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Abstract.

1. Introduction

2. Example (first layer)

Let p = 5, let E be the elliptic curve 57a1, and let K = Q(
√
−2). Let K[c] denote the ring class

field extension of K associated to the conductor c. Let x25 ∈ X0(57)(K[25]) be the Heegner point
for c = 25 and via the modular parametrization π : X0(57)→ E, let y25 = π(x25) ∈ E(K[25]) be its
image.

We have K[1] = K (i.e., class number 1), and

Gal(K[25]/K) ∼= (OK/25OK)∗/(Z/25Z)∗ ≈ P1(Z/25Z),

which is cyclic of order 5 · 6. Thus we have the tower

K ⊂ K1 ⊂ K[25]

fitting into the following diagram

K[25]

5 6

K[5]

5

K1

5

K

2

Q
where K1/K is cyclic of degree 5 and K[25]/K1 is cyclic of degree 6.
Let σ be a generator of Gal(K[25]/K1), so σ is of order 6. The points we’re interested in are

z = TrK[25]/K1
(y25) =

5∑
i=0

σi(y25),

and its Galois conjugates.

Question 2.1 (Mazur). What are the 5-adic heights (i.e., mod 5n, with n not too large being per-
fectly OK for us, and here we mean standard p-adic heights—related to the p-cyclotomic extension)
of the conjugates of z?
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2.1. Computing z. How this is done:

(1) Using the fact that conjugates of xc correspond to binary quadratic forms of discriminant
disc(Oc), we begin by enumerating the 30 primitive binary quadratic forms up to equivalence
of discriminant disc(Oc) = D·c2 = −8·54 that correspond to Heegner points of this conductor,
i.e., for which N | A and gcd(A/N,B,CN) = 1 (see prop 2.2 of [?]). Actually, this needs
William’s generalization of Prop 2.2 of Watkins.

(2) For each of these 30 primitive binary quadratic forms Q = Ax2 + Bxy + Cy2, we compute

the ideal I = (A, (−B + c
√
D)/2)OK and find a generator αQ of this principal ideal. Then

we compute the multiplicative order of the class of αQ in (OK/25OK)∗/(Z/25Z)∗. We find
an element with multiplicative order 6.

(3) Now we have α = αQ whose class has multiplicative order 6, so it corresponds to the σ of
order 6 chosen above. To compute σi(y25) for i = 0, . . . , 5 we proceed as follows:
(a) Binary quadratic forms correspond to conjugates of x25 as follows. The form f =

Ax2 + Bxy + Cy2 corresponding to [τf ] ∈ X0(N), where f(τf , 1) = 0 and τf ∈ h;

explicitly, τf = (−B + c
√
D)/(2A).

(b) Choose any [α0] ∈ (OK/25OK)∗/(Z/25Z)∗ corresponding to some σ0 ∈ G, and let
y′25 = σ(y25).

(c) Then σi(y′25) is the point corresponding to [αiα0]. Since our group is abelian, we can
thus compute a conjugate of z by computing∑

σi(y′25) =
∑

σiσ0(y25) = σ0(z),

and that is good enough for our application.
(4) Recognize the x-coordinate of z ∈ E(C) using algdep, and get a y-coordinate. Make sure

that z is defined over a Galois dihedral field of degree 10 that is ramified exactly at 2 and
5, by checking that discriminant of defining poly of x coordinate is divisible by 2 and 5 and
the coprime to 10 part is a perfect square.

The x-coordinate of z satisfies

18034072681x5−126430131580x4+352783410220x3−489834319200x2+338504989540x−93144838864.

The point z is defined over
L := Q(b3),

where b3 is a root of

x10 − 10x8 − 20x7 + 165x6 − 12x5 − 760x3 + 2220x2 + 5280x+ 7744.

(This is not a theorem because there are no proven error bounds on our computations; but it’s
inconceivable that this is wrong.)

Explicitly, we will compute with z with x-coordinate

x(z) =
96698852571685

2145672615243325696
b93 +

2472249905907

195061146840302336
b83 +

916693155514421

2145672615243325696
b73 +

1348520950997779

2145672615243325696
b63

− 82344497086595

12191321677518896
b53 +

2627122040194919

536418153810831424
b43 −

452199105143745

48765286710075584
b33

+
4317002771457621

536418153810831424
b23 +

2050725777454935

67052269226353928
b3 +

3711967683469209

3047830419379724
.

2.2. Computing p-adic Heights. By the work of Mazur-Stein-Tate [?], we have that the cyclotomic
p-adic height of P can be computed as

hp(P ) =
1

p
·

∑
v|p

logp(NKv/Qp
(σv(P )))−

∑
w-p

ordw(dw(P )) · logp(#kw)

 .
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We will return to this formula later1, but for now, we use the following:
If we assume that P lies in a sufficiently small (finite index) subgroup of E(K) (see [?, Prop. 2]),

then there will be a global choice of denominator d(P ), and the formula simplifies to

(2.1) hp(P ) =
1

p
· logp

∏
v|p

NKv/Qp

(
σv(P )

d(P )

) .

More precisely, since our point z does not necessarily lie in this sufficiently small subgroup of
E(K), we compute an appropriate n such that nz does lie in the subgroup, compute the height of
nz by (2.1), then use the fact that the height pairing is a quadratic form to recover the height of our
original point.

We begin by computing the denominator d(nz) of nz, which in turn requires that we compute
the denominator d := d(z) of z. Note that this requires that we work over a PID, since we wish to
write each coordinate of z as the ratio of two integral elements. The goal then is to write z = (x, y)
as ( a

d2 ,
b
d3 ), such that (a, d) = (b, d) = 1 and a, b, d ∈ OL.

2.2.1. Computing d(z).

(1) We start with z = (x, y) as a point on the elliptic curve, where x, y ∈ L. We begin by
writing the ideal I generated by (x, y), and compute its GCD by writing it as a principal
ideal I = (g) and reading off the generator g. In our case,

g =
123984834273901806131

45238689824261707813521152
b93 +

18086333051389614235

4112608165841973437592832
b83

− 2034338252029802812739

45238689824261707813521152
b73 −

1210137739879154041477

45238689824261707813521152
b63

+
45162732628910301745

257038010365123339849552
b53 +

20860129147970487107559

11309672456065426953380288
b43

− 5232862309605254732233

1028152041460493359398208
b33 +

73696187951449076337469

11309672456065426953380288
b23

− 11829570856332514083089

1413709057008178369172536
b3 +

2848093589238986978981

64259502591280834962388
.

(2) Read off the integer denominator d(g) of g, and re-express the coordinates of z in terms of
a numerator (ideal) over this integer denominator (ideal). In our example,

d(g) = 45238689824261707813521152.

(3) Simplify the coordinates of z by canceling common prime ideals in the numerator and de-
nominator ideals.

(4) What is left in the factored denominator ideal is a perfect cube of prime ideals in the ring
of integers of L, and a cube root of this is the desired denominator d(z). In our example, we
find that

d(z) = − 170066107

18679674112
b93 +

46616573

1698152192
b83 +

3760482603

18679674112
b73 −

11188479427

18679674112
b63 −

263947335

106134512
b53

+
40187214425

4669918528
b43 +

1074830385

424538048
b33 −

67626028101

4669918528
b23 −

15616668599

583739816
b3 +

738093651

26533628
.

1TODO: It’d be another good numerical consistency check to compute the height directly this way...
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2.2.2. Computing d(nz). One could repeat the above process for nz, but this would be slightly
tedious due to the numerical explosion in the coordinates of nz. Instead, we make use of n-division
polynomials to write d(nz) in terms of d(z).

Lemma 2.2. Let fn be the nth division polynomial of E. Then

d(nz) = fn(x(z))d(z)n
2

.

2.2.3. An algorithm for the height of z.

(1) Compute z.
(2) Compute n and nz. This n is a positive integer such that nz reduces2 to O ∈ E(Fp) (resp.

E(Fp2)) and to the connected component of EF`
at all bad primes `. If the torsion subgroup of

E is trivial, then as P is a Heegner point, by a theorem of Gross-Zagier, this second condition
is automatic, so n can be taken to be #E(Fp) (resp. #E(Fp2)). (Note that in practice, one
wants n to be as small as possible, to reduce numerical explosion in the coordinates.)

(3) Compute d(z) and d(nz).
(4) Compute σv(t) the v-adic σ function above p as in [?]. Note that p is a priori totally ramified

in L, so there is just one v above p.

(5) Let tn = −x(nz)
y(nz) . Evaluate σv(tn) and compute

hp(z) =
1

n2p
logp

(
NKv/Qp

(
σv(tn)

d(nz)

))
.

For our example, we may take n = 3. Indeed, the point z reduces to (4, 1) ∈ E(F5), and we see
that 3z = O ∈ E(F5).

Moreover, we have

σ5(t) =
(
1 +O(510)

)
t+O(59)t2 +

(
1 + 2 · 5 + 2 · 53 + 4 · 55 + 4 · 56 +O(58)

)
t3

+
(
3 + 2 · 5 + 2 · 52 + 2 · 53 + 2 · 54 + 2 · 55 + 2 · 56 +O(57)

)
t4

+
(
1 + 4 · 5 + 3 · 53 + 4 · 54 +O(56)

)
t5 +

(
1 + 3 · 5 + 3 · 53 +O(55)

)
t6

+
(
52 + 53 +O(54)

)
t7 +

(
3 + 4 · 5 + 3 · 52 +O(53)

)
t8

+
(
2 + 2 · 5 +O(52)

)
t9 + (1 +O(5)) t10 +O(t11).

Then substituting the appropriate parameters into (2.1), we find that

h5(z) = 2 + 4 · 5 + 2 · 52 + 2 · 53 + 54 + 3 · 55 +O(56).

Repeating the computation with n = 9 serves as a numerical consistency check.

3. Example: twisting

We take the previous example and take a quadratic twist by
√

41. This gives us the elliptic curve

E41 : y2 + y = x3 + x2 − 3922x+ 102712.

We have that E41 has rank 1 over Q as well as over K. A generator P of E41 has height divisible by
p = 5 as well. So we repeat the computation as above.

We find that a traced Heegner point z in K5 has x-coordinate

...

2depending on which is relevant; since p is inert, this amounts to how complex conjugation τ ∈ Gal(Fp2/Fp) acts.

In our case, since E has rank 1, ε = −1, and (nz)τ = −εnz = nz. So nz ∈ E(Fp).
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with denominator d(z) =.
As z reduces to in E(F5), we have that n =, and we use this to compute

h(z) = .

4. Example (second layer)

We could try to compute with the next layer of the anti-cyclotomic tower.
For convenience, here are the relevant fields in the tower along with their relative degrees:

K[125]

5 6

K[25]

5
6

K2

5

K[5]

6

K1

5

K

2

Q
The idea is very similar to before: we use a generator of Gal(K[125]/K2) (again, of order 6)

to compute the trace of y125 from K[125] to K2, then use algebraic dependency to recognize the
extension K2/K, which we then write as a degree 50 extension over Q.

Remark 4.1. We have gotten as far as finding the x-coordinate of the Heegner point as an ele-
ment of a field that has the right properties (degree 50 over Q and with discriminant divisible by
(disc(K1/Q))5)

5. Example: fixing E, p, varying K

Let E be the elliptic curve 89a1, and fix p = 5. We have the fields with discriminants D =
−8,−11,−67 satisfying the necessary hypotheses.

We have that the height of a Mordell-Weil generator P is

hp(P ) = 2 · 5 + 52 + 3 · 53 + 2 · 54 + 3 · 55 + 3 · 56 + 4 · 58 +O(510).

5.1. D = −8.

K1 = Q[b3]/(b10
3 − 10b83 − 20b73 + 165b63 − 12b53 − 760b33 + 2220b23 + 5280b3 + 7744)

d(z) = −184960682133

583739816
b93 +

201372405891

106134512
b83 −

4427090691257

1167479632
b73 +

2576122895483

1167479632
b63 −

1047171187695

106134512
b53

+
3808621305257

145934954
b43 −

402890182961

26533628
b33 −

13515253550229

291869908
b23 −

50649651812995

291869908
b3 −

123445723611

6633407

z =

(
1802706589

409822531712
b93 −

64304775

37256593792
b83 −

20879156681

409822531712
b73 −

20852393943

409822531712
b63 +

7470954657

9314148448
b53 −

38479444339

102455632928
b43 −

11381532251

9314148448
b33 +

27684625039

102455632928
b23 +

154372580447

25613908232
b3 +

16052722259

582134278
:

120010271549

6184594569472
b93 −

40411852593

6184594569472
b83 −

1382035611513

6184594569472
b73 −

1480634228779

6184594569472
b63 +

492283188531

140558967488
b53 −

2271125318647

1546148642368
b43 −

7872707189561

1546148642368
b33 +

766000006683

1546148642368
b23 +

9448457886457

386537160592
b3 +

282711261904

2196233867
: 1

)
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which reduces to (0, 0) in E(F5), and this point has order 7. We use n = 7, 14 to compute the
p-adic height.

hp(z) = 4 + 3 · 5 + 4 · 52 + 53 + 4 · 54 + 55 + 57 + 4 · 58 +O(59).

5.2. D = −67.
K1 = Q[b3]/(b10

3 − 40b83 + 480b63 + 75b43 − 43960b23 + 309808)

d(z) =
71875903151330714536048309590595

7117152
b93 +

6119579507704859976213805383739

145248
b83

− 135897523348126877771180458895081

593096
b73 −

11663885727697022972855494183141

12104
b63

+
8661175411226096481365225859910

10591
b53 +

10481186280925635052626481325999

3026
b43

+
36391171963438963519069902532957435

2372384
b33 +

3108265948391742685428761709774419

48416
b23

− 314460166167253356319310621824691521

1779288
b3 −

1592994568241374601136501734183561

2136

z =

(
− 2856067519095106012560371454223181

16830149471465739403360770257217915024
b83 +

79604975003336290995007108094484043

16830149471465739403360770257217915024
b63 −

438744543341115137469720587224680241

16830149471465739403360770257217915024
b43 −

1106919686358222710858747268381898523

4207537367866434850840192564304478756
b23 +

3624228811500041853690467790130454983

1051884341966608712710048141076119689
,

1766794679497628443673527334628418471373993857338323

7318750738406812139516059492171638085059640297155952704
b83 −

43131006543371602479173018347181160105174122280751993

7318750738406812139516059492171638085059640297155952704
b63 +

201972981163145388457877386877436891972210891659369515

7318750738406812139516059492171638085059640297155952704
b43 +

123325663276752706970187278408833578276412670955769745

457421921150425758719753718260727380316227518572247044
b23 −

2312173024694283148577628746668337046387693085182534679

457421921150425758719753718260727380316227518572247044

)
which reduces to (2, 0) in E(F5), and we use n = 7, 14 to compute the p-adic height:

hp(z) = 3 + 2 · 5 + 52 + 53 + 2 · 54 + 2 · 56 + 4 · 57 +O(58).

6. Going up the anti-cyclotomic tower

This has non-linear polynomial:
E = 158b1, D = −7, p = 5
Height of a MW generator P :

hp(P ) = 2 · 5 + 52 + 2 · 55 + 3 · 56 + 4 · 57 + 58 + 3 · 59 +O(510)

We have

K1 = Q[b4]/(b10
4 − 20b84 − 25b74 + 260b64 + 49b54 + 525b44 − 200b34 + 705b24 − 85b4 + 617).

We have

d(z) = −6492339886

3631485879
b94 +

3731642890

3631485879
b84 +

136176671707

3631485879
b74 +

1211499568

57642633
b64 −

65643271261

125223651
b54

+
2822926228

14021181
b44 −

199895608687

518783697
b34 +

104410975006

1210495293
b24 −

444144852182

1210495293
b4 −

903689351762

3631485879

and

z =

(
2591369386796327995028

380006066301795301136013
b94 +

14888842387016594709925

380006066301795301136013
b84 −

60132612773564347609430

380006066301795301136013
b74 −

42044016343105427822755

42222896255755033459557
b64 +

16443654628828499069507

13103657458682596590897
b54 +

122114863458982979778265

10270434224372845976649
b44 +

109285805357277975893444

380006066301795301136013
b34 +

898984319969367978522121

126668688767265100378671
b24 −

782872679842638907592195

126668688767265100378671
b4 +

8906081956030183015509046

380006066301795301136013
,

241793584242385995303453511820

5815444242657926058736938940899
b94 +

1134912224499894111510846668762

5815444242657926058736938940899
b84 −

5522319739507395368665547944825

5815444242657926058736938940899
b74 −

29921352498897455528134016066444

5815444242657926058736938940899
b64 +

562160808127169912273773327028

66844186697217540905022286677
b54 +

9395648691023334684246881655259

157174168720484488073971322727
b44 +

16918458906849853301941931115106

5815444242657926058736938940899
b34 +

196994012062915894180654189356080

5815444242657926058736938940899
b24 −

158362370600385860588837297899838

5815444242657926058736938940899
b4 +

223652232107205363700149561009977

1938481414219308686245646313633

)
This reduces to (1, 0) in E(F5), which has order 7. We use n = 7, 14 to compute the height:

hp(z) = 3 · 5 + 4 · 52 + 2 · 53 + 4 · 54 + 4 · 55 +O(56).

So we’d like to go the next level up...
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7. Higher valuation

E = 214b1, D = −7, p = 5
Height of MW gen:

hp(P ) = 4 · 52 + 3 · 53 + 3 · 54 + 58 + 2 · 512 + 3 · 513 + 2 · 514 + 3 · 515 + 4 · 517 + 2 · 518 +O(519)

We have

K1 = Q[b4]/(b10
4 − 20b84 − 25b74 + 260b64 + 49b54 + 525b44 − 200b34 + 705b24 − 85b4 + 617).

d(z) = −55207226496320

2824489017
b94 −

21659558622586

941496339
b84 +

425994429247118

941496339
b74 +

2546474905061947

2824489017
b64

− 561982398059725

97396173
b54 −

566184447353632

76337541
b44 +

1987085301419457

313832113
b34 −

53653231928520598

2824489017
b24

+
33500836567973212

2824489017
b4 −

55170079769161475

2824489017

z =

(
− 2078748072945839

3434191491764983131
b94 +

16748042702008406

3434191491764983131
b84 +

5136977149233923

490598784537854733
b74 −

103545523100105017

1144730497254994377
b64 −

28797757987817540

118420396267758039
b54 +

133405370751498302

92815986263918463
b44 −

1310865157686021320

3434191491764983131
b34 +

2921442846747143

6056775117751293
b24 −

1710299362485145022

1144730497254994377
b4 −

2660213075206547956

3434191491764983131
:

6290457363957322827554

1254019062558425945166567
b94 +

4678270047353411882182

1254019062558425945166567
b84 −

129408413980581522853685

1254019062558425945166567
b74 −

11201630479622762696120

59715193455163140246027
b64 +

54818066426718044386589

43242036639945722247123
b54 +

34548421198028294525692

33892407096173674193691
b44 +

2249644736088251027834513

1254019062558425945166567
b34 +

23093004743419152096979

5160572273902987428669
b24 +

105153038236884456831158

59715193455163140246027
b4 +

427339209333707206716829

179145580365489420738081

)
which reduces to (0, 4) in E(F5), which has order 7.
We use n = 7, 14 to compute the heights:

hp(z) = 2 + 2 · 5 + 3 · 52 + 2 · 53 + 2 · 54 + 2 · 55 + 3 · 56 +O(57)
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