) Y= Z G Vm[xm,i]’Yiy Ym (xm,i)iej S K(I)

m>1,4€l

Conversely, every such expression defines a curve v € C(G).

EXAMPLE 4.9. In the formal group @;, the set {v,} is a basic set of curves.
Every curve can be written uniquely as

(4.34) > ant"=>" ; Valan]ve:
n=1 n=1

ExXAMPLE 4.10. In the group ((/};, the set {7y} is a basic set of curves. What
is Z@A Volzn]ym?

If we write the result as ) a,t™ then ) a,t" = Y = x,t". Equivalently,
(4.35) 1= ant™ = [](1 = zat™).
n=1 n=1

One proves that the a;’s and the z;’s are functions of each other. We may write

(4.36) Z Valzn]vm + Z Valyn]Ym = Z Valzn|Vm,

and the z, are determined by the identity

(4.37) [[@ =zt [T = ynt™) = [J@ = 2ut™.
We define:
e WH(K) = KN with the addition law (z,,) + (yn) = (2n)-
e WHK) = KN with the addition law (z,,) 4 (yn) = (2,).
REMARK 4.11. The group W (K), canonically isomorphic to C(((/}—;), is iso-

morphic to the group of infinite Witt vectors over Z. See [48, Section 17.1 |, “ Lots
of Witt vectors”, for lots on Witt vectors. See also Section 6.1 below.

Let 7, be the canonical curve in W given by 7, (t) = (t,0,0,...) and define curves
€; by El(t) = (0, ‘e ,O,t, 0, PN ) In fact, € = L'iYw-

THEOREM 4.12. (Representation Theorem, [Laz, 111.4]) There exists a canon-
ical isomorphism

(4.38) C(G) = Hom(W™,G).
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It is defined as follows: Given v € C(G) there exists a unique homomorphism of
formal groups

(4.39) Uy Wt —g,
such that
(4.40) V= Uy 0 Y-

COROLLARY 4.13. There is a canonical bijection
(4.41) Cart(K) — C(W™).

PrOOF. Given z € Cart(K) associate to it the curve z,, in C(W*). For any
formal group G and v € C(G) we have,

(4.42) Y = T(Uy 0 Yop) = Uy O (TVap)-
This shows that the map
(4.43) Cart(K) — C(/V[7+), T = TYw,

is injective. To show it is surjective, we argue as follows: Given 7' € C (ﬁ/\*), define
an operator z in Cart(K) by

(4.44) Ty =uy07'.

We need to check that for any morphism f: G — G’ we have x(f o) = f o (z7).
Indeed x(f oy) = ufoy 0y = fouyoy = fo(xy). Since this holds for any
morphism, we may apply that to m : G x G — G to deduce that x is additive. O

We have found a bijection Cart(K) — C(W*) by sending x to xy,. The curves

(€;)ien+ form a basic set of curves in W and hence by Proposition 4.8 every curve
can be uniquely expressed as

(4.45) S Valzmale = Y VilwmiFyw, Ym, (@mi)i € K&,
i,mEN* i,mEN*

COROLLARY 4.14. The ring Cart(K) has the following description:

(4.46) Cart(K) =9 Y VinlwmlFi 1 Ym (2m,)i € KM
i, meN*
5. Modules over Cart(K)

We have seen that for every formal group G the group C(G) is a module over
Cart(K). These modules have certain properties which we attempt to single out
now. Our motivation is to use such modules to establish an equivalence of categories
between them and formal groups. The main new ingredient we need to pay attention
to are topological properties.

Let z = ZiﬂneN* VinlZm, i) Fi be an element of Cart(K). Put

(5.1) ord(z) = min{m : In y, , # 0}.

One may verify ([Laz, IV.2]) that

(5.2) ord(z £+ y) > min{ord(z), ord(y)}, ord(zy) > ord(z),
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(5.3) ord([a + b] — [a] — [b]) > 1.
Define ideals I,, of Cart(K) by
(5.4) I, = {z :ord(z) > n}.

Under the topology defined by these ideals Cart(K) becomes a complete Hausdorff
topological ring.

DEeFINITION 5.1. 1. A wuniform Cart(K)-module is a topological continuous
Cart(K')-module C such that for any indexed set (z;);jes in Cart(K) converging to
zero, and for any set of elements (v;);e.s, we have } . ;z;v; converging in C.

2. For a uniform module C we let C,, be the closure of the sum of all the
subgroups V;C for i > n. Then C is a complete Hausdorff module with respect to
the C,,’s. Let

(5.5) gr,C =C,/Chy.

3. A reduced Cart(K)-module C is a uniform module C' such that the following
hold:

e Its topology is the C,, topology.

e The homomorphism gr,C — gr,,C given by multiplication by V,, is bijec-
tive for every n.

e The K-module gr,C is free.

The following theorem is the main theorem of this theory. It is due to P. Cartier.

THEOREM 5.2. (Main Theorem, [Laz, 1I11.11]) The category of formal groups
over K with morphisms given by homomorphisms of formal groups, is equivalent
to the category of reduced Cart(K)-modules with morphisms given by continuous
Cart(K)-linear maps. The equivalence is given by

(5.6) G —C(9).

Unfortunately, this theorem is not stated precisely enough in some early references.
A fact that led to minor inaccuracies in the applications of the theory to deforma-
tions of abelian varieties.

It is of interest to understand, at least “qualitatively”, how does one associates a
formal group to a reduced Cart(K)-module C. As a “simple” motivating example
one may keep in mind the universal formal deformation of a supersingular elliptic
curve.

Given any uniform Cart(K)-module C, one associates to it a functor I' from
the category of formal varieties to the category of abelian groups

(5.7) Vs T(V).

The definition of T" is motivated by the following reasoning: If C' comes from a
formal group G, then I'(V) should be equivalent to Mor(V, G). Since the functor C
is faithful, we have an injection

(5.8) Mor(V, G) < Mor(C(V),C(G)).

Since C is to be identified with C(G), one defines T'(V) as a certain functorial
subgroup of Mor(C(V),C). It consists of all the maps of the following form:
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Let (v;);jes be any indexed set of elements of C' and (7;)jes : V — D) a
morphism. Define a morphism f : C(V) — C by

(5.9) f(o) = Zcomp(wj 0d) v, 6:D—V.
jeJ
One denotes f by > m; % ;.

Let us assume now further that C' is reduced. A V-basis for C is an indexed
set (;);es of elements of C' such that the v; mod VC are a K-basis of the free
K-module gr;C' = C/C5. One then proves that every element in C' may be written
uniquely as »_, oy« Va,j[2n,j]7; Where for every n we have (2,,;)jes € K. One
shows that C' is in bijective correspondence with C (D(‘] )) given by associating to
a curve ¢ = (¢;) : D — D) the element >_jescomp(p;) - ; of C. One further
shows that there is a functorial isomorphism of topological groups

(5.10) Mor(V, D)) = T(V),

obtained by associating to (m;) : V — D) the element > je Ti* V-

6. The Q-case

THEOREM 6.1. (The Q theorem, [Laz, I1.3]) Assume that K is a Q-algebra and
G,G’ are two formal groups over K. Then, to any K-linear map u: TG — TG’,
there exists a unique formal group homomorphism f : G — G’ such that T f = u.

Thus, the category of formal groups over K is equivalent to the category of free
K-modules. The equivalence is given by the fully-faithful functor 7. In particular,
there exist unique formal group isomorphisms:

(6.1) logg : G — (TG)", expg : (TG)" — G,
which are inverses of each other and such that
(6.2) Tlogg =1d, T expg = Id.

ExAMPLE 6.2. For @; the logarithm and exponent are of course the identity
maps. For G,, we have

(6.3) logg—(z) = —log(1 — z), expg-(x) =1—exp(—z).

For the case of W see Section 6.1. For the case of elliptic curves, see [124]
and [107]. We can not resist mentioning though the following beautiful theorem
connecting the arithmetic and geometry of elliptic curves.

THEOREM 6.3. (Honda, [49]) Let E be an elliptic curve over Q; let L(E/Q, s) =
S0 Lann™* be its L-function. Put f(z) =3 " ayn~'z"™ and let G be the formal
group D over Q with logarithm logg = f(x). Then G is a formal group over Z and
is isomorphic to the formal group of the Néron model of E over Z.

6.1. Digression on Witt vectors. We follow [48, Section 17]. Define poly-
nomials

(6.4) wa (w1, xn) = Y daly/? € Dlwy, .. ).
d|n
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We shall write z = (21, x2, ... ) and would consider w,, also as functions of . Thus,
for example,

(6.5)
w(z) = o1, wa(z) = 2% + 229, w3(z) = 23 + 323, wy(z) = 27 + 223 + 4y, ...

One proves that there exists polynomials

En(zlv"'7xn;y17"'7yn) € Z[x17"'azn;yl7"' 7yn]a n= 172a'
I (21, T Yty oy Yn) € Z[T1, oo, Tp3 Y1y - -5 Yn), n=1,2,.
(T, xn) € L1, ... 2], m=1,2,....

such that for every n

where we have put

(67) Y= (21,22,...), II= (Hl,Hg,...), L= (Ll,LQ,...).

Define a ring functor from the category of commutative rings to itself
(6.8) W : Rings — Rings, A+— W(A),

where W (A) is the Witt ring AN with addition and multiplication defined by ¥, IT
and ¢. Namely,

(6.9) z+y=3zy), z-y=(zy), —z=1(z)

Still more visibly,

(ai,az,...) + (b1, b2,...) = (B1(a1;b1), B2(ar, az; b1, b2), . ..),
(a1,a2»~ . ) : (b17b27 o ) = (Hl(al;b1)7H2(a17a2;blvb2)7’ . ‘)7
—(a1,a9,...) = (t(ar),t(ar,a2),...).

One may amuse himself by calculating the first of these polynomials:

Si(zy) =21+ v, Zo(T1, w2301, Y2) = T2+ Yo — Tayr, -
Iy (z1;01) = 2191, Ho(@1, m25y1,y2) = T2yi + yoxf + 22290, . . ..
t1(m1) = =21, to(x1,72) = =23 — X9, ...

One can prove using Equation (6.6) that this indeed gives a ring structure. Let 1%
be the sub-functor, such that
(6.10) W(A) =AM,

Then clearly the underlying additive group of /V[7, denoted W+ is a formal group.
Indeed, the formal group law is non other than

(6.11) F(z,y) = (Z1(z;9), Xa(259), - -+ )
The map
(6.12) z=(21,29,...) e, w(z) = (wy(z), wa(x),...),

is the logarithm of the formal group W+.
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Consider now the ring 1 + tA[[t]] endowed with a ring structure as follows: The
usual multiplication of power series is decreed addition. To define multiplication,
write formally

(6.13) 1+at+zpt®+--=[[A=&t), T+mt+pt®+-- =[] —nt).
i=1 j=1
Then
(614) H (1 — fﬂ]jt) =1 + P1($1;y1)t + P2(£U17£L'2;y1,y2)t2 + ...
ij=1

Multiplication is defined by

(6.15) (14 zit +aot> + .. )% (L+yrt +yat> +...) =
L+ Pi(z1;y1)t + Po(z1, 32391, y2)t° + ... .
The map

(6.16) E:W(A) — 1 +tA[[t]], E(a1,as,...)= ﬁ(1 — a;th),
i=1

is an isomorphism of rings. This justifies Remark 4.11, as well as the notation.

Fix a prime p. We may then consider only “the p-part” of W and W. That is,
consider only n’s that are power of p. Bearing this in mind, we change notation (as
is customary) and let

n

n .
(6.17) On(T0, -+, Tn) = Zpixf' =ab +-+p" k| +p .
i=0

That is, ¢, = wpn. Then, the polynomials s, = Xn, pp, = IIp» and i,, = ¢ define
a ring structure on W,(A) = AV and W,(A) = AN, This is clear from what was
said above.

A fundamental result concerning W,(K) where K is a finite field of characteristic
p, is that W, (K) is the unique, up to isomorphism, discrete complete valuation ring
of characteristic 0 with residue field K. The maximal ideal is

(618) m:{(O,xQ,x3,~-) X GK}
The map
(6.19) K* — W,(K), =+ (z,0,0,...),

is the Teichmiailler lift. That is, the image of z is the unique root of unity reducing
to z modulo the maximal ideal.

Since W), is a functor, one may ask what is the functorial map W, (K) — W, (K)
corresponding to the Frobenius map = — P on K7 It is given just by

(6.20) (zo,T1,T2,...) = F(x0,21,20,...) 1= (xh, 2}, 25, ...).

There is another map, the verschiebung,

(6.21) VW, (K) — Wy(K), V(z1,22,...) = (0,21,22,...).
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It is a map of the underlying additive group, but does not respect multiplication.
A fundamental relation is

(6.22) FV =VF =p.

7. Formal groups in characteristic p
If one is willing to work in characteristic p only, then the constructions above can

be simplified. Let us assume henceforth that K is of positive characteristic p.

One replaces the ring Cart(K') by the ring Cart,(K). It is the sub ring of Cart(K)
consisting of all the sums

(7.1) > VP F, Vn ()i € KW,
,meN

where

(7.2) V" i=Vym, F'=F,.

Recall the relations (let V = V! and F = F!):
(7.3) FiFI = I yiyi =yt FV =p-1,

(7.4) [a]V' = V]a"], Fla] = [a"]F, [ab] = [a][b],
and the special feature of characteristic p:
(7.5) VF=p-1.

Henceforth, we let W,(K) stand for the Witt vectors over K (consisting in fact of
the p-power components of the previously defined WT(K)). One can prove that
the map

(7.6) op : W, (K) — Cart, (K),
defined by

(7.7) op(z) = op(z1,72,...) = Y _ V"[xa|F",

is a ring homomorphism, and the following identities hold:

(7.8) F™(op)(z) = op( ™" 2)F™, op(z)V™ = V™op( " z).

In particular, every Cart,(K)-module is canonically a W,(K)-module via the ring
homomorphism op. We remark that the same holds for Cart(K) for a general ring
K. The map op(z1,%2,...) = > Vplza]F, is an embedding of W(K) in Cart(K).

One defines in the same way the notions of uniform and reduced Cart, (K)-modules
(but see below). An element v in a Cart,(K)-module is called p-typical if F,y =0
for every n prime to p. Let

(7.9) Cp(9) CC(9)
be the subgroup of p-typical curves.
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THEOREM 7.1. (Main Local Theorem, [Laz, IV.7, IV.8]) Let K be a ring of
characteristic p. The functor

(7.10) G — Cp(9),

is an equivalence of categories from the category of formal groups over K, to the
category of reduced Cart,(K)-modules.

Further simplifications occurring in characteristic p are:

e A Cart,(K)-module C is uniform if and only if N,,V"C = {0}.

e A Cart,(K)-module C' is reduced if and only if it is uniform, V is injective
and C/VC is a free K-module.

e Every v € C(G) has a unique expression v = >
Yn € Cp(G). This implies that C,(G)/VC,y(G) = TG.

REMARK 7.2. In the definition of a reduced module one requires that N;ViC =
{0}. Why? The operation V is coming from the “Frobenius map”,

(7.11) R[[z1,...,zn]] — R[[z1,...,z]],

np)=1 Vo vn for appropriate

taking z; to a¥. This makes it clear it should be nilpotent. But note that the
corresponding action on the p-divisible group is again Frobenius. Thus, in the
covariant theory that we present, the operator V on the module corresponds to
the Frobenius morphism on the p-divisible group. Since the p-divisible group is
connected, the nilpotence of V is reflecting the fact that on a connected p-divisible
group Frobenius is nilpotent.

8. Classification of p-divisible groups in characteristic p, Newton
polygons and types

Recall that we are given a totally real field L, and let K stand for a characteristic p
ring and k for an algebraically closed field of characteristic p. We use R to denote a
general ring but whenever we say Cart,(R)-module, or consider C,(G) for a formal
group G over R, it is tacitly assumed that R has characteristic p. All formal groups
in this section are finite dimensional.

DEFINITION 8.1. 1. A formal group with real multiplication by L, or simply,
formal group with RM, is a formal group G over a ring R, together with an embed-
ding of rings
(8.1) t: O — Endg(9),
making 7G into a locally-free O ® R-module of rank 1.

2. A Cart(R)-module (resp. Cart,(R)-module) with RM , is a reduced Cart(R)-
module (resp. Cart,(R)-module) C' together with an embedding of rings
(8.2) t: O — End(C)

(endomorphisms of topological Cartier modules), making gr;C into a locally free
O, ® R-module of rank 1.

Clearly, Theorem 5.2 (resp. Theorem 7.1) implies that the functor
(8.3) G C(G), (resp. G — Cy(9)),

is an equivalence of categories between formal groups with RM and morphisms com-
muting with the Op-structure, to the category of reduced modules with morphisms
of Cartier modules commuting with the Op-structure.
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Recall that a formal group G over k is p-divisible, if, fixing an isomorphism G = DY,
the ring DY becomes a finite module over itself via the homomorphism D9 — DY
induced by multiplication by p on the formal group. Equivalently, the module
Cp(G)/pCp(G) is a finite k-module. We remark that for a p-divisible group G one
has that C,(G) is a free W),(k)-module of finite rank.

Two p-divisible groups Gy, Ga, over k are called isogenous (notation: Gy ~ Ga)
if there exists a surjective homomorphism G; — Go with finite kernel. This is an
equivalence relation. The groups G, and G, are isogenous if and only if C,(G1) @ Q
and C,(G2) ® Q are isomorphic as Cart, (k) ® Q modules.

The classification of p-divisible formal groups over k up to isogeny was carried
out by Dieudonné, and up to isomorphism by Manin in [68]. Note that the theory
in [68] is contravariant, while we survey the covariant theory.

THEOREM 8.2. (Dieudonné, [Laz, VI.7, VL8|, [68, I1.4]) The category of p
divisible formal groups up to isogeny, over an algebraically closed field k of char-
acteristic p, is semi-simple. The simple objects are precisely the p-divisible groups
Gmn for myn € N* and (m,n) =1 or (m,n) = (1,0).

The group G n has dimension m and is determined by its Cart,(k) module
Crun = Cp(Gm.n) where

(8.4) Con.m = Cart,(k)/(F™ — V™).

REMARK 8.3. The group G o is just ((/}; and is isomorphic to the formal group
of an ordinary elliptic curve over k. The group G;; is isomorphic to the formal
group of a supersingular elliptic curve over k. Sometimes one puts Go 1 := Q,/Zp,
even though this is not a formal group in our sense.

DEFINITION 8.4. We say that G,, ,, (or Cy, ) has slope m’_’f_n of length m + n.
The height of a p-divisible group G is the integer h such that the p-torsion subgroup
scheme of G has rank p". (Thus, the length of C,, ,, is in fact the height of G, ).

One gives Gy, slope 1 of length 1.
If G is any p-divisible group over k£ and
(8.5) G~ ® Gonims

(repetitions allowed), we associate to it a unique lower convex polygon in the
plane, having increasing slopes, such that the polygon starts at (0,0) and ends at
(height(G), dim(G)), and has for every (m;,n;) a segment of slope - of length
m; + n;. We call it the Newton polygon of G.

REMARK 8.5. Let A/F, be a g-dimensional abelian variety (¢ a power of p)
and let ¢ be that iterate of Frobenius satisfying ¢(z) = 29. Assume that |A[p](F,)|
= 1. Then A(p) is a connected p-divisible group, or, equivalently, a formal group,
of dimension g and height 2g. Its Newton polygon is symmetric in the sense that a
slope A appears with length r if and only if the slope 1 — X\ appears with length r.
The polygon starts at (0,0) and ends at (2g,g).

Consider ¢ as an endomorphism of A, hence of A(p), or of the free W, (F,)-
module Cp(A(p)). Viewed in this way, it has a characteristic polynomial over
W,(F,), whose Newton polygon is the Newton polygon of A(p) as a formal group.

Suppose we are given a reduced Cart,(k)-module C. How does one find the Newton
polygon?
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In practice this is not easy to find! But consider a very lucky scenario: Suppose
that with respect to some basis (e, ..., e,) of the module C (a free W, (k)-module
of rank n = height(G)), the matrix [V] of the operator V' has entries in W, (F,m ).
The operator V™ is represented by the matrix

-1 o—(m=1)

(8.6) v =[vI]vle ...[V]

(here o stands for Frobenius). Considering V™ as an operator on the W, (F,=) span
of (e1,...,ey,), we find it is a linear operator represented by the matrix [V™]. Take
the Newton polygon N’ of the characteristic polynomial of this matrix, and let N/
be the polygon obtained by dividing N7 by m. That is, (z,y) € N iff (z,my) € N”.
Then N is the Newton polygon of C.

EXAMPLE 8.6. (B. Gross) Consider the field F,2 where p = 3 (mod 4) and
i € )2 satisfies i2 = —1. Suppose that V is given with respect to some basis by
the matrix

1/ 1- +1)i
(8.7) Vi=+ ((p+ f)i (];— 1 ) :

The usual linear polynomial is 22 4 p, which would give the Newton polygon

Figure 5.

However, this is not the Newton polygon of the module. Indeed, if one changes
basis by the matrix

(8.8) N = C ;) ,

then the resulting matrix of V' is

(8.9) NV)(N~H7 ' = <g ‘1)> .

Evidently, the Newton polygon is

Figure 6.
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Note also that V2 is given by
L/ p*P+1  (p®>—1)i
1 = , .
(8.10) 2 ((1 —-pYi  pP+1

Its linear characteristic polynomial is (z? — 2(p? + 1)z + p?)/4 and its Newton
polygon is twice the Newton polygon in *****

EXAMPLE 8.7. The module Cs 3 is generated freely by F,1,V,V2 V3. The
matrix of V is

(8.11)

oo o O
OO~ OO
o= O OO
_ o o oo
oo oo

It has characteristic polynomial z° — p? whose Newton polygon is

Figure 7.

Let ¢ be the graph of any convex function f : [0,h] — R. Say f(h) = d. Let G
be a d-dimensional p-divisible formal group over R of height h. We say that the
Newton polygon of G is above ¢ if for every homomorphism ¢ : R — k, from R
to an algebraically closed field k, the Newton polygon of G ®pg k is above ¢ in the
sense that no point of the polygon is strictly below ¢ (if (z,y) is a point of that
polygon then y > f(x)). We remark that this property only depends on the point
Ker(y) € Spec(R).

THEOREM 8.8. (Grothendieck’s Specialization Theorem, [62, 2.3.1]) The set of
points in Spec(R) for which the Newton polygon of G is above € is Zariski closed.

COROLLARY 8.9. In case I, (resp. IL,), for every { there exists a closed subset
Ny of A(F,) = AQTF, (resp. M(pn,F) = M(un) @ F) universal for the condition
that the Newton polygon is above £. That is, if (A, \,«)/R (resp. (A,t,a)) has the
property that the Newton polygon of A(p)/R is above £, then the unique classify-
ing morphism Spec(R) — A(F,) (resp. Spec(R) — M(un,F)) corresponding to
(A, N\, )/R (resp. (A,1,)) factors through Np.

REMARK 8.10. Of course one can restrict to ¢ which is actually one of the
Newton polygons appearing. Conjectures regarding those sub schemes N appeared
for case I, in [92] and for case II, in [39].

Recently de Jong and Oort proved the following theorem:
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THEOREM 8.11. (Purity Theorem, [54]) Let R be a noetherian local ring of
characteristic p and G a p-divisible group over R. Assume that the Newton polygon
of G is constant over R\{mpg}. Then, either dim(R) <1 or the Newton polygon of
G s constant over R.

Using this theorem one obtains lower bounds on dim(Ny) and upper bounds on the
dimension of components of N, containing supersingular points (loc. cit, Introduc-
tion). These are points such that the Newton polygon of the associated abelian
variety is a straight line from (0, 0) to (2g, g). Among them, the easiest to describe
are the superspecial points. A geometric point = of A(F,), or M(un,F), is super-
special if the associated abelian variety has p-divisible group isomorphic to Qil.
By a theorem of Oort [93] an abelian variety is superspecial iff its ¢ number is
maximal. The Cart,(k)-module of such a p-divisible group is generated freely over
W, (k) by generators z1,y1,...,2Z,,Yq on which F acts by

0 —p 0

(8.12) L0

DEFINITION 8.12. Let G be a formal group with RM over k. We define the type
of G to be the isomorphism class of the representation of Or ® k on D, (G) where

(8.13) Da(G) = Cp(G)/(Cp(G)V +Cp(G)F).

Note that D, (G) = TG/F7TG. The isomorphism class of this representation can be
written as a formal sum Z(j i) €GO (i) where €(; ;) is zero or one, or also with a
vector

(8.14) 7(G) = (1(G) -, 7(9)),
where €(; ;y = 1iff (j,4) € 7;(G) (thus, 7;(G) is a subset of {(j,4) : 1 < i < f;}).

DEFINITION 8.13. Given a formal group G over k and given any 7 = (11,...,7)
with 7; a subset of {(j,7) : 1 <@ < f;}, we say that 7(G) > 7, if for every j we have
7(9) 2 75

Given a formal group G over an F-algebra R, we say that 7(G) > 7 if for
every homomorphism ¢ : R — k of R to an algebraically closed field k, we have
7(G xg k) 2 7. (This depends only on the point Ker(y) € Spec(R)).

THEOREM 8.14. (Specialization Theorem) Given a type 7 and a formal group
G over R, the set of points of Spec(R) where T(G) > 7 is Zariski closed.

PRrOOF. Consider the linearization F* of F,
(8.15) F*:TG®ro R — TG,

where o : R — R is the Frobenius and F¥(x®\) = AF(z). Note that F#(z®\P) =
NF(x)=F(\zx) = F(Ar ®1). Hence F* is well defined.
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We could have formulated the notion of type using 7G/Im(F*). First, for
m € Or we have F¥(mz ® \) = AF(mz) = AmF(z) = mF*(z ® \). Thus, F* is an
Or, ® R-linear map. If we decompose

(8.16) TG = ®]_\ R,
according to the decomposition

(8.17) OL®R=@a&]_ R,
then for every ¢ we have

(8.18) F*:R,_1®rr R— R,

In fact this map is given by multiplication by an element a; € R. Then the subset
of Spec(R) such that i does not belong to the type is precisely B, (i.e. where a; is
invertible and there “R = a;R”.). O

Given an abelian scheme with RM (A4, A, ) over an F-scheme S, we define 7(4) =
7(A(p)°).

COROLLARY 8.15. For every T there exists a Zariski closed subset W of M(puy, F)
which is universal for the property T(A, X\, 1) 2 7.

REMARK 8.16. One may ask: if G is the formal group of an abelian variety A
with RM why not consider C'/(VC + F2C) etc.? The answer is that in the case
of RM, the type determines over an algebraically closed field the p-torsion group
scheme A[p] ([39]). Thus no new information is gained by this generalization. In
the case I,, though, this leads to the Ekedahl-Oort stratification!

9. Mid-way summary

k — an algebraically closed field of positive characteristic p.

Ci,p — category of local artinian k-algebras with residue field k.

L — a totally real number field of degree g over QQ in which p is inert.
F — a fixed field of p9 elements.

M — moduli space of abelian varieties with RM by Op,.

x — a k-rational point of 9t parameterizing the object (A,¢).

There is an implicit py-level (N > 3 structure and prime to p) whenever we deal
with 90t or . Assume that the p-divisible group A(p) is connected and let G be
the corresponding divisible formal group. Then

(9-1) Omar.e = RIL) = RAG) ) = BGau)

Let us call the last ring simply RY. In the above isomorphisms, the universal rings
are with respect to deformations over objects of Cy, (and are just the reduction
mod p of the universal ring of deformations over Cy).

It follows that there exists a Cart,(RY)-module CY such that for every ring
R in Ci, and a deformation (Gp,tr) of (Gi,ir) over R, there exists a unique
ring homomorphism ¢ : RY — R such that CY @ mru) W(R) = Cp(Gr) as
Oy, ® Cart,(R)-modules.

Finally, we remark that since p is inert, A(p) is connected if and only if A is not
ordinary. This follows from observing that A[p](k) is a module over the field of p?
elements Or/(p).



10. DISPLAYS 191

10. Displays

Displays are a machinery developed to simplify and normalize the presentation of
a reduced Cart,(R)-module, where R is a simple enough ring; e.g., a complete
noetherian local ring. The need in finding a simplified presentation arises when one
wants to study explicitly the local deformations of abelian varieties or p-divisible
groups. For example, to study how the Newton polygon or type varies locally.

Let k be an algebraically closed field of characteristic p > 0, and let G be a formal
group over k. There is no doubt that the Cartier-Dieudonné module of G is “the
right thing”. One of the reasons the theory works so well is the following: Let R
be a perfect ring of characteristic p. Let W,(R)[F, V] be the ring consisting of all
the expressions

(10.1) {ao+ZaiFi+ZbiVi Cai,b; € Wp(R)}.

i=1 i=1
Make it into a ring by the obvious addition and multiplication determined by the
relations;

(10.2) FV=VF=p, Fao= YaF, VFa=aV.

Then:

e This makes W,(R)[F, V] into a ring! (perfectness is needed)

e The image of the natural map W,(R)[F,V] — Cart,(R) is dense.

This phenomenon is responsible for a considerable simplification in the study
of Cart,(R)-modules.

The question is how to extend this notion to the case of, say, local artinian ring
of characteristic p with residue field k (we do narrow our ambitions here, but that in
fact suffices for the applications later). One way is, of course, to use C, as described
above, but it turns out that such modules are not “nice enough”. A modification
was found recently by Thomas Zink [127], following ideas of Mumford, Norman
and Oort.

10.1. Basics. Let p be a prime. Let R be a characteristic p ring. Denote by
(10.3) v Foooxe Vo,
the Frobenius and verschiebung morphisms of W), (R) respectively. Let
(10.4) Ig = YW,(R) = {(0,r1,72,...) : i € R}.
Note that R = W(R)/Ix.
DEFINITION 10.1. Let M and N be W,(R)-modules. An additive map

(10.5) a:M— N

is called F'-linear map if it satisfies

(10.6) aX-m) = Fx-a(m), YA€ W,(R),m € M.

Let of be the W,(R)-linear map,

(10.7) o' : Wy(R) @w, (ry,r M — N, o*(A®@m) =X a(m).

We say that a is an epimorphism (resp. mono-morphism, isomorphism) if of is an
epimorphism (resp. mono-morphism, isomorphism).
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DEFINITION 10.2. A 3n-display over R is a quadruple (P, Q, F, V1) such that:

e P is a finitely generated projective W,(R)-module.

e () C P is a W,(R)-submodule.

eF:P— Pand V':Q — P are F-linear maps.

The following holds:

(i) IrP C @Q C P and there is a decomposition P = L & T as W,(R)-module
such that Q = L @ IRT.

(i) V=1:@Q — P is an ¥-linear epimorphism.

(ili) Vo € P,w € W,(R), we have

(10.8) VI (Vw-z)=w- Faz.
REMARK 10.3. Note that “there is no V' map”. Note also the identity
(10.9) Fr=V"YV1 2
(=p-V 'z if x € Q). Thus F is determined by V1.
Displays form a category. A morphism
(10.10) ¢ (P, Qu, Fi, V") — (P2,Q2, F, V5 )
is a morphism ¢ : P, — P, of W,(R)-modules such that:

(10.11) P(Q1) C Q2. oFy = Fop, oV ' =V, o

Assume that R is a noetherian local ring of characteristic p. Then the divisible
formal groups over R correspond to reduced Cart,(R)-modules C such that C' is a
finitely generated projective W,(R)-module. If R is also perfect, this means that
C/pC is a finitely generated R-module, because in this case Ig = pW,(R). Such
modules can then equivalently be described as free W, (R)-modules M of finite rank,
endowed with additive maps F,V : M — M such that

(10.12) Fw-z)=fw-2, V(fw-2)=w-Va, FV=VF =p.

Furthermore, M/VM and VM/pM are free R-modules and there exists an n such
that V"M C pM. The last condition is implicit for every reduced Cart,(R)-module
M, because NV'C = {0}. The equivalence rests on the fact that the natural map
W, (R)[F, V] — Cart,(R) is injective with dense image.

We recall, mainly for the sake of completeness, the notion of a Dieudonné module.
If R is a perfect ring, one denotes by W, (R)[F, V] the non-commutative polynomial
ring in the variables F' and V, subject to the relations

(10.13) FV=VF=p, Fa= FaF, VFa=aV.

One calls a finitely generated projective W,(R)[F, V]-module M which is finitely
generated projective W, (R) module, a Dieudonné module if M/V M and VM /pM
are projective R-modules.

Now let R be any ring of characteristic p. Let (P,Q, F,V~!) be a display over R
with a decomposition P = L@®T as in Definition 10.2. After localizing on R we may
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assume that P,Q, L and T are all free W,(R)-modules. Choose bases e, ..., eq of

T and eg41, ..., e, of L. There exists scalars a;; € Wp(R) such that
h
(10.14) Fej =Y ajei, j=1,....d,
i=1
h
(10.15) Vle; =Y aijei, j=d+1,...h
i=1

Note that this determines V1|, and V~1|;.7 because V= (Vw-x) = w- Fx. Thus
(10.14) determines V~! and hence also F. Moreover, the matrix («;;) is invertible.
This follows from

LEMMA 10.4. ([127, 1.4]) The map
(10.16) VIeF:LeT — P,
given by (x,y) — V~lz + Fy, is an ' -linear isomorphism.

Conversely, given Equations (10.14) for (ay;) invertible in M, (W,(R)), we can
define a 3n-display over R. Indeed, let T' be the free W,(R)-module on ey, ..., eq,
and let L be the free W,(R)-module on e441,...,e,. Put

(10.17) P=LaT, Q=L&IRT,
and define F and V! by the additional relations:
h
(10.18) Fej =Y pojjes, j=d+1,...h,
i=1
h
(10.19) Vo (Vwe) =Y waije;, j=1,....d.
i=1

REMARK 10.5. The name “displays” is articulating the fact that in Equations
(10.14) and (10.18) the maps F and V! are “displayed”.

In general a V operator does not exist. The following definition attempts to
define the nilpotency of V' “were it to exist”. We remark that a more natural (and
complicated) definition can be given, without using the choice of display, which
actually describes the nilpotence of some operator that always exists. See [127,
Section 1].

DEFINITION 10.6. Let (P,Q,F,V~!) be a 3n-display and («;;) a displaying
matrix as in Equation (10.14). Let

(10.20) (Br) = (@ij)™", B = (Br)ar1<ki<h,

where 3 denotes 3 (mod Ig). Let B®") denote the matrix obtained from B by
raising each coefficient to the p-power. We say (P,Q, F,V~!) is a display if for
some N,

(10.21) B»") BB =q.

We also say then that V~! satisfies the nilpotence condition.
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REMARK 10.7. If R is perfect then V! is described by the matrix (é g
with respect to the basis peq, ..., peq, eqs1,--.,ex. In this case we may also define
an operator V, given with respect to the same basis by

_ -1 -1
(10.22) ((ei))™HF " = (B

To know whether the operator V is nilpotent on the whole module P with respect
to the p-adic topology (as is required for a Dieudonné module), we need to care
only about

-1 -1
(10.23) (ﬁij)g+1§i,jgh = BF (mod p).
The nilpotence is just that for some N
(10.24) 2L LY : LA}
Operating by FN*! we get precisely the condition above.
The proof of the following proposition is straight-forward.

PropPOSITION 10.8. ([127, 1.10]) The category of 3n-displays over a perfect
ring R is equivalent to the category of Dieudonné modules over R. Moreover, the
displays correspond exactly to the Dieudonné modules for which V' is topologically
nilpotent for the p-adic topology; i.e., to those which extend to a reduced p-divisible
Cart,(R)-module.

It follows that the category of displays over a perfect ring R is equivalent to
the category of divisible formal groups over R.

DEFINITION 10.9. A 3n-display with RM is a 3n-display (P,Q,F,V~1) to-
gether with an embedding of rings, ¢ : O — End((P,Q, F,V 1)), that makes
P/Q into a locally-free (on R) O ® R-module of rank 1. A display with RM is a
3n-display with RM which is a display.

Note that Ir P C @ so the definition makes sense and in fact P/Q is isomorphic
to T/IRT.

10.2. Examples.

1. The multiplicative display Pp,. Let P, = (P,Q,F,V~!) be defined as
follows: P = Wy(R), Q = Iz, Fw = Fwand V- (Vw-2) = w-V~1(z). One
obtains a decomposition P = L & T by putting L = {0}. Thus d = h = 1
and the nilpotency condition holds vacuously. We remark that we have seen that
Cp(@;) = Wp(R)+ and that justifies the name.

Let PY, be the g-fold product of P. Write PJ, = (P9,Q9, F,V~1). Say R is in
F — Alg. Then

(10.25) P9 =Wp(R)* = Wy(R) @w,,) Or-

This gives, via ¢, an action of O on P9, which makes it into a display with RM.
Such displays are obtained from ordinary abelian varieties with RM.

2. The superspecial display Psp. Let Ps, = (P, Q, F, V™) where:
(10.26) P=W,(R)ea® Wy(R)es =L&T,
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0 -1
1 0
that the nilpotence condition holds (B = 0).

We define a superspecial display to be one isomorphic to Pg, for some n, and
a superspecial display with RM is a display with RM isomorphic to PZ,. Such
displays are obtained from superspecial abelian varieties with RM.

The standard superspecial display is defined as follows: Let P = (P,Q, F,V 1)
with displaying 2¢g x 2¢g matrix

and Q = L @ IgrT. Let the matrix ) define the display. One checks easily

0 -1

02 1 0

(10.27) 0 -1

02
0 -1
1 0

02

(We let 0, stand for the n x n zero matrix). The action of Oy, is given by
(10.28) a — diag(oq(a), 01(a),...,04(a),04(a)),
One can prove this is a superspecial display with RM.

We remark that if & is an algebraically closed field of characteristic p then there
are finitely many isomorphism classes of superspecial abelian varieties with RM
over k (in fact also in the situation I,). One can prove that over such field every
superspecial display with RM is isomorphic to the standard superspecial display.
However there is usually more then one isomorphism class of superspecial abelian
varieties.

The reason superspecial abelian varieties (or displays) are of such importance
is the following

THEOREM 10.10. Let 7 C {1,...,g}. Every component of W, contains a su-
perspecial point.

For the proof see [39]. One may think of the superspecial points as “extreme
points” of M ® I, which often play a role similar to the cusps.

10.3. Base change and deformations. Let ¢ : S — R be a ring homomor-
phism and let P = (P,Q, F,V~!) be a 3n-display over S. Define the base change
to R of P, denoted Pr = (Pr,Qr, Fr, VR_l), as follows:

* Pr = Wp(R) ®w,(s) P-

e Qr = Ker(W,(R) Qw,s) P — R®s (P/Q)).

e Fip=F®@F. That is, FrR(A®z) = FA® F(z).

oV 1is defined as the unique W, (R)- F-linear homomorphism satisfying:

(10.29) Villwoy) = Fuovly, weW,(R),ycqQ;

(10.30) Vi'(Yw®z)=we Fr, z€P.
We remark that if P = L ® T, then Qr = W),(R) @w,(s5) L © Ir Qw,(s) T
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It is easy to verify that if P is a display (not merely a 3n-display) then Pg is
a display as well. If every element of Ker(¢) is nilpotent, the converse is true.

DEFINITION 10.11. Let Py be a display over R. Let ¢ : S — R be a homo-
morphism of rings. A deformation of Py over S is a display P over S together with
an isomorphism Pr = Py.

10.4. The main result. We present a somewhat simplified form of Zink’s
theorem.

THEOREM 10.12. ([127, Theorem 9]) Let R be a ring of characteristic p. As-
sume that R is a complete local ring, or a ring such that R is an algebra of finite
type over a field k.

There exists a functor BT from the category of displays over R to the category
of divisible formal groups over R, which is an equivalence of categories.

See [127, Theorem 3.2] for the definition of the functor BT . It would suffice to
know that the Cart,(R) module of BT (P) is
(10.31) Cartp(R) W, (R) P/<F®z—-1® Fz,V® Vig—1oy >0ePyeQ

where the brackets denote the Cart,(R)-module generated by the specified gener-
ators.

Thus, heuristically speaking, the display P singles out the essential part of the
Cartier-Dieudonné module.

11. The universal display

Let k be a field of characteristic p. Let Cj, be the category of local artinian
k-algebras with residue field k. We will describe the universal display over Cy p.

Let A be a topological ring such that the topology on A is given by ideals
(11.1) A=gyDarD---Da,D...,

such that a;a; C a;1;. Assume that A is complete and separated with respect to
this topology and is of characteristic p. A 3n-display over A is called a display if
its base change to A/a; is a display, in the sense of Definition 10.2, for every i.

We remark that this modification is especially tailored to suit rings like the
ring k[[t1,...,tq]] with a; equal to the power series in monomials of degree greater
or equal to i.

DEFINITION 11.1. Let P = (P,Q,F,V~1) be a display over k. Define the

functor of deformations

(112) Def'p : Ck,p i @,

sending each ring R in Cy ) to the isomorphism classes of pairs (P, j) consisting of
a display P over R and an isomorphism j : P, — P.

One can prove that this functor is pro-representable by a ring
(11.3) RY = k[tye: 1 <k <d,d+1<0<h]],

where tp are free parameters and d and h are as in Equation (10.14) for P. Let
Tre be the Teichmiiller lifts (or any other lifts) of ¢, to W,(RY). Let T = (Ty).
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Let (ay;) be the displaying h x h matrix for P. Note that (a;;) € GLy(Wp(k))
and can thus be considered in GLp(W,(RVY)). Consider the matrix

(11.4) (o) = (Ig IhT_d) (o).

The symbol I,. stands for the r x r identity matrix. Write

(11.5) @) =(2 1)

where A is of size d x d, B of size d X (h — d) etc.. Then, we may write

(11.6) (o) = (A +CTC B+DTD>

Let PY denote the display over RY (meaning, modules over W,(RY) etc.) defined
by the matriz (o) in (11.6), then PY is the universal display (see [127, Section
2.2]).

It may be beneficial to recall what that means! It says that for every ring R in Cy
and a deformation (P, j) over R with an isomorphism j : Py, — P, there exists a
unique morphism ¢ : RY — R such that (PgR,ng) is isomorphic to (P, j).

REMARK 11.2. Using the theory of bi-extensions, Norman and Oort [86] proved
that in situation I,, the condition for keeping the polarization is the Riemann
conditions on T i.e., that T is symmetric. This is also explained in [127].

11.1. Polarization and Endomorphisms conditions. We would like to
examine now the universal display in the case of RM. As usual, the totally real
field L of degree g is fixed, and we assume for simplicity that p is inert in L. We
consider a display P = (P, Q, F, V1) with RM defined over an algebraically closed
field k of characteristic p, such that the free W,(k) module P is a free O, @ W (k)
module of rank 2. These are the displays that actually come from abelian varieties
with RM. We have

(11.7) Or ®@w,r,) Wp(k) = O Wp(k).
One may thus decompose P such that
(11.8) P =gl P,

where each P; is a free Wy (k)-module of rank 2, and O, acts on P; via its i-th
embedding in W, (k). See also (1.7). Since the maps F and V! are ¥-linear, it
follows that for every i

(11.9) F(P) C Py, V7HP) C Pyy.

In the case at hand, both L and T of the normal decomposition are of rank g since
T/IT is of rank g over k (where I, <W(k) is the maximal ideal). It is important
to note that the normal decomposition is not canonical in any sense. In fact, since
k is perfect V exists, and we may find basis z;,y; to P; such that y; is in the image
of V and the image of V' (i.e. Q) is spanned by px1,y1,...,px,,ys. Then L can be
taken to be the span of the y;’s and T of the x;’s. We consider the basis

(1110) 1’17'~~axg7yla"'7yg'
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The matrix (oy;) giving the display of P with respect to this basis is of the
form

DQ(GQ,...,G ,(Zl) 02(1)2,...,[) ,bl)
11.11 ii) = g g
( ) (aw) <02(02,...,CQ701) Ug(dg,...,dg,dl) ’

where the notation 0, stands for a sub-diagonal matrix. That is:

0 S1
S92 0

(11.12) 09(52,...59,51) = s3 0

sqg 0

Follow now the recipe for the universal display PV = (PY,QY, FY, V~1.U) using
this displaying matrix. Consider also the universal display with RM, PY-X, which
is a base change of PY, obtained by dividing RY by an ideal.

To compute this ideal we argue as follows: assuming (as we do) that one knows
M@ F to be non-singular of dimension g, it is enough to find some extension of the
Op-action to PY, and some ideal a such that the following hold:

e Considered mod a, i.e. on PII;{JU Ja> this extended action of O, defines a display
with RM.

e The formal variety Spf(RY /a) is a non-singular g-dimensional sub variety of
Spf(RY).

Thus, first write
(11.13) PY =al_ P,

where each PV is a free W,(RY)-module of rank 2, extending the decomposition
in (11.8).

Secondly, choose a to be the ideal (t;; : ¢ # j). The condition that one needs
to verify is that (mod a) we have an equality:

(11.14)
S(a) 0\ [(A+TC p(B+TD)\ (A+TC pB+TD) (S@ 0\
0 X(a) c pD B C pD 0 X(a)) -

This is immediate to verify. Therefore, we have proven

THEOREM 11.3. ([39]) The universal ring for deformations of a display P with
RM over k to displays with RM over rings of Ckp, is the ring R™Y = K[[t1, ..., t,]].
If

02(@2 NN ,al) 02(b27...,b bl))
11.15 ’ g 97
( ) (02(02,...709,01) Dg(dz,...7dg,d1)

is the displaying matriz for P, then the displaying matrixz for the universal display
with RM, PYX can be take to be
(11.16)
02(02 +t2ca, ..., ag + tgcg, a1 + tlcl) Dg(bg + tods, ..., bg + tgdg, b1 + tldl)
02(02,...,Cg,01) Dg(dg,...,dg,dl) ’
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11.2. The local structure of W, and Hasse invariants. We are now in

position to determine the local structure of the varieties W, and to gain better
understanding of the Hasse invariants.
Let k € F — Alg and (A, ¢) an abelian variety with RM over k (with uy-level, N > 3,
that we suppress from the notation) such that A(p) is connected (equivalently, since
p is inert, non-ordinary). Let P be the corresponding display defined by a displaying
matrix as in (11.15). We first notice the following

FacT 11.4. We have ¢ € 7(A) if and only if a; = 0 (mod p).

Now, ifa; # 0 (mod p) (i.e. i & 7(A)) then a;+t;c; (mod p) is an invertible element
of k[[ti...,t4]] and hence a; + T;¢; is invertible in W, (k[[t1,...,t4]]). Therefore,
every specialization of the universal display would have type not containing ¢. That
is, if A has type 7 every “generification” of A has type contained in 7. Moreover,
it is evident that for every p C 7 the variety W, is defined locally at = (where z is
the moduli point of (A, ¢)) by the ideal a = (¢; : i € p). One obtains

THEOREM 11.5. (Goren-Oort, [39]) The sub-varieties W, are non-singular va-
rieties of pure dimension g — |7|. Furthermore, W, "W, = W, .

We now discuss the Hasse invariants. Recall first the definition (see Chapter 5,
Section 3.1). Given A/R with RM, where R is an F-algebra and a non-vanishing
differential w € tj‘/R, letting ey, ..., e, be the orthogonal idempotents of O, ®r, R,

we get a basis (ejw, ..., eqw) of tz/R. We have taken a dual basis (w.r.t. some
Op-linear polarization) to ta /g, say (n1,...,7y) and put
(11.17) hi(A,L,w) = Fni—1/n;.

We could have equally taken a basis (13,...,7;) for ta/r and let h;(A,1,w) =
Eni_y /n;.

Now, ta/g = P/Q where P = (P,Q,F,V ') is the display associated to A.
The isomorphism is chosen to respect the Op-action and therefore (in the notation
of Section 11.1) the 7} is a multiple by an invertible element of W, (k) of x;, at least
(mod p). The same arguments may now be applied to the universal deformation of
P given by Equation (11.16). Thus, if RYL = Kk[[t1,...,t,]], we get

LEMMA 11.6. There exists c € W,(RY'Y) such that
(11.18) hi(A,t,w) = c(a; + Tic;)  (mod p).
COROLLARY 11.7. We have an equality of divisors:

(11.19) (hi) = W;.

In particular, the divisor of h; is reduced. Let H = hy ---hy, then the divisor of H
is a reduced normal crossing divisor, equal to the complement of the ordinary locus.

The following corollary may give some “intuitive feeling” to why must every
component of W, contain a superspecial point. We recall a theorem of Bailly saying
that if w is the sheaf of Hilbert modular forms of parallel weight 1, then there exists
an r such that w®" is an ample line bundle.

COROLLARY 11.8. (Raynaud’s trick) The divisor (H) is ample. Thus every
family of ordinary abelian varieties over a complete positive dimensional variety
S — Spec(F), say A — S, is isotrivial.
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PRrOOF. Indeed, for large enough k, we have that rk - (H) is the divisor of the
section H"* of the very ample line bundle w®*®=1) hence a very ample divisor.
Thus, (H) is ample.

Now, the sheaf w®" extends to an ample line bundle over a compactification
M*(F), and therefore the complement of (H) in 91*(IF), which contains the ordinary
locus, is affine. Thus a complete sub-variety of 9*(IF) that is disjoint with (H) must
be zero-dimensional.

Given the family A — S, one may find a complete variety T" and a finite
morphism 7 : T' — S such that 7*4 — T is endowed with a pn-level structure
(N > 3). Let M(upn,F) stand for the moduli space of abelian varieties with RM
and this level structure. Then, there exists a morphism ¢ : T — M(upn, F) such
that 7* A is the pull-back by v of the universal family over 9M(uy,F). But, by the
above, the image of 1 is connected and zero-dimensional. That is, 7*A is constant,
that is to say, A — S is isotrivial. O



APPENDIX A

Group Schemes

The problem we face in this section is to give the reader a feeling that he knows what
group schemes are about, aware of the main examples, can follow the arguments
concerning them that are spread all over this book, and can even make some of his
own proofs for simple facts, and on the other hand to stay within a certain length
limit. Since extensive treatises and several survey papers do exists (e.g. [24], [35],
[46], [114], [118], [94]), we shall offer a rather peculiar choice of topics, assuming
that the interested reader would consult the above references for a more complete
picture. E.g., we will not prove the main theorems, but will prove all kind of exotic
statements that are relevant to the issues discussed in the book.

We shall assume that the reader speaks, though not necessarily fluently, the lan-
guage of schemes. This is imperative since many of the group schemes that interest
us are not reduced, and hence are beyond the scope of classical algebraic geometry.
Perhaps the inevitability of learning the subject is clear when one learns that the
group scheme of the p-torsion of an elliptic curve of a field of characteristic p has
either p geometric points (ordinary case) or non at all (supersingular case). The
only way to retain the harmony of “p-torsion being of order p?” is to consider the
group scheme of p-torsion, which is indeed of order p?, as a group scheme.

1. Some Definitions

Let 7 : G — S be a scheme over S. One says G is a group scheme if there exist S
- morphisms

(1.1) inv:G@— G, m:GxG— G,

and a section

(1.2) e: S — G,

such that the following diagrams commute (compare (1.3)):

(1.3)
GxGxG %G xa ¢ Gxa ¢ g xa
lxml lm , (1,eo7r)l \ lm , (l,inv)l com lm )

GxG—Fpf—>C GxG—f>G GxG—f>G

As schemes are completely determined by their functor of points, an equivalent
definition is: The functor of point hg of G gives a functor

(1.4) hg : Schg — Groups.
It is often this last definition which is easily verified.

201
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A group scheme 7 : G — S is called affine if the morphism 7 is affine. It means
that for every open affine U = Spec(R) of S we have G|y := G xg U is affine, say
equal to Spec(R[z1,...,%,q]/Iy). In that case the group law is determined by
morphisms that are R-algebra homomorphisms (compare Chapter 1 (1.4)):

(].5) m: R[.’El, R 7£ET‘(U)]/IU — R[xl, R 71.T‘(U)}/IU XRr R[azl, . ,:ET(U)}/IU,
(1.6) inv: Rla,...,x o))/ Iv — Rz, ..., 2w/ Iv,

(1.7) €: Rlxy,...,zran]/lv — R.

The kernel of € is called the augmentation ideal.

A group scheme 7 : G — S is called flat if the morphism 7 is flat.  That
means that one can cover S by a open affine sets U = Spec(R) such that over each
U there exists a covering of G by open affine sets V' = Spec(R’) such that R’ is
a flat R-algebra. Recall that this means that the functor M — M ®g R', from
R-modules to R’-modules is exact. Though probably not clear from the definition,
this means that G varies continuously over S. See [78, Chapter I11.10].

A group scheme 7 : G — S is called finite if 7 is a finite morphism. Thus,
locally on S, one can write G as Spec(R[z1, . .., Z,(17)]) — Spec(R) and the module
R[z1,...,2.)] is a finite R-module. If G is also flat, then this R module is locally
free of a certain rank. This rank is constant if S is connected. In general, given a
finite flat group scheme G over S, we assume that the rank is constant and call it
the rank of G.

A subgroup scheme H of a group scheme 7 : G — S is a closed subscheme that
is a group scheme under the morphisms induced from those of G. Suppose that
m : G— S is an affine group scheme and that S = Spec(R) is affine. Write
G = Spec(R¢) for a suitable R algebra R¢, and let I be the augmentation ideal
of G. Let H be a subgroup scheme, then H = Spec(R¢g/J) for a some ideal J.
The properties forced on J are that J C I, that m(J) C J ® Rg + Rg ® J and
that %(J ) C J. Conversely, every ideal J with such properties defines a closed
subgroup scheme.

Let G' = Spec(Rg-) be another group scheme affine over S. Giving a homomor-
phism [ : G — G’ of S-group schemes is equivalent to giving a homomorphism
¢ : Rgw — Rg that commutes with the maps m,inv and €. The kernel of f is
defined as the fibre product

(1.8) Ker(f) —— G
L)
S———=q’

It is always a subgroup scheme. Even not in the affine case. In the affine case, the
ideal J of R¢ defining Ker(f) is ¢(Ig)Rg.

The notion of a quotient group scheme is much harder. Even if one attempts to
divide by a normal subgroup scheme. We remark that the quotient by a finite flat
group scheme always exists. ****
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2. Digression on Frobenius and Verschiebung

Let S be a scheme of characteristic p. That is, p = 0 in the structure sheaf Og of
S. There is then a morphism Fr®® : § — S. the absolute Frobenius, that is given
as the identity map on the underlying topological space of S and as the map of
raising to the p-power on the structure sheaf Og.

Let f : X — S be a scheme over S. Define X(P) as a fibre product in the
following cartesian diagram

(2.1) X0 —= X .

| e

LA

The operation X — X @) is a covariant functor from the category of S schemes to
itself.

EXERCISE 2.1. Determine how to define the Frobenius of a morphism and ver-
ify that we indeed get a functor. Is it an exact functor? faithful?

The commutative diagram

abs
(2.2) x2S x

produces by the universal property of fibre product a morphism Fr = Fry, called
the Frobenius morphism,

(2.3) Fr: X — X®),

Note that it is a morphism of S schemes.

For example, let k be a perfect field of characteristic p, S = Spec(k), and let
X be the scheme Spec(k[z1,...,2n]/(f1,- .., fm)). Then the scheme X®) is given
by Spec(k[z1,...,2,])/(91,---,9m)) Where g; is obtained from f; by raising each
coefficient of f; to the p power. (In particular, if f; are all in F,, then X = X).
The morphism Fr: X — X () is given by the homomorphism of k-algebra

(2.4) oy, ] /(g1 gm) — Kl @]/ (frs 0 fm),

determined uniquely by z; — a? for ¢ = 1,...,n. In terms of the functor of points,
the morphism Fr : X — X () corresponds to

(2.5) hx = hxw

given for any k-algebra R by

(2.6) hx(R)={(r1,...,mn): fi(r1,...,ry) =0 Vi}
— hxw (R)={(r1,...,rn) : gi(r1,...,mn) = 0 Vi}

(27) (Th...,’r‘n)l—)(?"f,...,’fﬁ).
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The functoriality of the construction easily gives that if X — S is a group scheme
then so is X®) — S and Fr: X — X® is a group homomorphism.

Returning to the general case, assume that G is a finite flat commutative group
scheme or an abelian scheme (see below) over S. Then duality theory provides
one with a morphism Ver : G®) — G called the Verschiebung morphism. One
considers the morphism Fr : Gt — (G*)(P). Here G? is the dual group scheme (see
below) if G is a finite flat group scheme, or the dual abelian scheme. Upon dualizing
we obtain a morphism Ver = Verg

(2.8) Ver :=Fr' : G — @G.
The main property of Ver is that it is a group homomorphism satisfying

(2.9) Frg o Vergo = [paw ], Vergm o Frg = [pg)-

3. Important Examples

1. The multiplicative group G,,. For every ring R

(3.1) Gy, r := Spec(R[z,z7"]),
with
(3.2) m(z) =z @, inv(z) =z, &)=1.

It is the group scheme associating to any R-algebra T' the group T of invertible
elements in 7. The augmentation ideal is generated by x — 1. For every R-algebra
R we have G,/ = G /r Xspec(r) SPec(R') — a feature of many of the examples
below.

2. The roots of unity puy. Let N be a positive integer. For every ring R we
define the group of N-th roots of unity by

(3.3) pn = Spec(R[z]/(z" - 1)),
with
(3.4) m(z) =z @, inv(e)=x"", &)=1

It is the group scheme associating to any R-algebra R’ the multiplicative group
{¢ € R : ¢N =1} (the N-th roots of unity in R’. Or rather, the roots of unity
of order N, if we want to point out that there might be more, or less, than N of
them). The group uy is the kernel of the homomorphism G,, — G,, given by
x — 2N, or, in terms of points, for every R-algebra R’

(3.5) pn(R) — pn(R), ¢ V.

Note that by our recipe for kernels py is to be defined by the image of I, , which

is indeed the case. We further remark that if R has characteristic p then p, is the
kernel of Fr : G, yp — G- More generally, pi,n = Ker(Fr™).

EXERCISE 3.1. Let N be prime. Prove that uy,r has no non-proper subgroup
schemes. Note that for many R’ the abstract group py(R’) is not simple.

3. The additive group G,. For every ring R define the group scheme G, as
(3.6) Gq = Spec(R[z]),

with

(3.7) mz)=z01+1®z, inv(r)=—z, éa)=0.



3. IMPORTANT EXAMPLES 205

It is the group scheme assigning to every R-algebra R’ the underlying additive group
of R'. In general the homomorphisms of G, are just the maps induced by = +— 7z
for r € R that include the multiplication by n maps x +— nz. Assume however that
R has characteristic p a prime number. Then the map of raising-to-the-p-power,
given on the coordinate ring by x +— P, is a homomorphism of groups. It is in fact
the Frobenius morphism defined above.

Thus, if R if a perfect ring of characteristic p, End(G,/R) D R{r} — the non
commutative ring of polynomials in the variable 7. Every element f of R{7} has a
unique expression of the form f =rqg+ 77+ -+ r,7" and 7r = rP7. The action
of f on End(G,/R) is given by

(3.8) x = rox +raP 4+ 4 P

This structure is fundamental to the theory of Drinfeld modules. See [28].
4. The group a,-. Let R be a ring of characteristic p. We define the group
scheme -/ as the kernel of Fr" : G, — G,. Thus, by our recipe for kernels,

(3.9) apr /i = Spec(R[z]/(z""),
with
(3.10) m(z)=z®1+1®x, inv(z)=—z, é(x)=0.

It associates to every R-algebra R’ the additive group of nilpotent elements of order
p" of R'. That is, {a € R : a? = 0}.

EXERCISE 3.2. Let R be a field of characteristic p. Prove that End(a,,/r) = R.

5. The group GL,. For notational simplicity we just define GLs. For every R,
we let

(3.11) GLy R = Spec(R|a, b, ¢, d, (ad — be) '),
with m given by

(3.12) m(a)=a®a+b®c, mb)=axb+bxd,
(3.13) m(c)=c®a+d®c, m{d) =c®b+d®d,
with inv given by

(3.14) inv(a) = d(ad — be)~", inv(b) = —b(ad — be) ™1,
(3.15) inv(c) = —c(ad — be) ™", inv(d) = a(ad — be) ™,
and with € given by

(3.16) Sla)=1, &b)=0, &c)=0, &d)=1.

It is the group scheme associating to each R-algebra R’ the group of 2 x 2 invertible
matrices with entries in R.
The reader is well acquainted with the group homomorphism

(3.17) det : GLy — G,
given by the determinant.

EXERCISE 3.3. Write this homomorphism in terms of the coordinate rings. The
kernel is a the group scheme SLy. What is the ideal defining it?



206 A. GROUP SCHEMES

6. A non commutative group scheme of order p?. Let R be a ring of
characteristic p. We define a subgroup scheme of GLs in functorial terms. For
every R-algebra R’ it is given by the matrices

(3.18) (g ?) , C€up(R),a € ap(R).

EXERCISE 3.4. Check that this a group scheme and write it as an affine group
scheme. Prove it is of rank p? and non commutative.

EXERCISEX 3.5. Prove that this group scheme is isomorphic to tp X ap. For
that you have to first make sense of the last expression.

7. The constant group scheme I'. Let I be a finite abelian group in the usual
sense of freshmen algebra course. Let R be a ring and S = Spec(R). We define the
constant group ring ' defined by I as

(3.19) = ]_[(Spec(R))ﬂY = Spec GBF R, = Spec R".
el e

This defines an S-scheme 7 : I' — S. Suppose that S is connected and T is a
connected S-scheme. Then I'(T') = I'. This explains the name ”constant”.

We may identify R" with R[T] := {>" a7V : a, € R}. This identification sends
v € R[I'] to the delta function at vy — an element of R''. Therefore, the multiplication
law induced on R[] is not the usual one of the group ring, but rather

(3.20) (Z a'y'Y)(Z byy) = Z aybyy.

To emphasize that we shall write R[[]. So far what we said holds for every finite
set. The group scheme structure on I' comes from the group structure on I'. One
finds that the comorphisms are

(3.21) () =Y 0@t inv(y) =", &) =0.
sel’

EXERCISE 3.6. Given a finite flat commutative group scheme 7 : G — S, one
can define a dual group scheme. The construction being local on the base, we may
restrict to S = Spec(R). Then G is given by an R-algebra, say T. It comes equipped
with co-multiplication, co-inverse and augmentation maps m: T — T Qg T, inv
T — T and e: T — R. Let us denote the multiplication by p: T® T — T and
the structure map by e : R — T.

Consider now the finite R-module T* := Hompg(7, R). Show that the map m
induces multiplication on 7™ and that T* becomes an R-algebra with structure map
induced from e. Show that there is a natural group structure on Spec(7™*) for which
co-multiplication is induced by u, co-inverse is induced by inv and augmentation
(co-unit) is induced by e. The group scheme Spec(7™) is called the dual group
scheme to G and is usually denoted G*, GY, G or GV.

The adjective “dual” is justified in that that there is a canonical perfect pairing

(3.22) G x G' — G,

and (G')? is naturally isomorphic to G. See ****,
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EXERCISE 3.7. Show that the dual group scheme of I is the diagonalizable
group scheme, discussed extensively in Chapter 1, Section 1 (but we allow p-torsion
now), whose coordinate ring is R[I']. Note that this is the same set as the coordinate
ring R[] but now multiplication is the “usual” multiplication in a group ring:

(3.23) S an(by) =33 arsbs 1,

~yel yel ~y€el el

while co-multiplication is given by v +— v ® 7.

EXERCISE 3.8. Show that ux and Z/nZ are dual to one another.

8. Etale group schemes. Recall that a morphism of schemes 7 : T'— S is
called étale if it is finite, flat and unramified. It means that locally it is of the
form Spec(R[z]/(f(x))) — Spec(R) for a separable polynomial f. Heuristically,
this is a concept that puts together the notion of a topological covering map and a
separable field extension. See [71] for more on étale morphisms.

A group scheme 7 : G — S is called étale if the morphism 7 is étale. The main
fact one employs about étale group schemes is that after a suitable base change they
become constant group schemes. The group uy is an étale group scheme if and
only if the characteristic of every geometric point of S is prime to N.

EXERCISE 3.9. Let R be a field of characteristic p and let ¢ be a prime. Prove
that the group scheme piy, g is étale over R if and only if p # £.

Suppose that R is a field, S = Spec(R) and K is an algebraic closure of R.

Then the category of étale group schemes is equivalent to the category of finite
Gal(K/R) sets. See [114] or [71].
9. The p-torsion group scheme A[p]. Let 7 : A — S be an abelian scheme.
That is w : A — S is a group scheme, the morphism 7 is proper, flat, with geo-
metrically connected fibres. An abelian scheme is always commutative. It should
be thought of as a continuously varying family of abelian varieties (possibly over
fields of different characteristics). A typical example is the relative Jacobian. If
C — S is a family of curves, then one can put their Jacobian varieties together
to one abelian scheme 7 : A — S whose fibres are the Jacobian varieties of the
corresponding curves.

Let m : A — S be an abelian scheme of relative dimension g. For every integer
n we denote by [n] the multiplication by n map. It is a proper flat morphism (see
[83]) and its kernel is a finite flat group scheme of order n29 that is denoted A[n].
Let Sy be the open subscheme of S where the primes dividing n are invertible.
Then Aln] is étale over Sy, and Sy is maximal with such property. That is, if k is
a field of characteristic p and A/k is an abelian variety then A[p] is never étale. In
fact, its largest étale quotient is of order < p9. If equality exists, one says that A
is ordinary.

We provide some examples of the structure of p-torsion of a g-dimensional
abelian variety A over an algebraically closed field of characteristic p.

ExampLE 3.10. g = 1. Every elliptic curve is automatically principally polar-
ized. This implies that A[p] is self-dual. There are two possibilities:

e A is ordinary elliptic curve:

(3.24) Alp] = 1 ® Z/pL.
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(3.25)
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Here 1, is the kernel of Frobenius and Z/pZ is the kernel of Verschiebung.
We remark here that for any abelian variety of dimension ¢ in characteristic
p Frobenius has degree pY.

A is not an ordinary elliptic curve. Then A is called a supersingular elliptic
curve. One has a non-split exact sequence

0— ap, — Alp] — a, — 0.

The embedded o, is unique and is both the kernel of Frobenius and Ver-
schiebung. One has in fact Fr = —Ver. For every two supersingular elliptic
curves Aj, As over k (algebraically closed !) we have A;[p] = As[p]. Thus
we shall denote this group scheme by M.

EXAMPLE 3.11. g = 2. We assume that A is principally polarized, hence A[p]
is self-dual. There are four possibilities:

e A is ordinary:

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Alp) = 1) © Z/pZ’.

Here ,ui is the kernel of Frobenius and Z/ pZ2 is the kernel of Verschiebung.
A has étale part of order p. In this case, as in fact forced by self-duality, we
have

Alp] = M @ p, ® Z/pZ,

where M is the p-torsion of a supersingular elliptic curve. Thus A[p] contains
a unique «,. In this case, the kernel of Frobenius is oy, @ p, and the kernel
of Verschiebung is oy, ® Z/pZ.
Alp] has no étale part. In this case A is supersingular (but be careful: for
g > 3 having no physical p-torsion (i.e., trivial étale quotient) does not imply
super-singularity, though super-singularity implies no physical p-torsion).
There are two possibilities:

(i) A is superspecial. That is, A is isomorphic to a product of supersin-
gular elliptic curves. In this case

Alp] = M?.

Note that ay, & «, embeds in A[p] and is in fact the kernel of both maps
Frobenius and Verschiebung.

(ii) A is not superspecial. We remark that A is always isogenous to a
product of two supersingular elliptic curves. In this case one has a filtration

HcCGcAp),

where H = oy, where G/H = a;, ® oy, and where A[p]/G = «,,. The kernel
of Frobenius G; and the kernel of Verschiebung G2 are contained in G' and
we have an exact sequence

0—H—G Gy, — G—0.

We remark that neither G; nor G are isomorphic to M. The group scheme
G, is killed by Fr and Ver?, the group scheme Gy is killed by Fr? and Ver
and G is dual to Gs.
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4. The Basic Exact Sequence

Let (R, m) be a henselian local ring. Recall that this means that Hensel’s lemma
holds in R. That is, if f(z) € R[z] and oy € R are such that f(ap) =0 (mod m)
and f'(ag) # 0 (mod m) then there exists an o € R such that f(a) =0 and a = «ag
(mod m). Examples include fields and complete local rings.

Let S = Spec(R) and let 7 : G — S be a finite flat group scheme. Then there
exists a canonical exact sequence

(4.1) 0—G°—G—G*—o0.

In this sequence G is the connected component of the identity. The group G is
étale and is in fact the largest étale quotient of G. If R is a perfect field then the
sequence splits and G is a semi-direct product G® x G®*. For proofs see [114]. If R
is a perfect field and G is commutative then we may decompose further G° and G¢t.
The procedure being similar, we explicate only the case of G°. One consider the
dual group scheme H = (G%)*. It can be decomposed as H = H® x H®. Dualizing,
we get GO = GY70 x GO~ where G° is connected with connected dual, GO~
is connected with étale dual. Similarly, G decomposes into a direct sum of an
étale group with connected dual G**9 and an étale group with étale dual G-t
All together

(4.2) G =2 GO0 « GOt o (660 o (ét-6t

Using this decomposition, the category of finite flat commutative group schemes
over a perfect field R decomposes into a direct sum of four categories: connected
groups with connected dual, connected groups with étale dual, étale groups with
connected dual, and étale groups with étale dual.

We provide some further remarks about connected group schemes. Let R be a
perfect field and G a finite commutative connected group scheme over R. Then the
underlying topological space of G consists of only one point, equivalently G is the
spectrum of a local ring. Still equivalently, G has a unique geometric point. The
last property also proves our claim. If G has more then one geometric point then
its étale quotient is not trivial.

If R is a field of characteristic zero one can show that every connected group
scheme is the trivial group. Assume now that R is a field of characteristic p. Then
one can “effectively” construct the connected component of the identity in G. Let

G = Spec(T) for an R-algebra T, and let I be the augmentation ideal. Let Ig’b)
be the ideal generated by all p’ powers of elements of I (usually strictly included

in I7"). Let I = My I%"). Then
(4.3) G = Spec(T/I).

Equivalently, let G [Frb] denote the kernel of the Frobenius morphism iterated b
times, Fr: G — G®"). Then

(4.4) G =GR
b
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5. Group Schemes over a Perfect Field of Characteristic p

In this section we make the following standing assumptions: k is a perfect field of
characteristic p; 7 : G — Spec(k) is a finite commutative group scheme of order
pY for some g.

The main tool in studying a group scheme like G is its Dieudonné module. Here we
give the recipe of covariant Dieudonné modules. It differs from the theory exposed
in [24] by taking duals.

Consider the non-commutative ring A = W (k)[F, V], where W (k) is the ring
of infinite Witt vectors over k with the Frobenius automorphism o, F' and V are
variables and

(5.1) FV =VF=p, FAX=XF, AV =V\, YAcW(k).

Then there is an equivalence of categories between finite commutative groups G
over k of p-power order and finite A-modules that we denote by

(5.2) G — D(G).

It has the following properties:
(1) It commutes with base-change. In particular

(5.3) D(GP) =D(G) x4, A.

(2) Under this correspondence the map induced by Fr : G — G®) is the o(~1)-
linear map V : D(G) — D(G). Similarly, the map Ver : G — G(/P) induces the
o-linear map Fr : D(G) — D(G).

(3) There is duality:

(5.4) D(G') = HomA(D(G), A).

In particular, G is local-local (resp. local-étale, resp. étale-local) if and only if
both F and V are nilpotent on D(G) (resp. V nilpotent and F is an isomorphism
on D(G); resp. F nilpotent and V' is an isomorphism on D(G)).

(4) The order of G is p” where r is the length of D(G) as a W (k)-module.

EXAMPLE 5.1. The group «) has the Dieudonné module %k, where F', V' and p
act as zero. Le., A/(F,V), where (F,V') denote the left ideal AF + AV generated
by F and V.

EXAMPLE 5.2. The group p, has the Dieudonné module k, where p and V act
as zero and F acts as Frobenius. (We remark again that we take the covariant
Dieudonné module). Le., A/(V,1 - F).

EXAMPLE 5.3. The group scheme Z/pZ has Dieudonné module k with p and
F acting as zero and V acting as the inverse of Frobenius. I.e., A/(F,1—V).

EXAMPLE 5.4. The group scheme M of Example (3.10) has Dieudonné module
A/(F%, V2 F + V), while the group schemes G; and Gy appearing in Example
(3.11) have Dieudonné modules A/(V, F2) and A/(F,V?) respectively.

Dieudonné modules are a very powerful tool in studying p-power finite commutative
group schemes. For example, the k-forms of a group G over k*°°P that can be defined
over k are given by H'(Gal(k*°? /k), Aut(D(G))). This is often readily computable.
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EXAMPLE 5.5. Let G = o, over k°P. Then End(D(cy)) = k*°°P. By Hilbert’s
90 we conclude that oy, has no forms!

EXAMPLE 5.6. Let G = pp,. Then End(D(up)) = {\ € k%P : AP = X\}. That is
End(D(pp)) = Fp. Now H'(Gal(k*P /k),F)) = k> /(k*)P~! by Kummer theory.

ExAMPLE 5.7. Consider M. Its Dieudonné module is k%¢Pe; @ k*Pey with F
acting by Fe; = eg, Fea = 0 and Ve; = —ey, Veg = 0. Note that this module
is cyclic with generator e;. An endomorphism f is thus completely determined by
f(e1) = aey + bea. In fact f(es) = f(Fey) = Ff(e1) = a”ey. The conditions on
f being a map of Dieudonné modules is that f commutes with V and F. That is
—a° ey = Vf(er) = f(Ver) = f(—es) = —aey. That is, a € Fe.

If we identify f with the couple (a,b), then

(5.5) End(M) = {(a,b) : a € Fj2,b € k*P}

with component-wise addition and multiplication given by

(5.6) (o, B)(a, b) = (aa, Ba + ba?).

The identity is (1,0) and hence

(5.7) Aut(M) = {(a,b) :a € F;,b € K™}

One has an exact sequence of Gal(k**? /k) modules:

(5.8) 1 — (kP +) — Aut(M) — Fj; — 1.

The maps are § — (1,3) and («, 3) — «. In fact it splits, as Galois modules, by
a— (a,0). That is, Aut(M) = k*P x F .

Let us assume that F,2 C k. Since H'(Gal(k*P/k),k*P) = 1 ((k*P,+) is
cohomologically trivial), we get an injection

(5.9)  HY(Gal(k**?/k), M) — H (Gal(k** /k),F,2) = k> / (k)P 71,
by Kummer theory.

It is easy to see that H'(Gal(k**? /k), M) — H*(Gal(k*°P /k),F,z2) is surjective.
That would be obvious if we have dealt with usual (abelian) cohomology because
H?*(Gal(k**? /k), k) = 0. But, directly: Given a cocycle 3 € H'(Gal(k*® /k),F,2),
o — a(o) one lifts it by o — (a(0,0)).

We now look again at the case of an abelian variety A/k of dimension g. Since k is
a perfect field the Verschiebung morphism A — A(Y/P) is well defined. Let A[Ft]
and A[Ver] be the kernel of Frobenius and the kernel of Verschiebung respectively.
These are subgroup schemes of A of order p?. We have an exact sequence:

(5.10) 0 —— A[Ver] —— Alp] Ver AlFr] —— 0.

We let D denote the Dieudonné module D(A[p]), and we apply the Dieudonné
functor:

LI 0¥ 0-

(5.11) 0 — D[Fr] D

Now, assuming that A has a polarization prime to p, there is an isomorphism
of k[Fr, Ver]-modules of D with H!p(A) (the action on the latter comes from
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Hip(A) = Hf,, (A/W(K)/pHE,,(A/W(K))). ' The vector space Hjp has a
canonical filtration

(5.12) 0 —— HO(A, QL) — Hi (A) —— HY(A,04) —— 0.

The arrows are defined by a spectral sequence. The sequences (5.10) and (5.12) are
closely related. Indeed, since Fr acts as zero on differential forms, the identification
D = H}p(A) implies that D[Fr] = H°(A4,QY). We may further identify H*(A4,04)
with FrD. On the other hand, the map Fr : D — D identifies D/D|[F] with D[V],
only that its not linear: Fr(Aa) = A\Fr(v). We obtain: H'(A,04) = D[V] @k r k.
Thus,

0 —— HO(A,Q}L‘) e H;R(A) — Hl(A,OA) — 0

(5.13) F F lg

0 —— DAV]) —— D(Ap]) —— D(AF]) @xp b —— 0
We remark that we are working with the covariant Dieudonné module. Oda [87]
works with the contravariant Dieudonné theory D and obtains in l.c. Corollary 5.11
an identification
(5.14)
0 —— HO(A, QL) ——— Hlp(A) —— HY(A,04) —— 0

I s

0 —— (k,Fr") @, D(A[F]) —— D(Ap)) —2— D(A[V]) — 0

6. The a-group

In this section we define the alpha group of an abelian variety A — S over a scheme
S of characteristic p. A caveat is that there is no good way to define this subgroup
scheme as a group scheme of the abelian variety itself. We therefore define it as a
subgroup scheme of the base change A®) — §.

DEFINITION 6.1. Let A — S be an abelian scheme. Let
(6.1) a(A) = Ker(Ver : AP — A)nKer(Fr: AP — A(pz)).
We call it the alpha group of A.

Some remarks are in order: First, note that a(A) is a group scheme over S.
Second, the construction of «(A) is stable under base change: That is, for every
morphism 7' — S we have

(6.2) a(A/)S) x5 T = a(A x5 T).

This is nothing more then the behaviour of Ver and Fr under base change and
that Ker(Ver) and Ker(Fr) represent the functors “the kernel of Verschiebung” and
the “kernel of Frobenius”, respectively. Third, let S be a perfect scheme, namely,
the absolute Frobenius morphism Fr®”* : § — §' is an isomorphism (e.g. S is the

IThe canonical isomorphism is of the contravariant Dieudonné module D(A[p]) = D(A[p])?
with H}(A). However,D(A[p])* = D(A*[p]), which may be identified with D(A[p]) as Dieudonné
modules if we have a polarization of degree prime to p.
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spectrum of an algebraically closed field). We may therefore write A = B® for
some abelian scheme B — S. Then

(6.3) a(B)P) = a(A).

That is, the group scheme a(A) C A® descends to a group scheme of A. Fourth,
as a sheaf in the fppf topology, a(A) is a “constructible sheaf”.

DEFINITION 6.2. We say that A — S has a-number greater or equal to a and
write

(6.4) a(4) > a,
if the rank of «(A) is greater or equal to a.

In particular, for A over an algebraically closed field k, the ¢ number of A in
the sense above, and the a-number of A in the sense of

(6.5) dimy,(arp, A),
are the same. Indeed, first
(6.6) dimyg (a, A) = dimy(ap, AP)) = dimg (ay, a(A)).

Secondly, a commutative finite flat group scheme G — S killed by Frobenius and
Verschiebung (in the sense that Ver : G») — @ is the zero morphism) is locally
on S isomorphic to aj/S. Thirdly, over k£ the embeddings

(6.7) ap — ap

are parameterized by surjective maps of Hopf k-algebras
(6.8) klay, ...,z / (2, ..o al) — k[t]/ (7).

Consider first that case r = 1. Then z; is mapped to f(t) = ag + art + -+ +
ap—1t?~V. Then 1 ® 1+ 1 ® 21 is mapped to f(t) ® 1 + 1 ® f(t) which should be
equal to m* f(t), where m : «,, X o, — v, is the multiplication morphism. But

(6.9) m ft)=ao®@1+a;(t@1+1@t)+...a,1(t@ 1+ 1)

Equating coeflicients we get f(t) = at for some a € k. Thus, coming back to
the general case, giving a morphism «, — «;, is equivalent to giving a vector
(a1,...,a,) € k™. The correspondence being given by associating to the vector
(a1,...,a,) the unique morphism k[z1,...,z,]/(2}, ..., 22) — k[t]/(¢?) taking z;
to a;t. The morphism of groups is injective, if and only of the morphism of algebras
is surjective, if and only if (ay,...,a,) is not the zero vector. Furthermore, taking
the case 7 = 1 we see that the isomorphisms of a;, are in natural bijection with k*,
and the natural action of the automorphism associated to a € k* on the embeddings
ap — oy is given by (a1, ...,a,;) = (aai,...,aa,). That is, the homomorphisms
of a;, to aj, are naturally isomorphic to A7, and the subgroups of aj that are

isomorphic to «ay, are in natural bijection with Pg_l).
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of points, 15, 201, 203 Hilbert scheme, 17
representable, 15 Hilbert-Blumenthal abelian varieties, 65
Hodge bundle, 21, 22
Galois holomorphic line bundle, 60
action on points, 8 homomorphism
representation, 95, 98 group schemes, 202
deformation, 98, 99 kernel, 202
irreducible, 98 Honda, 181
modular deformation, 98 Honda-Tate Theorem, 89
ordinary, 98 Honda-Tate theorem, 81, 82
gamma function, 95 Hopf algebra, 6, 9
Grothendieck, 167
Specialization Theorem, 188 Igusa, 104
group scheme involution, 41
GLy, 205 positive, 41
SLp, 205 Rosati, 41
apr, 205 isogeny, 39, 73
Hp, 12 Iwasawa, 97
p-torsion, 207
étale, 207 Jochnowitz, 112
additive, G4, 204
affine, 72, 202 Kocher principle, 60
alpha, 212 Kocher’s Principle, 59
augmentation ideal, 202 Katz, 95, 105, 135
constant, 206 Katz function, 142
definition, 201 Katz’s expansion, 132, 164
dual, 206 kernel, 202
finite, 202 Kodaira-Spencer, 15, 34, 88, 123, 167
flat, 202 KS, 123
homomorphism, 202 Kubota-Leopoldt Theorem, 97
kernel, 202 Kubota-Leopoldt theorem, 97
multiplicative, G, 204 Kummer congruences, 96, 97, 104
non commutative, 206
quotient, 202 lattice, 31
rank, 202 Lazard, 167
roots of unity, uy, 204 Lehmer, 100
subgroup, 202 level structure, 18
To(N), 28
Hasse invariant, 118, 125 To(n), 18, 19
partial, 151, 152 To(p), 87
total, 154 T'i(n), 18, 19
Hasse-Witt matrix, 154 un, 93
Hecke operator, 107, 108, 110, 121 fpoo, 93
system of eigenvalues, 112 full, 91
Heisenberg group, 39, 75 symplectic, 18, 19
Heisenberg group (Theta group), 75 theta, 80
level subgroup, 76 level subgroup, 76
Representation, 79 line bundle, 42
Hilbert modular form algebraic equivalence, 17, 38
p-adic ample, 34, 36
g-expansion, 161 Chern class, 37
cusp, 161 factor of automorphy, 20, 35
holomorphic, 161 very ample, 34
Serre, 165 Liouville’s theorem, 62

p-adic (Katz), 160 local artinian ring, 84



Manin, 186
Manin-Drinfeld theorem, 25
Mazur, 98, 99
model, 173
modular
embedding, 68
modular form, 21, 23, 67, 69, 96
A, 22,24, 99
6 operator, 102
p adic, 115
p-adic, 95
g-expansion, 127, 135, 164
cusp, 127
holomorphic, 127
p-adic (Katz), 126
p-adic (Serre), 114, 115
g-expansion, 23, 146
algebraic, 106, 107
congruences, 99
cusp, 24, 60
delta, 25
Eisenstein series, 24, 26, 65-67, 100
p-adic, 117
restricted, 26
filtration, 110, 124
function of lattices, 23
graded ring, 24
Hasse invariant, 118, 125
Hilbert, 58
holomorphic, 21, 59
index, 58
Katz’s definition, 23, 68
Katz’s expansion, 132
level, 58
overconvergent, 126
theta series, 27, 67, 69
weight, 58, 115
moduli
abelian variety, 17
elliptic curve, 17, 18, 28
problem, 15, 16
rigid, 17
scheme, 7, 15
coarse, 16, 28, 40, 55, 67
fine, 15, 16, 40
moduli problem
un level, 105, 106
rigid, 105
moduli space, 65
morphism
étale, 207
affine, 202
finite, 202
flat, 202
Frobenius, 203
Verschiebung, 203, 204
Mumford, 167
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differential, 108
Néron-Severi group, 17, 38, 42, 73
Newton polygon, 186
Norman, 87, 167, 197
notion of positivity, 51

Oort, 167, 188, 197
overconvergent modular form, 126

pairing
Mumford, 76, 78
perfect, 11, 74, 75, 78, 206
symplectic, 18
Weil, 18, 19, 40, 75, 78
Poincaré bundle, 73
Poincaré Reducibility Theorem, 47
polarization, 17, 39, 50
principal, 34, 39, 50
polarization module, 50, 65
prime
irregular, 97
principal homogeneous spaces, 52, 93

quadratic form, 27
adjoint, 27
determinant, 27
discriminant, 27
integral, 27
level, 27
positive definite, 27

Ramanujan, 99, 102

7 function, 99

6 operator, 102

conjecture, 100
Rapoport, 167
Rapoport’s condition, 88, 90
Raynaud, 199
real multiplication, 46
relative tangent sheaf, 90
representation

f-adic, 81

complex, 47

rational, 47
Ribet, 155
Riemann, 15
Riemann form, 50
Riemann’s theta function, 81
Rigidity lemma, 71
ring

p-adic, 125

local

henselian, 209

ring of divided congruences, 135, 140
RM, 46
Rosati involution, 41

Satake compactification, 56
semi-character, 36, 37, 43
Serre, 95, 113, 119, 167
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conjecture, 99
Serre-Tate coordinates, 85, 90
Serre-Tate Theorem, 169, 170
Shimura, 69
Shimura-Taniyama, 98
Siegel, 66
units, 26
Siegel’s formula, 69, 70
volume, 96
Steinitz class, 54
Stone-Von Neumann Theorem, 79
Swinnerton-Dyer, 119
symmetric elements, 42

Tate, 82, 167

object, 109, 146, 149

standard, 149

Tate module, 81
Teichmiiller character, 97, 117
test object, 125, 126, 160
Theorem of the Square, 73
theta series, 27, 67, 69
torsion

p, 12, 28
torus, 10, 11, 13, 57
totally positive, 45

universal
object, 16

upper half
plane, 19
space, 40

Verschiebung, 109

‘Weil number, 82
Wiles, 98

Zarhin, 82
Zariski’s main theorem, 91
zeta function, 95
p-adic, 114
Euler product, 95
functional equation, 95
Riemann’s, 96
Zink, 167



