Nonvanishing twists of GL(2) L-functions

Gautam Chinta

September 9, 2000

1 Introduction.

Let L(s, E) be the L-function of an elliptic curve defined over Q, and let L(s, E, χ) be the L-function twisted by a primitive Dirichlet character χ. It is of interest to know that many of the L(s, E, χ) are nonzero at the central point s = 1/2 for χ ranging over some set of primitive characters. In particular, letting K_q denote the cyclotomic extension of Q obtained by adjoining q^{th} roots of unity, the weak form of the conjecture of Birch and Swinnerton-Dyer equates the order of vanishing of ∏ χ mod q L(s, E, χ) (1) at s = 1/2 with the rank of E(K_q), the set of K_q-rational points of the elliptic curve. In Eq. (1) the product is taken over all Dirichlet characters mod q. We call

ord_{s=1/2} ( ∏ χ mod q L(s, E, χ) )

the analytic rank of E(K_q).

Our first main result is

Theorem 1 Let E be an elliptic curve defined over Q of conductor N. For any ϵ > 0 and q a sufficiently large prime (in terms of N and ϵ),

analytic rank of E(K_q) < q^{7/8+ϵ}.

Here K_q is again the cyclotomic field obtained by adjoining the q^{th} roots of unity.

The proof relies heavily on the arithmetic nature of the central values of the twisted L-functions. The main idea is that L(1/2, E, χ) is nonvanishing if and only if L(1/2, E, χ^σ) is nonvanishing for all Galois conjugates χ^σ of χ, (see e.g. [3], [4].) This method was originally used by Rohrlich [2] to show that almost all L(1/2, E, χ) are nonzero for primitive χ unramified outside a given finite set of primes. Thus the Theorem 1 may be seen as an extension of Rohrlich’s result to characters of prime modulus.

Rohrlich shows that a particular twisted L-function is nonzero by showing that the average ∑ σ L(1/2, E, χ^σ) is nonzero. The method used in our proof of Theorem 1 is identical to Rohrlich’s with one major difference: instead of the Galois average above, we look at a certain linear combinations of the twisted L-functions ∑ σ c_σL(1/2, E, χ^σ), where the coefficient c_σ is chosen to be the “mollifying polynomial” of L(s, E, χ^σ) at s = 1/2. These mollified Galois averages turn out to be essential in the case of prime modulus because the character sums which arise do not afford as much cancellation as those considered by Rohrlich.

As an application of his result, Rohrlich proves that if E is a rational elliptic curve with complex multiplication, then E(K_∞) is finitely generated, where K_∞ is the maximal abelian extension of Q unramified outside a finite set of primes P. Thus it becomes of interest to ask for bounds for the rank of E(K_∞). When P consists of a single prime p relatively prime to the conductor of E, denote by η(p) the smallest k ≥ 0 such that L(1/2, E, χ) ≠ 0 for all primitive Dirichlet characters of conductor p^j with j > k. In [1], Rohrlich shows that η(p) << p/ log p. (Note: the implicit constant depends on E.) We use the methods developed in proving Theorem 1 above to prove

Theorem 2 Let E be a rational elliptic curve. Then, η(p) << 1.

2 Preliminaries.

Let E be an elliptic curve defined over Q . Due to the work initiated in Wiles and Taylor-Wiles,([6], [5]), we know that E is modular. Therefore, L(s, E) coincides with the L-function of a holomorphic newform f of weight 2 for the group Γ_0(N) with rational Fourier coefficients, f(z) = ∑ n≥1 λ_ne^{2πinz}. The associated L-function is given by L(s, f) = ∑ n≥1 λ_nn^{−1/2}n^{−s} = ∑ n≥1 b_nn^{−s}, say.

Let q be an odd prime power, (q, N) = 1. For χ a Dirichlet character mod q we define the twisted L-functions L(s, f, χ) = ∑ n≥1 χ(n)b_nn^{−s}. These Dirichlet series are valid for Re(s) > 3/2. The completed L-functions defined by Λ(s, f, χ) = ( q √ N 2π )_s Γ(s + 1/2)L(s, f, χ). have analytic continuations to the plane, are bounded in vertical strips and satisfy the functional equation Λ(s, f, χ) = w_χΛ(1 − s, f, χ̄), |w_χ| = 1. The “root number” w_χ has a simple expression in terms of Gauss sums which we will recall at the appropriate time. Finally, we have the Euler product L(s, f, χ) = ∏ p (1 − α_pχ(p)p^{−s})^{−1}(1 − β_pχ(p)p^{−s})^{−1},

where |α_p| = |β_p| = 1 for p |̸ N and |α_p| ≤ 1, β_p = 0 for p|N,

We will average the twisted L-functions over the Galois conjugates of χ. More precisely, let D_q be the group of Dirichlet characters mod q. This is a cyclic group of order ϕ(q), where ϕ is the Euler-ϕ function. Suppose χ ∈ D_q has order ϕ(q)/d, d|ϕ(q). Let Q [χ] be the extension of Q generated by the image of χ, with Galois group G = Gal(Q[χ]/Q ). Thus Q [χ] = Q [ζ], where ζ is a primitive ϕ(q)/d^{th} root of unity, and the Galois group G has order ϕ(ϕ(q)/d). Indeed, any σ ∈ G is completely determined by what it does to ζ, and moreover, if σ generates G, the image of ζ under σ may be any one of the ϕ(ϕ(q)/d) primitive ϕ(q)/d^{th} roots of unity.

We define χ_{av}(n) = 1 |G| ∑ σ∈G χ^σ(n). and χ̃_{av}(n) = 1 |G| ∑ σ∈G w_χχ^σ(n). Note that for a generator g of (Z/qZ)^∗, χ^σ(g) ranges over the primitive ϕ(q)/dth roots of unity as σ ranges over elements of G.

Rohrlich’s idea was to consider L(s, f, χ_{av}) = 1 |G| ∑ σ∈G L(s, f, χ^σ) = ∑ n≥1 χ_{av}(n)b_nn^{−s}. Exploiting the cancellations in the averaged characters, he was able to show that the Galois average of the central values is nonzero: L(1/2, f, χ_{av}) ≠ 0. Then by the theorem of Shimura (see [3],[4]), it follows that each individual central value must be nonzero.

The idea of our arguments is very similar. The only difference is that we wish to average over smaller Galois orbits. Therefore there is now less cancellation among the averaged characters. We compensate for this with an additional analytic tool—the mollifier, to be introduced in Section 3.

We conclude this section with some crude bounds for the averaged Galois characters.

Proposition 1 Let q be an odd prime power and let d|ϕ(q). Let χ be a Dirichlet character mod q of order ϕ(q)/d. Then

(i) χ_{av}(n) = μ(ord(n^d))/ϕ(ord(n^d))

(ii) ∑ n mod q |χ_{av}(n)| ≤ σ_1(d)2^{ν(ϕ(q))} (iii) χ̃_{av}(n) ≤ 2^{ν(ϕ(q))+1}σ_1(d)/ √ q. Here ν(n) is the number of distinct prime divisors of n, ord(n) denotes the order of n in (Z/qZ)^∗, and σ_1(d) = ∑ a|d a is the divisor sum function.

Proof We begin by establishing the following character sum: ∑ a∈(Z/cZ)^× e(ka/c) = μ(c/k)ϕ(c) ϕ(c/k) , for k|c. (2)

First insert the Mobius function to relax the relatively prime condition and then invert the order of summation to rewrite the left hand side as ∑ d_1d_2=c

μ(d_1)

d_2∑

a=1 e ( ka d_2 ) . Now the inner sum either vanishes or is equal to d_2 depending on whether or not d_2|k, so we further simplify the left hand side to ∑ d_1d_2=c d_2|k μ(d_1)d_2 = ∑ d|k μ(dc/k)(k/d).

Now the proof of Eq. (2) is reduced to showing that ∑ d|k μ(da)(k/d) = μ(a) ϕ(ka) ϕ(a) ,

for any positive integer a, or equivalently, that ϕ(a) ∑ d|k (d,a)=1 μ(d)(k/d) = ϕ(ka), for any squarefree integer a. Expressing the ϕ function as a sum over divisors, we rewrite the left hand side as ∑ d_1|a μ(d_1)(a/d_1) · ∑ d_2|k (d_2,a)=1

μ(d_2)(k/d_2) = ∑ d_1|a,d_2|k (d_2,a)=1

μ(d_1d_2) ka d_1d_2 .

Finally, noting the bijective correspondence between the pairs (d_1, d_2) occurring in the above summation and the squarefree divisors of ka, we conclude ∑ d_1|a,d_2|k (d_2 ,a)=1

μ(d_1d_2) ka d_1d_2 = ∑ d|ka μ(d)(ka/d)

= ϕ(ka), thereby completing the proof of Eq. (2).

Let χ be a Dirichlet character mod q of order ϕ(q)/d. We compute χ_{av}(n) = 1 ϕ(^{ϕ(q)}_d ) ∑ σ∈G χ^σ(n) = 1 ϕ(^{ϕ(q)}_d ) ∑ (a,ϕ(q)/d)=1 e(a/ord(n^d)). (As before, σ ranges over G = Gal(Q[χ]/Q ), and ord(n) denotes the order of n in the multiplicative group (Z/qZ)^×.) Hence, by Eq. (2), χ_{av}(n) = μ(ord(n^d)) ϕ(ord(n^d)) . Taking absolute values and summing over n mod q, this becomes ∑ 1≤n<q |χ_{av}(n)| = ∑ k|ϕ(q) k squarefree

#{n : n^d has order k}/ϕ(k)

= ∑ k|ϕ(q) k squarefree # { n : ord(n) (d, ord(n)) = k } /^{ϕ(k)} = ∑ k|q−1 k squarefree 1 ϕ(k) ∑ (d,k)|λ λ|(d,^{ϕ(q)}_k ) ϕ(kλ)

≤ ∑ k|q−1 k squarefree ϕ(k) ϕ(k) ∑ λ|(d,^{ϕ(q)}_k ) λ

≤ σ_1(d)2^{ν(ϕ(q))}.

We have proven the first two parts of the proposition. To prove part (iii), we first recall the definition of the root number:

w_χ = ϵ_f χ(N) q [∑∗ χ(j)e(j/q) ]_2 , where the sum is over j mod q, (j, q) = 1. Therefore, assuming (n, q) = 1 and nn ≡ 1, χ̃_{av} (n) = 1 ϕ(^{ϕ(q)}_d ) ∑ σ w_χχ^σ(n) = ϵ_f q ∑ j,k ∗e ( j + k q ) 1 ϕ(^{ϕ(q)}_d ) ∑ σ χ^σ(n)χ^σ(N)χ^σ(jk) = ϵ_f q ∑ j,k ∗χ_{av}(nNjk)e ( j + k q )

= ϵ_f q ∑ r mod q χ_{av} (nNr) ∑ jk≡r (mod q) e ( j + k q ) .

Taking absolute values and using the Weil bound on the Kloosterman sum, we get after a change of variable, |χ̃_{av}(n)| << q^{−1/2} ∑ r mod q |χ_{av}(r)|.

Now (iii) follows from (ii), and the proof of the proposition is complete.

3 The Mollifier

The mollifier is a tool for controlling the variations in size of the absolute value of the central values L(1/2, f, χ) as χ runs over the set of primitive characters of some fixed modulus.

First note that the Euler product L(s, f, χ) = ∏ p (1 − α_pχ(p)p^{−s})^{−1}(1 − β_pψ(p)p^{−s})^{−1},

where |α_p| = |β_p| = 1 for p ̸| N and |α_p| ≤ 1, β_p = 0 for p|N, immediately gives us a Dirichlet series representation for the inverted L-series: L(s, f, χ)^{−1} = ∞∑ n=1 c_nχ(n)n^{−s}, where (letting n = kl^2m, (k, l) = (l, m) = (k, m) = 1, with k squarefree, m cubefull) c_nχ(n) = μ(k)μ(m)χ(n)ϵ_N (l)b_k. Here, ϵ_N is the trivial Dirichlet character mod N.

We now define the mollifier polynomial of length X to be M_X (s, χ) = ∑ n≤X c_nχ(n)n^{−s}. Whereas the Dirichlet series for the inverted L-series converges absolutely only for Re(s) > 1, the mollifying polynomial is an entire function which we hope in some sense approximates L(s, f, χ)^{−1} at the central point s = 1/2.

For Re(s) > 1, L(s, f, χ)M_X (s, χ) = ∞∑ n=1 a_nχ(n)n^{−s}, where

a_n = a_n(X) =

1 if n = 1 0 if 1 < n ≤ X O(τ(n)^3) if n ≥ X.

(This final estimation uses the Ramanujan bound b_n << τ(n).)

4 The Approximate Functional Equation

The central point of the Dirichlet series L(s, f, χ) is outside the region of absolute convergence. There is a general method for expressing an L-function as a rapidly convergent series at the central point. This method is known as the method of the approximate functional equation. We apply it to derive an expression for the product L(s, f, χ)M_X (s, χ) at s = 1/2.

Consider the integral 1 2πi ∫ (^1_2 +ϵ)

Λ(^1_2 + s, f, χ)M_X (^1_2 + s, χ)Y^s ds s . (The positive parameters X and Y will be chosen later.) Moving the contour of integration over to (−^1_2 − ϵ) to pick up the pole at s = 0, using the functional equation, and then replacing the L-function by its defining series in the region of absolute convergence, we get

L(^1_2 , f, χ)M_X (^1_2 , χ) = e^{−2π/qY √N} + ∑ n>X a_nχ(n) √ n exp ( −2πn qY √ N ) (3) + ∑ n≥1 ∑ 1≤m≤X b_nc_m √ nm χ̄(n)χ(m)w_χ exp ( −2πnY mq √ N ) , where we have used the Mellin transform e^{−t} = 1 2πi ∫ (^1_2 +ϵ) t^{−s}Γ(s)ds. As in Section 2, let Q [χ] be the extension of Q generated by the image of χ, with Galois group G = Gal(Q[χ]/Q ). Averaging (3) over G we obtain 1 |G| ∑ σ∈G L(^1_2 , f, χ^σ)M_X (^1_2 , f, χ^σ) = exp ( −2π qY √ N ) + S_1 + S_2, (4)

where S_1 = ∑ n>X a_nχ_{av}(n) √ n exp ( − 2πn qY √ N )

and S_2 = ∑ n≥1 ∑ 1≤m≤X b_nc_m √ nm χ̃_{av}(nm̄) exp ( −2πnY mq √ N ) . (Here, m is defined by mm ≡ 1 (mod q) if (m, q) = 1 and is zero otherwise.) We choose the parameters X and Y to be X = q^b, Y = q^a with a, b positive constants b < a to be specified later.

5 Proof of Theorem 1

It remains to show that S_1 and S_2 are small when the parameters X and Y

are appropriately chosen. We begin with S_2 :

|S_2| = | | | | ∑ n≥1 ∑ 1≤m≤X b_nc_m √ nm χ̃_{av} (nm) exp ( −2πnY mq √ N )| | | << ∑ n≥1 ∑ 1≤m≤X | | | b_nc_m √ nm χ̃_{av} (nm) exp ( −2πnY qX √ N )| | | << 2^{ν(q)}σ_1(d) √ q X^{1/2+ϵ} ∞∑ n=1 1 n^{1/2−ϵ} exp ( −2πnY qX √ N )

<< 2^{ν(q)}σ_1(d) √ q X^{1+2ϵ} ( q √ N Y )_{1/2+ϵ} . We have used the Ramanujan bounds b_n, c_n <<_ϵ n^ϵ, and part (iii) of

Proposition 2. Or, since X = q^b and Y = q^a, |S_2| << N^{1/4+ϵ/2} q^{a/2−b+ϵ(a−2b−1)} 2^{ν(ϕ(q))}σ_1(d). (5)

We now turn to the sum S_1

|S_1| = | | | | ∑ n>X a_nχ_{av} (n) √ n exp ( − 2πn qY √ N )| | | | ≤ ∑ X<n≤q | | + ∑ q≤n≤q^c | | + ∑ q^c≤n | | = ∑ I + ∑ II + ∑ III , say.

In the first sum, we use the Ramanujan bound on the coefficients: ∑ I << X^{ϵ−1/2} ∑ n≤q |χ_{av}(n)|, and then appeal to part (ii) of Proposition 2 to conclude ∑ I << 2^{ν(ϕ(q))}σ_1(d) q^{b/2−ϵb} . (6)

Similarly, the Ramanujan bound and repeated applications of part (ii) of the Proposition yield ∑ II ≤ ⌊q^{c−1}⌋∑

k=1

(k+1)q∑

n=kq+1 | | | a_nχ_{av}(n) √ n | | |

<< ⌊q^{c−1}⌋∑

k=1 (kq)^{ϵ− 1}2 (k+1)q∑

n=kq+1 |χ_{av}(n)|

<< 2^{ν(ϕ(q))}σ_1(d)q^{ϵ−1/2} ⌊q^{c−1}⌋∑

k=1 k^{ϵ−1/2} Assuming that the constant c satisfies 1 < c < 2, we get ∑ II << 2^{ν(ϕ(q))}σ_1(d) q^{1−c/2−2ϵ} . (7)

Finally, ∑ III << ∑ n>q^c n^{ϵ−1/2}e^{−2πn/(qY √N)} << 1 q^{c/2−cϵ} ∫_∞ q^c e^{−2πt/(qY √N)}dt << q^{1−c/2+cϵ} √ N exp ( − q^{c−1} Y √ N ) . Hence ∑ III << exp ( − q^{c−1−a−ϵ} √ N ) , (8)

provided a + 1 < c < 2. Further require that 0 < b < a/2. Collecting the bounds from Eqs. (5), (6), (7), and (8), we get S_2 << N^{1/4+ϵ/2} q^{a/2−b−ϵ} 2^{ν(ϕ(q))}σ_1(d) and S_1 << 2^{ν(ϕ(q))}σ_1(d)q^ϵ · max ( q^{−b/2}, q^{c/2−1} ) + exp ( − q^{c−1−a−ϵ} √ N ) .

Suppose that σ_1(d) ≤ q^γ , γ < 1/8. Then S_1 and S_2 go to zero as q → ∞ under the following choice of a, b, and c : a = 1/2 + b, b = 2γ + 3ϵ, c = 2 − 2γ − 3ϵ. Moreover, with this choice of a, b, and c, we see that S_1 and S_2 are o(1) provided N << q^{1−8γ−6ϵ}. We have proven

Theorem 3 Let f be a newform of weight 2 for Γ_0(N) with rational Fourier coefficients and associated L-function L(s,f). Let q be an odd prime power prime, (q, N) = 1, and χ a Dirichlet character mod q. Then L(1/2, f, χ) ≠ 0, provided σ_1 ( ϕ(q) ord χ ) ≤ q^γ , γ < 1/8 and q >>_ϵ N^{1/(1−8γ−ϵ)}. The implied constant depends only on ϵ and γ, and σ_1(d) is the divisor sum function ∑ a|d a = σ_1(d).

Now let d be a divisor of ϕ(q). There are ϕ(ϕ(q)/d) Dirichlet characters mod q of order ϕ(q)/d. Hence the number of such characters is less than q/d. Since σ_1(d) <<_ϵ d^{1+ϵ}, there exists a constant C_ϵ such that the condition d > C_ϵq^{γ−ϵ} implies σ_1(d) ≥ q^γ .

Therefore, for q a sufficiently large prime #{ψ mod q : L(1/2, E, ψ) = 0} ≤ ∑ d|ϕ(q) σ_1(d)≥q^γ ϕ ( ϕ(q) d )

≤ ∑ d|ϕ(q) d>C_ϵq^{γ−ϵ} q/d

<< q^{1−γ+ϵ}. Choosing γ sufficiently close to 1/8 concludes the proof of Theorem 1.1.

6 Proof of Theorem 2 Theorem 2 also follows quickly from Theorem 3. We first need Lemma 1 Let χ be a primitive Dirichlet character mod p^n, p an odd prime. Then, ord(χ) ≥ p^{n−1}. Proof First note that (Z/p^nZ)^× is a cyclic group of order ϕ(p^n) = p^n − p^{n−1} and (Z/p^nZ)^× ∼= Z/(p − 1)Z × Z/p^{n−1}Z. Since a finite group is (abstractly) isomorphic to its dual, D_pn ∼= (Z/p^nZ)^× ∼= Z/(p − 1)Z × Z/p^{n−1}Z, (9) where D_pn is the dual to (Z/p^nZ)^×. (In other words, D_pn is just the group of Dirichlet characters mod p^n defined above.)

The imprimitive characters in D_pn are those induced from characters on (Z/p^{n−1}Z)^×. Hence there are

ϕ(p^{n−1}) = p^{n−2}(p − 1) (10) imprimitive characters in D_pn and

ϕ(p^n) − ϕ(p^{n−1}) = p^{n−2}(p − 1)^2 (11) primitive characters. By virtue of the isomorphism 9, we may identify Dirichlet characters in D_pn with pairs (χ_1, χ_2), where χ_1 is an additive character of Z/(p − 1)Z and χ_2 is an additive character of Z/p^{n−1}Z. There are ϕ(p^{n−1}) = (p − 1)p^{n−2} additive characters on Z/p^{n−1}Z of order p^{n−1}. Therefore there are (p − 1)^2p^{n−2} pairs (χ_1, χ_2) as above of order at least p^{n−1}. By Eq. (10) an imprimitive character in D_pn can have order at most p^{n−2}(p−1). It follows that the (p − 1)^2p^{n−2} Dirichlet characters of order at least p^{n−1} must all be primitive, and by Eq. (11) these must account for all the primitive characters in D_pn .

But Theorem 3 ensures that L(1/2, f, χ) is non-zero provided

ord(χ) >> (p^n)^{7/8+ϵ}.

Equivalently, we need p^{n−8−8nϵ} >> 1. (12) (The implicit constant depends on ϵ and N.) Following the notation of Theorem 2, denote by η(p) = η_f (p) the smallest k ≥ 0 such that L(1/2, f, χ) ≠ 0 for all primitive Dirichlet characters of conductor p^j with j > k. From (12) we see that η_p << 1.

References

[1] David E. Rohrlich. Courbes elliptiques, fonctions L, et tours cyclotomiques. In Seminar on number theory, 1983–1984 (Talence, 1983/1984), pages Exp. No. 14, 10. Univ. Bordeaux I, Talence, 1984.

[2] David E. Rohrlich. On L-functions of elliptic curves and cyclotomic towers. Invent. Math., 75(3):409–423, 1984.

[3] Goro Shimura. The special values of the zeta functions associated with cusp forms. Comm. Pure Appl. Math., 29(6):783–804, 1976.

[4] Goro Shimura. On the periods of modular forms. Math. Ann., 229(3):211– 221, 1977.

[5] Richard Taylor and Andrew Wiles. Ring-theoretic properties of certain Hecke algebras. Ann. of Math. (2), 141(3):553–572, 1995.

[6] Andrew Wiles. Modular elliptic curves and Fermat’s last theorem. Ann.

of Math. (2), 141(3):443–551, 1995.