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Let E be a Weil elliptic curve over the field of rational numbers Q.
Note that, according to the Weil-Taniyama conjecture, every elliptic curve
over @ is a Well curve. Let R be a finite extension of @ and E(R) the
group of points of E over Q. According to the Mordell-Weil theorem, E(R}
is a finitely generated (abelian) group, that is, E(R)tor is finite and
E(R) « E(R)__ x 28RE)  here 0 s g(R, E) € Z is the rank of E over R.
Let L(E, R, s) denote the L-function of E over R (which is defined modulo
the product of a finite number of Euler factors). According to the
Birch-Swinnerton-Dyer conjecture (which we abbreviate as BS), g(R, E) is
the order of the zero of L(E, R, s) at s = 1.
Another important arithmetic invariant of E is the Shafarevich-Tate
group of E over R:
1R, E) = ker ('R, B) — T R, EN

v
(v runs through the set of all places of R; sce the section on notation at.

the end of the introduction). It is known (the weak Mordell-Weil theorem)
that }[}(R, E} is a periodic group and for all natural M its subgroup
111(R, E)H of M~periodic elements is finite.

it is conjectured that |}|{(R, E) is finite. In that case, BS suggests
an expression for the order of |||(R, E) as a product of
L(g(R’ E))(E, R, 1) and some other nonzero values connected with E (for
examples, see (1) in [1] for the case R = @, and see Theorem B below). Let
{lll{R, E)]? denote the hypothetical order of [][(R, E); then,according to
BS, we have the equality []][(R, E)] = []]][(R, E)]?.

For a long time, no examples of E and R were known where |||(R, E) is
finite. Only recently, Rubin [2] proved that [[|(R, E) is finite if E has
complex multiplication, R is the field of complex multiplication, and
L(E, @, 1) # 0; the author [1], [3], [4] proved finiteness of 1]] for some
family (see below) of Weil curves and imaginary quadratic extensions of Q.
For a more detalled exposition of these methods, results, and examples, see
the introductions to [1] and [4].

We now state some results [4] from which we begin the study of ||| in
this article.

Let N be the conductor of E and ¥: X, —> E a Weil parameterization.

N
Here XN is the modular curve over Q which parameterizes isomorphism classes
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of isogenies E’ —> E” of elliptic curves with cyclic kernel of order N.

The field K = G(vVD) has discriminant D satisfying O > D = square (mod 4N},
where D # -3 or -4. Fix an ideal 11 of the ring of integers O1 of K for
which 01/11 = Z/N. If A e N, let KA be the ring class fleld of K with
conductor A. In particular, K1 is the maximal abelian unramified extension

of K. If (A, N) =1, 0, =1Z + AOl, and i

\ i, n OA' let z, denote the

AT A

point of XN over KA corresponding to the isogeny @/OA — C/i;l (here

1;1 > OA is the inverse of ih in the group of proper OA~ideals). Set Yy =

?(ZA) € E(KA}; the point Pl is the norm of Yy from K1 to K. The points Y
and P1 are called Heegner points.

let O = End(E) and Q = O ® Q. Let 1 be a rational prime, T = éiﬂ E n the

N 1
Tate module, and 0 = 0 @ Zl. Let B{E) denote the set of odd rational

primes which do not divide the discriminant of O and for which the natural

representation p: G(E/Q) 3 AutOT is surjective. It is known (from the
theory of complex multiplication and Serre theory) that the set of primes
not belonging to B(E) is finite. Moreover, according to the Mazur theorem,
if 0 = Z and N is square-free, then all 1 = 11 belong to B(E)}.

If the point P1 has infinite order, (that is, P1 3 E(K)tor) and
g{K, E) = 1, let CK denote the integer {E(K}/ZPll. The author proved the
following theorem in [(4].

THEOREM A. Suppose that P1 has infinite order. Then g(K, E) = 1, the

group |||(K, E} is finite, and {111k, E}] divides dCi, where for all
1 € B(E} we have ordld = 0.

In Theorem A, d is an integer which depends upon E but not upon K.

The application of Theorem A to BS is clear from the following result of
Gross and Zagier [5] for (D, 2N) = 1.

THEOREM B. The function L(E, K, s) vanishes at s = 1. The point Pl
has infinite order < L’(E, K, 1) # 0. If Pl has infinite order, then the
conjecture that the group |||(K, E) is finite and BS for E over K,
together, are equivalent to the following statement: g(X, E} =1, J|}(K, E)

is finite, and [|||(K, E)] = (CK/(cqub<q>))2.

In theorem B, the integer c¢ is defined in terms of the
parameterization y (cf. [S]), and the integer b<g>, where qIN is prime, is
the index in E(@q) of the subgroup of points which have nonsingular

reduction moduleo q.
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Let § ann—s , where an € Z, be the canonical L-series of E. It
n=1
converges absolutely for Re(s) > 3/2 and has an analytical continuation to

an entire function of the complex argument. Let L(E, s) denote this
function; it is the canonical L-function over @ of the elliptic curve E.
The function
2(E, s) = (20 SN2r(s)LE, s)
satisfies the following functional equation:
Z(E, 2 - s) = (-e)E(E, s],
vwhere € = g¢(E) is equal to 1 or -1.

Fix a prime 1 € B(E). Let n(p) = ordI(p + 1, ap), where p is a
rational prime. Hereafter in this article we use the notation p or Pys
where k € N, only for rational primes which do not divide N, remain prime
in K, and for which n(p) > 0. If r € N, let A" denote the set of all
products of r distinct such primes. The set AO contains only P a 1, and
A= U A", If r>0and A e A", let n(d)

rz0

denote min n(p); then MA = ln(A)

pla
and M = 1", In {4], we constructed some cohomology classes T

and n{l) = o, Let A € A, 1 = n = n(A),

An €

HI(K, EM) which played a central role in the proof of Theorem A.
If R is an extension of @, then the exact sequence

0—>EM——~>E(§)~>%—>E(E)-—-)O

induces the exact sequence
0 — ERIM — H'(R, E,) — H (R, E), — 0. (1)

If R/L is a Galols extension, then

res G(R/L)

L B, B — H'(R, E)
is the restriction homomorphism, which is an isomorphism when the
l-component of the torsion part of E(R) is trivial (because of the spectral
sequence). It is easily seen that the condition 1 € B(E) leads to the
triviality of the l-component of the torsion subgroup of E(KA) (cf. [6] for
the case 0 = Z; the case U # Z can be considered analogously). In

particular, the value res completely determines the element T . We
KA/K A,n

now give an expression for this value. We use the standard facts about
ring class fields (which follow from Galois theory and class field theory,
cf. §1 in [3]). If 1 < A € A, then the natural homomorphism
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G(KA/KI) — ek /KI) is an isomorphism, and we alsc have the
plA

~ ~

isomorphisms G(KA/KA/p) — G(Kp/Kl) —y Z/{p + 1). For all p, fix a

generator tp € G(Kp/Kl) and let tp also denote the generator of G(KA/KA/p)

P
corresponding to this t . let I =-7¥ jtJ and I. = [l I e ZIG(K,/K)].
P PP A bIAP Al

Let K be the composite of the KA’ where A’ runs through the set A. Let Jh

denote } é. where g runs through a set of fixed representatives of G(K/K)

with respect to G(K/K,) and g is the restriction of g to K, . thus {g} is the

set of representatives of G(KA/K) with respect to G(KA/Kl)' Let P, =

A
JAIAYA € E(KA)' Then

{ ) = PA {mod ME(KR)). (2)

T
A,n

Suppose, further, that P1 has infinite order. Let X denote the

res,.
KA/K

l-component of ||[(K, E}. Let my = ordICK. As a consequence of Theorem A,
2m

we have the relation [X][1 O. A natural development of the technique of

using the classes Tl,n is a complete description of the structure of X in
terms of the Heegner points. I announced this result in {4] (as an
analogue of a similar theorem in [4] for ideal class groups). In
particular, the proof is given in this article. Now we shall formulate the
theoremn.

We have a bijective correspondence between the set of isomorphism

classes of finite abelian l-groups and the set of sequences of

nonnegative integers {n,} such that i 2 1, n, =z n , and lim n, = 0.
i i i+l i
i»o
it
Concretely, the sequence {ni) corresponds to the group ¥ Z/1 ., The
i

sequence corresponding to a group A is called the sequence of invariants of

A. If ¥ is a group of order 2 with generator ¢ and A is a ZIIZ]—module,
then for v = 0 or v = 1 let A” denote the submodule {1 - (~1)vew)A. Then A

is the direct sum of A0 and A1 and ¢ acts on A" as multiplication by
(-l)v_le. Let {x;} be the sequence of invariants of . Ifre N, let
v(r) denote the element from the set {0, 1} such that r - v(r) - 1 is an
even integer. Let {r, v) =1 - |v - v(r)|. Let m'{(A) be the exponent of
the highest power of 1 which divides PA in E(Kl)' Define m(A) as m’ (A} if

m’ (A) < n(A), and as o otherwise. Let m_ = min m(A), where A runs through
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A . In particular, mg is as previously defined, since E(X) o0 = 0. We have

1
the following theorem.

THECREM C. The sequence {mr} is a sequence of nonnegative integers

such that mr = mr+1. If v=0o0orv=1andr z 1+ v, then we have the

equalit xv =nm - m
q M (r,v)-1 (r,v)’

Let m denote min m(A), where A runs through A, that is, m = min m_ =
r=0
lim m_. Obviously, the next theorem follows from Theorem C.

-
2m0~2m
THEOREM D. (X] =1

By combining Theorem D with Theorems A and B, we obtain Theorem E.
?
THEOREM E. The equality ordl[X] = ordl[||](K, E)]" (the l-component

of BS) holds ¢« m = m? & ordl(c il b<gq>}. In particular, if m? =0, &
qiN
there exists A € A such that Ph € lE(KA).
Theorem C is a corollary of the more detailed Theorem 1 in §3. As 1
noted in [4], the classes rA,n can generate elements in X; see the

introduction to [4] for the simplest examples. Thus, we have the material
from which to construct elements in X. On the other hand, the
orthogonality relation (from class field theory) between the elemenls of
Hl(K, EM) and Tan (cf. {15) in §2) restricts the size of X. The
Chebotarev density theorem plays an important role as well.

In §3 we also obtain a description of the structure of X and its dual
group in terms of a special system of primes p, and connected with it a
system of p-adic characters and the elementis Ty b cf. (33) and (38). On
this basis we obtain, under the assumptions tha% m = m? and that it is
possible to effectively calculate the coordinates of PA (mod p) (this
possibllity can, it seems, be easily demonstrated), a description of the

structure of X, a parameterization of X by 7t , and a parameterization of

its dual group by p-adic characters. If theA;:equality m 2 m? holds (in
particular, if m? = 0), the corresponding scheme of calculations can be
used simultaneously for the proof of the equality m = m?, which holds ¢
such a program is effective. See the end of §3 for some applications to an
effective solution of the problem when a curve of genus 1 has a rational
point.

In the case of ideal class groups, we have an analogue of the equality

m = m? (from the analytical formula for the ideal class number), and the
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localization of an analogue of Ty, can be effectively calculated. Thus,
we have an effective description of some ideal class groups by means of the

analogues of T n (the effective version of Theorem 7 in [4]). We shall

A,
discuss these questions in detall in the next article.

HWe now list some general notation used in this article. If A is an
abelian group and M is a natural number, then AM and A/M denote the kernel

and cokernel, respectively, of multiplication by M. If L is a field, then
L denotes its algebraic closure. If R/L is a Galois extention, then G(R/L)
denotes the Galois group of R over L.. We shall abbreviate Hl(G(E/L), A) as
HI(L, A), where A is a G(E/L)—module. If 0 is a commutative ring with 1,

then 0* denotes its subgroup of invertible elements.

If R is a finite extension of © and v is a place {(a class of
equivalent valuations) of R, then R(v) denotes the corresponding completion
of R. If t e Hl(R, A}, then T(v) ¢ HI(R(V), A) denotes the v-localization
of =T.

For all p € Al, fix a place p of K which divides p. Let E(P) x 5p
denote the union of the R(v), where R runs through the set of finite
extensions of K and v 1s a place of R such that plv (we use the more common
notation Qp for @{pJ)}. We assume that K is a subfield of the field of
complex numbers €. We use the notation n, n’, n” for natural numbers and

nl n”

M, M’, M”, respectively, for the numbers ln, 17, 1

1. Properties of the Classes Ty n
In the sequel, we shall assume that A belongs to A. Here we list the
properties of the points Y ({4}, cf. also [6]), which play an
P .
Let Trp = ¥ tJ and

important role in the theory of the classes =t P
J=0

A,n
suppose that p divides A; then

Tr (3)

p 72" % Yap
Let E be the reduction of E modulo p and ¥ the residue field of K(p);
if a € E(E(p), then let a € E(¥) be the reduction of «. Let Frpdenote the

Frobenius automorphism {(raising to the pth power) of the field ¥. If p
divides A, then for all g € G(KA/Q) we have the relation

8Yy = Frp gyh/p. (4)
Let eh(il) denote the value on the class of the ideal iA of the
reciprocity hommorphism Gh between the group of classes of proper OA-ideals

and the group G(KA/K). Let ¢ be the automorphism of complex conjugation.
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We have the relation

oy, = cel(ik)yh (mod E(ﬂ)tor). (5)

Obviously, we have (tp - 1)Ip = Trp - {p + 1), and since (3) holds, it

follows that if Mi{(p + 1) and Miap, then for all g e G(KA/Q), we have gPA =

PA (mod ME(KA)). Thus, the relation (2) may be used as a definition of
TA,n'
Since og

g~10 for all g € G(KA/K), it then follows that 0Ip =
—Ip@ (mod M)}. From this relation and (5) we obtain that oP, =

A
e(-l)rPA {(mod ME(KA)), where A € AT, The corresponding property of the
class TA,n is as follows:
Ty n T (_1)FCTA,n' (6?
We shall now discuss the properties of the localizations of Th,n. We

first present some facts concerning local cohomology and list some
notation. Recall that p does not divide N. Therefore the curve E has good
reduction at p and we can use the standard properties of good reduction
(cf. [7]).

Let @;n be the maximal unramified extension of @p; then ¥ is its
residue field and reduction induces an isomorphism between G = G(®;n/®p)
and G(%/Z/p).

We shall also use Frp to denote the element of G corfesponding to Frp.

By the properties of good reduction, for all M’ = ln we have

EM’ < E(ﬂ;n), and reduction induces a G-isomorphism between E,, and E(?)M,.

M
Then EM, = I/M’ + Z/M’ and Y2 - apY + p is the characteristic

2 = :
polynomial of Frp on EM,, so that Frp apFr +p=20on EM’ and on E(?)M,.

P 2

Since ap =p+1=0 (mod M), it then follows that Frp - 1=0on EM"
therefore EM c E(K}. Here K is an unramified quadratic extension of @_,
that is, the fixed field for Fri. Since p is prime in K, it follows that XK

2

Fro -1
= K(p). Let F be the residue fleld of K. Let f _=—P_and ¥ =
p,n M p.n
a 1
ﬁEFrp -B T We have the following comutative diagram of isomorphisms

with the vertical isomorphisms induced by reduction:
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f : E(K}J/M ——— E

p,n M
fp,n: E(F)J/M —> E(F)M

Indeed, the vertical homomorphisms are isomorphisms by the propertiesof

good reduction. Then ?p a coincides with the reduction of fp n’ since
2 .
Fro -1 =aFr_ - (p+ 1) on E(¥) . Thus, we must onl rove that f is
P p'p P 1® yp p,n

an isomorphism. This is true, since fp n is an injection and [E(K)/M] =

y

[E(F)/M] = M® (since E(F), = Z/M + Z/M).

»

Let [, ]M,: EM’ x E,., — s denote the nondegenerate alternating
Weil pairing, where iy, is the group of M'th roots of unity. We have the
following equality (cf. §4.3 in [8]):

(ge,, ge,ly, = gleg, el . (7)
Let EM = ES + Eé be the decomposition relative to the action of Frp

{see the introduction). We shall show that'E; = Z/M for v € {0, 1}.

i = + = =
Otherwise, Frp *1 on El and we have [el, 82]1 [Frpel. Frpezll

1
1,7 = ley, o)l

= P = = i i
Frp[el, ezll [eI, ezll { 1 (since 1 is odd),

1 €2’1
which is impossible, since [ , }1 is a nondegenerate pairing.

n denote Hl(K, EM) = Hom (Gab/(Gab)M, EM), where Gab is the

Galois group of the maximal abelian extension of K. Using the isomorphism
M5 /™)™ from local class field theory, identify H o vith

B

€1 &

Let H
P

y

* *
8 : K /K
P

* *M * *M
Hom(X /K ™, EM). The group K /X = is the direct sum of its cyclic

/M

subgroups of order M, An = p and ﬂn = U/UM, where U is the group of

units of XK. Let A and B be the subgroups of H of all

B.n P.n N
homomorphlisms which are trivial on Bn and ﬂn' respectively. Then the group
H is the direct sum of A and B
p,n p.n P

’ '

»n

and A_ _ = E(K)/M, since E(K)M c A _ = H™ and [E(X)/M] = [A_ ] =
» Pn p.,n p,n p.n
M.

If 2p n i1s the class field of K which corresponds to the subgroup

»

*M 7 * 1
K p of XK, then B = H (G , E), where G =G /K).
p,n p.n’ M p.n p,n
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The decomposition H = A + B implies that H decomposes
p,n p,n p.n pP.n

into a direct sum of the cyclic subgroups of order M, A; n and B: n

Let Kp be the class fleld of X corresponding to the subgroup
*
pZ(Zp + pO{(p)), where O(p) is the ring of integers of K. The field Kp is a

cyclic totally ramified extension of K of degree p + 1 and Ep n is a

subextension of Kp of degree M over K. Suppose Lhat p divides A, By the
properties of ring class flelds (cf. §1 in [3]), the completion of Kh/p in
E(p) is the field K, the completion of KA is the field Kp' and the
embedding of G(E(p)/K) into G(E/Kk/p) induces an isomorphism between

G(KP/K) and G(K,/K, , J. Thus, the generator tp of G(KA/K

} can also be
A A/p P

Vg

considered as a gencrator of G(KP/K). Let tp n dencte the generator of
G which is the image of t .
p,n P

’

If e € E,,, then define b {e) to be the element of G which maps
M p,n p,n

tp n to e. We define a nondegenerate alternating pairing

< ’

>+ H x H —> Z/M by the following conditions: the group HO
p,n p,n p,n 1 p,n

is orthogonal to the group Hp o’ and for s € Ap n we have the relation

’ ’

<s, b (e)>’
P

,n p,n _
S () (), ey,
where
¢ = (et pyBDM p)
p.n I 8 )
Let <, > x H ——3 Z/M be the alternating pairing induced

: H
p.n p,n p.n

by the pairing [ , ]M and the canonical igomorphism HZ(K, uM) > Z/M from

local class field theory. This is a pairing of G(K/Zp)—modules. hence, the

group Hg A is orthogonal to the group H; n Since, according to formula

(5) of [3], <s, b (e)> = <s, b {e)>’ , it then follows that
B p.n p.n p.n

s B

> =<, >
p.n p,n

’

Fix generators e; of the groups E; , Where Mp = ln(p)’ such that
p
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[eg, e;]M = Let e/  be equal to (M /M)e’. Then [e0 , el ] =

p,n(p)’ p,n | N p.n’ p,n
Mo -
cp,n' since [MB’ M«]M = [, B]M for all a, B € EM and M = Mp/M.
p P
Define the homomorphism wv : B — I/M as < b > , wWhere bY
p.n p,n p,n p,n p.n
=b_ (e’ )and v’ 2L 1 - ». Note that y¥  1is trivial on BY = z/Mb”
p,n p,n p,n B p.n

and induces an isomorphism between A; n and Z/M Such that for all s € A; a

+ »

we have
v v v
wp,n(S) ep’n = (~-1)" f ’n(s). (8)
The homomorphism ¢ — Z/M is, by definition, wo + wl and
P, n’ P»ﬂ p,n p.,n

the homomorphism wp n’ H (K, EM) —» Z/M is the composition of wp n and the
localization homomorphism Hl(K, EM) B Hp n
Let SA n denote the subgroup of HliK, EM) of all elements « such that

a(v) € E(K(v))/M for all places v of the field K which do not divide A. We
have the following proposition.

PROPOSITION 1. Let A € A'. Then T € s;(;) (see the definition of

v(r) in the introduction). If (p, A) =1, then rp n(p) =

L

PA (mod ME(K(p))). Suppose that p divides A. Then we have the relations

- B -
(p} e ¢p n A/p n) bp,n, where B = v(r) (9}
and a
B p+1 ., .\B._ Py3
€ wp,n{TA/p,n) p.n = (——H~— {(-1)7¢ i Pk/p‘ (10)

Remark. In the main, the statements of Proposition 1 were proved in
[4] (Theorem 4). Here we remove some of the restrictions imposed in [4] on

A in the relation (9).

Proof. Note that T corresponds to the cocycle

n
' P P (1 - glp
_ A A A
kA'n(g) = (& W ﬁ~) t—— (11)
(1 - g)PA
where ———— € E{K,) is the unique (since E(K ) is trivial) solution
M A A 1°
of the equation Mx = (1 - g)PA € ME(KA). If (p, A) = 1, then KA < X and

G(E(p)/K) c G(E/KA), hence, in view of {11), we see that Ty (p) =
PA {mod ME(X}). Let (), where a € H (R, E ), denote the 1mage of w in
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Hl(R, E)M (cf. (1)). Agaln, in view of (11), we see that (TA n)

corresponds to the cocycle ki (g) = Eiwwﬁglfé; in particular, (TA,n) €
yt (G(K /K}, E(K }JJ. Let v be a place of K which does not divide A. Since
K. /K is unramlfled outside A, it then follows that(t )(v) €
H§(K(v) E)"", the unramified cohomology group of E over K(v). This group
is always finite and is trivial if (v, N) = 1. Gross observed that in the
A,n)(V) = 0 as well.
Hence, taking into account (1) and {6), we have TA,n € Sﬁ,n'

Suppose that p divides A. Since reduction induces an isomorphism

between EM and E(F)M, then k (g) may be deflned by its reduction. We

case via, (T

shall show that if g € G(K(p)/x) c G(K/Kh/p)’ then the reduction of -the
gk gk
first term in (11) is trivial. Indeed, it is equal to gM ﬁ_=

0, since, by virtue of (4) and the definition of PA’ we have P

AT
- {(1+2+ ... 4 p)Fr PA/ € ME(F). Hence, (p) € H (G(K /K), EM) =
Bp n' It remains to calculate the value of T (p) at t . We have
(1 -t )P, i (1=t )L 3,9y ) (p + 1 Trp):[)vp A
M M M
a
_p*1 - P
=5 oA T w Pasp

and for its reduction, in view of (4), (6), and (8), we have the

expression:

a
p+ 1 - PYP  =F (r P = F 1B B
o Fry = i) Pasp = £ nCFrg ) = £, (((17e Py )

- B’
=e n(TA/p) p,n’ 1

2. The Orthogonalily Relation and the Characters &p .
Let R be an extension of @, n =n’, and n” = n’ - n. The exact

sequence

M
0 — EM B EM, — EM” -3 0

induces the exact sequence

o

a ’ 1 "
0'—> E(R)/MER),, — HY(R, E,) 2 u R, E.,) 22 5l@R, B0
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Suppose that for all n = n’ we have E(R)M” = ME(R)M,. Then a n,is an
injection and its image is Hl(R, EM’)M' since LA is also an injection
and @ w o © % e is multiplication by M. In this situation, it is
useful to identify Hl(R, EM) with Hl(R. EM’)M' Specifically, we have the

following two cases. First, suppose that R = K. In this case, since

_ . 1 . s 1
E(K)lm = 0, we identify H (R, EM) with HM’ where Il = lim H (X, EM,). Note

that SA n coincides with (SA n’)M under this identification. The second
case is when R = K(p) and n’ = n(p). Then E(R)M, = EM" hence, ME(R)M, =
EMII = E(R)Mu

Let n = n’ = n(Ax). Then it follows from (2) that T =a, T s
A,n n’,n A,n

or Ty n M”TA oy in view of the identification. From (8) and Proposition

1, for (p, A) =1 and s € SA o e obtain the relations
wp,n’(TA,n') = wp,n(rh,n) (mod M) (12)
and

wp n,(s) = M” wp,n(S) (mod M’). (13)

If A is a periodic Zl—module, then #A denotes the minimum nonnegative

integer k such that lkA = 0. If a € A, then #a = #(a, A) = #Zla.

By the definition of m(A), = , # 0 if and only if n’ > m(XA), and in

A,n
that case we have
#t, , =n’ - m(A). (14)
A,n
’ ’ r V(I’)
Let n’ - m(A) = n =n’ =n(A), and let plA € A'. Then Ty o € SA n "
From (9), in view of the equalities Mt , = 0 and bv(r) = M”bv(r), it
A,n p,n p,n
follows that M”|y (t ) and T (p) = ey (T )/M")bV(r).
p,n’ " A/p,n’ A,n’ p,n’ " "A/p,n’ p,n
If s es’ (D)

- then, in consequence of the reciprocity law, we have the

orthogonality relation } <TR n,(p), s(p)> n= 0. This relation, taking
pIA L pl

into account the previous equality and the definition of the homomorphism

wp,n' gives us the relation
T

pla
The universality of the characters wp n (where n = n(p)) is evident

from the following proposition. We use the decomposition H = HO + Hl

relative to the action of G(K/@).

p,n’(rh/p,n')/M”) wp,n(S) =0 (mod M). (15)
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PROPOSITION 2. Let A0 and A1 be finite subgroups of Hg and Hé,
0,1

respectively, ¢ € Hom(AO’l, Z/M), and n’ 2z n. Then there exist
infinitely many primes p such that M’}Mp, (i.e., n’ = nlp)) and

0,1

Z/M(restriction of wgf; to A7'7) = (Z/M)wo'l.

Proof. We consider in detail the case where E has no complex
multiplication. The other case is handled analogously.

_ 0 1
Let EM = EM + EM be the decomposition of EM

Z = {1, o}, where ¢ is the automorphism of complex conjugation. Since ¢ =

C—l for all ¢ Hy it then follows that Eﬁ’l

0,1 be the respective generator of Eg'l. Let V = K(EM,). Note that

is nondegecnerate, it follows that

relative to the action of

= Z/M {(cf. {7) and below).
Let e
from (7), since the pairing [ , 1

“M’ cC V.

Define the homomorphism f: H 3b
ab M

= G(Vab/V) and V is the maximal abellan extenslon of V) as follows: for
all z € Gsb and h = hO + h1 € HM, we have

Ml

1 _ ab
— H7({V; pM) = Hom(GV ) pM) {where G

f(h): z > [ho(z), ellﬁ {hl(z), eolﬁ. (16)

Suppose that f is an injection. Let W be the abelian extension of V

corresponding to f{A), where A = AO + Al, that is, W is the fixed field for

ker f(A) c Gib.

By Kummer theory, the natural homomorphism G(W/V) —— Hom(f{(A), MM) ig
an isomorphism, hence, in view of the isomorphism f: A —> f(A), we have

the isomorphism G(W/V) —> Hom(A, ”M)' Suppose that n € G(W/V) corresponds

v

to the element x e Hom(A, uM) such that y = CW on Av, where & = [eo, ellM.
Let B = no, € G{(W/@Q), where Ty is the restriction of o to W. According to
the Chebotarev density theorem, there exist infinitely many rational primes

q which do not divide N1, are unramified in W, and such that 8 = Fr 2£

FFW(w)/Q for some place w of W dividing q. We shall show that such primes

q satisfy the conditions of the proposition.

Since B is nontrivial on K, it follows that g is a prime of K.

Furthermore, M’ |(q + 1), since for € € Hyr < V, we have E_l = E¢ = EB = EFr
= Eq. We see that Frz = 0? =1 on EM, and, on the other hand,

2 - - =
Fr aqFr +q=0on EM" Hence, aqFr =q+1=0on EM' or,

equivalently, M’Iaq. Therefore M’qu.
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Let g € G(V/@) and let a(g) = 1 if g € G(V/K), and «(g) = -1,
otherwise. If (-I)V_lc = 1, then, by definition, o acts trivially on H;,
hence, h'(28) = gnh’(z). 1If ('1)v~18 = -1, then ¢ acts on I by

M
multiplication by -1, hence, hY(28) = a{g)ghv(z). Using (7) as well, for
b’ e A, we have (0V(Fr?), &1, = V), 12 = ) = 10, o'l

where b = wv(hv). Hence, considering (8), we see that w; n is proportional
*
to ¥ by a factor from (Z/M) .

Now we shall prove that f 1s an injection. Let h € ker f. Then it

follows from (16) that for all z e Gsb we have

in%¢z), e1lM = [h'(2), eolgl. (17)

-1
The substitution z r— z® gives us the equality

n(z), ge'l, = h'(2), geolga(g’. (18)

0,1 1

Let e be the respective generator of EO’1 such that (M’/M)e?' =

e
¢®'!. Define the homomorphism p: G(V/K) —- GL,(Z/M') so that g[ 1] =
¢

1
p(g)[ 1}. Since 1 € B(E}, it then folows that Im p = GLZ(Z/M').

€1
Furthermore, the homomorphism p: G(V/K) — GLZ(Z/M’) is an injection, and
is an isomorphism when K < Q(EM,). The field K is a subfield of Q(E,, )} if

and only if 1 = 3 (mod 4) and K = ©(v-1), in which case p{(G{V/K)) = ker &',

where the homomorphism §’: GLZ(Z/M’) — {+ 1} is induced by

»*
det: GLZ(Z/M’) — (Z/M’) and the unique nontrivial homomorphism

*
6: (Z/M') — {x 1} (cf. §4 in [1])
Let gy € G(V/K) be such that p(go) = [
in (18), we obtain the equality

01

-1 0]' Substituting 88 for g

m°(z), g%l = h'(2), gelxg(g’. (19)

Let K ¢ Q(EM,). Then there exists an element g, € G{(V/Q/E,,, )} such
that a(gl) = -1. Obviously, the relations (18) and (19) for g =1 and g =

0'1] = 1 and [hl(z), eo’ll

Bq» respectively, together imply that [ho(z), e M

M
= 1, hence, ho(z) = hl(z) = 0,
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Suppose that K ¢ Q(E,,,). Then K = @Q(v-1), hence 1 > 3, since we are
assuming that K # Q(v¥-3}. Since 1 > 3, then there exists an element a €
Z/M’ such that 8(a) = 1 but a £ 1 (mod 1). Let g, € G(V/K) be such that

p(gz) = (é 2). Comparing (18) and (19) for g = 1 and g = g,» respectively,

we obtain ho(z) = hl(z) = 0.
1
Thus, resv/K(h) = 0., It remains to show that resy i HM — H (Y, EM)

is an injection. Let g, € G(V/K) be such that p(ga) = [“1 0] and G. =

0 -1 3
{1, g3}. Then G3 is a subgroup of order 2 in the center of G{V/K).
Obviously, we have EM = 0 and Hl(Ga, EM) = 0. In view of the spectral
sequence applied to the group G{(V/K) and its normal subgroup G3, we see
-yl .
that ker(resV/K) = H (G(V/K), E,) is the trivial group. [ ]

We need the following corollary to Proposition 2.

PROPOSITION 3. Let Ao and A1 be finite subgroups of Hﬁ and H&,
respectively, let f?’;: Hom(AG’l, Z/4) — C?’; be sur jective
homomorphisms, and suppose that n’ = n. Then there exist infinitely many

. , 0,1 L 0,1 0,1, _ ,0,1
primes p such that M [Mp and #flyz(restrzctlon of wp,n to A ) = #Cl,zf

Proof. By virtue of Proposition 2, it 1s enough to prove the

existence of characters w0’1

#C?’;. There exists a character wv, since otherwise Hom(Av, Z/M) is the

e Hom(A®' 1, Z/M) such that #f?’;(wo’l -

union of two proper subgroups, which is impossible. I

Let A € A", 5 € A, and 8IA. Let S

. 8.1 denote the group SA n when &
= 1, the intersection of SA n with the kernels of the characters ¢p n for
all plé > 1. We have the following proposition.

PROPOSITICN 4. Let v € {0, 1} and r -~ k > 0. Then #SX sn =D
s v . v rl
Prozfi Since Sh,é,n-l is the subgroup of SA,&,n of all elements of
period 1 , it is sufficient to prove the equality
;s¥ . ss¥ 1= 177 (20)

A,8,n TA,8,n-1

Note that (20) implies that the multiplicity of n in the sequence of
invariants of Si s.n is not less than {r -~ k}/n.
If v is a place of K, then H denotes Hl(K(v), E.,) and A denotes
v,n M v,n

' *

E{K(v))/M. If B is a set of places of K, then H n denotes the locally
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compact group 1 | H n The pairing < , >B n = v <, >v n identifies the
v'B ' ’ VIB »

group Hﬁ n with its dual group. We use multiplicative notation: vig
signifies that v € 8 and Blﬁz denotes Bl v BZ. An element of A is
identified with its set of prime divisors. Let B = A/8 and let Zn be the

image of S A,8,n in HB' . It is sufficlent to prove that 2n is an isotropic
subgroup of H? n’ because then 2n is an xsotroplc subgroup of HB, , hence
[Zn] = [HB ] =M ang [Zn_ll = mM/1)" (the latter equaltiy holds
since, in the previous equallty, n is any natural number = n(A}). Thus,
(2072 1 = 1775, whence follows (20).

Let « be the set of all places of K. By the Tate-Poitou theorem (cf.

[9])), the image ¥, of the group H in H, n is an lsotropic subgroup of

H . Let Y denote the group n B n A . Since A is an
o, n p,n v,n v,n
plé (v,A)=1

isotropic subgroup of Hv n’ by local Tate theory, and B n is an isotropic

subgroup of Hp n (ef. §1), it follows that Y3 is an isotropic subgroup of
Ha/B.n'

Let YZ = HB,n x Y3. We have Zn = PrB(Y1 n YZ). Obviously, the

2> = 0 holds. let z e H and <2 _, z> = 0. Let z’
n B,n B,n n B,n

’ - I =
denote an element of Ha,n such that PrB(z } = z and Pra/ﬁ(z ) 0. Since

z’ is orthogonal to Y1 n YZ’ then by Pontryagin theory, z' = z

equality <2n'

1 + zz, where
1 1 _
z € Y1 = Y1 and z, € Y2. We have PrB(zz) € HB. = 0 and Pra/B(zz) e Y, =

Y3. Hence, 2z’ - 22 = z1 € Y1 n Y2 and PrB(z - zz) = z, that is, z € Zn'

We now have all that is necessary for the study of the group X
1K, E)lm

3. A Structural Theorem for X.

#

Let A; denote the subset of A" conslisting of all elements A such that
n(A) = n; then A_ denotes UA'. Let ¢’ _ be the restriction of wv to the
n n p,n p,n

v

Selmer group S; = S1 n and @; n the subgroup of Hom(Sg, Z/M) generated by

v
wp,n for all pla.

In the sequel, we shall assume that n” 2 n’ = n. We have the

following proposition.

Kk k+1 _
PROFOSITION 5. Let & € An”' n > mn(s), 6q € A SV and #wq n(Ts, n) =

#ra . Then m{8q) = m(8). If, moreover, n” -~ n =z m{(8q) and ¢ = 1 - v(k),
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L L - B
then #wq’n {mod $6’n) = m(8) - m(3q).

Proof. By Proposition 1, T (q) = ey (t )b*

Then, in view

8q,n q,n &,n’ gq,n
of (14) and our assumptions, we have n - m(8q) = #Taq, #wq a'Ts, n) =
#ra n =D m(3). Hence, m(3q) = m(3).
It is a consequence of (15) that an n € ¢; o' where Z/M > a =
m{8q) . _ a
wq,n’(ra,n’)/l and n’ = n + m{3q). Since ord (wq nTs, n)) = n #Ts'n

= m{3) and (12) holds, it then follows that ordl(a) = m(8) - m(dq}. |}

If 8§ € Ak, vwhere r = k, then mr(é) denotes min m(A), where A runs
through the set of elements of A" for which & is a divisor. We have the
following proposition.

PROPOSITION 6. If 3 ¢ Ak is such that m(8) < w, then mk+1(8) =< m(3).

Proof. Let n = n(8); then n > m(s8), since m(8) < w. According to
k+1

Proposition 3, there exists q such that 8q € A} and #wq’n(ta’n) = “Té,n'

Then, by Proposition 5, we have the equality m(3q) = m(3). J
Recall that, for r = O, m_ denotes mr(l). The following proposition
holds.

PROPOSITION 7. The sequence {mr} is such that m = LI
Proof. By assumption, the point P1 has infinite order. Hence L < w

(m, is the exponent of the highest power of 1 dividing P, in E(K}). Now

0
apply Proposition 6 and use induction on r. l

1

Let T; n denote the quotient group of Hom(S;, Z/M} with respect to

v

és n Recall that v’ denotes 1 — v, where v € {0, 1}. We have the
1

following proposition.
PROPOSITION 8. Let k20, r 2k, a = v(k), 8 = v(r), and n”

v
:\
v
=

Let 8 Aﬁn be such that x af mr(é) <nand A € A; such that m(A) = x.

Then there exists q & A1 satisfying the following conditions:
0) {q, A) = 1 and M”!Mq;

) = #t

B :
SRV ont

2) at our discretion, one of the following two conditions is
fulfilled:

o’ -
21) #wq,n' (mod Q ) #T

l

6 n' '

. . o -
22) if k =z 1, then for a preassigned pllG, ﬂwq,n’(TS/pl,n’) =

# .

S/pl,n
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3) #w )} o= #x

Ts,n’ T Ys,ntt
4) there exists pl(A/8) such that m(Aq/p) =

Moreover, if a = ' and n” - nzy g£ m(8), then we may choose a p

satisfying 4) so that the following condition is fulfilled:

s) w'p n 6 n) = #Té,n'

7
Proof. By Proposition 4, there exists s € Sg s.n such that #s = n
According to Proposition 3, there exists q € A" satisfying conditions 0) -
3) and the following condition:
6) #wq,n,(s) = §#s = n.

Since Thq n and s are orthogonal (cf. (15)), we have the relation

>

B B R - B df
Z v (s)y (t ) = wq,n(S)wq, ) = z € Z/M.

(t
pl(l/s) p,n p,n >\q/p»n A,n

It follows from {(12) and (13) that conditions 1) and 6) are satsified

as well after the substitution n’ » n. Hence, #z =n - x > 0. By the

definition of x, we have #wp n Aq/p rl) = #qu/p,n = n - x. Thus, there
exists pl{(A/8) such that the following conditions are fulfilled:
B - o~ =
7) 1¢p n( Aa/p, n) = n ~ x and, hence, m{iq/p)

8) #wg'n(s) = n.

If « =8 and n” - n =2 y, then we may take the element Ts nty to be s. If

Tsn = 0, then 5} obviously holds. Otherwise, #rs n=nc-Yy > 0, and then
3 A _ y H

5) follows from 8), since T5.n 1 s nty” | |

Moreover, we have the following proposition.
PROPOSITION 9. Let n > m, and n’ =m+ L Suppose that r =k + 1 =
1, 8 € AE,, and m(8) = mo_y- Then there exists P such that Spr € Ar and

m(apr) = mr(a). For every such P if B = v{(r), we have

B B - a8 -
#wpr, (mod ¢5 n) = #Té,n =m_ mr(é) (21)
#wpr,n(ra,n) = #T6,n (22)
#wB' (mod o5’ Jzm m where r = 2 (23)
r-1' o

PR 8,n r-2
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Proof. Let A ¢ A;+1, where x = m(8), be such that m{A) = x. The

»

existence of P follows from Proposition 8 applied to 6 and A (and n” = n’

7

n’ =n, n=x+1).
Now apply Proposition 8 to § and A = 6pr {where n” = pn’ and n’ = n).

Select a q corresponding to condition 21). From conditions 1) and 21), and

Proposition 5, it follows that #Tg nEY T X where y = m(8) = m__q- The
element a = T belongs to Sﬁ < SB , by virtue of Proposition 1 and
59,y 1,y 1,n
the relation 76’ y = 0 for all & € A;_l {(by the definition of mr_1 = yJ.
. _ . n-y [£1 - u B
Since a = 1 T5,n’ it then follows from 7) that ﬂwpr,n(a) = #wpr,n(réq,n
-{n-y)=y~x. Sinceadl ¢ then we have that #wB (mod o ) =
: s,n’ p..n §,n
y - x and, hence, (21) is true.
' i
Analogously, the element b = t € SB and b L @B . According
6,mr_2 i,n. d,n
¢
to 5), (22) is true, hence, #wB (b) =m -y, and (23) holds. |}
pr,n r-2
If w is the sequence Pgr 0Pl then for 0 = 1 = r, w(i) denotes the
product po...pr. Define Q; to be the set of sequences w = (po,....pr) such

that w(r) e AY and m(w(i)) = my for 0 =1 =r. In particular, Qg contains

only po g£ 1.

A priori, by the Mordell-Weil theorem, and because E(K) w is trivial,
1

v
the group (EKIMY is isomorphic to (zM)8 , where go + gl is equal to the

rank of E over K. The sequence {1) induces the exact sequence

0 — EEKIMY —s ¥ —o. (24)
i,n 1,n
v v v
Here Xl,n = XM' By the weak Mordell-Weil theorem, the group sl,n is

finite.

Recall that the Heegner point P1 has a unique representation P, =

1
m

1 Om, where =2 € E(K) \ 1E(K).

Let n > mo, r=1, w= p0 = 1, and choose p1 as in Proposition 9.

o _ 0 =
Then Tﬁ,n = Hom(Slln, Z/M) and m1(6) =m,. According to (21}, we have
0 _ 40 _ - 0
#Sl,n = #Té,n =my - m, < n. Hence, in view of (24), it follows that g =



o, S0 = S0 , and XO = XO = XO is a finlte group. In
1,n i,m_ -m i,n 1,m.~-m
01 01
particular, the invariants xg of X0 coincide with the invariants of T? n
Moreover, it follows from (22) that #wé n (=(mod ME(X))) = n, hence,
1'
Si o is the direct sum of Z/Mz {mod ME(K)) « Z/M and Y = ker ¢; 0
s 11
Let r =2, w= (1, pl), and 8§ = py- Then T; n is the dual group for
Y. Hence, it follows from (21) that #Y = #T; n =M m2(6) and, in view
of (24), , we have g* = 1 and X' = X} = x} is finite and

1,n 1,m1—m (3)

e e BN

isomorphic to Y. 1In particular, the invariants x; of the group X1 coincide

with the invariants of the group T; o’
1)

In [1] it was proved that go = 0, and in [4] that gl = 1 and [X]]1
Recall that, for v € {0, 1} and j € N, v(]j) denotes the element of
{0, 1} such that j - v(j) - 1 is even, and (J, v) denotes j - |lv = v(Jj)].

We have the following theorem.

Zmo

THEOREM 1. Let r > 0, n > mo, and n’ = n + mo. Then the set Q;, is
nonempty. Moreover, for all w e ngl, there exists prl(w, pr) € Q;,. Let

r —
w e Qn,. Then for 1 = j = r we have the equalily #wp,n(rw(j~1),n) =

#Tw(J—l),n’ and if v € {0, 1} is such that r - v > 0, then for 1 + v = j =

r we have

v ) ¥ . (25)

v - - =
$o (mod ¢ = m(j’v)_1 m(J,V) v

pj,n w(j-1),n

Proof. For r = 1, the theorem was proved above. Therefore, by
induction, it is sufficient to prove the theorem for r = 2, assuming it to
be true for all r’ >r. Let we ngl, 8 = wlr - 1), and choose p. as in

Proposition 9 so that, in particular, the relations (21) - (23) hold.

Since the theorem is true for r - 1, 1t then follows that #Tg n= x:_v, and
= B’ = _ B _ -
for B = v(r), Xee1-g’ = Prep T Mg Hence the equality Xg' = P2
A ) Bl 3’
mo_q holds, by (23) and the inequality xr—B’ = xr—l—B" In view of (21),

(22), and the induction hypothesis, it remalins only to prove that mr(a) =

m_. This will be done if we prove that the set Q;, is nonempty. Indeed,

using the fact that (w’', p’) € ﬂ;,, as above, we then have mo_q " m= xg_B

= mr_1 - mr(é). Ifus= mr + 1 for 0 sk sr, then Uk denctes the set of
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r

pairs w e'Qi,, A € A such that w(k)]A and m{(A) = m . It follows from

c

;, is nonempty if Ur‘1 is nonempty. Then, since UO is

nonempty, it is sufficient to prove that Uk+1 is nonempty if k < r - 1 and

Uk is nonempty. Then, by induction, Ur”1 is nonempty. Let (w, A) € Uk.

Proposition 9 that Q

Apply Proposition 8 to 8 = w(k), A (and n” = n’, n = u), and choose a ¢q

corresponding to condition 21). VWe need to show that m(Sq) = m then

K+1’
the pair ({(w, q), Aq/p) will belong to Uk+1. By Theorem 1 for k + 1 =
a’ o’

r - 1, we have that M " M = Xetear T #Té,n’ where a = v(k}. On ;?e

other hand, in view of Propsition 5 and condition 21), we see that #T =

J,n
but, by the deflinition of m

m - m(3q). Hence, m(3q) = we have

Mgey
mog S m(3q). Thus, m{(3q) = LR [ ]
The purpose of the remainder of §3 is the parameterization of X and

k+1’

its dual group by a sequence of prime numbers more arbitrary than Q. This

is essential for an effective description of the structure of X and its

dual group, and for the parameterization of X by the classes Ty n and of
its dual group by the characters @p n
For r =z 0 define Hg, to be the set of sequences m = (po....,pr) such
that n(r) e A;,; ifr>0and 1 = j <r, then
#&pj’n,(rn(j_l),n,) = ﬁrn(j—l),n' (26)
and, if r 2 2 and 2 5 j = r, moreover,
# ) = 4t (27}

pj,n‘(rn(j-l)/pl,n' n(j-l)/pl,n"

Recall that m = min m_ = lim m_. Let A € A" be such that m{dA} = m.
rz0 r-e . -1
As in the above proof of the nonemptiness of U , using Proposition 8,

condition 22), and induction, we shall prove that for all n’ there exists n
€ H;, such that m{n{r)) = m. We shall say that n H;, is minimal if
m(r(r}) = m. From Propositions 5 and 8 it follows that if n’ € H;Tl is
minimal, then there exists P such that (n’, pr) € H;, is minimal.

Let n > my and n z n + mo. Assume that r 2 2, that 7w € H;, is
minimal, and n -~ P is minimal as well. If v € {0, 1}, then u(v) denotes

r-vifr-viseven (l.e., v = v(r + 1)), otherwise (i.e., when v =

v(r)), u(v) denotes r -~ v - 1. Let AV = nuy) + v). By Proposition 9,
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v

T v = 0, that is, w; n’ where 1 = j = u(v) + v, generate Hom(SY, Z/M).

A ,n 3’
In particular, the homomorphism a; in (33) is an isomorphism. For 1 - v =
i = u(v), set
v
Ai = (i + V)/pv(i) (28)
and

zg =T b € S v (29)
Ai,n+m(hi) Ai,n

For 1 =1 =su(v) and 1l - v s j = u{v), define the elements a’ . e I/M

ij
as follows: 1f j > i, or if j + v = 1 and 1 1s even, then
v
aij = 0, (30)
and for the remaining pairs 1ij:
v
v m(Ai)
aij =y v (T, v /1 . (31)
pj+v,n+m(hi) hi/pj+v,n+m(hi}

From the orthogonality relation (15), with n’ =n + m(A:) and A = AZ,
it follows that for 1 =i = u(v) we have

uf{v)

Y a, .
jel-p Py 0

= 0. (32)

Let a = (aij} be a square matrix of dimension u with coefficients n

Z/M. Let A(a) denote the abelian M-periodic group given by
u
generators 1j’ where 1 = j = n, and relations [ a

J=t
identifying 1j with the element of (Z/M)u having the jth component equal to
1 and the others equal to zero, we can identify A{a) with the quotient

1.=0. B
15 Y

group of (Z/M)u with respect to the subgroup generated by the rows of a.

Let r =2 + v, a’ = {a: } for 1 = 1,j = u(v), and AY = A(a”). Sending

J

1. to wv (mod wv ) and taking (32) into account, we define the
J Py D p,,n

sur jective homomorphism az in (33). VWe have the isomorphisms
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o o

v 1 v v ~2 v v

AL —— 0 /((pp ,n) — Hom(SM, Z/M)/(sop ,n)
A ,n v v
v
T % (33)
v
o
XY 2 Hom(xX¥, Z/M).
Here wo 2£ 1 and (wv } is the subgroup generated by wv . It
ponn pv'n pV'n

was proved above that the natural injection a;

isomorphism ag is induced by the exact sequence (24), and aZ is any

is an isomorphism. The

isomorphism between x” and 1ts dual group. We shall prove below that az is

an isomorphism as well,

If b € Z/M, then ordl(b) gi n - #b. Using Proposition 5, (26}, and
(27), we obtain the relation

v, v _ v,

ordl(aii) = m(Ai/pi+v) m(Ai) =my <n. (34)
Since a,, = 0 if J > i, It then follows that ord (] = 2 a
u{v)

I ordi(aii). Equation {(34) implies that 2L+ 2t = 2mg - m{n{r - 1)) -
i=1

m(n(r)/pl). We shall show that m(n(r)/pl) = m. Since m(n(r - 1)) =m, by
the conditions on m, it follows that

ordl([AO][All) <70+ 2! = 2ng - 2m. (35)

Let A = r(r). Since 7, . ands = TA/(plpr),ﬂ+m

considered as elements of SA n (cf. (15)), then if 8, =

are orthogonal,

m

Wp n+m(TA/p n+m)_/l , it follows that
1’ 1’

(s) = 62 af ~{p (

m
o . ra/pr'n+m)/1 Wy, n(s).

pl,n r
From conditions (26) and (27) and the equality m(A/pr) = m, we obtain that
#92 = #s > 0. Thus, 91 € {(Z/M)* and m(k/pl) = m, since otherwise m(h/pl) >

m, which implies that 61 e 1(zZ/M).

Since ord, ([X°11x']) = 2m - 2m (cf. Theorem D of the introduction)
and (35) holds, it follows that the surjective homomorphisms “0 and al are

1 1
isomorphisms.

Note that wp n{z?) =0 for 1 = j = i, because then, by Proposition
v’
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1, ) e and ¢y (B_ ) =0 {(cf. §1). We see from (26) and

zv(p Bv
1 Py,R p,n"p,n

(27) that, if u(v) = 2 and 1 < u(v), then ¢ (z?) e (Z/M)*. According
i+1+v
to (14), #2; =n+m@]) - m(A]) = n. We shall show that if (c;,...,c

e @MY is such that

)

ulv)

u(v) v
Y c,z, =0, (36)
=1 1t
then ¢y = 0 for 1 =1 s u(v). It is sufficient to consider the case u(v) =

2. Then for 2 = § s u{v) + v, we apply the characters ¢ n to (36}. By

J+’
the properties of z° noted above, we obtain c, =

1 e = Cu(u)—l = 0 and,

hence, c = 0 as well.
ulv)

Then, from the definition of z: and Proposition 1, it follows that
u(v)

T cizg es? , and
zl pv’

v v v _
zi(pj+v) = aijbpj+v,n {(mod E(K(p3+v))/M. Thus, w = .

the following relation holds for 1 = j = u(v):

u(v) v
1§1 Ciaij = 0. (37)

Note that the orthogonality between elements of S; n and
1!
2 {mod ME(K)), in view of the fact that wp n(a {mod ME{X)) e (Z/M)* and
1)
(26), implies that S; n = S;. Therefore, (37) is the condition that w
1,

v v
belong to the group SM' Let B" = {Cl""’cu(v)} be the subgroup of

ul{v)

(Z/M) defined by (37). 1If a is a matrix, then atr denotes the

transpose of the matrix a.

ulv) u(v)

The pairing (Z/M) x (Z/M) —3 /M, under which (li’ 1,) =38

J ij
{the Kronecker symbol)}, induces the isomorphism 3; in (38). The

isomorphisn 3i is any lsomorphism of the dual groups. Then Bg is an

injection under which (cl""'cu(v)) +» W. The isomorphism BZ is induced
by the homomorphism S; —3 X’ in (24). We have
v v v v
By By B3 By
A ) = Hom(A@” YTy, zM) = BY T ker s )

2v
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We shall show that, for n > Zmo, Bg is also an isomorphism. Let a be

1j =0 for j> i and £ =

u
N ordl(aii) = n, Using induction on u and our assumptions, we see that
i=1

ordl[A(a)] = &,

a square matrix of dimension u over Z/M such that a

v tr
In particular, if n > 2m and a = a , then € = n, by virtue of (35),
and hence, ordl[Bv] =€ = z7. Thus, since ordl([Xol[XI]) = Z0 + z1 =
2mD - 2m, and Bg and 3; are injections, it follows that ﬁg and B; are

isomorphisms.
"o
Note that since 1

Xv = 0, then for n = m_ and n* > ZmO, we have the

0
isomorphisms a;. and for n’ > 3m0, the isomorphisms B; for 1 =k = 4

m N
(obtained by reduction modulo 1 0 of the corresponding homomorphisms for n

=mg + 1),

Fix 0 = 2 or @ = 3. Assume that the value of m is known, for example,
m= m?; that 1s, the l-component of BS for E over K is true. Assume as

well that we can effectively calculate the values of ¢p n” on Tt n” for Af

AI
€ Aand {p, A} = 1, 1l.e., in view of (10), we can calculate the
coordinates of ?A, e E(F), where F is the residue field of K(p).

Then the above exposition gives us an algorithm for calculating L for

some r =21, n’ = Bmo + 1, and ® = (pO,...,pr) € H;, such that m(A) =
m(A/pl) = m, where A = n{r), and for calculating the coefficients azj

m
EZ/MG, where MO =1 0. Then for n = Mg, We will obtain the isomorphism

(33), in particular, the isomorphism AY 5 xV and the parameterization of

the dual group of X’ by the characters w; . for pl(A’/p). If @ = 3, then
]
we also obtain the isomorphisms in (38), in particular, the

parameterization of x¥ by means of (z:}. We can, of course, use the

explicit matrix a’ = {ai } to calculate the invariants of X.

J
Now we shall demonstrate the algorithm. Sort out (in any order) a
triple n’ > m, r =2 1, n such that A € Ag, untll one is obtained which
satisfies the following conditions.
First, we verify the condition

wpr,m+1(rk/p,m+1) = 0. (39)

It follows from (39) that m(A/p) = m and, in view of Proposition S,
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that m(A} = m. If r = 1, then (39) implies that my
2m-2nm
[X] =1 , and we complete the calculations. If r > 1, then we verify

= m, hence X = 0, since

the conditions

n’ -1 daf

5 = mb = 15J:i?1)+1 Ordl(ij,n(tl,n’)) (40)
and
wpz’m6+1(rl'mo+1) = Q. (41)
It follows from (40} that my = mé. if r > 2, then we verify the
condition
¥ )} = 0. (42)

(T
pl,m0+1 1,m0+1

Furthermore, for 1 = i =2 u{v), we can calculate the values m(hz)

according to the formula

n(xY) = min ordlw (43)

i ,m +1(T v

J=v{i)-v, i<jsuly) pj+v 0] Ai,mo+1

Recall that (r, v} =r if r - v is odd and (r, v) =1 - 1, otherwise.
Then for v = 0, and for v =1 and 1 =1 = (r, v} -~ v - 1 (if such i exist),
we verify the condition

" T % 0. (44)
Piaper ML AT, M)

The conditions (39), (41), and (40) if r = 2, or (42) and (44) if r >
2, are equivalent to the conditions (26) and (27)}; thus, we require a
triple n’, r, n for which (39) and (40) hold and, if r = 2, (42) and (44)
hold as well (for the case r = 1, see above).

The coefficients of a” for r - v = 2 are calculated using (30) and
(31).

If r = 2 or 3, then m, = m(pl, pz) = m, hence, mo=m for r =2 2.

Furthermore, u(0) = 2 and the matrix aO is a square diagonal matrix such

that °rd1(a?1) =my - m(pl). In view of Theorem C (see the introduction)

. . 0 _ _
and (33), we obtain that m, = m(pl) and ordl(azz) = my m(pl). Then (38),

as well as (33), holds already (if n = mo) for @ = 2. In particular, X0 o
0 Mo 2

SM = (Z/1 )7, moreover, T_ and T n form a basis for Sg , and
0 Py P2 My 0
0 0 0 _
" and ¢ form a basis for Hom(S, , Z/M_.}). If r = 2, thenm, =
m MO 0 1

Py:Mg Py My
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m(pl) =m; if r = 3, then Py = A? and, according to (43), m, =

ord, ¢ €4 }.
1 pz,m0+1 pl,m0+1

If r = 2, then #Xl m, - m, =m-m= 0, so X1 = 0. Suppose that r =

1 mipy)-m o 1 1
3. Then Y = ker ¢ n = X" = (2/1 )7, and ¢ " and ¢ n’
P1:Mg P2+ Mg P3:Mg
restricted to Y, form a basis of Hom(Y, Z/MO).
For r > 3, the group Av = XV splits into the direct sum of two
isomorphic subgroups {according to Theorem C}. Such a decomposition is

obtalned as a result of the orthogonality between Ty and T for

Mgy A,mo

A’ JA and A”{A. This permits more rapid calculation of the
invariants of X'.

Recall (cf. Theorem E of the Introduction) that the l-component of BS
is the equality m = m?. If it is known that m = m?, which is automatically
true when m? = 0, then we ban use the algorithm, as above, with m? in place
of m. A calculation using this process ends if and only if m = m?, hence
it allows us to obtain the information above simultaneously with the proof
of the equality m = m?.

Let C be a curve of genus 1 over K having a point over K(v) for all
places v of K. Suppose that C is a principal homogeneous space over E, (z)
€ Hl(K, E) is the cchomology class corresponding to C, M is the period of
{z), every rational prime dividing M belongs to B(E}, z € SM is the elemen§

of the Selmer group which lles over (z), and that for all 1|M and p € I\l we

can calculate the value z{p) € E(K{(p))}/M. Adding to z, if necessary, the
-m
element T( T 1 O)P1 (mod ME(K)), with the corresponding T ¢ N, we may
1iM ‘
m.-m

assume that for all 11M we have z(pl)1 = 0 (mod 1 0 ). Then we have the
following effective criterion (necessary and sufficient condition) for the

curve C to have a polnt over K {(with m, Mg and A, of course, corresponding

to 1):
m-m
v 1iM, ¥pia z(p) = 0 (mod 1 E(X(p))). (45)
If the curve C is defined over @ and has a point over Q(v) forail

places of Q, then the effective criterion for C to have a point over @ is

the criterion (45) with z(p)” in place of z(p), where (1)v-1£ = 1.
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