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In this paper, the authors prove thatiasaries over all cubic number fields ahdvaries over all
elliptic curves overk, the group structures which appear for infinitely mgnywvariants as the
torsion subgroup o (K) are preciself. /NZfor N =1, ...,16,18,20andZ/2Z & Z /2N Z for
N =1,...,7.Itis not known which other finite abelian groups might appear inside the Mordell
I-Weil group of some elliptic curve over a cubic number field, though by L. Merel’'s uniform
boundedness theorem [Invent. Mafl24 (1996), no. 1-3, 437-44¥IR1369424 (96i:11057)
there are only finitely many possibilities (and there are explicit upper bounds due to Parent). F
elliptic curves ovelQ and over quadratic fields, every group which occurs as the torsion subgrouj
of someFE (K) occurs for infinitely manyj-invariants. So one might suspect, by analogy, that the
above list exhausts all (or at least nearly all) possible torsion structures over cubic fields.
A sketch of the proof of the main result is as follows. Using the Weil pairing, one sees fiat if

is an elliptic curve over a cubic number figld, then the torsion subgroup éf( K) is either cyclic
or of the formZ/2Z & Z/2NZ. Moreover, to say that a&” varies over all cubic number fields
there are infinitely many elliptic curves/ K having aK -rational N-torsion point (resp. having
acopy ofZ/2Z & Z/2NZ inside E(K)) is equivalent to saying that the modular cutNg(N)
(resp.X1(2N, 2)) has infinitely many cubic points. Using a deep theorem of Faltings, together
with results of G. Frey [Israel J. Matl@5 (1994), no. 1-3, 79-83¥1IR1264340 (94m:11072)
and O. Debarre and R. Fahlaoui [Compositio M&B.(1993), no. 3, 235-249¥1IR1241949
(94h:14028), the determination of which curves have infinitely many cubic points is reduced
to the question of which of the curves are trigonal. The trigonality question is then resolved b
methods similar to those used by Y. Hasegawa and M. Shimura [Acta A&8t(il999), no. 2,
129-140{MR1700245 (2000d:1108D)
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