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1 Introduction

Let E be an elliptic modular curve defined over Q of conductor N, with
a fixed modular parametrization ¢ : Xy(/N) — FE mapping the cusp oo
on Xy(N) to the origin of the group law on E. Let K = Q(v/—D) be a
quadratic imaginary field in which all the prime factors of N are split. Let
yk € E(K) be the Heegner point associated with the maximal order in K,
and let L(E/K, s) be the complex L-function of E/K. In [2] Gross and Zagier
proved that yx has infinite order if and only if L'(E/K,1) # 0, and gave a
formula for the value of the derivative in terms of the height of yx. This
formula and the conjecture of Birch and Swinnerton-Dyer yield the following
conjectural formula for the order of the Shafarevich-Tate group of F over K.

CONJECTURE Suppose that yx has infinite order. Then III(E/K) is finite

of order
2
(B(K) : Zys]
(/)| = (20

¢ g nmyg
Here m, is the number of connected components of the special fiber of
the Néron model of E at ¢, and ¢ is the Manin constant of the modular
parametrization, i.e., if w is a Néron differential on F then c is the unique
positive integer such that ¢*(w/c) is the differential associated with a nor-
malized newform on X,(V).



Let R = End(E), and let F' be the fraction field of R. In [3] Kolyvagin
proved:

THEOREM (Kolyvagin) Suppose yx has infinite order. Then E(K) has
rank 1 and II(E/K) is finite. Further, if p is an odd prime which is unram-
ified in F' and such that Gal(F(E,)/F) = Autg(E,), then

ord, |III(E/K)| < 20rd,[E(K) : Zyk].

Gross’s paper [1] provides an excellent introduction to the proof of this
theorem. The purpose of this paper is to given an account of more recent
work of Kolyvagin in which he determines the exact group structure of the
p-part of III(E/K) in terms of his derived Heegner points P,. (These will
be defined later.) The precise result is stated in Theorem 5.4; the following
is a simple consequence of it.

THEOREM (Kolyvagin) Suppose yx has infinite order, and let p be an odd
prime which is unramified in F' and such that Gal(F(E,)/F) = Autg(E,).
Suppose one of Kolyvagin’s points P, satisfies P, ¢ pE(K(P,)). Then

ord, |III(E/K)| = 20rd,[E(K) : Zyk].

In Section 2 we recall some results we need from the theory of duality of
elliptic curves; in Section 3 we give an application of the Cebotarev density
theorem; in Section 4 we recall the definition of Kolyvagin’s cohomology
classes; and in Section 5 we prove the main theorems.

Notation. If m is a positive integer and G is an abelian group object, we
denote the kernel of multiplication by m on G by G,,. If G is a finite group
we denote by G* the group of characters G — Q/Z. If L/K is a galois
extension of number fields, and if A is a prime of K, we denote by Frob(\)
the conjugacy class of Frobenius substitutions associated with A.

Acknowledgments. 1 would like to thank B. Gross and K. Rubin for useful
conversations, and M. Bertolini and H. Darmon for pointing out an error in
an earlier version of this paper. Some of this work, including Theorem 5.8,
was obtained independently by the author. H. Darmon also independently
discovered a related theorem.



2 Global Duality

In this section we consider an elliptic curve E over an arbitrary number field
K. If v is a valuation of K we denote the completion by K,. If A is a prime
ideal of K we denote the associated valuation by vy, and write K for K,,.
Recall that for a positive integer m, the cup product

invy

H'(K,,E,)UH (K, E,) - H*(K,,Gy,) = Q/Z,

induced by the Weil pairing, is a non-degenerate pairing of finite groups,
and if K is galois, this pairing is Gal(X/Q)-equivariant (see [6], Chapter I,
Remark 3.5). It is related to the Tate pairing

{(,)y: H(K,,E) x E(K,) = Q/Z

by the formula
(1.(c), z)y = cU(2),
where 4 is the inclusion E,, — E and ¢ is the coboundary for the Kummer

sequence .
0—-E,S>ES3E 0.

PRrROPOSITION 2.1 Let K be a number field, and let m > 1 be an integer. Let
w be a valuation of K such that H (K, E,,) # {0}, and let S be a finite set
of valuations of K not containing w. For each v € S, let H, C H'(K,, E,,)
be a subgroup satisfying |H,| = (1/2)|H*(K,, Ex,)|. Then there exists ¢ €
HY(K, E,,) satisfying

1. ¢#0,
2. ¢, € 0(E(Ky,)) for allv ¢ SU{w}, and
3. ¢, € Hy forallves.

Proof. Enlarging S if necessary, and choosing H, = 6(E(K,)) for the added
valuations, we may suppose that S U {w} contains the infinite primes, the
primes of bad reduction of F, and the primes dividing m. Let T'= S U {w}.



It follows from Tate global duality ([6], Chapter I, Theorem 4.10) that there
is a self dual exact sequence

H'(Kr/K,Ep) = @ H\(K,, E,) - H (K1/K, E,,)",

veT

where K7 is the maximal extension of K unramified outside 7. Hence the
image of H'(Kr/K, E,,;) is a maximal isotropic subgroup of

P H'(K,, E,).

veET

Since H'(K,, E,;,) # 0, such a subgroup is strictly of larger order than

D

vES

HY(K,, E,)
H, '

Thus we may choose a ¢ € H'(Kr/K, E,,) satsfying (1) and (3). Further, ¢
satisfies (2) because H' (K™ /K,, E,,) = 6(FE(K,)) if v(m) = 0 and E has
good reduction at v. ll

PROPOSITION 2.2 Let ¢ and ¢ be two elements of H'(K, E,). Then

> inv,(c, Ud)) = 0.

Proof. The sum of the invariants of a global class is zero. |l

The group of classes ¢ € H' (K, E,;,) satisfying
¢, € 6(E(K,)) forallw

is called the m-Selmer group of F over K, denoted S,,,(E/K). It fits into an
exact sequence

0 — E(K)/mE(K) — Sp(E/K) — HI(E/K),, — 0,

where III(E/K), the Shafarevich-Tate group of E over K, is defined to be
the kernel of
H'(K,E) — Y_ H'(K,,E).
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There is a skew-symmetric pairing on III(F/K), the Cassels pairing,
which is non-degenerate if IIT(E/ K) is finite. It is defined as follows. Suppose
de MI(E/K)y,, d € HI(E/K),,. Choose ¢ € S;y(E/K) so that d' = i.(c'),
and choose local points for each valuation v of K

Yo € BE(Ky), d(yo) = ¢
To pair d and d’ we need
dy € H' (K, E) e, m'd; = d.

Note that since d € III(E/K), d,, € H(K,, E), for each v. Then the
Cassels pairing of d and d' is

(d,d') =D {dvvs Yo),- (1)
It is not known in general that d; exists, and Tate has a rather clever trick
for dealing with this (see [6], Chapter I, Proposition 6.9), but in our case it
always exists.

3 An application of the Cebotarev density
theorem.

Suppose now that F is defined over Q. For the rest of the paper we will
assume that E does not have complex multiplication, in order to simplify
the exposition. The general case is not significantly more difficult. Let
K be an imaginary quadratic field, and let p be an odd prime such that
Gal(Q(E,)/Q) = Gl(Z/pZ). Let L = K(E,u). Then for M > 0, the

P
restriction map
HY(K,E,n) — H' (L, E;n) = Hom(Gal(Q/L), Eu)

is an injection of Gal(L/Q)-modules (see [1], Proposition 9.1). Hence, if C
is any finite subgroup of H'(K, E,u) there is a finite Galois extension L¢ of
L and an isomorphism of Gal(L/Q)-modules

Gal(L¢/L)

~ Hom(C, E,n),
o —

b. (2)



Further,
ex=0 <= ¢,(c)=0 forall oe€qG,,, (3)

where A7, is a prime of L above A, and G, is the decomposition group of a
prime of Lo above Ar.

Let 7 € Frob(oo) C Gal(L/Q). Since 7 acts as —1 on p™-th roots of
unity and preserves the Weil pairing on E,u, it has both a plus and a minus
eigenspace on E,u. Hence we may choose an isomorphism of (7)-modules

p MZ/Z & (p MZ/Z)T ~ Epu.
Using this, we may and do identify
Hom(H*(K, E,u), Eym )™
with
Hom(H(K, E,u),Q/Z) = H'(K, Eju)*.

PROPOSITION 3.1 Let M > 1 be an integer. Let C be a finite subgroup of
HY(K,E,m), and let ¢ € C* = Hom(C, E,u){"). There ezist infinitely many
primes | satisfying the following.

1. Frob(l) = Frob(oo) in Gal(Q(E,m)/Q).
2. ¢ = Prob(vy for some prime X' of Q(E,u) lying above A.
Proof. By (2), there is some o € Gal(L¢/L) such that

¢ = ¢

Further, since ¢} = ¢,, and the order of Gal(L¢/L) is odd, o = p” - p for
some p € Gal(Lc/L). By the Cebotarev density theorem, there are infinitely
many primes [ such that Frob(l) contains 7p. Since the restriction of 7p to L

is 7, condition 1 is clearly satisfied. In particular, [ has residue class degree
2 in L/Q, so, for a suitable choice of X,

Frob(\) = (tp)> =p" -p=o0.
This concludes the proof. il

We say a set of non-zero classes ¢y, ...,c, € H(K, E,v) is independent
if any relation
aici+---+ac. =0, a; €Z,

implies that ord ¢; divides a;, 1 <17 <.
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COROLLARY 3.2 Let ci,...,c, € HY(K, Eyu) be independent and let pi =
ord(c;), 1 < i < r. Let Ny,...,N, be integers such that 0 < N; < M;,
1 <1 <r. Then there are infinitely many primes | satisfying the following.

1. Frob(l) = Frob(co) in Gal(Q(E,x)/Q).
2. For the prime \ of K lying above [,

ordey=pVi, 1<i<r

Proof. Let C = {(c1,...,¢.), and choose ¢ € C* such that ord ¢(c;) = p™i,
1 < ¢ < r. Choose [ as in Proposition 3.1, and different from the finitely
many primes where the classes ¢; ramify. Then the decomposition group of
A is generated by Frob()\z), so by (3), pMc;x =0 <= ¢(pMe;) =0. 1

4 Kolyvagin’s classes

We briefly review the definition of these. Since the proofs of [1] generalize
easily to our situation, we won’t repeat most of them.

For a positive integer n let O, be the order of conductor n in K. Choose
an ideal N in O,, of norm N. The isogeny of complex tori C/O,, - C/N !
gives a point x, on Xy(N), defined over K, the ray class field over K of
conductor n. The Heegner point referred to in the introduction is yx =
Trg, /xd(21).

Let p be an odd prime such that Gal(Q(E,)/Q) = Gl(Z/pZ). Let r
and M be integers, r > 0, M > 1, and consider the set S,(M) of positive,
square-free integers with exactly r prime factors [, each of which satisfies the
following conditions:

[ does not divide N-D-p
[ isinertin K
aq=1+1=0 (mod pM),

where q; is the trace of Frob(l) on E,. The last two conditions are equivalent

to
Frob(l) = Frob(co) on Q(E,n).
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In particular, A, the prime of K above [, splits completely in K(E,u). Let
S(M) = | S:(M).

r>0
Let n € S(M), and let y, = é(z,) € E(K,). Let K; be the Hilbert
class field of K, and let G, = Gal(K,,/K;). Then G, ~ [[ G, where G| =

Gal(K,/Ky,) is cyclic of order [ 4 1, with generator o, say.
Define D,, € Z[G,] by D,, = [1 D;, where

l
Dl = ZZ . O';.
i=1

Let G, = Gal(K,/K), let S be a set of coset representatives for G, in G,,
and define a point P, € E(K,),

Pn = Z U(Dnyn)'
oesS
Then
Py € (B(K.)/p"E(K,))%. (4)
From P, we construct cohomology classes as follows. Consider the commu-
tative diagram of cohomology sequences:

0 -  E(K)/pMEK) % HYK,Em) — HYK,E), — 0

i l l res l res

0 = (B(Ky)/pME(Ky)% 5 H'(Kn, Epu) — H'(Ky )%

The middle vertical map is an isomorphism because
E has no K,,-rational p-torsion (5)

(see [1], Lemma 4.3). The class cps(n) is defined to be the unique class in
H'(K, E,n) such that
res(cpr(n)) = 6'(P,). (6)

LEMMA 4.1 The class cp(n) is represented by the cocycle

~1)p, P, P
T L
p p p

where (‘7;# is the unique pM-division point of (0 — 1)P, in E(K,).
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Proof. The existence of the pM-division point follows from (4), the unique-
ness from (5). Uniqueness implies that

(c —1)P,

is a cocycle, hence the expression given in the statement of the lemma is a
cocycle. Clearly it takes values in E,u, and the first term disappears when
we restrict to K,,, hence it satisfies (6), the defining property of cy(n). Il

Let dys(n) denote the image of cp;(n) in H'(K, E).
COROLLARY 4.2 The class dp(n) is represented by the cocycle

(c —1)P,
o +— —p7M

Proof. Regarded as a cocycle with values in E,

P, P,
O-l_)o-p_]\T/lI_p_]\T/lI

is a coboundary. il

Let A be the unique prime of K above [ and let ), represent a prime of
K, above A\. We denote the completion of K,, at A, by K, . Suppose that
n = [-m. The prime ideal A is principle, generated by the number [ prime to
m, and hence splits completely in K, by class field theory, and each prime
factor of [ in K, ramifies totally in K,,. In particular, there is an embedding
K., — Ky, and by (4) the resulting image of P, in F(K,)/pME(K)) is
independent of the choice of embedding.

LEMMA 4.3 Let n € S(M), and let v be a valuation of K prime to n. Then
cu(n)y, € §(E(Ky)). If in addition v = vy, where | is inert in K, then

Proof. The first statement is proved in [1], Proposition 6.2. By Lemma 4.1,

c-1P P, P



If [ is inert in K, then, as we saw above, A splits in K, by class field theory.
Thus, when we restrict this cocycle to the decomposition group at A, the first
term goes away. Thus the cocycle is 6(P,) locally at . |l

For primes dividing n we have the following proposition.

PrOPOSITION 4.4 (Kolyvagin, [3] Theorem 3) Let | € Si(M). There is
a homomorphism
X1 - E(K)\) — HI(K)\,EpM)

such that
1. for allm e S(M), (m,l) =1,
emr(m)x = xi(Pm),
2. ker x; = pME(K)) and
X(E(K5)/p" E(K)\)F) C H' Ky, Epu)T,
and

8. the composition of x; with H'(Ky, E,u) — H'(K,, E)
1somorphism

M induces an

E(K))/p"E(K)) ~ H' (K, E),u.
In particular,

ord dpr(ml), = ord epr(ml)y = ord epr(m)y.

Proof. Let n=ml. Let P € E(K,). Let Fy denote the residue field of ),
and let P be the image of P in E(F,). Since Frob(/)?> =1 onh F,,

(a; — (I + 1)Frob(l)) P = —Frob(l)(Frob(l)? — a;Frob(l) + 1)P = 0.

Since A splits completely in K (Epu), Epn(Ky) = Epu(K)). Since [ is prime
to p and E has good reduction at A, the reduction map is injective on Epu.
Hence there is a unique T' € E,u such that

a; — (I + 1)Frob(])
M

P=T (mod\).

10



Define x;(P) to be the cocycle for Gal(K),/K,) which takes o; to T. To see
that this satisfies the statement of the proposition, recall from Lemma 4.1
that cpr(n) is represented by the cocycle
(c-1)P, P, P
g _pT + O-p_M — p_M

Let X be any prime of K above ), and restrict this cocycle to the decomposi-
tion group of A. Let )\, be the prime of K, below A. Since D; = [(l+1)/2 on
the residue field of \,, and p™ divides [ + 1, P, € pM E(K,,). Hence the co-
cycle vanishes when restricted to K, and factors through Gal(K,,/K)) =
(o). Furthermore, since o is in the inertia group of \, oy(P,/p™) — (P, /p™)
reduces to zero modulo \,. Hence

— 1P, P, P,
(o1 —1) N

Ol—~ — —+
pM pM  pM

is the unique torsion point congruent to —((o; — 1) P,)/p™ modulo \,. But,
as in [1], Proposition 6.2, we have

-1)P, — (I + 1)Frob(l

_(Gl M) = a ( +M) ro ()Pm (mod )\n)

p p
This proves property (1). Property (2) follows from the fact that the Gal(K/Q)-
eigenspaces of E(F),) are cyclic of order [ + 1 — Frob(l)a;, and that o; is in
the minus eigenspace. Property (3) is clear since all the non-zero cocycles in
im y; are ramified, and thus im x; N §(E(K,)) = 0.

Finally, it follows from properties (1) and (3) that

ord dpr(ml) = ord epr(ml)y,
and that ord cjs(ml) equals the order of P, in F(K))/p™ E(K}). By Lemma
4.3, this equals ord cp(m)y. |

COROLLARY 4.5 Suppose n € S(M), let | be a prime divisor of n, and let
m =n/l. If P,, ¢ pM E(K)) then P, ¢ pM E(K,).

Proof. If P, ¢ pME(K,), then by Proposition 4.4 cp;(n)y # 0, hence
cu(n) # 0. But it is easy to see from the definition that cp(n) = 0 if and
only if P, € pME(K,). 1
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Finally, we show how to compute the Cassels pairing of Kolyvagin’s
classes.

LEMMA 4.6 Let M > M' be positive integers and let n € S(M). Then
ledM(n) - deM’ (n)
Proof. Clear from the definition. il

PROPOSITION 4.7 Let M and M' be integers > 1, and let n € S(M + M'),
n' € S(M'"). Suppose that dyr(n),dyr(n') € HI(E/K). Then the Cassels
PaITing s

(du(n),dar(n)) = D (dusar(n), Pu)y

ln
(I,n")=1

Proof. We refer to the description of the Cassels pairing given in Section 2.
By Lemma 4.6, p™ d s (n) = dpr(n); hence dpryar(n) plays the role of d;.
Also, ¢y (n') plays the role of ¢.

First, suppose v fn. Then dpsypr(n), is unramified at v, since by Corol-
lary 4.2 it splits over K,,. From [6], Chapter I, Proposition 3.8, it follows that
dpr+mr(n)y is killed by m,. We claim that dps4 s (n), = 0; this is clear if v is
a prime of good reduction, and follows from Gross’s argument in [1], Propo-
sition 6.2 otherwise. Hence there is no contribution to the Cassels pairing
from v.

Now suppose that v = A, for some I|n. If [|n’, then by Proposition 4.4,
ey (n')y = 0, since dpp(n') € II(E/K). If [ fn', then by Lemma 4.3, P,
plays the role of y5. The proposition now follows from (1).

5 Structure of the Shafarevich-Tate group.

From now on we will assume that yx has infinite order and that p is an odd
prime such that Gal(Q(E,)/Q) = Glx(Z/pZ). We choose a fixed complex
conjugation

T € Gal(Q/Q),

and if M is a Gal(Q/Q)-module, denote by M+ (resp. M~) the part of M
on which 7 acts by +1 (resp. —1). The image of the Heegner point yx in
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E(K)/torsion is an eigenvector for 7 ([1], Proposition 5.3); let ¢ = +1 be
its eigenvalue. (It is the negative of the sign of the functional equation of
L(E/Q,s).) By Kolyvagin’s theorem [3], III(E/K) is finite, and hence the
Cassels pairing is non-degenerate. Since the pairing is skew-symmetric, the
elementary divisors of III(E/K) come in pairs. Let

N> N3 > Ns > ---
be integers such that

I(E/K)% = (Z/p™2)* x (Z/p™Z)* x -+,

P> —

and let
Ny > Ny > Ng > ---

be integers such that
UI(E/K)5e ~ (Z/p"*Z)* x (Z/pMZ)? x - - -.

We write p|P, if P, € pMFE(K,), and p™|P, if P, € pME(K,) —
pMTE(K,). Let
ord,(P,) = max{M : p"|P,},
and let
M, = min{ord,(P,) : n € S,(ord,(P,) + 1)}.

LEMMA 5.1 We have My = ord,|E(K) : Zyk| and M, > M,y for allrT > 0.

Proof. We have P, = yg, and
My = ord, yx = max{M : yx € p" E(K))},
and
ord,|E(K) : Zyg] = max{M : yx € p" E(K)}.

Since E(K) has no p-torsion, E(K)/p™ E(K) injects into F(K;)/p™ E(K;);
hence these two numbers are the same.

In particular, M, is finite. Now suppose that M, is finite, and let n €
S, (M, + 1) satisfy p™r||P,. By Corollary 3.2, we may choose [ € S(M, + 1),
prime to n, so that ¢y, +1(n)y # 0. Then by Lemma 4.3, P, ¢ pM 1 E(K)),
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so by Corollary 4.5, P,; ¢ pM 1 E(K,;). Hence M, is finite and no greater
than M,. 1

The goal of this section is to prove that N; = M;_; — M; for all i (Theorem
5.4). We will construct elements in III(F/K) as follows. Suppose M,_; > M,
and let n € S,(M,_1). Then it follows from the definition of the M; that
p"|P, and p™-1|P,, for all | dividing n. It follows from Lemma 4.3 and
Proposition 4.4 that dy;, ,(n) € II(E/K). The order of this element is
at most p™-1=Mr By careful choice of n we will construct such elements
achieving this order and independent of each other. By (5) the natural map

HY(K,E,») — H'(K, Ew), M >M
is an injection. We let
HY'(K,Ey) = li_r)nHl(K, Eyn), Sx(E/K)= li_r>nSpM(E/K).

If n € S, (M), then cy(n) € H'(K, Eyu), where ¢, = (—=1)"¢ ([1],
Proposition 5.4).

PROPOSITION 5.2 Let r be a positive integer, and let C be a subgroup of
Sew(E/K) of rank r. Let M > M,. There exists n € S,(M) such that
cy(n) had order pM—Mr and (cp(n)) N C = {0}.

For the proof we will need the following variant of Proposition 2.1.

LEMMA 5.3 Let | € Si(M). The Tate pairing induces a non-degenerate
pairing
(B(K))/p" E(K))* x HY Ky, Epu)™ = Q/Z

which is a duality of cyclic groups of order p™. Further, if S is a finite subset
of S1(M) not containing l, then there exists c € H*(K, EpM)jE satisfying

1. ¢#0,
2. ¢, € 0(E(K,)) for all v prime to SU{l}, and
3. ¢y, €imy; foralll € S.

Finally, im x,; is an isotropic subgroup of H' (K, Epm).
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Proof. 'The first statement is proved as in [1], Proposition 8.1. It implies
that

. 1
[im(x;) "] = §|H1(K,\,EpM)+\
and implies that
. _, 1 _
fim(x) | = 5 (K, Bype) .

Hence, in the proof of Proposition 2.1, we can add the further stipulation that
¢ € HY(K, E,u)*. Finally, it follows from Proposition 4.4 that im(y;)" ~
im(x;)” ~ Z/pM™Z. Since the cup product is skew symmetric and Gal(K/Q)-
equivariant, it must vanish on im(;). ll

Proof of Proposition 5.2. By Lemma 4.6, it suffices to prove the proposition
for large enough M > M,. Let

pM > max{exponent of C,pMT—l}’

and let L = K(E,u). For n € S,(M), the class ¢y (n) has order p " if
and only if pM||P,. By definition of M,, there exists

n e S.(M,+1)

such that
pMT ”Pn

Choose such an n. Let S be the set of prime factors of n, and for each [ € S,
choose a prime factor Ay of [ in L. Let X C C* be the group of characters
generated by

¢Frob()\L)a leSnN S(M)

Let k be the rank of the image of X in C*/pC*. Suppose that & < r. Then
there is a redundant [, € S such that the characters

Prrob(ry), | € SNS(M)—{lo}
generate X modulo pC*. Choose ¥ € C* such that
¥ ¢ X +pC;
and if ¢y, 4 1(n) € C choose ¢ € C* such that

¢ X +pC* and ¢ ¢ (car41(n))”
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(this is possible since a finite group cannot be the union of two proper sub-
groups). Using Lemma 5.3, choose

ce H'(K,E,) ™

satisfying
c # 0, (7)
¢ € 0(E(Ky), vé¢s. (8)
¢y, € im(y) forall e S—{l}, 9)

Since c is in a different eigenspace,

C x (eam,41(n)) N{e) = {0},

So we can choose

¢ : C x (cr,41(n)) X () = Q/Z

such that
dle = ¥, (10)
¢lea,41(n)) # 0, (11)
¢(c) # 0. (12
By Proposition 3.1, there exists I' € S;(M) such that
¢ = ¢Fmb(A’L)-
Consider
> ea41(nl)y Ucy. (13)

If v ¢ SUN, then cp,1(nl"), € 6(FE ( »)) by Lemma 4.3 and and ¢,
I(E(Ky)) by (8), so cay41(nl)y Ue, = 0. If v = vy € S — {Ao}, then
¢y € im(x;) by (9), so again ¢y, 41(nl"), U ¢, = 0. So the only possible non-
zero terms in the sum (13) are at v = \g, \'. Suppose v = X'. From (11) and
(3), ear+1(n)x # 0, hence by Proposition 4.4 dy,41(nl')y € H'(Ky, E);“
is not zero. Further, ¢y € 6(E(Ky))~ by (8), and it is not zero by (12)
Hence

ear,11(nl' )y Uey # 0.
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Since the sum (13) is zero by Proposition 2.2, this implies

CMT+1(7'LZI))\0 U Cxo 7é 0.

Hence cpz,41(nl')y, # 0, and so by Proposition 4.4, Py, ¢ pM T E(K),),
hence pM|| P,y /1, Replacing n by nl'/ly, we add ¢ to X and increase k to
k +1, and hence eventually to 7. But if ¥k = 7, then S C S(M) and X = C*,
so cpr(n) is defined and

{ceC:cy=0 forall eSS} =
{c € C: dpobpr,)(c) =0 forall 1€S} = {0}

Since, by Proposition 4.4, ¢pr,_,(n), = 0 for all [ € S, we deduce

Cn{em,,(n)) = {0}.

Also, since pM||P,, cas(n) has order pM =M for any M > M,. So the propo-
sition is proved if M, 1 > M, or if C = {0}.

So suppose that M, = M, ;. Apply the proposition with C' = {0} to find
m € S,_1(M) such that p*r||P,,, then use Proposition 3.1 to find | € S(M)
such that ¢y, 11(m) # 0 and set n = Im. By Proposition 4.4, dps, +1(n)x # 0,
and hence cpy,1+1(n) ¢ Seo(E/K). Since C C S (E/K), this implies that

C N {er,41(n)) = {0}

This proves the proposition in this case also. il

Using the Cassels pairing and a simple induction argument one can im-
mediately deduce from Proposition 5.2 that III(E/K) contains a subgroup

isomorphic to
(Z/p™~MMZ)? x (Z/p" ML) x - -

Further, by using a slightly refined version of Kolyvagin’s upper bound on
the order of III(E/K), or by adding the hypothesis that p J P, for some
n € S(1), one can show that this subgroup is the full group. Thus the NV; are
the M;_1 — M; in some order. To prove that N; = M,_; — M; requires more
work. To give the basic idea, we sketch the case ¢ =1 first.

Applying Proposition 5.2 with C = {0}, we find | € S(M,) such that
¢, (1) has order pMo—Mi in S (E/K)~¢ = HI(E/K) ™. From the definition
of Ny, we see

M() — M1 S Nl.
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Now let d € III(E/K)~¢ have order pM. Lift d to ¢ in the Selmer group.
Using Corollary 3.2, choose a prime [ such that

ord cpen, (1)x = ordepgyn, (1), (14)
ordcy = orde. (15)

(These two elements are in different eigenspaces.) Then the Cassels pairing
<dM0 (l)ipMd> = <dM0+N1—M(l))\: y)\>)\7

where ¢y = 6(y»). By (14) and Proposition 4.4, dpy+n,—a (1) has order
pNVi=M ip Hl(K,\,E);JSI, which is cyclic of order p™, and by (15), y» has
order pM in E(K,)/p™ E(K\)™¢, which is also cyclic of order p™'. Thus the
pairing is non-zero for 1 < M < N; — 1, and hence dj, (1) has order at least
pMt. Since the greatest order it can have is My — M;, we deduce

N, < My — M,

and hence
N1 == MO - Ml-

Now we give the theorem in general. If
G=G; x---xG,

is a product of cyclic groups, we say that a set {xi,...,x,} of characters of
G is a triangular basis for G* if

X,(Gj) = O, ] > i,

and
(X15--5xa) =G x---xG;, 1<i<r.

THEOREM 5.4 Let p > 2 be such that Gal(Q(E,)/Q) = Glo(Z/pZ). We
have N; = M;_1 — M; for i > 1.

Proof. First, observe that by Lemma 5.3, if [ € S;(M), then two elements

y € E(K,)/pVE(K),), de€ H'(Ky,E),u,
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pair nontrivially if they are in the same Gal(K/Q)-eigenspace and their or-
ders multiply to more than p™.
By definition of the /V;, there exists a maximal isotropic subgroup

D:D1XD2X"'

of II(E/K) such that each D; is cyclic of order pYi, D¢ = Dy x D3 x -,
and D¢ = Dy X Dy X - --.

Let d; be a generator of D; and let ¢; be a lifting of d; to Sw(E/K). For
each valuation v of K and each ¢, choose y;, € E(K,) such that ¢;, = §(yip)-
By Corollary 3.2, we can choose [; € S;(Mp + Ny) so that

ord CM0+N1(1))\1 le’ (16)
ordeyy, = p™, (17)
¢y = 0, 1>2. (18)

Let ny = ;. By Proposition 4.7, for 0 < M < N; — 1,

{dagy (n1), P di) = (dpgg—nr(n1), di) = (dgg—nr+n; (1), Yirg Yo -

This is zero if i > 2, by (18). Let 4 = 1. By (17), y1,», has order p™ in
E(K,\l)/leE(K)\l)_e, and by (16) and PI‘OpOSitiOD 44, dM0+N1_M(7’L1),\1 has
order pM~M in H'(K,,, E)~¢. Hence the pairing is non-trivial for 0 < M <
N; — 1. Thus we have proved that the character

d— <dM0(7'Ll), d>

vanishes on Dy x Dj - - -, and its restriction to D; generates D;. Hence djy,(n1)
has order at least p™. Since it has order at most p™°~Mt we conclude

N, < My — M.

On the other hand, p™* is the maximum order an element of III(E/K)™¢
can have, and by Proposition 5.2, there is an element in Sy (E/K)™¢ =
II(E/K),% of order pM~*1 which implies

My — M, < N,.

Hence
N1 == M() - Ml.
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In particular, p™'*! does not divide P,,, and hence
P | Py
Now suppose we have found primes {l,ls,...,lx} € S1(M) such that
Cia, =0, i>j, 1<j<k (19)

and if

then
pMi||Py, 1< j <k, (20)

and the characters
d— <de—1(nj)ad>a 1<7 <k,

vanish on Dy X - - -, and form a diagonal basis of (D; X -- - x Di)*. Suppose
further that we have shown that M;_y — M; = N, for 1 < j < k. (We
have just done all this for £ = 1.) In particular, the order of du,_, (nx) in
III(E/K) is the same as its order as a character on D. Since D is isotropic,
it follows that

(dag_, () N D = {0}
So by Corollary 3.2, we may choose Iy 1 € S1(My, + Niy1) satisfying

ord caf Ny (M) ree = PVFFY, (21)
ord cpiin,, = P, (22)
Cidppr — 0, 2>k+1. (23)

Let ngy1 = nglg1. Then for 0 < M < N; — 1,

(du, (ngy), pMdi) =
k+1
(dag—nr(Mis1), di) = D (dngy—nrn5; (M) ns> Yir ) -
j=1
All terms but the last are zero for i > k by (19), and the last term
is zero for ¢« > kK + 1 by (23). Let i = k+ 1. By (22), yp41,2,,, has or-
der p"e+1 in E(K,y,,,)/p" E(K),,,)%*, and by (21) and Proposition 4.4,
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Arty+ Ny - (Me41)a,,, has order pVert=M in HY(K, , , E)%+. Hence the
pairing is non-trivial for 0 < M < Ng,; — 1.
Thus the character
d— <de (nk-l-l)’ d>

vanishes on Dy o X - - -, and its restriction to Dy, generates Dy, and hence
extends the triangular basis to generate (D X ... X Dyyq)*. Thus dpy, (ng41)
has order at least p™¥#+1. Since it has order at most p™+~Mr+1 we conclude

Niy1 < My — My

Let
C= <CM0+N1(1)7 Ciy..-,Ck, CMo(n1)7 R CMkfl(nk)>€k+l'

Then p™*+! is the maximum order an element ¢ € Soo(E/K)%+! can have if
(cyNC = {0}.

On the other hand, by Proposition 5.2 applied to C, there is an element in
Soo(E/K) 1 of order pMe—Mr+1 gatisfying this condition. Hence

My — M1 < Nigya,

and so
Niy1 = My — M1

By induction, this proves the theorem. il
COROLLARY 5.5 The numbers M; satisfy
M; — M1 > Miyo — Miys, 120,

and if iy is the first positive integer such that M;, = M;,+1 = M;,42, then
M; = M;, for all i > iy. We have

HI(E/K)y~ ~ [[(Z/p" M+ Z)2.

i>0
COROLLARY 5.6 Let m = min{M; : i > 0}. Then

ord, |III(E/K)| = 2(My — m).
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In the course of proving Theorem 5.4, we actually proved the following
more precise statement.

ProprosITION 5.7 If

D= Dl X _D2 X -
is a mazimal isotropic subgroup of III(E/K) such that D; is cyclic of order
pVi, D¢ =D X Dy x -+, and D¢ = Dy x Dy X - - -, then there exist integers
ni|ng| - -+ such that n; € S;(M;_1) and the characters

d— <d’ de,—l(nl)>
form a triangular basis of characters of D.

In particular, III(E/K) can be generated from Kolyvagin’s classes con-
structed from n € Sy with k less than or equal to half the rank of III(E/K).
(This fact was independently discovered by H. Darmon.) On the other hand,
the following theorem shows that simply to generate II(E/K), k£ < 2 will
suffice.

THEOREM 5.8 Let p > 2 be such that Gal(Q(E,)/Q) = Gly(Z/pZ). Let
M > 2M,. Then the classes {du,(l) : 1 € S1(M)} generate II(E/K),% and
the classes in {dn, (l1l2) : lily € Sa(M)} generate I(E/ K)o .

Proof. We will show that the dual of III(E/K) under the Cassels pairing
is generated by these classes, using the same technique as in Theorem 5.4.
Since the Cassels pairing is non-degenerate, this will prove the theorem.
First suppose that d € III(E/K)™¢ has order exactly p™ for some M > 0.
By Kolyvagin’s upper bound [3], M < M. Lift d to ¢ € H'(K, E,u). As in
the proof of Theorem 5.4, choose [ such that

ord ez ar(1)y = p™ (24)

and
ord ¢y = pM, (25)

and deduce that the Cassels pairing
{duy (1), p™~1d) # 0.
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Hence the character on III(E/K) defined by {da, (1) : I € S(M)} generates
(d)*. In particular, the character group of III(E/K)~¢ generated by the
classes d,(l) does not vanish at d. Since d was arbitrary, this proves the
first part of the theorem.

Now suppose that d' € III(E/K)¢ has order exactly p™’. Lift d' to ¢’ €
H'(K, E,w). By Theorem 5.4 (in fact Proposition 5.2 suffices) there exists
d € III(E/K)~¢ of order exactly pMo=M1. Choose l; € S;(M,) satisfying (24)
and (25) with respect to such a d and in addition

¢, =0. (26)
Then ord ¢y, (1) = pM~M1 hence pM||P;,. So we may choose [, satisfying
MI

ord CMy+M! (ll))\2 =p

and
!
ordcy, = p™.

Then

(dar, (Ihlz), d') = (darar (o), ya, )an + (daryenrr (o), Yn, ) ne-

The first term is zero by (26), and the second term is non-zero by the same
argument as in the proof of Theorem 5.4. Hence the classes dyy, (I112) generate
the dual of III(E/K)¢, which proves the second part of the theorem. ll

COROLLARY 5.9 HI(E/K)y= is divisible in H' (K, E)po.

Proof. Since we can choose M arbitrarily large in Theorem 5.8, this follows
from Lemma 4.6. il

COROLLARY 5.10 Every element of ILI(E/K )y~ splits over a field ramified
at at most two primes of K.

Proof. By Corollary 4.2, dy;(n) splits over K,,. I
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