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InTRODUCTION

A more complete title might be “a survey of the arithmetic of quaternion
algebras and their connection with modular forms on I'y(V) together with an
algorithm for computing modular forms on I'g(N).”” Consider the modular sub-
group I'y(N) of level N, Iy = {(¢ ) € SL(2, Z) | c = 0 (mod N)}. It is well-
known that there is a close connection between the theory of modular forms of
even weight & >> 2 on I'y(V) and the arithmetical theory of rational quaternion
algebras. This connection was first noticed by Hecke [18] in 1940 when he
conjectured that all cusp forms of weight 2 on I'( p), p a prime, are linear com-
binations of certain (explicit) theta series attached to the norm form of a
certain quaternion algebra. Hecke’s conjecture (or rather a slightly weakened
version of it, the original conjecture being false—see Remark 2.16 below)
was proved Eichler [12] in 1956. Eichler’s results have now been generalized
by Eichler [13, 14], Hijikata and Saito [21], and Pizer [36] so that we now can
handle the case of cusp forms of even weight 2 > 2 on I'y(N), N not a perfect
square. In general, if N is not prime, we do not obtain all cusp forms of given
weight on I'(N) as linear combinations of (generalized) theta series, but only
those cusp forms that lie in a certain subspace (which does however contain all
the “newforms’ -—see Section 2) which can be described (see Corollary 2.29)
in terms of the “newforms’” and “oldforms’’ of Atkin and Lehner (see [2]).

The purpose of this paper is to present an explicit algorithm based on the
above theory, which is suitable for computer implementation, for computing
the subspace of the space of cusp forms on I'y(V) that is generated by theta
series and for computing the matrix representation of the Hecke operators on
this subspace. Sections 1 and 2 give a rather complete survey of the relevant
theory of quaternion algebras and modular forms. The remainder of the paper
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is devoted to developing procedures for doing arithmetical calculations in
rational quaternion algebras.

A major tool in our algorithm is a procedure for calculating the number of
times a positive definite integral quadratic form represents the positive integers
1,2, 3,... (the so-called representation numbers of the quadratic form). This
procedure, which we believe is quite efficient, may be of independent interest.
It is given in Section 6. In Section 5, we give a canonical basis for a maximal
order in any rational quaternion algebra ramified at precesely one finite prime.
This is very well-known for the quaternion algebra ramified precisely at 2 and
o0, (“Hamilton’s quaternions with coeflicients in Q’), but does not seem to be
known in general and may be of interest.

The contents of the sections are as follows. In Section 1 we give a sketch of
the algebraic and arithmetic theory of rational quaternion algebras. Section 2
contains a sketch of a little of the theory of modular forms on I'y(N) and its con-
nection with theta series arising from quaternion algebras. Section 3 gives a
sketch of the algorithm and Sections 4 through 8 give in detail the major com-
ponents of the algorithm. The titles of these sections are: Section 4: Some Needed
Procedures; Section 5: Finding an Order of Level N; Section 6: Calculating the
Representation Numbers; Section 7: Finding Representatives of the Ideal
Classes; Section 8: Calculating the Theta Series and the Brandt Matrices, It
is the Brandt matrices that give the action of the Hecke operators (see Section 2).
In Section 9 we give several numerical examples computed using the algorithm.
These illustrate important points in the theory of Brandt matrices. Also
Theorem 9.1 shows that the action of the canonical involution on Sy( p) is given
by the Brandt matrix By p; p, 1) and hence is explicitly computable.

From Definition 1.7 on the notational conversion preceding Definition 1.7
will always be in effect, Also we let exp(x) = €’ and use this notation through-
out the paper.

The algorithm has been implemented in Dec 10 Algol 60 at the Brandeis
University Computer Center and also at the Medical Center Computing Facility
at the University of Rochester.

1. QUATERNION ALGEBRAS

Let F denote either the field Q of rational numbers, the field Q, of p-adic
numbers (p a prime), or the field R of real numbers. A quaternion algebra A
over F' is a central simple algebra of dimension 4 over F. It is well-known (since
A contains a field of degree 2 over F) that any quaternion algebra 4 over F
has a basis 1, 7, j, & over F such that multiplication in 4 is given in terms of the
basis by the following relations: 1 is (obviously) the identity of A4, 2 = g,
J2 =204, ij = k = —ji, where a and b are some nonzero elements of F (see
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[7, Chap. 8, Sect. 11, No. 2]). Conversely, given any a, b € F* (in general for
any ring R, we denote by R* the invertible elements of R), the above basis and
relations define a quaternion algebra over F (see [24, p. 52]). We denote this
quaternion algebra by (a, b) or more simply by (a, b) if F = Q, (a, b),if F = Q,,
or (a, b),, if F = R. We will be careful so that there should be no confusion as
to whether (, 5) denotes the rational quaternion algebra or the greatest common
division of @ and 4. For example (—1, —1),, is Hamilton’s quaternions and
(1, 1) is just the (quaternion) algebra of 2 x 2 matrices over Q. All our compu-
tations will be done in terms of the basis 1, 4,7, # of the quaternion algebra
A = (a, b).

Unfortunately there does not seem to exist a good reference for the algebraic
and arithmetic theory of quaterion algebras that we require. Thus it seems
worthwile to sketch the theory we need giving references for most proofs, We
begin with the algebraic theory.

If A is a quaternion algebra over Q, we let 4, = 4 ®, O, which is a quater-
nion algebra over Q. Similarly we let Q.,, = R, 4, = 4 ®, R and call the
absolute value on Q the “infinite prime” on Q. If 4 = (a, b), obviously 4, =
(a, b), . Over Q,, or R there is up to isomorphism only two quaternion algebras:
the 2 X 2 matrix algebra and a unique quaternion division algebra (see [24,
p. 154; 48, p. 184]). We can write (a, b), = 1 if (a, b), is the 2 X 2 matrix
algebra and (q, b), = —1 if (a, b), is the unique quaternion division algebra
over (,. Similarly for (e, b), . With this convention (a, ), becomes the
Hilbert symbol (see [24, p. 157)).

Let A = (a, b) be a quaternion algebra over Q. A prime p of Q is said to
ramify in A if A, is a division algebra and is said to split in 4if 4, isthe 2 x 2
matrix algebra. The set of primes ramifying in A is finite and even in number
(if we count the infinite prime) because of the product formula for Hilbert
symbols [],(a, ), =1 for a, b e OQ* where the product is over all primes p,
including co (see [24, p. 181]). Further, the set of ramified primes determines A4
up to isomorphism and conversely given any set S consisting of an even number
of distinct primes, there exists a (unique) quaternion algebra over Q ramified pre-
cisely at the primes in .S (see [30, Theorems 71.19, 66.6, and 57.8]). Given a
and b € O, determining which primes ramify in 4 = (a, b) is an easy exercise
in evaluating Hilbert (or Legendre) symbols (see [24, pp. 164 and 186]). In this
paper we will only be concerned with quaternion algebras that ramify at pre-
cisely one finite prime (and hence also at co). Proposition 5.1 below gives for
each finite prime the corresponding algebra.

Let A = (a, b)r . We define conjugation on A by the following: if « = = -
x4y + 2ke A, w, x, y, 2, €F, then & = w — x — yj — zk. Conjugation
depends only on 4 and is independent of the particular choice of a, b used to
define 4 (sec [30, p. 145]). Easy calculations show that ax = ad, « + B = & + B,
&B:B&, &=a,and a =& if andonlyif o € Fforalla e F, o, 8 € A. The (reduced)
norm N and (reduced) trace Tr of A are defined by N(a) = o& and Tr(a) ==
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o+ & Clearly if « =w+ x4y + 2ke d = (a, b)p, then N(a) = w? —
ax? — by* + abz? and Tr(a) = 2w. For example if 4 = Mat(2, F), then

(Z_—:il;) - (—i _ab) , N = det, and Tr = trace.

Note that NV can (and will) be viewed as a quadratic form on the four-dimen-
sional vector space A over F. Further if 4 = (a, b) is a rational quaternion
algebra, then NV is a positive definite form if and only if oo ramified in 4 if and
onlyif 2 < 0 and b < 0.

The above covers the algebraic theory that we need. We now sketch the
(less well-known) arithmetic theory. Let 4 be a quaternion algebra over Q
(or O,). A lattice on A is a free Z (or Z,) submodule of 4 of rank 4. An order O
of A4 is alattice on A which is also a subring containing the identity. For example,
Mat(2, Z)is an order of Mat(2, Q). It is easy to see that if « belongs to some order
of A, then Tr(«) and N(x) belong to Z (or Z,) (see [41, Theorem 10.1]).

Now let U be a quaternion algebra over Q. If L is a lattice on U, we denote
by L, the lattice L Q)z Z,, of W, . An order @ of U (or of A, is said to be maximal
if it is not properly contained in any other order of 2 (or 9,). 0 is a2 maximal
order of 9 if and only if 0, is a maximal order of U, for all p < o0, i.e., for all
“finite’’ or non-Archimedian primes (see [41, Corollary 11.6]). If 2, is a division
algebra (p <C o0), there is a unique maximal order ={xe U, | N(x)ec Z,}
(see [41, Theorem 12.8] or the sentence preceding Proposition 1.1 below). If
A, is split, then all maximal orders of U, are conjugate to the order (%7 Z») by
an element of 2,2 (see [41, Theorem 17.3]). Also any order is contained in a
maximal order (see [41, Corollary 10.4]).

Fix a prime p and let L denote the unique unramified quadratic field extension
of Q,. L = 0,572 if p =2 and L = Q_ (1) for p > 2 where uc 7 is a
quadratic nonresidue mod p (see [24, p. 161, Corollary 2.24 and p. 151, Remark
2.7]). Consider the Q,-subalgebra 4 of Mat(2, L) given by

(e )

where o denotes conjugation of L/Q,, . A direct calculation shows that 4 is a
quaternion division algebra over Q, . The norm N and trace Tr of 4 are res-
pectively the determinant and trace of Mat(2, L) restricted to 4. Let R denote the
set of integers of L (R = Z, + Zy((1 4 5*/*)2)ifp =2and R = Z, + Z u'/?
if p > 2 in the above representation of L). A direct calculation shows that

(P

is the (unique) maximal order of 4 since if « belongs to an order, then N(a) € Z,,
which implies « € @.

A= o, el

, (L.1)

%BER;
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ProrositioN 1.1, Let W be a rational quaternion algebra ramified precisely
at Py s Py se-es Po » and oo. Then an order O of W is maximal if and only if disc(0) =
(#1 - p.)%, the discriminant being taken respect to the norm form N of U.

Proof. Tr(xy) = N(x + y) — N(x) — N(y) is the bilinear form associated
to N. If ¢ ,..., ¢, is a Z-basis for a lattice L, then by definition disc(L) =
det(Tr(ese;)). If M is an order, obviously disc(M)e Z and disc(M) > 0 as N
is positive definite. Thus we need only show (since ¢ is maximal if and only if
0, is maximal for all p) that for p split, ¢, is maximal in 9, if and only if
disc(¢,) = 1 (mod U2, U, the units of Z, and for p ramified, ¢, is maximal in
A, if and only if disc(0,) = p* (mod U,2). But easy calculations show that
disc(Z2 Z7) = 1 and disc(0,) = p?, where 0, = {(,0 %) |, B R} is the
'maximal order of A4 given by (1.1). This shows the “only if’’ part. The *if”
part then follows from 82.11 of [30] as any order is contained in a maximal order.

DerinviTioN 1.2. Fix a prime p. Let 2 be the rational quaternion algebra
ramified precisely at p and o0. Let r be a nonnegative integer and let M be any
positive integer prime to p. An order @ of U is said to have level N = p?r+l}f
if @, is isomorphic over Z, (i.e., conjugate by an element of ,*) to (sz Z)
forall ¢ 5= pandif @, is 1somorphlc over Z,, to {(,rfige ¥¢) | o, f € R} where QI
is identified with 4 as in (1.1) and R is the set of integers in L, the unramified
quadratic field extension of Q,, .

Remark 1.3. Any positive integer IV, not a perfect square, can be represented
as N = p?*+1M for some p and M, p + M.

Remark 1.4. 'The orders defined in Definition 1.2 are maximal if and only
if r == 0 and M = 1. The case r == 0 and M square free was first studied by
Eichler [11] and are now called Eichler orders. The case r = 0 and M arbitrary
was studied by Hijikata in [19]. The general case has been studied by Pizer in
[35].

Remark 1.5. Let N be a positive integer, not a perfect square. The orders
of level N are of interest principally because of their connection with modular
forms on I'y(N). One reason this may be so is because of the following. Consider
O = (3% ), an order of Mat(2, Q). Then I'(N) is “essentially’’ (i.e., has index
2 in) the unit group of @'. Now let N = p*+1M, p + M for some prime p. Let A
be the quaternion algebra over Q ramified precisely at p and co and let @ be an
order of level pz”'lM in A. Then O =~ 0, for all ¢ # p. Further @, ®z, R =
(g B 2 (P ) = 0, ®z, R where R is the ring of 1ntegers of L the
unramified quadratic field extension of 0, . Thus 0, and 0, are both essentially
subrings of (215 §) fixed by certain (dlfferent') Ga101s actions induced by the
Galois group of L/Q, and thus they can be viewed as twisted versions of each
other. Hence @ and ¢’ are locally isomorphic at all primes ¢ = p while at p
they are almost isomorphic. Thus it should not be too surprising that there are
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close connections between theories involving @ and ¢’. We should note that we
do not have to restrict our attention to quaternion algebras which have only one
finite ramified prime. We can define orders analogous to those defined in Defini-
tion 2.1 for any rational quaternion algebra (definite or not) and the arithmetic
of all of these orders is closely connected with the theory of modular forms on
T'y(N) (see [20, 36]). However, as this added generality does not allow us to
generate any more modular forms, for simplicity we restrict our attention to
the case covered by Definition 1.2.

ProrosITION 1.6. Let W be as in Definition 1.2. An order O of W has level
P M if and only if

(i) disc(@) = (p*r1M)3,

(1) O, contains a subring isomorphic over Z, to R, the integers in L, the
unramified quadratic field extension of O, , and

(iii) @, contains a subring isomorphic over Z, to Z, X Z, for all primes q | M.

Proof. Assume @ has level p>+1M. Then (ii) and (iii) are obvious and (i) is
shown by easy local calculations after Proposition 1.1. Conversely, by [35,
Proposition 2; 19, 2.2 on p. 65], (ii) and (iii) imply that @ is an order of level
p**1M’ for some s and M’, p + M'. Then (i) implies s = r and M’ = M.

For the remainder of this paper fix a positive integer IV, not a perfect square,
and a prime p such that N = p¥+1M with p + M. A will then always denote the
quaternion algebra over { ramified precisely at p and 0. An order of level N
will always mean an order of level p**'M in 2.

DermatioNn 1.7. Let @ be an order of level N in . A left O-ideal I is a
lattice on U such that I, = @,a, (for some a, € A, %) for all p << o0. Two left
O-ideals I and [ are said to belong to the same class if I = Ja for some a € A=,
One has the obvious analogous definitions for right O-ideals.

DerintrioN 1.8, The class numbers of left ideals for any order € of level
N = p?>+1M is the number of distinct classes of such ideals. We denote this
class number by H(p*+1M).

DeriniTION 1.9. The type number of orders of level N = p*+1M in U is
the number of distinct isomorphism classes of orders of level N in Y. We denote
the type number by T(p*+M).

TueoreM 1.10.  The class number H(p* M) is finite and independent of the
particular order of level N = p*+\M used in its definition. Further the type number
always satisfies T(p2r1M) < H(p¥ 1 M).
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Proof. 'This is classical for maximal orders (see Artin [1] and Eichler [10]).
For the general case see Pizer [37, Propositions 2.13 and 2.15]. See also Proposi-
tion 1.21 below.

Remark 1.11.  Explicit formulas for the class and type numbers exist. For
H(pM), M square free see Eichler [11]; for H(pM), M arbitrary see Pizer [34];
for T(pl) see Deuring [9]; for T(pM), M square free see Pizer [33] or Peters
[32]; and for T(pM), M arbitrary see Pizer [34]. A formula for the type number
in the most general case is not yet known. However the class number formula
is known in the general case. As we need that result, we record it here as:

TrEOREM 1.12. Let p be a prime and M a positive integer prime to p. Let r
be a nonnegative integer. Let O be an order of level N = p* 1M in the quaternion
algebra over Q ramified precisely at p and co. Then the class number H(p*+1M)
of left O-ideals is given by

N 1 1
2r+1 — — = —
Hprean) = g (1= 3) I (1 +3)

a(M
-G EY e
0 if 4|N
1 —3 -3 .
-G EY) o oo
0 if 9|N.

Here the product is over all distinct primes q dividing M and (*|*) is the Kronecker
symbol. In particular (—4/2) = (—3/3) = 0 and (—3/2) = —1.

Proof. The Brandt matrix By(1; p*~+1, M), see Definition 2.13 below, is the
H x H (H = H(p*+M)) identity matrix (see Remark 2.20 below). Hence
H = Tr(By(1; p**1, M)) and we need only employ the general trace formula
for Brandt matrices given by Theorem 26 of Pizer [35].

Remark 1.13. Note the similarity of the formula for the class number with
the formula for the dimension of the space of cusp forms of weight 2 on I'y(N)
(=genus of H*|T'y(N)), see Ogg [29, Chap. IV, Proposition 14]. The reason for
this is given by Corollary 2.29 below.

DrriniTION 1.14. Let 1 be a (left or right) @-ideal for some order @ of level
N in . The left order of I = {a € W | al CI} and the right order of I =
{acW | IaC 1}

Remark 1.15. 1If I is an ideal of an order of level N, then its left and right
orders have level N (see [37, Definition 2.14 and following]). Also if I is a left
O-ideal, its left order is obviously @ and similarily for right ideals.



MODULAR FORMS 347

DerFIniTION 1.16. The norm of an ideal, denoted by N(I), is the positive
rational number which generates the fractional ideal of Q generated by
{N(a) | a € I}. The conjugate of an ideal I, denoted by J, is given by I = {@|acl}.
The inverse of an ideal, denoted by I, is given by I-* = {ae W | Ial CI}.

The set of ideals, left and right, attached to all orders of (a fixed) level N
in U form a Brandt grouppoid (see [41, p. 201]). If we have two ideals I and |
with the right order of I equal to the left order of J, then IJ (=all finite sums
> tujr with i, €1, 5, € J) is an ideal with left order equal to the left order of 1
and right order equal to the right order of J (see [41, p. 201]). Relations which
hold among the above concepts are given by:

ProposiTiON 1.17. Let O be an order of level N. Let I be a left O-ideal with
right order O'. Then

(2) Iis a left O'-ideal with right order O and N(I) = N(I).

(b) Iis aleft O'-ideal with right order @ and N(I') = N(I)™
© I'=0and Il = 0'

) II = ON(I)and II = O'N(I).

(€) I =IIN()

(£) o Jis a left O'-ideal, then N(I1]) = N(I) N(J).

Proof. These facts are almost obvious. For help with the proofs one can see

[37].

ProrosiTioN 1.18. Let I and | be left O-ideals. Then I and | belong to the
same class if and only if there exists an element o € JI such that N(a) = N(I) N(J).

Proof. Let @ be the right order of J. Assume  and [ belong to the same classs
ie., there is a B A® such that I = JB. Note that N(B) = N(I)/N(J). Then
JI= JJB = O(N(J)P). Thus « = N(J)8e Jand N(s) — N(J} NDIN(J) =
N({I) N(]). Conversely if a € JI with N(«) = N(I) N(J) = N(J) N(I) = N(JI),
then @« C JI and N(@'«) = N(JI). Then an easy local calculation (see, e.g.,
[37]) shows that @'a = JI. Hence N(J) = JJI = J0'o = Ju and I = JB
with 8 = a/N(]).

Remark 1.19.  All elements of JI have norm divisible by N(I) N(J) so that an
o as in Proposition 1.18, if it exists, would be a nonzero element of JI of minimal
possible norm. Thus our procedure REPRESENTATION. NO (see Section 6)
will quickly determine whether or not such an « exists.

Note that in the proof of Proposition 1.18 we have also proved

CoroLLArY 1.20. A left O-ideal I contains an element « with N(o) = N(I)
if and only if I is in the same class as O (in fact if and only if I = ().
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ProposiTiON 1.21. Let @ be an order of level N in U. Let I, ,..., Iy be a
complete set of representatives of all the distinct left O-ideal classes. Let O; be the
right order of I, j = 1,..., H. Then I7'1, ..., I7 1 is a complete set of representa-
tives of all the distinct left Oj-ideal classes (for j = 1,..., H). Further, the 0;
represent (with possible duplication) all the types (i.e., conjugacy classes by elements
of A=) of orders of level N in U.

Proof. See Propositions 2.13 and 2.15 of [37].

2. MopuLaR Forms oN I'(N) aND THEIR CONNECTION WITH QUATERNION
ALGEBRAS

There are many good references for the theory of modular forms on I'y(NV).
For example Ogg [29], Shimura [46], Atkin-Lehner [2], Schoeneberg [43],
Gelbart [15], Gunning [16], and Serre [44]. Thus we can and will be very brief
in our description of this part of the theory. The connections with quaternion
algebras are less well-known (the best reference being Eichler [14]) and we will
explain this more fully.

Let H = {r e C | Im{r) > 0} denote the complex upper half plane and let
H* = HU QU {ico}, i.e., H* consists of all complex numbers with imaginary
part > 0, the rational numbers on the real axis and, a point 7co at infinity.
I =TyN)={’%eSLQ2,Z)| c = O(N)} acts on H* by fractional linear
transformations: (¢ %) sends = to (ar + b)/(ct + d). Q U {icc} are the cusps of
I' = I'y(N). We will continue to write I" for I'y(N) if there is no confusion.
Modular forms on I are certain functions on H that behave nicely with respect
to the action of I'. Specifically, we have (see Gelbart [15, p. 4])

DeriNtTION 2.1. A modular form f(7) of weight k (ke Z, k == 0) on I'y(N)
is a complex-valued function on H such that

(i) fis holomorphic on H,
(i) fis holomorphic at every cusp of I'y(N), i.e., on Q U {ico}, and
(i) f((ar + b)/(cr + d)) = (cr + dY* f(7) for all (¢ }) € Ty(N).

The complex vector space of all modular forms of weight &2 on I'(N) is
denoted by M(N).

We explain the meaning of (ii) above. Note that by (iii), f(7) = f(+ + 1)
for all 7 and hence the function f(g) = f(r) with g = exp(r) (=€*"r) is well-
defined for0 < | ¢ | < 1 and is holomorphic in the punctured disc 0 < | ¢ | << 1
by (i). To say that f(r) is “holomorphic at the cusp 7c0’’ means that F0)
can be extended to a holomorphic function at ¢ = 0. Note that the map
7> g “sends’ 00 to 0. As any rational point on the real axis is sent to 00
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by some element of SL(2, Z), we can translate the above to obtain the meaning
of “f(r) is holomorphic at a cusp’’ (see [15]).

Remark 2.2. If kis odd, then by (iii) f(7) = f((—7 + 0)/(0 — 1)) = —f(7).
Hence, nonzero modular forms can exist on I'y(V) only if % is even. Henceforth
we assume this. The reader is warned that different authors mean different
things by “‘the weight of a modular form’’ (and some call it the “dimension”’).
One is usually safe in assuming the weight means one of 4k, +k/2 (with
respect to our k), but beyond this one should be careful.

Assume f(7) is 2 modular form on I'(N). Hence f(r) is holomorphic at ico,
i.e., f (q) is holomorphic at 0. The Taylor series expansion of £ (g) at 0, f(g) =
S0 @ng™ is called the Fourier series expansion of f at the cusp ico (or the g expan-
sion of f). a, is called the nth Fourier coefficient of f (at 700). It is by computing
these Fourier coefficients of f (up to some limit) that we will “compute’” the
modular form f. By sending a cusp to {00 by means of an element of SL(2, Z),
we obtain the notion of the Fourier series expansion of a modular form at any

cusp (see [15, p. 6]).

DEeriNiTION 2.3. A modular form f (of any weight) on I'(V) is called a
cusp form if it vanishes at every cusp, i.e., if its zeroth Fourier coefficient is zero
in the Fourier series expansion of f at every cusp.

The space of cusp forms of weight 2 on I'y(IV) is denoted by Sy(N).

In studying modular forms one is primarily interested in the space of cusp
forms Sy(N). This is because M(N) = Si(N) @ Ey(N) where E(N) is the
space of Eisenstein series, at least if £ > 2 (see Schoeneberg [43, Chap. VII,
Theorems 4 and 9]) and one feels “‘that we know’’ Eisenstein series reasonably
well.

The major tool in the study of cusp forms is the notion of the Hecke operators
Ti(n). For each n > 0, (n, N) = 1 one has the Hecke operator T(n) which is
a linear mapping on the space Sy(V). The Hecke operators bear the same relation
to the theory of cusp forms as the concept of an Euler product does to the theory
of Dirichlet series (see [29]). For the definition of the Hecke operators see
Atkin—Lehner [2] or Shimura [46]. One has the major

TueorReM 2.4 (Hecke—Petersson). The Hecke operators Ti{n), (n, N) = 1
acting on S, (N) generate a commutative, semisimple ring. Thus there exists a basis
Ji), 1 << i < dim Sy(N), of Si{IN) consisting of eigen functions for all Ty(n),
(n, Ny = 1.

Proof. See [2, Lemmas 13 and 15, and Theorem 2].

Let N be a positive integer. Let M be a positive integer dividing N and let d
be a positive integer dividing the quotient N/M. As I'(N) C I'y(M), any cusp
form f(7) on I'y(M) is a cusp form on I'y(N) (see [13, p. 7] or [2, p. 135]). Further
f(dr) is also a cusp form on I'y(N) (see [2, p. 145]). Let C—(N) denote the sub-
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space of Sy(V) spanned by all f(dr) where f(7) is a cusp form on some I'o(M) with
M a (positive) proper divisor of N and d any (positive) divisor of N/M. Denote
by S%(NV) the orthogonal complement of C—(V) in Si(IV) with respect to the
Petersson inner product (see [2, Eq. 1.3]) on S(IV). (See Atkin-Lehner [2,
p. 145].) Following Atkin and Lehner we call S%(N) the space of newforms
on I'y(N). A newform on I'y(N) is an element of S,%(/N) which is an eigenfunction
for all the Hecke operators. A major result of Atkin and Lehner is

THEOREM 2.5.
SN) =@ 2 Y SMY,
MIN d|N/M
the direct sum being over all (positive) divisors M of N and d of N{M. Here if
SUM) is generated by fy(7),..., f7), then S,)(M)? is the space generated by
Sildr),..., f(dr).

Proof. See Theorem 5 of [2].

We now give the connection with quaternion algebras. Let O(x) be a positive
definite integral quadratic form in an even number r = 2k of variables. Integral
means that Q(x) € Z for all x € Z". Such a form can always be written as Q(x) =
Ixtdx, where &t = (%, ,..., x,) and 4 = (a;;) is a positive definite symmetric
matrix with a;; € Z and a;; = 0 (mod 2). In fact A4 is just the matrix of the bilinear
form (x, y) = O(x + ») — Q(x) — O(»). A is called the matrix associated to Q.
Recall that disc(Q) = (—1)* det(A4).

DeriNITION 2.6. Let Q and A be as above. The level (or Stufe) of Q (or 4)
is the least positive integer N such that the matrix N4~ has integer entries
with diagonal entries even integers. Q*(x) = }x*NA'x is called the adjoint
form to Q.

Remark 2.71. One easily sees that the level of A4 is equal to the level of U*AU
for any matrix U € GL{r, Z).

Let P(x) = P(x,,..., ¥,) be a homogeneous harmonic polynomial of degree »
in r = 2k variables. Harmonic means that p(x) satisfies Laplace’s equation
Ap(x) = (2[ox2 + -+ + &/ox,?) p(x) = 0. Further let Q(x) be a positive
definite integral quadratic form in r variables with Q(x) = {x*4x as above.
As Q(x) can be diagonalized over R, there exists a real matrix S such that
(St AS-1 = I or A = 5'S. With this we have the

DeriNITION 2.8. Let Q, S, and P be as above. The (generalized) theta series
attached to Q and P is

6(=,0, P) = ZZTP(Sn) exp(Q(n)r). 2.1)

Recall that exp(x) = %"=
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Remark 2.9. If P(x) is a constant, then our theta series are “regular’’ or
“nongeneralized”’ theta series. The generalized theta series were first studied
by Schoenberg [42]. The important result is that they are modular forms of
weight & + deg(P) = /2 + deg(P) on I'y(N), N = level of O, but with a
character (see Ogg [29, Chap. VI]). In the case we will consider, this character
is trivial (see Theorem 2.14 below).

The harmonic polynomials of Definition 2.8 will in our case arise as follows.
Let A be Hamilton’s quaternions. Then inanalogy with(1.1), 4 can berepresented
as the subalgebra of Mat(2, C) given by 4 = {(% %) | 2, w € C} where the
overbar denotes conjugation of C over R. In this representation a basis of 4
is given by 1 =039, I=(¢_9, J=33), and K = (?¢). This gives a
representation @ of A% on V' = C2. Following Eichler [14] we denote by X,
the corresponding matrix representation in terms of the canonical basis ¢; =
(1,0) and e, = (0, 1) of V: Xy(w, + xpl + 23] + 2, K) = (5 %) with z =
X + %7 and w = x5 + x¢. @ = P, induces a representation P, of 4* on the
sth symmetric power Sym({¥) of V. Sym(V) = V' & --- ® V/K, the product s
times with K the “‘symmetric kernal.”” A basis for Sym (V') is given by the set of
elements {e, ® " ® e ® e ® * ® e, (mod K)} which we write as
{ejes™ | i = 0,..., 5} (where we can consider the product as being in the Tensor
algebra (or rather symmetric algebra) if we wish). Then the representation @,
is given by

D), @ R e @ D ey) = (Do) &) ® * @ (Pye) &)
R(Di(x) &) ® - R (Py(w) &),

all read modulo K. The corresponding matrix representation of 4% with respect
to the basis {e,%5" | i = 0,..., s} we denote by X, . Thus X, is a s + 1-dimen-
sional representation. We denote by X, the trivial one-dimensional representa-
tion of 4*. With this we have

ProrosiTION 2.10.  The entries of the matrix X (o) = X (x; + x,I + x5 ] +
x,K) are harmonic homogeneous polynomials p(x, ,..., x,) of degree s.

Proof. In terms of the matrix representation « = (_7 3), @,() ¢, = 2¢; +
wey, and P(«) e, = —We; + Ze,. Thus D ()(efes™?) = (zey -+ wey)t X
(— e, + Fey)s"*. We must expand this last expression and show that the
coefficients of e,7ef™ satisfy Laplace’s equation for j = 0,..., s. However,
this is very easy to do without expanding by treating e, and e, formally as
variables and then just checking that A4((ze, + we,)!(—ive, + Fey)*¥) =
4(P/0208 - O*|owom)((ze, + we,)(—e, + Ze,)*¥) = 0. Here /02 =
H0/oxy — 1 6/0x,), 0]0F = }(8]0xy -+ © 8]0x,), etc. (see [17, p. 4] and {14, p. 104]).

ProrositioN 2.11. Let I be a left O-ideal for some order O of level N =
PP"HIM in a (positive definite) quaternion algebra W over Q. Then the quadratic
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Jorm N(x)[N(I) for x € I is a positive definite integral quadratic form with level N
and discriminant N2,

Remark 2.12.  'What this means is the following. Let e, ,..., ¢, be any Z-basis
for 1. Then Q(xy,..., %) = N(xye, + - + x,,)/N(I) is a positive definite
integral quadratic form with level N and discriminant N2. Since any other
Z-basis of I is obtained from e, ,..., ¢, by operating on (e, ,..., ¢,) by a matrix
Ue GL(4, Z), the level (see Remark 2.7) and discriminant are independent of
which particular Z-basis of I we choose.

Proof. Q(x) = N(x)/N(I) is positive definite since U, is Hamilton’s quater-
nions and the norm form there is positive definite. Q is integral since by definition
N(I) | N(x) for all xe1I. Let 4 be the matrix associated to Q(x). We first show
that the level is N. As the level is a positive integer, we need only determine
the level locally at all primes of ¢ << 0. First consider the case g 5 p. Then
I, = 0,8 for some B € A* = GL(2, Q,). By Definition 1.2,

Ze Zy\ _
O = o (qu Zq) ot
for some ae GL(2, Q,). Let ¢, = (5g), €&a = (33), &5 = (%), and ¢, = (§ 9).
Then ag;0B, 7 = 1,..., 4 gives a Z,-basis for I,. Note that by Remark 2.12,
read locally, we can choose any basis of I, we wish! Further N(I) = N(B)
(mod U,). Then the matrix A is of the form 4 = U*BU where U e GL(2, Z,)
and

1 —12\(we .v—183'
B = g Tr((eixB)(aenB))

= ]V—zﬁj Tr(ﬂﬁa‘l&‘la e;2;0lad)
= Tr(e)))

0 0 0 1
10 0 =N O
“lo—nN 0 O

1 O 0 O

which has level N in Z, . Hence by Remark 2.7, 4 has level N (mod U,) in Z, .
For the case ¢ = p, we have I, = 0B for some 8 € A, Here 0, is conjugate to
{(;+250 28) | v, 8€ R} (see Definition 1.2). Thus using the fact that R =
Z, ® Z,u'/? where ue Z, u a quadratic nonresidue mod p if p % 2 and R =
Zy + Zy((1 + 54%)/2) if p = 2, a calculation exactly analogous to the one above
shows that A has level N (mod U,) in Z,, also. Thus the level must be N. Now
for the discriminant. Proposition 1.6 shows that if I = @, then disc(Q) = N2
as required. We can assume (by multiplying I by some integer if necessary)
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that IC 0. Let e, ,..., ¢, be a Z-basis of 0, f, ,..., f, a Z-basis of I, and M the
matrix such that M(e, ,..., &)t = (fy .., fo)t. Then N(I)? = det(M) (see [8,
pp. 10 and 14] and recall that the determinant of the regular representation of A
is the square of the reduced norm N). Thus disc(Q) = disc(N(x)/N(I)onI) =
/NI dise(N(x) on I) = I/NI)*det(M))* disc(N(x) on @) = N2 Alter-
natively, if one does not like and/or believe this proof, the discriminant can be
calculated by a series of local computations analogous to those performed in
Proposition 1.1 and in the level computation above. This completes the proof
of Proposition 2.11.

We are now able to define the Brandt matrices which are the central objects
of the theory. Let @ be an order of level N = p*+1M, p + M, in a quaternion
algebra A over Q ramified precisely at p and co. Let [, ,..., Iy , H = H(p>"1M),
be representatives of all the distinct left ¢-ideal classes. Let 0; be the right order
of I; and let ¢; denote the number of units of 0; (¥ € @; is a unit if and only if
N(u) = 1. Thus ¢; is just the number of times the positive definite quadratic
form N(x), x € 0; represents 1 and hence ¢; is finite. In fact ¢; < 24 and is
‘“usually’’ 2.). Let s 2> 0 and let X, be the matrix representation of U given in
Proposition 2.10. For any positive integer zand 1 < ¢, j < H, H = H(p¥*+M),
let

bi(n) = & 3, X/(a), (22)

where the sum is over all « € I;'1; with N(«) = nN(I;)/N(I;) and the superscript ¢
denotes ‘““transpose.’’ The b;(n) are s + 1 by s - | matrices. Further let
b2,(0) = 1/e; and §,(0) = O for s > 0.

DerintTioN 2.13. Let the notation be as above and let s be a nonnegative
integer. The Brandt matrices By(n; p*+', M) for n > 0 are given by

Bs(n; p27+1, M) = (b;,gf(n))
Thus the B(n; p*~+1, M) are H(s + 1) X H(s + 1) matrices where H =
H(p*+M). They are divided into H? blocks each block being ans -+ 1 by s -+ 1

matrix. The ith, jth block is the matrix b],(n).

THEOREM 2.14. The entries of the Brandt matrix sertes.
Ou(7; PP, M) = ), By(n; p*r#, M) exp(nr) (23)
n=0

are modular forms of weight s + 2 on I(N). If s > 0, they are cusp forms. Here
N — p2r+1M‘
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Proof. Fix an entry, say in the ith, jth block and let p(x, ,..., x) = p(x, +
%I + %3] + x,K) be the corresponding polynomial entry of X in the notation
of Proposition 2.10. Then the entry of the Brandt matrix series which we are
considering is given by

ar N -1 A 2f N . f AT/ N ATZTNIATZT AN M AN
U(T) = ¢€; L P ) EXPATIV(X) IV(L;)[IVid;)). (<.4)
aElj_lli

Let f,,..., fy be a Z-basis for I;]; and let Q(x) = N(xyf; + - + %,fy) X
N(I)/N(;) for xe Z% Let A = (a;) be the matrix associated to QO(x), i.e.,
a; = Tr(fif;) N(I,)IN(I;). Let ¢, = 1, ¢, = I, g, = ], g, = K be the canonical
basis of WA R, R as in Proposition 2.10 and let T == (¢#;;) be the matrix which
takes {g;} to {f;}, L.e., f; = Y; t;;q; . Then an easy calculation shows that 4 =
INI)IN(L) TT or A = StS with S = aT, a = 2QN(I)/N(I;))*/2. Now if
X fi 4+ o+ xyfy =g+ 0+ v4qs, then Tx =7y Thus (2.4) can be

rewritten as

B(r) = € 3 p(T) exp(rQ(x))

zez4

= 1™ 5, p(Sx) exp(rQ()
xEZ

as p(x) is a homogeneous polynomial of degree s. Theorem 20 of Ogg [29, p.
VI-22] then shows that 6(7) is a modular form of weight 2 -+ s on I'(N). Note
that P(Sx) for x € R* is a spherical function with respect to QJ(x) in the notation
of Ogg [29, p. VI-5]. The level of §(r) is N since by Proposition 2.11, the level
of Q(x) is N. The character associated to 8(7) by Theorem 20 of [29] is trivial
since by Propeosition 2.11, disc(Q(x)) = N2 and Theorem 20+ of [29] shows that
the character e(d) = (sgn(d)*(N?/d) = 1. Thus 6(r) is a modular form on
T'y(N) in the sense of Definition 2.1. Finally, Theorem 20 of {29] shows that
6(7) is a cusp form if s > 0.

We now consider the case s = 0, i.e., we consider modular forms of weight 2.
We want to show how to obtain cusp forms in this case also. For convenience
we drop the “zero’” from our notation and write b;(n) = b%(n). Then

By(n; pr+t, M) = (by(n))

and b,(n) is just l/e; times the number of elements o €I, with N(x) =
aN(I)/N(I;). Thus in the notation of (2.3) we have

8y(7; p*, M) = (8,(7)) (2:3)

where

Bule) = 3. bulor) explo)

— " T exp(rN() NI)IN(L)

zel; Y,
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and the 8;(r) are modular forms of weight 2 on I'y(N) by Theorem 2.14. None
of the 6;;(7) are cusp forms as the zeroth Fourier coefficient at i00 of ,(7) is
1/e; . However we have

ProposITION 2.15. The difference of any two theta series appearing in the
same column of the Brandt matrix series Oyr; p>+1, M) is a cusp form. That is
f(7) = 8,(r) — 0,(7) is a cusp form for all 1 <4, j, k < H = H(p*" M) in
the notation of (2.5).

Proof.
Ouslr) = &7 3, exp(rN(x) N(L)IN(L,))

xel7,

is (except for the constant multiple ;%) the theta series attached to the quadratic
form N(x) N(I))/N(I,), x € I;'I; . But for 1 < & < H, these quadratic forms
all lie in the same genus, i.e., they are locally equivalent for all primes. This
follows from Definition 1.7 since for all p there exists a, € U, such that I}, =
I,,a, and the map x — xa, is a local isometry from N(x) H(L,)/N(I)), x € (I;*I)),
to N(x) N(I;)/N(I), x € (I;'I;),, . But it is a classical result that theta series of
quadratic forms in the same genus have the same behavior at all cusps, that is,
their differences are cusp forms (see Siegel [47, p. 376]).

Remark 2.16. In the case of cusp forms of weight 2 on I'y(p), p a prime
we have dim(S,(p)) = H — 1, where H = H(pl) is the class number. This
follows from Theorem 1.12 and [29, Chap. IV, Proposition 14]. Thus it is
nautral to ask if the cusp forms 0,;(r) — 0,,(r), 7 = 2,..., Hand j fixed (1 <j <
H) are a basis of the space Sy(p) of cusp forms of weight 2 on I'(p). In fact,
Hecke [18, Staz 53, p. 884] conjectured this to be true for any fixed j. However,
the conjecture is true only for p < 31 and p = 41, 47, 59, and 71 (see [12, 38,
40] and Example 1 in Section 9). The reason for this is as follows. Recall that
I, ..., Iy are a complete set of representatives of the left @-ideal classes (@ an
order of level p, hence a maximal order) and @; is the right order of I;, j =
1,..., H. As 0; is a maximal order, there is a unique left ¢;-ideal P; (in fact P;
is a two-sided ideal) such that N(P,;) = p. If P; is a principal ideal, at most
T = T(pl), the type number, of the §,;(r), 1 < i < H are distinct (see Eichler
[12, p. 169] and also Proposition 2.17 below). If P; is not principal, there is no
(known) theoretical reason that the 0;;(7), 1 << 7 <{ H, should not be linearly
independent. Since T(p1) << H(pl), except when p < 31 and p = 41, 47, 59,
and 71 (see, e.g., [27]) and there always exists an order ¢; such that P; is principal,
we see that Hecke’s original conjecture cannot hold. Eichler proved however
(see Corollary 2.29 below) that the H(H — 1) cusp forms 6,;(7) — 0,5(7), 2 <
1 < H, 1 <j < H, do span the space Sy(p). In all our computations we have
observed that when P; is a principal ideal, the T = T(p1) distinct theta series
among the H theta series 0,;(r) 1 < 7 < H have always been linearly independent

481/64/2-5
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and when P; is not principal, the H theta series 8;;(r), 1 < i < H, have always
been linearly independent. It is easy to see that there always exists an @; such
that the corresponding P; is nonprincipal when T < H, i.e., when p > 37,
P 41,47, 59, or 71. One can obviously ask if the above observed phenomenon
always occurs. We do not know the answer. However, the possibility that it does
has influenced some of our algorithms.

We shall need

ProPOSITION 2.17. Let @ be an order of level N in . Let I be a left
O-ideal and let | = alb for some a, b€ N® (] is a left aOa'-ideal) Let 8,(7) =
Ser exp(rN(x)/N(I)) and 0)(7) =3 4e; exp(rN(%)/N(])). Then the theta series
0,(7) and 6,(7) are identical.

Proof.
0,(r) = Zm exp(rN(x)/N(alb))
= ZIexp(rN(ayb)/N(aIb))
= ZI exp(rN(y)/N(I) = 61(x).

Lemma 2.18. Consider the Brandt matrices By(n; p**+*, M) = (b;,(n)). Recall
e; is the number of units in 0O;, by(0) = 1/e; . Then (2) eb;i(n) = e;b;(m)
for all 4, j, 1 <i,j < H and all n >0 and (b) Z;u biny = b{n) (say) is
independent of 1.

Proof. Both (a) and (b) are clear for b;,(0). Thus we assume 7 > 1. b;(n) is
l/e; times the number of elements «el;*I; with N(x) = nN(I)/N(I;). By
Proposition 1.17, I;XI; = N(I,) LI, and « e N(I))-* LI, with N(x) = nN(I})/
N(Z;) if and only if N(I;)x = Bell; and N(B) = nN(I;) N(I;). Thus e;b;;(n)
is just the number of B eI, with N(B) = nN(I;) N(I;). Likewise ¢;b;,(n) is
just the number of 8’ e II; with N(8") = nN(I;) N(I;). But B € LI, if and only if
Bell; and N(B) = N(B) so (a) is proved. Now consider (b). If o € I;2I; with
N(«) = nN(I,)/N(,), then I;2I,x is an integral left 0;-ideal (0, is the nght order
of I,) of norm n. Integral means that I;*;a C @;. Conversely, all integral left
0.-ideals in the same class as I;71I; having norm 7 must be of the form I; [,
with ael;}; and N(a) = nN(I)/(N(I;). Further, two such ideals I;'L;a
and I;1,8 are equal if and only if @O;x = 0,8 if and only if « = u8 with u
a unit of @;. Thus b,(n) is precisely the number of integral left @;-ideals in
the same class as 7;2/; having norm #. In fact, this is how Eichier defines b,,(n)
—see [14, p. 105]. By Proposition 1.21 we see that I ,..., I/, gives a
complete set of representatives of all the distinct left ¢;-ideal classes. Hence any
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integral left 0-ideal is of the from I;;x for some j and some « € I;*I; . Thus
Zf:l b;;(n) is just the number of integral left ¢;-ideals of norm » and we need
only prove that this number depends only on the level p>* 1}/ and not on the
particular order @; we choose. Unfortunately while this is very easy to prove
adelically (I have been trying very hard to avoid adelic arguments), I do not
know an easy nonadelic proof. I will give in and sketch the adelic argument. Let
0 and @ be two orders of level p2+1M. It follows from Definition 1.2 that
there exists an idéle & € Jy, the idele group of 2, such that ¢ = &'04.
Further, Definition 1.7 implies that any left 0-ideal is of the form ¢f for some
idéle B Jor. Then the map OF — 0'5-'f& induces a 1-1 onto map from
integral left O-ideals of norm n onto integral left ¢ ideals of norm n. For the
real meaning of (p, etc., see [34, pp. 2 and 5].

LemMma 2.19. Let the notation be as in Definition 2.13. Let By(n) =
By(n; p?+', M) = (by(n)). Consider the matrix

1 et - eer
—1 0
1 0 —1
ie, A= (a;) where a;; =1 for i = 1,..., H; a; = eye5* for j = 1,..., H,
ay; = —1 for i =2,..., H and all other a;; =0 ({ #1,j % 1,7 #j). Then
AByn) A7 = C(n) for all n = 0 where C(n) = (c;1(n)) and cyy(n) = b(n) =

211 b;/(n) (independent of ¢ by Lemma 2.18); ¢;,(n) = cx(n) = 0 for i = 2,..., H;
and c;(n) = b;n) — by(n) for 2 < 4,7 < H.

Proof. Let m = 2:11 e;1, the mass for orders of level p2rIM. A1 =
(1/m)D where D = (d;;) is given by d;; = ;1 if ¢ % f; dy; = ¢;'; and d; =
gl —m for i =2,.., H. Then AByn) A' = (1/m)Y where Y = (y,;,) is
given by vy = X & 0i(n) = X 67X, bii(n)) = X €7b(n) = mb(n); v, =
et Y (by(n) — by(n)) = 0 for ¢ = 2,..., H by Lemma 2.18(b); y,; =
6 Tix 6'0a(n) — em T, &70;(n) = ee;? 3 &1 Tk bal(n)) — em X
3 €72b;(n) = e,e;'mb(n) — eyme; b(n) = O for j = 2,..., H by Lemmas 2.18(a)
and 2.18(b); and finally y;; = &1 Xi, (braln) — bu(n)) — m(byy(n) — byy(n)) =
m(by(n) — byi(n)) for i, j = 2,..., H. This completes the proof of Lemma 2.19.

Remark 2.20. Lemma 2.19 should be compared with Eichler [14, Corollary
1, p. 108 and also the introduction to Chap. IV, p. 138]. Note that By(0) is the
only Brandt matrix By(n) that we know explicitly (other than the identity
By(1)—see Corollary 1.20). Lemma 2.19 says that if we reduce By(0) to block
form by conjugating by the matrix A, then all other Brandt matrices By(n) are
also simultaneously reduced to block form by conjugating by A.
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We are now finally able to treat the case of cusp forms of weight 2. Let

bn) 0 - O

0

ABym A = (2.6)

L B |
0

where By(n) is the H — | X H — 1 matrix given by By(n) = (d;;(n)), d;;(n) =
€ip1.41(n) for 1 <4, j << H — 1 in the notation of Lemma 2.19. Then we have

TueorEM 2.21. Let By(n; p>+', M) = By(n) be as in (2.6). Then the entries
of the modified Brandt matrix sertes

O4(r; p¥+, M) = Y Bi(n; p*+1, M) exp(nt) (2.7)

n=0

are cusp forms of weight 2 on I'y(N), N = p*+1]].

Proof. After Theorem 2.14, all we need show is that the entries are cusp
forms. But this follows immediately from Lemma 2.19 and Proposition 2.15.

The most important fact about the Brandt matrices is that they give a re-
presentation of the Hecke operators on a space of theta series. Specifically we
have

ProposITION 2.22. Fix s and N = p* M, p + M. Then the Brandt matrices
By(n; p*1, M) with (n, N) = 1 generate a commutative semisimple ring and
satisfy the same identities as do the Hecke operators T, 4(n), (n, N) = 1.

Proof. 'This is Theorem 2 of [14, p. 106]. Note that as we consider only 7
with (n, N) = 1, the proof of Theorem 2 of [14] is valid in our (more general)
case.

ProrosITION 2.23. Let N = p**M, p+ M. In the notation of (2.3) let
O (7; p*™1, M) = (8;(7)). Then the action of the Hecke operators T, 4(n),
(n, N) =1 on the 0,(t) is given (formally) by B/n), i.e., T, o(n)(0:/(7)) is the
(ith, jth) entry of ¥ _q (By(n) By(m)) exp(mr).

Proof. 'This follows from Proposition 2.22 and the definition of the Hecke
operators. See the Proposition of [14, p. 138].

Remark 2.24. 'The action of the Brandt matrices given above might seem
rather strange. Maybe it is best to think of it in the following manner. Suppose
that the theta series 0,,(7),..., 94u(7) (d = H(s + 1)) in the first column of the
Brandt matrix series @7, p*"+!, M) are linearly independent (this is not
necessarily so—see Remark 2.16). Then B,(#) is simply the matrix representation
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of T'y,5(n) on the complex vector space {8,,(7),..., 04 (r)) with respect to the basis
O11(7), ey 0gy(7).

Let N = p?+1M, p + M. Denote by try T(n) the trace of the Hecke operator
T(n) acting on the space of cusp forms S,(N). Then we have the following
fundamental

THEOREM 2.25. For all positive integers n with (n, N) =1 and all even
k = 2 we have

deg T (n) if k=2

r—1
i Tin) -+ tr 21y T -
tr 21y T(n) 21;) rpirtyT(n) + 0 if >0

(2.8)
= tr By_o(m; p*1, M) + 2 Y tr 2y T(n).

=0

Proof. Equation (2.8) is proved by having explicit formulas for the traces
of the Hecke operators and the trace of the Brandt matrix. See Theorem 4 of
Pizer [36].

Remark 2.26. If r = 0, the first summation 2:(1, does not occur in (2.8). If
r = 0 and M is square free, (2.8) is essentially Eq. (5) of Eichler [14, p. 140].
If r =0, (2.8) is given by Lemma 1 of Hijikata and Saito [21]. The general
case is given by Theorem 4 of Pizer [36].

Our main tool now will be the fact that two representations of a semisimple
ring are equivalent if and only if their traces are equal (see [25, Theorem 3,
p. 458]). In order to employ this tool, we need a space of theta series on which
the Hecke operators act. We obtain this as follows. By Proposition 2.22 the
B;_y(n) with (n, N) = 1 generate a commutative semisimple ring. Thus there
exists a matrix C which simultaneously diagonalizes the B,_,(n) with (n, N) = 1,
i.e.,, such that CB, ,(n)C-! are diagonal matrices for all (7, N) = 1.
Further combining this with Lemma 2.19, there exists a matrix C, such that in
the notation of (2.6), C,By(n) C; is a diagonal matrix for all n with (n, N) = 1.
Let @,(p?"71, M) denote the set of (cusp) forms appearing on the diagonal of
the diagonalized Brandt matrix series Y, , CBy_,(n; p¥+!, M) C-1 exp(nr)
for £ > 2. For k = 2, let @,(p*>™*+1, M) denote the set of (cusp) forms appearing
on the diagonal of the diagonalized modified Brandt matrix series

S CoBg(n; p¥Y, M)Cy" exp(n7).

n=0

Remark 2.27. Note that all elements of @,(p* +!, M) are eigenforms for
all Ty(n) with (r, N) = 1. This follows from Proposition 2.23 since the action
of the Hecke operators T (n) on the elements of @,(p?"+1, M) is given by the
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diagonal matrix CB;,_y(n) C-1 if k£ > 2 and by CyBy(n) Cy* if £ = 2. Note also
that we have not obtained any information about CB;_y(n) C* (or CyBy(n) Cy?)
if (n, N) > 1.

THEOREM 2.28. Let Dy p*r+l, M) = {f,(7),..., 04(7)} (d = H(k — 1), H =
H(p M) if k >2 and d = H — 1, H = H(p* M) if k = 2). Also let
{8{7)> denote the one-dimensional complex vector space generated by 0,(r). Writing
—+ for @ (sometimes) we have

r—1
Sp*M) D2}, Si(p*HM)

8=0

22 {0y(7)) @+ @ (7)) D 2 Zr: Si(p**M), (2.9)

8=0

where the ~ is as modules for the Hecke algebra H generated by T(n) with (n, N) =
1. Here 25, (p**M) = Si(p* M) @ Sy(p** M), etc. The 0,(7) are eigenforms
Jor all the Ty(n) with (n, N) = 1.

Proof. As H is a semisimple ring, we need only check (by Theorem 3 of
[25, p. 458]) that the traces of the transformations induced by the Ty (n), (n, N) =
1 on both sides of (2.9) are equal. Note that the action of T(n) with (n, N) = 1
on {6,(7),..., 84(7)) is given by the diagonal matrix CB;,_4(n) C1if £ > 2 and
by C,By(n) Cy if & = 2 in the notation of Remark 2.27. Now for & > 2, (2.8)
provides precisely the equality of the traces that we require. For £ = 2, we need
to find the trace of By(n; p?+1, M). But by (2.6), tr By(n; p¥+1, M) = tr By(n;
P, M) — b(n) = tr By(n; p*+1, M) — deg Ty(n) for (n, pM) = 1 since
b(n) = deg Ty(n) for (n, pM) = 1 (see Shimura [46, p. 63] and Eichler [14,
p- 94]). Thus again (2.8) provides precisely the equality of the traces that we
require. Finally Remark 2.27 shows that the §,(r) are eigenforms.

COROLLARY 2.29. Let the notation be as in Theorems 2.28 and 2.5. Then

OO OB =@ Y T Y S(pHHay

a|M d|M/a s=0

as H-modules.

Proof. This follows from Theorems 2.28 and 2.5 by noting that
SkO(P21‘+la)d ~ Sko(p2'r+1a)d'

for d and d’ dividing M/a as H-modules (see [2, Theorem 5]). For an explicit
proof of Corollary 2.29 see Theorem 6 of Pizer [36].
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Remark 2.30. Note in particular that Corollary 2.29 implies that all the
newforms on I'yN), N = p**1M occur among the 8r) since the newforms
are precisely the eigenforms that occur in S2(p2 +1M)L

Remark 2.31.  The isomorphism of Corollary 2.29 can essentially be replaced
by equality. See Hijikata [20, Theorem 4] and Pizer {36, Theorem 10].

Remark 2.32. 1t is natural to ask if there is an analogous theory for the case
I'y(N), N a perfect square. Let N = p**M, p + M. Let A be the quaternion
algebra over Q ramified precisely at p and co. We would like to define orders
of “level N’ in . Of course, we need only obtain a correct local definition in
A, . Using ramified quadratic extensions of O, instead of the unramified
extension L of Definition 1.2, we can define orders that should be the orders of
level N. These orders have ideals I whose associated quadratic forms N(x)/N(I),
x €I have level N, i.e., we obtain modular forms of level N (where N may be
a square). Unfortunately, it does seem that any relation like Theorem 2.25
can hold for this case. This is probably due to the fact (which comes from
Jacquet-Langlands theory) that in the case of square level N, not all newforms
in I'y(N) can be obtained as linear combinations of the theta series and thus
Remark 2.30 would be false in general if IV is a perfect square. In the particular
case of forms of weight 2 on I'y(132), Parry in his dissertation [31] has shown
that not all newforms on I'y(132) can be obtained from theta series. If one is
able to discover what the “missing”” newforms are, one could hope to obtain
a result analogous to Corollary 2.29 and thus to completely solve the so-called
basis problem (see Eichler [14, p. 77]) for modular forms on I'y(N).

Since the first version of this paper was written in 1976-1977 there have been
several advances. I think it is worthwhile to mention them here without altering
the main text. Let Si(p, y) denote the space of cusp forms of weight & on I'y(p)
with character y. Atkin using Parry’s results was able to determine that the
“missing”’ newforms in S,%(13?) are those obtained by twisting forms in Sy(13,
$%), 42 # 1, by  where i is a character of (Z/13Z)®. This and other calculations
led him to the obvious conjecture as to what the “missing”’ newforms were in
general for the case S,%(p%). His questions to the present author about this led
to the “solution’ of the basis problem for Sy(p?M), (p, M) = 1 along the lines
suggested in the preceding paragraph (see [39] and also Example 4 in Section 9).
Finally using ideas from [39], ideas of Eichler and Hijikata on Brandt matrices
with character (see [14, p. 110]), and other new concepts, Hijikata, Pizer, and
Shemanske in very recent joint work (see [22]) have been able to “‘solve’’ the basis
problem for forms of weight & on I'o(N) with character y for all & > 2, all N,
and all characters y mod N. The algorithm in this paper can be applied to these
new cases with no or (in the cases of Brandt matrices nontrivial character)
only minor changes. Example 5 in Section 9 gives an example of computing
Brandt matrices with character.

This completes our rather long sketch of the theory behind the *basis pro-
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blem” for modular forms on I'(N) (see [14, p. 77]). Now we give a sketch of
our computational algorithm.

3. SKETCH OF THE ALGORITHM

Let N be a positive integer, not a perfect square. Then N = p¥+1M, p + M
for some prime p. We will sketch an algorithm for obtaining the subspace of
the space Sy(IV) of cusp forms of weight & on I'y(N) given by Corollary 2.29.
We will be primarily concerned with the case of forms of weight 2. The modifica-
tions necessary to obtain forms of higher weight will be noted at the appropriate
places.

First let us introduce some convenient notation. For any ideal L of an order
of level N, we let

o]

Oi(r) = 3, exp(rN(%)/N(L))) = } c(n) exp(nr), G-

zeLl n=0

where ¢(n) (the so-called representation numbers of the quadratic form N(x)/
N(L), x€L) is the number of x €L with N(x) = nN(L). Given two ideals L
and L’ we will often want to compare 8,(r) and 8,-(). To do this (on a computer)
we first select some predetermined number, say LIMIT?2 (e.g., LIMIT2 may
be 5 or 10). Then when we write 8;(7) % 0,/(7) in the algorithm, it really means
that the Ist, 2nd,..., LIMIT2th Fourier coefficients of 6,(+) and ,/(7) are not
identical.

We will present the algorithm as a series of steps (from step 1 to step 4).
The various steps are more fully explained in Sections 5-8 below.

Step 1. Finding the algebra. We first obtain a basis for the quaternion
algebra A over Q ramified precisely at p and co. Theorem 5.1 gives QA4 and OB
such that WA = (QA4, OB), in the notation of the first paragraph of Section I,
is the desired algebra. Thus U has a basis 1, I, J, K with relations I? = 04,
J? = 0B and I] = K = — JI. All our computations will be done in terms of
this basis.

Step 2. Finding an order of level N. Let N = p?™+lgh1 -+ g7 with qy ..., ¢;
the distinct primes dividing M.

Step 2a. By Proposition 5.2, we obtain a maximal order @) of ¥, i.e., an
order of level p.

Step 2b. O, contains an order of level pg, by Definition 1.2 and Remark
1.4. Such an order has index ¢, in @, . To obtain one we find all orders of index
¢, In O, and use Proposition 1.6 to select one, say 0, , of level pg; . 0, contains
an order of level pg,2. To obtain one we find all orders of index g, in @, and again
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use Proposition 1.6 to select one of level pg,2. We continue in this manner until
we obtain an order @, of level pM. Then @, contains an order of level p3M.
To obtain one we find all orders of index p? in @3 and use Proposition 1.6 to
select one of level p3M. We continue until we obtain our desired order, say
0, , of level N. See Section 5 for details.

Step 3. Finding representatives of the left-ideal classes. This is the critical
step. The method we present here is based on the assumption that all left
Oy-ideals are induced from ideals in imaginary quadratic subfields of . This
assumption can be stated explicitly in the adelic language. However, as we are
not able to prove the assumption is valid, stating it precisely will not gain us
much. It has been valid in all examples we have tried to compute.

Step 3a. Use Theorem 2.12 to compute the class number H = H(p* 1 M)
and put & = ¢, .

Step 3b. Let L, = 0 be the first left ¢-ideal. Note that N(L,;) = 1.

Step 3c. Suppose at this point that we have obtained ideals L,,...,L,
representing distinct left 0-ideal classes (the first time around ¢ = 1 of course).

Step 3d.  Choose some element a € @ with a ¢ Z. Consider the order S =
Z + Zo of Q(a) generated by o.

Step 3e. Use Gaussian reduction (see, e.g., Borevich and Shafarevich [6,
p. 149]) to obtain a set of representatives 77 ,..., 7} of the S-ideal classes.
Also compute N(Ty),..., N(T}).

Step 3f. Setv = 1.

Step 3g. Push the ideal T up to a left ¢-ideal T, = 0T, . Note that N(T,) =
N(T).

Step 3h.  Compare the theta series 07 (7) with 6, (v),..., 0, (7). If Or (r) +
GLi(T) for = 1,..., ¢, then T, is in a distinct left 0-ideal class form L, ,..., L,
by Proposition 2.17. Thus we put L, = T,, replace ¢t by ¢ + 1, replace v
by v+ 1, and go to Step 3g. If 0 (r) = GLV(T) for y =1, ,..., 7, and only for
¥y =1;,..., i, then we test whether or not T, is in the same ideal class as any
of the L,, y =iy ,..., i, . By Proposition 1.18, if any T,L, for y =i, ,..., i,
contains an element o of norm N(7,) N(L,), then (as 7T, does not determine
a new ideal class by Proposition 1.18) replace v by v + 1 and go to Step 3g.
Otherwise (since by Propositions 1.18 and 2.17, 7, determines a new ideal
class) put L, , = T, , replace ¢ by t 4 1, replace » by v - 1, and go to Step 3g.

Step 3i. Continue iterating Step 3h until either:

(a) t = H (i.e., we have obtained H ideals L,,..., L,; which represent
distinct left ideal classes and hence represent all the distinct left ideal classes)
in which case go to Step 4, or
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(b) v > A (i.e., we have tested all the ideals T ,..., T}) in which case go
to Step 3d, selecting a different «, or

(c) we have tested a total of LIMIT ideals (LIMIT is some preselected
number, e.g., 2H or 3H) in which case go to Option 1.

Option 1. ‘This option is based on Proposition 1.21.
Option 1a. Select someidealL,,2 << pu < ¢ ThusL, £ 0 = 0, .

Option 1b. If gz )(7) # 6, (7) (thus LJ'L, , which is an order of level N
by Proposition 1. 17(c) and Remark 1. 15, is not isomorphic to @ = L,) then
go to Option lc. Otherwise go to Option 1a, selecting a different p. If we use
up all g, 2 < p < t, without finding a L7'L, with 0211 (r) 5 O, (7), then
Option 1 fails.

Option 1c. Replace ¢ by L~ ‘L,,Lyby L)L, ,L, by L;*L, , and L, by L;'L,
for 2 <<v <ty vt Then Ly,...,L; represent distinct ¢ = L;'L, ideal
classes by Proposition 1.21.

Option 1d. Go to Step 3d.

Remark. We of course have to select some maximum number (say TRY)
of times we will allow Option 1 to be executed. If we have executed Option 1
more than TRY times and still have not obtained representatives of all the
distinct left ideal classes, we should admit defeat and stop the program.

Remark 3.1. If Step 3 fails and we do not obtain representations of all the
distinct left ideal classes, the alternatives are not attractive. Picking ideals
“out of a hat” is no easy trick.

Step 4. Calculating the Brandt matrices. First we consider the case of weight
k = 2. Calculate 6 ; (r) for i = j (see Section 6). By the proof of Lemma 2.18

O,(r; p2r+1, M) = z By(n) exp(nr) = (~1— Oz, (7 ))

=0

and 6f, () = 0,1 (7). Note that ¢; is just the number of elements of L;'L;
of norm 1, i.e., ¢; is the number of elements of L;L; of norm N(L;) i.e., ¢; is
the Ist (not the Oth) Fourier coefficient of 6y, Lj(T)

If we are interested in the case of weight & > 2, Step 4 becomes more involved.
First we have to explicitly determine X;_5(1), X _o(I), Xp_o([), and X, o(K).
The first is of course trivial. Then we find all « € I;1I, = (1/N(I;)) I,I; with
N(«) = nN(I,)/N(I;), « will be given in terms of the basis 1, I, ], K (see Remark
6.3). Then we calculate (2.2), b};7%(n) = ;1Y X} »(«) and thus obtain the Brandt
matrix By_y(n; p*>1, M).
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In the case of weight 2 > 2, the entries of the Brandt matrix series (2.3)
0, (7, p2r+Y, M) = Yn_, By o(n; p**', M) exp(nr) are the theta series we
want and the Brandt matrices themselves B,_,(n; p?"+!, M) give a representation
of the Hecke operators T'_o(n), (n, N) = 1 on the space of theta series given by
Corollary 2.29.

In the case of weight 2, we are usually interested in the modified Brandt
matrices By(n; p¥+1, M). But by Lemma 2.19, these are very easily obtained
from the By(n; p*+1, M). Then the entries of the modified Brandt matrix series
2.7

Og(r; p**t, M) = 3 By(m; p***, M) exp(nr)

n=1

are cusp forms of weight 2 and the action of the Hecke operator Ty(n), (2, N} =1
on them is given by By(n).

4. SoME NEEDED PROCEDURES

We collect in this section some procedures (as in ALGOL PROCEDURE)
that are necessary for our algorithm.

Procedure GCD(N, A, IGCD). Let A = (4[1],..., A[N]) be a set of N
integers. Then this procedure calculates the (positive) greatest common divisor
IGCD of Afl],..., A[N]. Several explicit algorithms for doing this can (if
needed) be found in the Communications of the Association for Computing
Machinery.

Procedure HERMITE(C, N, M). Let C = (¢;) be a N X M (i.e., N rows
and M columns) integer matrix with N <{ M and rank(C) = N. (in our case
N = 4 always). Then by employing column operations (i.c., by multiplying C
on the right by unimodular, ie., det = 41, M X M integer matrices) C can
be reduced to Hermite normal form (d,)), i.e., (d;;) is lower triangular (d;; = 0
if 1 <j), d; >0 for 1 <7< N, and d;; 1s reduced mod d;; for all j < i,
7 = 2,..., N. In particular we can and do assume that 0 < d;; < d;; for all
j <1, i=2,., N. The Hermite normal form of a matrix is unique (see [28,
Theorem I1.3]). To obtain the Hermite normal form of a matrix C we proceed
as follows. First reduce C to lower triangular form with positive diagonal
entries by any method that pleases you, e.g., one could use [5]. Now we only
have to reduce the off-diagonal entries. Unfortunately, doing this in the obvious
manner seems to sometimes involve numbers too large for a computer to (easily)
handle (whereas, strangely, this problem does not seem to occur very often in
reducing to lower triangular form). However, we can make use of the uniqueness
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of the Hermite normal form for matrices in Z and also in Z (mod m). Consider
the matrix F which we assume is in lower triangular form with positive diagonal
entries, L.e., F = (f), | <i,j < Nwith f;eZ, f; =0ifi <j, and f;; >0
for £ = 1,..., N. Let m be the least common multiple of f;5, fs5,..., fan - Then
we can reduce F to Hermite normal form as a matrix with entries in Z/(m),
i.e., we perform all operations modulo m, in the obvious (or any other) manner.
The resulting matrix, say (d;;), satisfying d;, = f;; for ¢ = 1,..., N (we do not
change or reduce f;;, mod m) and 0 < d,; < d;; = f;; for j < i, will be the
Hermite normal form of the original matrix F considered as a matrix in
Mat(N, Z) by the uniqueness of Hermite normal form for matrices in Z and
also in Zj(m) (see Newmann [28, p. 18]). Thus as long as m is not too large,
we will not get overflow errors on the computer.

Remark 4.1. It will become apparent that the procedure HERMITE will
be used very often in our algorithm. A really efficient procedure for obtaining
the Hermite normal form of a matrix would be nice.

Procedure REDUCE(C, D, F). Let C = (¢;) be a lower triangular 4 x 4
integer matrix. D (for denominator) and F (for factor) are integers. The procedure
replaces C by C’, D by D' and F by F’ so that (F'/D') C' = (F/D)C and (i, ,
Cay yeer €qg) = 1 and (D', F'y =1 with D’ and F’ positive. Here, of course
C’ = (¢;;). Thus REDUCE simply removes all common factors from C and
puts F/D in reduced form.

Procedure GAUSS(DISC, 4, B, CLASS. NO). DISC is the discriminant
of an order S in an imaginary quadratic number field (thus DISC < 0). The
procedure GAUSS calculates the class number CLASS. NO of § and also
representatives of the distinct ideal classes of S. The representative ideals are
given in the form Z(2A4[n]) + Z(— B[n] -+ (DISC)*?) for n = 1, 2,..., CLASS.
NO. Here we assume that 4A[n] and B[#] are integers for » = 1,..., CLASS. NO
and 4 and B denote the one-dimensional arrays whose nth elements are 4[n]
and B[n]. An explicit procedure for doing this, due to Gauss, can be found
in the work of Borevich-Shafarevich [6, pp. 149 and 150]. It is probably best
to choose some number, say STOP, such that representatives of only STOP
ideal classes will be generated if CLASS. NO > STOP.

Remark 4.2. Note that the norm of the ideal Z(24[r]) + Z(—B[»] +
(DISC)'/2) is 4A4[n] (see the Corollary of [6, p. 137].

Procedure QMULT(E, F, Q4, OB, A, B, C). This procedure performs
multiplication in the quaternion algebra A = (Q4, OB). 4 = (4[1]....,
A[4]) € Z* represents the element A" = A[1] + A[2)] + A[3]] + A[4]K in the
canonical basis 1, I, [, K of A = (Q4, OB). Similarly for B and C. The
procedure calculates C corresponding to the element C' = A'B’, multiplication
being in A = (QA4, OB). We assume (for efficiency) that the first £ — 1 entries
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of A and the first F — 1 entries of B are zero (1 < F, F < 4) since we will
often have to multiply such elements.

Procedure QTRACE(4). QTRACE(4) is the trace of A4’ where the notation
is as in Procedure QMULT above. Thus QTRACE(4) = 24[1]. We assume,
as always, that 4 € Z4,

Procedure QNORM(QA4, OB, 4A). ONORM(QA, OB, A) is the norm of 4’
in the quaternion algebra (04, OB). The notation and assumptions are the same
as in QTRACE above.

At this point we need to select a convenient way to represent lattices (thus
in particular orders and ideals) on the computer. We do this by

Notation 4.3. Let L' be a lattice on a quaternion algebra A = (Q4, OB)
over Q. L’ has a Z-basis f ,..., f; . Each f; can be written as f; = (LFAC/LDEN)
(L[, j1 -+ L[2,j + L{3,51] + L[4, j1K) where LFAC, LDEN and L[],
1 << i,j < 4 are all integers. Of course here {1, I, J, K} is the canonical basis
of AN = (04, OB). We thus represent L’ by the triple LFAC, LDEN, L =
L{1, j] consisting of the integer LFAC (the “common factor’), the integer
LDEN (the “common denominator”), and the 4 X 4 integer matrix L. Thus
the columns of (LFAC/LDEN)L give a basis of L’ in terms of the canonical
basis 1,1, J, K. We can and do write (f ,..., f,) = (1, 1, J, K)(LFAC/LDEN)
(L)). Note that multiplying L on the right by a unimodular matrix does not change
the lattice L' which LFAC, LDEN, L represents. Thus we can and usually do
assume that L 1s in lower triangular (or even Hermite) form. Finally at times we
need to consider ideals in imaginary quadratic number fields contained in .
These ideals, which are free Z-modules of rank 2, will be represented the same
way as are lattices on 2, except that the matrix corresponding to the matrix L
above will have only 2 columns, i.e., will be a 4 x 2 matrix.

LetL, = Zf; + - + Zfyand L, = Zg, + - + Zg, be two lattices on A =
(04, OB). We need a procedure for obtaining the lattice L,L, =3, ; Zf;g; .
For example L, and L, might be ideals and then L,L, is their product in the
Brandt groupoid (see the paragraph following Definition 1.16). This need is
fulfilled by

Procedure LATTICE(QA, OB,L.F,L\D,L, ,L,F,L,D,L,, K,LF,L;D, Ly,).
For 7 == 1 or 2 let L] be the lattice in the quaternion algebra A = (04, OB)
represented by L.F, L,D, L, in Notation 4.3. K is either 4 or 2. If K = 4, we
assume Ly is a lattice on 9, i.e., Ly is a4 X 4 matrix, while if K = 2, we assume
L; is a lattice on some imaginary quadratic number field contained in 9, i.e.,
we assume L, is a 4 X 2 matrix. We always assume that L, is a lattice on 2 and
further that L, is in lower triangular form. Also we assume that L, is in lower
triangular form if K = 4. The procedure computes the lattice L; = L;L; and
represents L; by L.F, L,D, L, in Notation 4.3. L, is given in lower triangular
form and L;F, L,D, L, is “reduced’’ (see Procedure REDUCE). The procedure
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goes as follows. First if L is a matrix, denote by L(j) the jth column of L. If
K = 4, perform the operations:

QMULTG, j, QA4, OB, L\(t), Ly(j), Ly(4G¢ — 1) +j);  for 1 <4, j <4,
while if K = 2 performs the operations

QMULTG, 1, Q4, OB, Ly(i), Ly(j), L4 — 1) +j);  for 1 <i<4,
1<j<2

Thus Ly(k), £ = 1,..., 4K are all elements of Z* and viewing them as column
vectors we form the 4 X 4K integral matrix Ly = (Ly(j)). Now perform the
operations: -

LyF = (LFYL,F);
LyD = (LD)L.D);
HERMITE(L, , 4, 4K);
REDUCE(L, , L,D, L,F).

This completes the procedure LATTICE. Note that after performing
HERMITE(L, , 4, 4K), only the first four columns of L, are nonzero, so we
view L, as a 4 X 4 matrix by discarding the 5th, 6th,..., 4Kth columns.

5. FINDING AN ORDER OF LEVEL N

In this section we explain Steps 1 and 2 of Section 3. First we find the algebra.

ProposiTION 5.1. Let p be a prime. Then the (unique) quaternion algebra
A(p) over Q ramified precisely at p and oo is given by:

APy =L =) f p=2
Ap) = (=1, —p) & p=34)
Ap) = (=2, —p)  p=3@8)

Ap) =2 —9 ¢ p=1@8)

and

where q is a prime with ¢ = 3(4) and (p/q) = —1.

Proof. This follows from an easy exercise in calculating Hilbert symbols.
See [24, p. 157, #10 on p. 186, and Theorem 2.27 on p. 163]. Note that one
does not really have to calculate the Hilbert symbol (Q4, QB), as the number
of ramified primes must be even.
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ProOPOSITION 5.2. Let p be a prime and let W( p) = (QA, OB) be the quaternion
algebra (ramified precisely at p and ) given by Proposition 5.1 above. Then a
maximal order of W(p) is given by the Z-basis:

%(I+I+]+K)’I>]’K lf P=2y
W+ +K), K i p =34,
A+ T+ KL M+2]+K), LK if p=358)

and

A+ J), 3+ K), g(J+ aK), K if p=1(8)

where a is some integer such that q | (a*p + 1). Here 1, I, ], K is the canonical
basis of W(p) = (QA, OB) with relations I* = QA, J? = OB, and I] =
K= —-]L

Proof. The case p = 2 is classical. By Proposition 1.1 we need only check
that the discriminant of the lattice given by the above basis is p* and that the
lattice is in fact a subring 5 1. The explicit calculations necessary to demonstrate
this are straightforward and easy (but rather tedious). We leave them to the
reader.

According to Step 2 of Section 3 we need a method of finding all suborders
of index ¢ or p? (¢ and p primes) in a given order. Assume we are given an order
0’ represented by QORFAC, QORDEN, and QOR = (QOR[;, ]) in Notation
4.3, Further suppose a Z-basis of &' is given by fy,..., fy, i.e., (fi1oor f3) =
1, 1, J, K)((QORFAC/QORDEN)QOR). Let ¢" be a suborder of index ¢
in @. Assume 0" = Zg, + - + Zg,. Then g; =3, b;;f; for some b;;€ Z
with det((b;;)) = ¢. Put B = (b;). Then (g, ,..., g2) = (1, I, J, K)}((QORFAC/
QORDEN)(QOR)(B)). Multiplying B on the right by a unimodular matrix
does not change 0. Thus we can assume B is in Hermite normal form, i.e.,

g 000 1000
~Jo1 00 Jagqgo0o0
B=10o010 oo B={s01 0 or
000 1 000 1
1000 1 000
0100 0100
B={sb 40| o B=loo1 o) (-
0 0 01 a b ¢ ¢

where 0 < a, b, ¢ < ¢. Thus any suborder (or sublattice for that matter) of
index ¢ in @' must be of the form

Zgy + -+ Zg, (5.2)
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where (gy,..., g2) = (1, I, J, K)((QORFAC/QORDEN)(QOR)(B)) where B
is allowed to run over the matrices in (5.1).

Now we must give a method for deciding if a lattice given by (5.2) is in fact
an order. Thus let L’ be a lattice represented by LFAC, LDEN, L = L[4, j] in
Notation 4.3. First perform the operations:

HERMITE(L, 4, 4);
REDUCE(L, LDEN, LFAC);

Now first check to see if LFAC = 1. If LFAC s 1, then L’ is not an order
since 1 ¢ L’ if LFAC =£ 1. If LFAC = 1, then next check to see if 1 e L. This
is easy to do since L is in lower triangular form. If 1 e L', we finally check to see
if L’ is a ring, i.e., we see if L’ is closed under multiplication. All we need really
do is check that g;g, €L’ for 1 < 4,j << 4if L’ is given by (5.2). A convenient
method for doing this is to perform the operations:

LATTICE(Q4, OB, LFAC, LDEN, L, LFAC, LDEN,
L, 4, MFAC, MDEN, M);

then L’ is an order if and only if MFAC = LFAC, MDEN = LDEN and the
4 X 4 matrices L and M are identical. Clearly L’ defines an order if and only if
1 €L’ (which we have already checked above) and L'L’ = L’. Using the uni-
queness of the Hermite normal form one easily checks that L'L’ = L’ if and only
if MFAC = LFAC, MDEN = LDEN, and M = L.

The only difference in finding suborders of index p? in ¢’ is that we must let B
range over all integer 4 X 4 matrices in Hermite normal form with det(B) = p2.

Finally we employ Proposition 1.6 to select an order of level N” (where
N” = g (level(Q)) or N” = p*(level(Q')) depending on the case) from among
the possibilities given above. Specifically, let ¢” be a suborder of index ¢ in ¢’
and assume ¢ is not the ramified prime of A. Then by Proposition 1.6, ¢” is an
order of level N” if and only if ¢” contains a subring isomorphic (over Z;) to
Z,® Z,. This is true if and only if ¢ contains an element « (such as (§ J))
with Tr(«) = 1 and N(«) = O or, if ¢ # 2, an element B (such as (§ °,) with
Tr(B) = 0 and N(«) = —1. On the other hand if p is the finite ramified prime
of A and @ is an order of index p? in @', then 0" is an order of level N” if and
only if ¢}, contains an order isomorphic (over Z,) to R, the ring of integers of L,
the unramified quadratic field extension of Q,. This is true if and only if @}
contains an element « (such as #!/2) with Tr(x) = 0 and N(x) = —u where
uec Z is a quadratic nonresidue mod p for p > 2 or an element 8 (such as
(1 4 51/2%/2) with Tr(8) = | and N(B) = —1 for p = 2. These local calcula-
tions are probably best done by hand, or at least I have done them by hand in
my computations,
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Of course we do not have to find all suborders of index g or p? in a given
order in Step 2. One should just find a few (there are not too many possibilities
in any case) and test them for an order of level N” (at this point, it would be very
convenient to rename orders of “level N’ so that the explicit “N’’ does not
occur in the name and thus we could do away with the annoying N”).

6. CALCULATING THE REPRESENTATION NUMBERS

Let Q(x) be a positive definite integral quadratic form in r variables. We want
a procedure for calculating the number of times Q(x) represents 0, 1, 2,..., T
(for some given T') as x varies over Z7, i.e., for calculating the so-called representa-
tion numbers of Q(x).

First let us consider the easiest nontrivial example Q(x) = x,2 + x,% The
obvious way to find the number of times Q(x) represents the integers 0, 1,..., T
as x varies over Z2 is as follows: let x; vary over the integers — T/% < », < T1/2
and let x, vary over the integers —(T — #?)'/2 < up < (T — x®)'/2 and
evaluate Q(x; , x,) and count the number of times each integer from 0 to T
occurs. We could shorten this a little by making use of the fact that Q(—x) =
O(x). Also in the present example we could use the fact that Q(—x, , x,) =
Of(x, , x,), etc., but in general the isometry x — —x is the only isometry we will
have available. It is difficult to imagine a more efficient elementary method for
calculating the representation numbers of Q(x) = x,? + x,? since each (x, , x,)
considered by the above method actually contributes a Q(x, , x,) in the desired
range. Let us now reinterpret the above method.

Again consider Q(x) = x,%2 + x,2. We present an iterative method, essentially
identical to that above, for calculating the representation numbers of Q(x).
The graph of Q(x) with x € R? is a two-dimensional paraboloid with its minimum
point (0, 0) having (0, 0) = 0. This is of course true for all positive definite
quadratic forms except that in general the dimension of their paraboloid graph
equals the number of variables of the form. Let C[7] denote the number of times
O(x) represents 7. Our method is:

Rep 0. Let C[0] = C1] = - =C[T] = 0.
Rep 1. Letx, =0.

Rep 2. Calculate the minimum point m, of the one-dimensional paraboloid
O(x, , x5) = %2 + x,2 with x; fixed and x, € R.

Rep 3. If Q(x,, my) > T, then go to Rep 11.
Rep 4. Let x, be the least integer > m, .
Rep 5. While Q(x, , x,) < T iterate the steps:

481/64/2-6
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(a) replace C[Q(x, , #)] by CTQ(x, , x)] + 13
{b) replace x, by x, + 1;
(c) goto Rep 5.

Rep 6. Let x, be the greatest integer <C m, .

Rep 7. While Q(x, , x,) < T iterate the steps:
(a) replace C[Q(x; , x,)] by C[Q(xyx5)] + 1;
(b) replace x, by x, — 1;
(c) GotoRepT.
Rep 8. If x;, = 0, then replace C[7] by C[£]/2 fori = 1,..., T.
Rep 9. Replace x, by % + 1.
Rep 10. Go to Rep 2.
Rep 11.  Replace C[¢] by 2C[7] for 7 == 1,..., T.
Rep 12. End.

Remark 6.1. We use the fact that Q(x) = Q(—x) so that we consider only
%, == 0. As Rep 8 shows, we do not attempt to make use of the fact that O(—x, ,
%) = O(w, , x3), etc., as such phenomena do not occur in general.

Remark 6.2. 'The major point on which this method is based is that a para-
boloid has a unique minimum point and as we move away from it in any direc-
tion, the surface always rises. In the case Q(x) == %, -+ x,% the minima of the
associated prabolas (see Rep 2) are always trivial to calculate (m, = 0 always)
and this is what makes the computation of the representation numbers of
O(x) = x,2 + x,% very easy. But in general calculating the minimum point of
a paraboloid is quite easy. One just has to solve (since we know calculus) some
simultaneous linear equations. In our case we set things up so that the coefficient
matrix of these simultaneous linear equations will be lower triangular and thus
solving them is very easy.

The generalization of our method to an arbitrary integral positive definite
quadratic form is (or should be) obvious. As this is the critical step in our
algorithm, we give below an explicit procedure written in ALGOL60 that
covers the cases we require, According to (3.1), we need to calculate the repre-
sentation numbers C[n] of quadratic forms of the type N(x)/N(L') for xe L’
where L’ is some lattice in a quaternion algebra over Q. Let L’ be represented
by LFAC, LDEN, L = (L[4, ]) in Notation 4.3. We can and do assume L is
in lower triangular form. Then x €L’ < x = (LFAC/LDEN)y with y € Zf, ,
+ - 4 Zf, where (f; ,.., foy = (1, I, J, K)L. Then N(x)/N(L') = n =
((LFACY/(LDEN)? N(L')) N(y) = n. Thus we are led to consider quadratic
forms of the type (F/K) N(x) where x varies over some lattice Zf, -+ -+ + Zf,
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with (f;,.... fo) = (1, I, J, K)A where A is a 4 X 4 lower triangular integer
matrix. The explicit procedure is (note that for typographical reasons we use
a double asterisk to denote exponentiation):

PROCEDURE REPRESENTATION. NO(4, P, O, C, K, F, R);
VALUEF, K, R, P, O;

INTEGER ARRAY 4, C;

INTEGER K, F, R, P, Q;

COMMENT: THIS PROCEDURE REPRESENTATION. NO

BEGIN
INTEGER X1, X2, X3, X4,11,12,13, 14, |, S3, S4, T3, T4, U3, V, W, L,

CALCULATES THE REPRESENTATION
NUMBERS

C[N] FOR N (= R FOR THE QUADRATIC
FORM F/K(NORM(X1 -+ X2I + X3] + X4K)) =
FIK[(X1)%%2 + P(X2)xx2 - Q(X3)542 +

+ PQ(X4)x+2] EVALUATED ON (L. E.

WHERE X1 -+ X2I -+ X3] + X4K VARIES OVER
THE POINTS OF) THE LATTICE WITH Z BASIS
A1l + A211 + A31] + A41K, A22] + A32] +

+ A42K, A33] + A43K, AND A44K IN THE
QUATERNION ALGEBRA (—P, —Q) WHERE
1,1, J, K DENOTES THE CANONICAL BASIS
OF (—P, —Q) (NOTE THAT WE ARE
ASSUMING THAT THE MATRIX 4 IS LOWER
TRIANGULAR). THE RESULTS ARE STORED
IN C[0],..., C[R].;

L1,L2,L3, K1, K2, K3, J1, ]2, J3, O1, Q2, 03, 04,
P2, P3, P4, R3, R4;

LONG REAL M2, M3, M4;
V= PxQ; W := (RxK) DIV F; K3 := A[4, 4]xA[4, 4]xV;
FOR J := 0 UNTIL R DO C[]] := 0;

X1:

=0

It :=1;

BEGIN

BEGIN
= X1*A4[1, 1];

B200 :

01

COMMENT : BEGIN X1 BLOCK;

COMMENT : BEGIN X2 BLOCK;

02 := X1x4[2, 1];
03 = X1x4[3, 1];

04
M2 :
M3
M4 .

= X1xA[4, 1];

—Q2/4[2, 2];

—(03 + M2+A[3, 2])/A[3, 3];

—(Q4 -+ M2xA[4, 2] + M3+A[4, 3])/A[4, 4];
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B300 :

B400 :

ARNOLD PIZER

BEGIN

COMMENT : THE ABOVE CALCULATES THE MIN. OF THE

3 DIM. PARABALOID WITH X1 FIXED;

IF Q101 + P+(Q2 + M2xA[2, 2])%*2 +-
O«(03 + M2+A[3, 2] + M3+A[3, 3])%%2 +-
V(04 + M2+ A[4, 2] + M3xA[4, 3] + MaxA[4, 4])x+2 > W + 1
THEN GOTO R300;
X2 := ENTIER(M?) + 1;
FOR 2 := 1 STEP —2 UNTIL —1 DO

BEGIN

BEGIN

BEGIN COMMENT : BEGIN X3 BLOCK;

P2 := X2xA[2, 2];

P3:= X2xA[3, 2];

P4 := X2+A4[4, 2];

M3 := —(Q3 + P3)/4[3, 3];

M4 := —(04 + P4 + M3x4[4, 3])/4[4, 4];

COMMENT : THE ABOVE CALCULATES THE MIN. OF
THE 2 DIM. PARABALOID WITH X1, X2

FIXED;
83 := 01x01 + Px(Q2 -+ P2)xx2;
T3:= Q3 + P3;
U3 := 04 + P4;

IF S3 + Ox(T3 + M3+A[3, 3])xx2 + V(U3 + M3xA[4, 3] +
+ M4xA[4, 4])++2 > W + 1 THEN GOTO R200;
X3 := ENTIER(M3) + 1;
FOR I3 := 1 STEP —2 UNTIL —1 DO
BEGIN
BEGIN

BEGIN COMMENT : BEGIN X4 BLOCK;

R3 := X3xA4[3, 3];

R4 := X3xA[4, 3];

M4 := —(U3 + R4)/A4[4, 4];

COMMENT : THE ABOVE CALCULATES THE
MIN. OF THE 1 DIM. PARABALOID
WITH X1, X2, X3 FIXED;

S84 := 83 + Ox(T3 + R3)xx2;

T4 := U3 + R4;

IF S4 + V(T4 4 A[4, 4]xM4]xx2 > W+ 1

THEN GOTO R100;

X4 := ENTIER(M4) + 1;

FOR 14 := 1 STEP —2 UNTIL —1 DO
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BEGIN
L:=0;
K1 := T4 + X4xA[4, 4);
K2 := Vx2xA4[4, 4]xK1;
J2:= J:= 84 + VxK1xKl;
WHILE [ (= W DO
BEGIN
J1:= (J*xF) DIV K;
Clyl:=Cj1+1;

L:=L 1} 14
J:= J2 + LxK2 4 LxL*K3;
END;
X4 := ENTIER(M4);
END;
END; COMMENT : END X4 BLOCK;
X3 := X3 +1I3; GOTO B400;
RI100 : END;
X3 := ENTIER(M3);
END;
END; COMMENT : END X3 BLOCK;

X2:=X2+12; GOTO B300;
R200: END;
X2 := ENTIER(M?2);

END;
END; COMMENT : END X2 BLOCK;
IF X1 = 0 THEN
BEGIN
FOR J3:= 0 UNTIL R DO C[J3] := C[J3] DIV 2;
END;
X1 := X1+ 11; GOTO B200;
R300 : END; .
FOR J:= 1 UNTIL R DO C[]] := C[J]*2;

END;
COMMENT : END OF X1 BLOCK AND END OF PROCEDURE;

Remark 6.3. In the procedure REPRESENTATION. NO we have at-
tempted to be reasonably efficient and not do the same computation again and
again. Thus, for example, knowing x%, we compute (x + 1)? by using the fact
that (x -+ 1)2 = %% 4+ 2x 4 1. Also note that an easy modification of the above
procedure allows us to explicitly find all x € L', instead of just the number of such
a, with N(o) = nN(L’). In the case of weight 2, we just have to count the number
of such «, but for modular forms of weight 2 > 2, we would need these « to be
determined explicitly (see Step 4 in Section 3 and also Example 5 in Section 9).
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7. FINDING REPRESENTATIVES OF THE IDEAL CLASSES

In this section we explain Step 3 in Section 3. Step 2 of the algorithm provides
us with an order @ of level N. Assume @ is represented by QORFAC, QORDEN,
QOR = (QORJ?, j]) in Notation 4.3.

We can further assume that QORFAC = 1 and that QOR is in Hermite
normal form (see Section 5). Let (f,,..., f;) = (1, I, J, K) QOR. Thus {f,/
QORDEN |: = 1,..., 4} is a basis for O.

Step 3a. Compute (using Theorem 1.12) the class number of (left) ideals for
orders of level N = p*"+M, p + M and denote this number by H (=H( p*+1M)).
Consider the arrays IDFAC[k], IDDEN[Z], ID[, j, £}, and IDNORM][%],
where 1 <C & << H and | < {,j < 4. Fixing &, IDFAC[k], IDDEN[%], ID[,
§, k] will represent in Notation 4.3 the kth ideal L, in the set of H-ideals re-
presenting all the left @-ideal classes. IDNORMIX] is of course the norm of
the kth ideal L;, (it will always be an integer).

Step 3b. Let IDFAC[1] = QORFAC, IDDEN[1] = QORDEN, ID[j, j,
1] = QORY;, j] for 1 <i,j < 4, and IDNORM]J1] = 1.

Step 3c. Suppose at this point we have obtained IDFAC[Z], IDDEN[Z],
ID[Z, j, ], and IDNORM[%] for 1 <<k << tand 1 <i,j < 4.

Step 3d. Choose some element S = (S[1],..., S[4]}eZ* and let « =
(1/QORDEN)Z; S[f] fi), ie, a = (1/JQORDENYI, I, J, KQOR)S") =
(1/QORDEN)(1, I, J, K)(D*) where D = (D{j]) = ((QOR)(S*)te ZL. If x € Q,
choose another S. Let DISC = (Tr(«)? — 4N(«)) = {{(QTRACE(D))> —
4(QNORM(QA, OB, D))}/(QORDEN), the discriminent of the order Z - Za.

Step 3e. Preform the operations:
GAUSS(DISC, 4, B, CLASS. NO),

Note that [2(D[2)] + D[3]] + D[4]K)]* = (DISCY(QORDEN)? and thus
Q((DISC)!/2) has a natural imbedding in % = (Q4, OB). Consider the array
Tl 5, k) with 1 <7i<C4, 1 <j<2, and 1 <k < CLASS. NO, where
T, 1, k] = 2A[k)(QORDEN) for 1 <k < CLASS. NO; T[;,1,k] =0
for 2 <<i<<4, | <k<CLASS. NO; T'l, 2, k] = —B[k] QORDEN for
1 <k < CLASS. NO; and T'[7,2,k] =2D[7] for 2 <i <4, 1 <k
CLASS. NO. Also let TNORM[k] = 4A4[k](QORDEN)2 Then according to
Procedure GAUSS, L, = Z(T'[1, 1, k]) + Z(T[1,2, k] + T'[2,2, k]I +
T'[3,2, k1] + T'[4, 2, k]K) for 1 <C k < CLASS. NO are representatives of
all the distinct ideal classes in the order of discriminant DISC generated by «.
By Remark 4.2, TNORM][Z] is the norm of the kth ideal.

Step 3f. Let v = 1.



MODULAR FORMS 377

Step 3g. We “‘push up’’ the ideal represented by T[4, 7, v], 1 <i <4,
1 <j < 2, to aleft 0-ideal. We do this by performing the following operations:

Let Fli,j] = T'[i,j, vlfor 1 <i<4,1 <j<2;

LATTICE(QA4, OB, QORFAC, QORDEN, QOR, 1, 1, F, 2, TF, TD, T);
Now TF, TD, T represents, in Notation 4.3, the left 0-ideal L, == 0L, generated
by the ideal L .

Step 3h. Using REPRESENTATION. NO (T, —QA4, —0OB, C, (TD)? x
(TNORM[v]), (TF)?, LIMIT2) we compute the first LIMIT2 Fourier coeffi-
cients of the theta series 6, (#). We then proceed to compare theta series as in
Step 3h in Section 3.

The remainder of Step 3h is self-explanatory with the possible exception of
testing whether or not 7,L, contains an element of norm N(7,) N(L,). Before
we explain this we set

Notation 7.1. If L = (L[i, ]) is any 4 X 4 integer matrix, we denote by L
the matrix (L[7,5]) given by L[1,j] =L[1,j] for 1 <j <4 and L[4, j] =
—L[i,j]for2 <i<4,1 <j <4 Thusif L' = Zg, + -+ + Zg, is the lattice
represented by LFAC, LDEN, L in Notation 4.3, L' = Zg, + -+ + Zg, is the
lattice represented by LFAC, LDEN, L in Notation 4.3.

We can test whether or not T,L, contains an element of norm N(T,) N(L,)
as" follows:

suppose T, is represented by TF, TD, T and L, is represented by LF, LD, L in
Notation 4.1. Let N(T) and N(L) denote the norms of 7, and L, respectively.
Perform the procedures:

LATTICE(QA4, OB, TF, TD, T, LF, LD, L, 4, XF, XD, X);

REPRESENTATION. NO(X, —QA4, — OB, C,(XDY(N(T)YN(L)),(XF)?,1);
If C[1] =0, then T,L, does not contain any elements of norm N(T,) N(L,),
while if CT1] # 0, then T,L, does contain an element of norm N(7) N(L.).
We now explain Option 1.

Option 1a. Select an integer u, 2 < p < L.
Option 1b. Perform the operations:
Let S[Z,j] = ID[4, j, p] for 1 < 4,7 < 4;

LATTICE(QA, OB, IDFAC[u], (IDDEN[1])(NORM[4]), S, IDFAC[y],
IDDEN[], S, 4, FAC, DEN, TEST2);

REPRESENTATION. NO(TEST2, —Q4, —QB, REP, (DEN), (FAC)?
LIMIT?2).

’
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If the Fourier coefficients REP[1],..., REP[LIMIT?2] are not identical to the
corresponding Fourier coefficient in 6, (v) (L, = @ remember), then the order
L;'L, (which is represented by FAC, DEN, TEST2—see Proposition 1.17) is
not isomorphic to ¢ and we go to Option lc. Otherwise go to Option 1a, selecting
a different p. If we use up all p, 2 << p < ¢, Option 1 fails.

Option 1c. Perform the operations:

Replace QORFAC, QORDEN, QOR by FAC, DEN, TEST?2.
Replace ID[, j, u] by ID[, j, u] = S[i, j], for 1 <i,j < 4.
(Note that IDFAC[u], IDDEN[y], S represents the ideal
I, = N(I)I' = N(I,) I]); as I, is the left order of I, )
Replace IDFAC[1], IDDEN[1], (ID[Z, j,11), 1 < ¢,j < 4 by FAC, DEN,
TEST2;
For k = 2, 3,..., t, k % u preform the operations (i) through (v):
(i) Let Y[z,§] =1ID[,j, k] for 1 <i,j < 4.
(i) LATTICE(QA, OB, IDFAC[u], IDDEN[u], S, IDFACK[Z],
IDDENIZ], Y, 4, XF, XD, X);
(Note that XF, XD, X represents the ideal I I, = N(I,) I;'I,).
(iii) Replace NORM[%] by (NORM[u])(NORMJZ]). ‘
(iv) If (XF)? | NORMJZ%], then replace NORM[k] by NORMIk]/(XF)?
and replace XF by 1; (Note that NORMIZ] = (XF)*/(XDP)W for some

integer W and so (XF)? | NORM[k]. We use the “‘if’’ statement because we are
very cautions.)

(v) Replace IDFAC[k], IDDEN[%], ID[i, j, k] for 1 <i,j <4 by
XF, XD, X;

Option 1d.  Go to Step 3d (in Section 3).

This completes our discussion of Option 1 and also our explanation of how
to find representations of the left-ideal classes for some order of level N in 2.

8. CALCULATING THE THETA SERIES AND THE BRANDT MATRICES

This section explains Step 4 of the algorithm. First we consider the case of
cusp forms of weight 2 on I'y(N). The modified Brandt matrices By(n), (n, N) =1
give a representation of the Hecke operators Ty(n), (n, N) = 1 on the vector
space of cusp forms {0;()> @ -+ @ {#4(2)) in the notation of Theorem 2.28.
Further if Bj(n) = (b},(n)), then the theta series 3,_; },(n) exp(n) (for 1 <3,
j << H — 1) are the theta series we are interested in computing. Thus we need
only compute the By(n) to obtain all the relevant information. By Lemma 2.19,



MODULAR FORMS 379

once we have computed the Brandt matrices By(n), obtaining the modified Brandt
matrices By(n) is trivial. Hence we compute By(n) for » =0, 1,..., LIMITL.
As is noted in Step 4 in Section 3, Y, _, By(n) exp(nr) = (1 [efg,1 (7)) and
O, (7) = Or,(7) where ¢; is the first (not the zeroth) Fourier coefficient of
sz,_j(f). Thus we need only calculate the Oth, 1st,..., LIMIT1th Fourier coeffi-
cients of 0, (7) for 1 <1< k < H. But the Fourier coefficients of 0f, (r)
are given by the operations:

Let F[#, j]1 = ID[7, j, [ for 1 <i,j < 4;
Let G[i, j] = ID[i, j, &] for 1 < i, < 4;
LATTICE(QA, OB, IDFAC[I], IDDEN[/], F, IDFAC[k], IDDEN[A],
G, 4, XF, XD, X).

REPRESENTATION. NO(X, —0Q4, —OB, REP, (XD)? - IDNORM][/] -
IDNORMIE], (XF)2, LIMIT1).

9. ExamMPLES

In this section we give numerical examples computed using the algorithm.
They have been chosen to illustrate various aspects of the theory of Brandt
Matrices, theta series, and the basis problem.

ExampLE 1. Our first example Sy(37) is of historical interest. 37 is the first
prime for which Hecke’s original conjecture—which began the basis problem—
fails (see Remark 2.16 above, [12, p. 169; 38, 40]). By Propositions 5.1 and 5.2
the quaternion algebra (37) equals (—2, —37) and a (maximal) order ¢ of
level 37 has Z-basis (1 + J + K), 3 + 2] + K), ], and K. The class number
(Theorem 1.12) is 3. Using Step 3 of Section 3 (see also Section 7) we find
L =01,=224 6]+ 10K) + Z(I + 2] + 9K) + Z(12] + Z(12K), and
I, = Z(2 + 26] + 26K) + Z(I 4+ 2] -+ 13K) + Z(28]) + Z(28K) are repre-
sentatives of the left @-ideal classes. Their norms are N(1}) = 1, N(I,) = 48,
N(I;) = 112. The corresponding Brandt matrices B(n) = By(n; 37, 1) for
n < 19 are

B(0) 5(1) B(2) B(3) B(4)
L[t 11 100 111 2 11 133
AL 010) 102 103) (331)

111 001 120 130 313

B(5) B(6) B(7) B(8) B(9)

2 2 2 4 4 4 2 3 3 555 355
213 4 71 323 555 571
2 31 4 1 7 3 32 5 55 517
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B(10) B(11) B(12) B(13) B(14)
6 6 6 6 3 3 8 10 10 2.6 6 8 8 8
6 8 4) <3 2 7) (10 6 12) (6 3 5) (8 9 7
6 4 8 37 2 10 12 6 6 5 3 8 7 9
B(15) B(16) B(17) B(18) B(19)

8 8 8 13 9 9 10 4 4 13 13 13 8 6 6
8 11 5 9 9 13 4 7 17 13 7 19 6 7 7).
8 5 11 9 13 9 4 717 13 19 7 6 7 17

Note that in the notation of (2.5), 8,(7) = 05(7), so that the cusp forms
By1(7) — 6,5(7) and 6y(7) — 6,,(7) are equal and hence do not span the two-
dimensional space S,(37). This gives a counterexample to Hecke’s conjecture.
Note that Hecke himself checked his conjecture for all primes <37 (see [18,
p. 884]) so he probably realized 37 was an inportant example but not having
computers he must have erred. As the type number is 2 in this case, one can
check that the case p = 37 satisfies the modified version of Hecke’s conjecture
given in [38]. We note that dimensions of Sy(N) and S%(N) for N < 300 can
be found in [3].

From B(0) we see e, = e, = ¢; = 2. One can check that the B(n) above
satisfy the conclusions of Propositions 2.18 and 2.22, i.e., they are (in this case
since all ¢; are equal) symmetric, the row sums are independent of the row
(and are equal to deg Ty(n) if (#, 37) = 1, in particular equal to n - 1 for primes
n # 37), B(n) B(m) = B(nm) if (n, m) =1, B(") B(l*) = S o lPB(I5-%),

W —

where ¢ = min(r, s) for primes ! # 37, and the B(n), (n, 37) = 1 are simulta-
for a set of matrices to satisfy and the fact that the B(zn) do satisfy them gives
one confidence in the algorithm.

1 1 1 1 1 1

A=1{1 -1 0 so Al=z{1 -2 1

1 01 1 1 =2
and the first few AB(n) A for 0 < n < 4 are
We see that conjugating by 4 behaves according to Lemma 2.19. In particular
the entries in the lower right-hand block of the AB(n) A~ give Fourier Coeffi-

neously diagonalizable. Note that these are a rather stingent set of conditions
The matrix 4 of Lemma 2.19 is

1300 L ooy 3 0 0 /4 0 0O 7 0 O

5000 010 0—-1 1 0—-1 2 0o 0-—-2).
000 0 01 0 1-—1 0 2 -1 0—-2 0

cients of cusp forms.
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The B(n) can be simultaneously diagonalized by conjugation by

2 2 2 11 2 0
C=12-1-1}, C‘lzg 1 -1 1]).
0 3-3 1 -1 -1

Letting x = 7" we have

© f(z) O 0
Y CB(n) C'a" = ( 0 6{x) O ) ,
n=0 0 0 0y(n)

where f(7) = 3 4+ x + 3x® + 4u3 + Tt -+ 6x% -+ 1228 + 8x7 4 1548 - 134° +
18x10 + 1241 4 -+ O)(7) = & + &% — 2a* — x7 — 2x% 4 3x10 — 2x12% — 413 |
4x16 - 6x17 + 21 — % - coe, Oy(7) = & — 2% — 3a® 4 2x* — 2x5 + 645 —
x4 6x° 4 4xl® — Sxll _ Gl — 2x13 | Dxld | o,
Here f(7) 1s an Eisenstein series on I'y(37) (the transform of the zeta function
of ) and 8,(7) and 8,(r) are by Corollary 2.29 the newforms in S,%(37) = Sy(37).
We now explain how to determine the action of the canonical involution E
on the 8,(7). First we explain how to determine the action of E on Sy(p) for
any prime. The canonical involution E for modular forms My(p) on I'(p) is
given by the matrix (3 —3) and as we are considering the case of prime level
E =W, , the W-operator of Atkin and Lehner (see [2]). For ¢(r) € My(p),
we have

q | E(r) = p7'm*q(—1/p7).

THeoREM 9.1. Let p be a prime and consider modular forms of weight 2 on
T p). Let8,,(7) be theentries of the Brandt matrixseries,(8;,(1)) =3 _oBo(n; p, 1)x™.
Then the action of E on the 0,,(7) is given by the matrix —B(p) = —By(p; p, 1),
i.e., O, | Eis equal to the i, jth entry of 3 n_o (—B(p))(B(n)) x* where the product
(—B(p))(B(n)) is a matrix product.

CoroLLARY 9.2. If we diagonalize the Brandt Matrix series so as to obtain the
newforms 0,(7),..., 0,(7) of Sy p) in the notation of Corollary 2.29, the corresponding
diagonalization of — B(p) will give the action of E on the 0,(r).

Proof of Theorem 9.1. Let @ be a (maximal) order of level p. Then @
contains a unique ideal, say P, of norm p and P is a two-sided ideal (see [14,
Chap. IT}. By Theorem 3.2 of [37], the action of E on a theta series 8,(r) attached
to a left Q-ideal 1 is as follows: 8; | E(r) = —8p,(7) in the notation of Proposition
2.17 above. By Theorem 9.20 and Remarks 9.22 and 9.25 of [39], this translates
to: 6;; | E is equal to the i, jth entry of 3, _o ((— Wy(P)) B(n)) &, where W,(P)
is given by Definition 9.1 of [39]. Hence we need only show that B(p) equals
Wo(P). Let I, ,..., I; be the representatives of the left ¢-ideal classes in terms
of which the B(n) are defined and let ¢, be the right order of I;. There exists
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ideles §; € Jy such that I, = Oy, and 0; = 77 0y, for i = 1,..., H. For an
explanation of the idélic language used in this proof see [37]. Let B(p) = (b,,(p))-
As we saw in the proof of Lemma 2.18 above, b;;(p) is equal to the number of
integral left @;-idelas in the same class as I;2I; having norm p. But ¢, has a
unique ideal of norm p, namely, P; = 7;71P7, . Hence, precisely one entry of
the row b;,(p), bi(D),.-., b;x(p) is one and the rest are zero. Further b,(p) = 1
if and only if there exists « € * such that I;*,a = P, if and only if Lo = I,P; =
03.:57Py; = Py, = PI;. This is precisely how the matrix W,(P) is defined
(see Definition 9.1 of [39]).

Remark 9.3. If the Conjecture 9.24 of [39] concerning the action of the
W-operators is true, the above argument would show that for the case of level
N = pM, (p, M) = 1 the W-operator W, would correspond to the matrix
—By(p; 5, M).

Now let us return to our example S,(37).

1 0 0 1 0 0
BB =[0 0 1 and  CBGTC1={0 1 o).
1

0 0 0 0 -1

Thus 6, | E= —6, and 8, | E = 0, . Note that this is in agreement with [3]
which indicates that the two newforms in S,%(37) have distinct eigenvalues under
E.

ExampLE 2. Our next example, S,°(15) shows that newforms for composite
levels can be computed in several ways. This has the by-product of producing
nontrivial linear relations among theta series attached to quaternary quadratic
forms. For other ways of obtaining linear relations among theta series, see the
paper of Kneser ([23]).

First let p = 3 and M = 5. An order of level 15 in A(3) = (—1, —3) is
givenby 0 = Z(3(1 + J + 2K)) + Z(3(I + 5K)) -+ Z(J + 2K) + Z(5K). The
class number is 2 and ideal class representatives are I} = @ and I, = Z(3 +
J+2K)+ Z(3I + 5K)+ Z(2] + 4K) + Z(10K). Further N(I,) =1 and
N(I;) = 12. The first few Brandt matrices are

BO) B() B2 BB B& BO) B
e O I R O I A I I B

Conjugating by 4 = (] _]) we have

8

e ()9

n
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By Corollary 2.29 {8(r)> =~ 25,%(3) @ S(15) = S,%(15) so

O0(r) = — x% — x® — x4 &% 4 &8 - 3x8 - % — 10 — 41l |- x12 — Dpl13
— x16 — x16 | .. (9.1)

is the newform in S,°(15). Note that N(x, + x,0 + %] + %K) = x> +
%% + 3x,2 + 3,2 Let gi(7) = 0; (1) = Xger. exp(N(a)r/N(I})) for i = 1, 2 be
the theta series attached to the quz:dratic form N (x)/N(I,) on the lattice I; . Then
g,(r) = 40,4(7) in the notation of (2.5):

qu(7) = 1+ 4x + 4a 4 1204 + 2445 + 828 + 16x7 + 36x% - -,
@(7) = 1 + 8% + 4a® + 16x* + 20x5 + 4x8 + 16x7 + 2428 + -+

We see that ¢,(7) — ¢,(r) = 40(7).

On the other hand we can let p = 5 and M = 3. An order of level 15 in
AS) = (=2, —5)is 0" = Z(H(1 + J + 3K)) + Z(H(I + 2] + K)) + Z(]) +
Z(3K). The class number is again 2 and ideal class representatives are J, = ¢’
and J, = Z(1 + 3]+ 3K) + Z{(I + 2] + K) + Z(4]) + Z(6K). N(J) =1
and N(J;) = 8. The first few Brandt matrices are

B(O) B(1) B(2) B(3) B4 B(5) B

s oD o 6D 6D GG

Conjugating by 4 = 3(3 _}) we have

$ anoyan— (10 0

By Corollary 2.29, <0'(r))> == 25,%(5) P S,%(15) = S,%(15) so #(r) is the new-
form in S,%(15), i.e., #'(r) = 8(7) and the Fourier coefficients of §'(r) are given
by (9.1). Now N(x; + x,] + %3] + %,K) = x,2 4 22,2 + 5x,2 + 10x2. Let
gi(7) = 0,(7) = Taes, exp(N()7[N(J}) for i =1, 2. Then ¢(r) =1+ 2% +
4x? + 10x% + 10x* -+ 2x5 4+ 3248 L+ 12x7 1+ 2448 4 38x® 4+ --- and q;(f) =
1 4 6x% 4 12x3 + 12x% -+ 30x® + 12x7 + 18x% + 36x + 6x10 J- -+, We see

¢1(7) — qa(r) = 26'(). Hence we obtain the nontrivial relation
¢1(7) — qo7) = 2q3(7) — 2¢5(7) = 4x — 4x® — dx® — dat 4 .-, (9.2)

This same procedure can be applied with any composite NV as the level and shows
that there are infinitely many nontrivial relations among theta series attached
to quaternary quadratic forms

ExampLE 3. Let N =54 and set p =3, r =1, and M = 2. A(3) =
(—1, —3) and an order O of level 54 in A(3)is givenby 0 = Z(3(1 + I+ 3] +
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K+ Z(I + K)+ Z(3]) + Z(3K). The class number is 5 and the first few
Brandt matrices By(n) are

B(0) B(1) B(2)
2 0

FNE-
NN NN
PN DN
NN NP

[ o T gy ey
NN NN
COoCoC O
(=N ool
oSO =0

(=Rl =R R ]
-0 O O QO
DN = O
—_ O = N =
— o N -

—_—0 O =
(=20 S B ]

B(4) B(5) B(7)

2 331 4 2110 2 1 2212
33223 10311 2121 2
32323 i3011 2211 21
2 4 41 2 0222090 22202
4 3 31 2 2110 2 22211
B(3) and B(6) are identically zero. Letting
4 4 4 2 4 1—-1 1 2 0
—9 0 0 0 9 | 1 0-—-2—-1-1
c=}t 1-2-2 2 11}, C‘lzﬁ 1 0-2-1 1],
2—-1-1-2 2 1 0 4—-4 0
0-9 9 0 O 1 1.1 2 O
we find
f(r)
w© 0,(7) 0
Y. CBy(n) C'x" = (1) ,
0 By(r)
0a(7)
where

0y (7) = x — 2x% — 2xt — &7 4 4% |- S5a1% - 214 - 46 — 29
— 5x25 1026 4 -,
Oy(r) = x + 2x2 — 2x* — &7 — 4x® + 5x13 — 2x14 |- 416 — Tx1® —
5x25 + 10x26 + e
Oy(r) = x — &% + &t + 3a% — &7 — x® — 3x10 — 3ull — 4% | 14 4 x16
2x19 + 3x20 + 2N
Oi(r) = x + #® + a* — 3x5 — &7 4 &% — 3410 4 3a1 — 43 — ¥ -
A1 L D2x19 — 3x20 .o,
By Corollary 2.29

{By(7)> @ -+ D 6y(7)> =2 25,°3) D 28,%(27) D S:(6) ® S:°(54). (9-3)
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As S,03) = S,%(6) = 0 (see [3]) we have
(0y(7)> @ -+ @ {By(7)> =< 25,°(27) @ S,°(54). (9.4

We see immediately that 6,(7) ~ 0,(7), that is, they have the same eigenvalues
for the Hecke operators Ty(n), (7, 54) = 1 (the eigenvalue for Ty(n) is given
by the nth Fourier coefficient). Thus (#,(r)> o= (fy(7)> == S,%(27). Since 6,(7)
and ,(7) are eigenforms in S,(54), they must be oldforms (see [2]). If g(r) is the
newform in 5,%(27), then by the main Theorem 5 of Atkin—Lehner ([2]) 6,(7)
and 6,(r) must be a linear combination of ¢(7) and ¢(2r). In fact

q(,-) = x — 2a* — x7 - Sx13 4 4a16 — Tx1® — S5x25 4 .-

(which we found using our algorithm) and 8,(7) = g() — 2¢(27) and 6,(7) =
g(7) + 2¢(27). Since 0;(r) and ,(r) are not equivalent to any other 6(7) (i.e.,
they occur with multiplicity one) by (9.4) they must be the newforms in S,%(54).
Note that dim S,%54) = 2 by [3]. This illustrates the algorithm for finding all
newforms on I'y(N) if N is not a perfect square given by Corollary 7 of [36].
Note that if in (9.3) S,%(6) were nonzero, we would first have had to consider
the case N = 6 to be able to distinguish S,%(6) from S,°(54)—checking the
84(r) for multiplicity one would not have been sufficient. Note also that if
B(n) = (n/3) and O,(r) = 3, _, a(n) x", then O,(v) = Y, ; $(n) a(n) x*. This is
explained by Theorem 3.1 of Atkin and Li ([4], also see [22]). Finally note
that if we were just interested in S,%(54), it would have been easier but less
interesting to let p = 2 and M = 27.

ExampLE 4. In this example we consider the case of square level (specifically
N = 49) briefly alluded to in Remark 2.32. The algorithm works without
change. A(7) = (—1, —7). By Theorem 1.5 of [39] any order of index 7 in
a maximal order of 2(7) is an order of “level’’ 49. One such is @ = Z((1 +
D)+ Z(E(7I + K)) + Z(J) + Z(K). The class number (see Theorem 4.18 of
[39]) is 4 and the first few Brandt matrices are

B(0) B(1) B(2) B(3)
1111 1 000 2100 0022
{1111 0100 1200 0022
211 1 11 0010 0021 2200
1111 0001 001 2 2200

B(4) B(5) B(6) B(7)
3400 0033 006 6 2222
4300 0033 006 6 2222
003 4 3300 6 6 00 2222
004 3 3300 6 6 00 2222
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Letting
1 1 1 1 1 1 1 O
1 1 —-1-1 —1_1 1 1-—-1 0
¢= 2-2 0 o}’ C—41—1 0 1
0O 0 2-—-2 1 -1 0-1
we have
fl(T) 0
< fal7)
Z CB(n) Ctx" = 2
n=0 0 91(7)
\ 02(7)

If g() = T, a(n) ™ and y is a Direchlet character, we let ¢* = Y,_g x(n) X
a(n) x*. By Theorem 5.34 of [39], fi(r) should be the transform of the zeta
function of 0 and f, — f;* = T, @(n) 2" with a(n) = 0 if p + n where ¢(r) =
(/7). In fact we find fi(r) =2+ x + 3x% 4 43 | Ta* 4 6x5 | 1228 +
8x7 - 1548 - 13x* 4 18410 + --- and fy(1) = f,%(r). By Proposition 10.1 of
(391,

25,%(49) @ S(7) = (Gy(r)) Do) @ SN D2 ¥ ST, 42,
(¥}
{01}

where Sy(p, ¥?) denotes the space of cusp forms of weight 2 on I'y(p) with
character 4, S,(p, 42 = {f% | f& Su(p, )}, = (1/7), and the sum Ty (st
is over a set of representatives of the pairs {i, i} of the characters of (Z/7Z)*
with ¢2 # 1. In our case dim S,°(49) = 1, S,%(7) = 0 so S,(7, ¢?) =0 for
all ¢ and 2S5,%(49) =~ {0,(7)> @ {By(7)>. Thus 6,(r) = O,(7) is the newform
in 5,°(49). In fact we have

0,(7) = Ox(7) = x + &% — x* — 3x® — 3x® |- 4l — x16 — 3418
4 4R® - 828 — 526 | -

By Theorem 5.34 of [39], since 6,(r) are newforms, 6,% = 6, = 6, so for all
n=0,3,5 or 6 (mod7), the nth Fourier coefficient of 6,(v) must be zero.
Note also that 13 is the first prime p for which Sy(p, %) 7= 0 for some character
¢? # 1 of (Z/pZ)*. This is the reason 132 is the first level N > 1 for which
S%(N) is not generated by theta series attached to quaternion algebras (see [31,
39).

ExampLE 5. Our last. example, S,%(16, ¢), was computed by Shemanske
using a slightly modified version of the algorithm to construct the newform in
S;°(16, $) where ¢ is the nontrivial Dirichlet character mod 4 (#(n) = (—1)*'72
if 7 is odd and ¢(n) = O if = is even). By S.%(16, ¢) we mean the subspace of
S,(16, ¢) generated by newforms (see [26] or [27]). The basis problem for cusp
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forms with character will be considered in [22]. Let (2) = (—1, —1) and
let @ be an order of A(2) having index 8 in the maximal order and such that
0, = 0 x5 Z, contains a subring isomorphic to Z, szjl, e, let @ be a
“v/_l-order of level 16”"—see Shemanske [45]. Such an order is 0 = Z +
Z(Iy+ Z(2]) 4+ Z(2K). In a manner similar to-Eichler [14, pp. 109-110] one
can define a character (which we still call ) on @ such that ¢ | Z = ¢ and then
again in analogy with Eichler ([14, p. 110]) one defines Brandt matrices By(n; ¢)
with character ¢. In order to explicitly compute the B,(#; ¢), one needs to modify
the Procedure REPRESENTATION. NO of Section 6 so that instead of
computing the number of representatives a such that F/KN(«) = n, one
computes the representatives themselves. (So that one can evaluate ¢(a) X;(x),
see Step 4 of Section 3 and also [14, p. 110].) This is easy since at the 25th line
from the end of the procedure (C[J1]:= C[J1] + 1), the 4-tuple (X1, X2,
X3, X4 + L) gives the coefficients in terms of the basis of the lattice of an
element o with F/KN(x) = J1. Note that only (X1, X2, X3, X4 - L) with
X1 = 0 are computed, so if X1 > 0, one also has to add the representative
(—X1, —X2, — X3, —(X4 4+ L)).

The class number of @ is 2 so the By(n; ¢) are H(s + 1) X H(s + 1) =
4 X 4 matrices. We find By(n;¢) =0 if 2 | n or n = 3 (mod 4). The first

four nonzero By(n; ¢) are

B(1) B(5)

00 O 0 0 0 0 0
1140 3 0 0 0 —6 0 0
310 0 2 1—: 0O 0 —4 211

0 01+7 1 0 0—-2—7 =2

B(9) B(13)
00 O 0 0 o0 0 0
09 0 0 110 30 0 0
00 6 3-—3 310 0 20 10 — 107
0 0343 3 0 010-+10: 10
Letting
0 3 1414 1
C = 0 -3 142 1
6466 O —2 2421
—6¢ 0 2t —2—2
0 0 1 1
1 —z i 0 0
_1____
¢ e\l —i 11— 1 1—:74°
1 1 -1 =7 =2

481/64/2-7
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we have
6(r) 0
> eBmacr = O ),
n=1
- 0 0
where 6(t) = x — 6x® + 9x° - 10x13 — 30417 + 11220 |- 4242 — 70487 + - .
0(r) is the newform in S,%(16, ¢) and this is in agreement with the theory

presented in [22]. Atkin has informed us that 8(r) = [%(4r), where {(7) is the
Dedekind eta function {(r) = #'/24 [],_, (1 — x™).
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