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Let E be a Well elliptic curve over the field of rational numbers @. 

Note that, according to the Weil-Tsniyama conjecture, every elliptic curve 

over Q is a Well curve. Let R be a finite extension of @ and E(R) the 

group of points of E over ©. According to the Mordell-Weil theorem, E(R) 

is a finitely generated (abelian) group, that is, E(R)to r is finite and 

E(R) = E(R)to r x Z g(R'E), where 0 s g(R, E) ~ Z is the rank of E over R. 

Let L(E, R, s) denote the L-function of E over R (which is defined modulo 

the product of a finite number of Euler factors). According to the 

Birch-Swinnerton-Dyer conjecture (which we abbreviate as BS), g(R, E) is 

the order of the zero of L(E, R, s) at s = I. 

Another important arithmetic invariant of E is the Shafarevich-Tate 

group of E over R: 

I l l ( R ,  E) = ker (HI(R, E) ) ~ HI(R(v),  E)) 
V 

(v runs through the set of all places of R; see the section on notation at 

the end of the introduction). It is known (the weak Mordell-Weil theorem) 

that Ill[R, E) is a periodic group and for all natural H its subgroup 

Ill(R, E) H of H-periodic elements is finite. 

It is conjectured that Ill(R, E) is finite. In that case, BS suggests 

an expression for the order of ]][(R, E) as a product of 

L(g( R, E))(E, R, I) and some other nonzero values connected with E (for 

examples, see (I) in [I] for the case R = ©, and see Theorem B below). Let 

[][](R, E)] ? denote the hypothetical order of ][](R, E); then,according to 

BS, we have the equality []][(R, E)] = [Ill(R, E)] ?. 

For a long time, no examples of E and R were known where [[I(R, E) is 

finite. Only recently, Rubin [2] proved that Ill(R, E) is finite if E has 

complex multiplication, R is the field of complex multiplication, and 

L(E, ©, I) ~ O; the author [I], [3], [4] proved finiteness of ]I[ for some 

family (see below) of Well curves and imaginary quadratic extensions of O. 

For a more detailed exposition of these methods, results, and examples, see 

the introductions to [I] and [4]. 

We now state some results [4] from which we begin the study of []] in 

this article. 

Let N be the conductor of E and ~: ~N ) E a Weil parameterization. 

Here ~N is the modular curve over Q which parameterizes isomorphism classes 
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of isogenies E' ........ > E" of elliptic curves with cyclic kernel of order N. 

The field K = ~(%/D) has discriminant D satisfying 0 > D ~ square (mod 4N), 

where D ~ -3 or -4. Fix an ideal 11 of the rlng of integers 01 of K for 

which 01/i I = Z/N. If A ~ ~, let K l be the ring class field of K with 

conductor A. In particular, K 1 is the maximal abelian unramified extension 

of K. If (l, N) = i, 0 A = Z + 101, and i A = i I n 0 A, let z I denote the 

point of ~N over K A corresponding to the isogeny C/O A ..... ) C/iA 1 (here 

iA I ~ 0 A is the inverse of i A in the group of proper OA-ideals). Set YA = 

~(z A) e E(KA); the point P1 is the norm of Yl from K I to K. The points YA 

and Pl are called Heegner points. 

Let 0 = End(E) and Q = 0 ® ©. Let 1 be a rational prime, T = lim E the 
e--- I n 

Tat® module, and 0 = 0 ® ~i" Let B(E) denote the set of odd rational 

primes which do not divide the discriminant of 0 and for which the natural 

representation p: G(Q/Q) ) AutoT is surjective. It is known (from the 

theory of complex multiplication and Serre theory) that the set of primes 

not belonging to B(E) is finite. Moreover, according to the Mazur theorem~ 

if 0 = Z and N is square-free, then all 1 a II belong to B(E). 

If the point P1 has infinite order, (that is, P1 ~ E(K)tor) and 

g(K, E) = I, let C K denote the integer [E(K)/~PI]. The author proved the 

following theorem in [4]. 

THEOREM A. Suppose that P1 has infinite order. Then g(K, E) = i, the 

g r o u p  I l l ( K ,  E) i s  f i n i t e ,  and [ ] t I ( K ,  E)] d i v i d e s  dC~, where  f o r  a l l  

1 ~ B(E) we have  Ordld = 0. 

In Theorem A, d is an integer which depends upon E but not upon K. 

The application of Theorem A to BS is clear from the following result of 

Gross and Zagier [5] for (D, 2N) = i. 

THEOREM B. The function L(E, K, s) vanishes at s = I. The point Pl 

has infinite order ¢=~ L'(E, K, i) ~ O. If Pl has infinite order, then the 

conjecture that the group Ill(K, E) is finite and BS for E over K, 

together, are equivalent to the following statement: g(K, E) = I, Ill(K, E) 

is finite, and [/_LI(K, E)] = (CK/(C ~ b<q>)) 2. 
q]N 

In theorem B, the integer c is defined in terms of the 

parameterization ~ (cf. [5]), and the integer b<q>, where qlN is prime, is 

the index in E(© ) of the subgroup of points which have nonsingular 
q 

reduction modulo q. 
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Let ~ ann-S , where a n ~ Z, be the canonical L-series of E. It 
n=l 

converges absolutely for Re(s) > 3/2 and has an analytical continuation to 

an entire function of the complex argument. Let L(E, s) denote this 

function; it is the canonical L-function over 8 of the elliptic curve E. 

The function 

E(E, s) = (2~)-SNS/2F(s)L(E, s) 

satisfies the following functional equation: 

E(E, 2 - s) = (-c)E(E, s), 

where E = c(E) is equal to i or -I. 

Fix a prime 1 ~ B(E). Let n(p) = Ordl( p + I, ap), where p is a 

rational prime. Hereafter in this article we use the notation p or Pk' 

where k E ~, only for rational primes which do not divide N, remain prime 

in K, and for which n(p) > O. If r ~ ~, let A r denote the set of all 

products of r distinct such primes. The set A 0 contains only PO df I, and 

A = U A r. If r > 0 and A e A r, let n(X) 
raO 

denote min n(p); then M A = I n(A) and n(1) = ~. Let A ~ A, i s n ~ n(l), 

plA 
and M = i n. In [4], we constructed some cohomology classes ~X,n e 

HI(K, E M) which played a central role in the proof of Theorem A. 

If R is an extension of Q, then the exact sequence 

0 > E M ..... ~ E(R) ×M) E(R) > 0 

induces the exact sequence 

0 > E(R]/M ~ HI(R, E M) ~ HI(R, E) M ~ O. (i) 

If R/L is a Galois extension, then 

resR/L: HI(L, E M) ~ HI(R, EM)G(R/L) 

is the restriction homomorphism, which is an isomorphism when the 

1-component of the torsion part of E(R) is trivial (because of the spectral 

sequence). It is easily seen that the condition 1 ~ B(E) leads to the 

triviality of the 1-component of the torsion subgroup of E(K A) (cf. [6] for 

the case 0 = Z; the case 0 ~ Z can be considered analogously). In 

particular, the value resKA/K completely determines the element TA, n. We 

now give an expression for this value. We use the standard facts about 

ring class fields (which follow from Galois theory and class field theory, 

cf. §I in [3]). If I < A ~ A, then the natural homomorphism 
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G(KA/K I) .... > ~ G(K /K.) is an isomorphism, and we also have the 
plA p i 

N 

isomorphisms G(KA/KA/p) > G(Kp/K I) ~ Z/(p + I). For all p, fix a 

generator tp ~ G(Kp/K I) and let tp also denote the generator of G(KA/KA/p) 

P j 
• = - E jtp and I A = ~ I ~ Z[G{KA/KI)]. corresponding to this tp Let Ip j=l pll p 

Let K be the composite of the KA, where A' runs through the set A. Let Jl 

denote ~ g, where g runs through a set of fixed representatives of G(K/K) 

with respect to G(K/K I) and g is the restrictlon of g to K A thus {g} is the 

set of representatives of G(KA/K) with respect to G(KA/KI). Let PA = 

JAIAyA ~ E(KA). Then 

resKA/K(Tl,n) = PA (sod ME(KA)). (2) 

Suppose, further, that P1 has infinite order. Let X denote the 

1-component of Ill(K, E). Let m 0 = OrdlC K. As a consequence of Theorem A, 

2m 0 
we have the relation [X]II . A natural development of the technique of 

using the classes TI, n is a complete description of the structure of X in 

terms of the Heegner points. I announced this result in [4] (as an 

analogue of a similar theorem in [4] for ideal class groups). In 

particular, the proof is given in this article. Now we shall formulate the 

theorem. 

We have a bijective correspondence between the set of isomorphism 

classes of finite abelian 1-groups and the set of sequences of 

nonnegative integers {n i} such that i z l, n I ~ ni+ I, and lim n i = O. 

n. 
i 

Concretely, the sequence {n i} corresponds to the group ~ Z/I The 
l 

sequence corresponding to a group A is called the sequence of invariants of 

A. If Z is a group of order 2 with generator ~ and A is a Xl[Z]-module, 

then for u = 0 or u = 1 let A u denote the submodule (I - (-l)Uc~)A. Then A 

is the direct sum of A 0 and A 1 and ~ acts on A v as multipl~cation by 

(-l)u-Ic. Let {x~} be the sequence of invariants of X u. If r ~ ~, let 

u(r) denote the element from the set {0, i} such that r - u(r) - I is an 

even integer• Let {r, u) = r - lu - u(r)I. Let m'(A) be the exponent of 

the highest power of 1 which divides PA in E(KA). Define m(A) as m'(k) if 

m'(A) < n(k), and as m otherwise. Let m = mln m(k), where A runs through 
r 
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A r. In particular, m 0 is as previously defined, since E(K)I~ = 0. We have 

the following theorem. 

THEOREM C. The sequence {m } is a sequence of nonnegative integers 
r 

If V = 0 or v = I and r a i + v, then we have the such that m r - mr+ I. 

v 
equality x = r-u m(r,v)-i m(r,v)" 

Let m denote mln m(X), where X runs through A, that is, m = min m = 
r 

rz0 
lim m . Obviously, the next theorem follows from Theorem C. F 

2m0-Zm 
THEOREM D. iX] = 1 

By combining Theorem D with Theorems A and B, we obtain Theorem E. 
? 

THEOREM E. The equality Ordl[X] = Ordl[lll(K, E)]" (the 1-component 

of BS) holds ¢=> m = m ? d_f Ordl(C ~ b<q>). In particular, if m ? = O, ¢=~ 
qIN 

there exists I ~ A such that PA ~ IE(KA)" 

Theorem C is a corollary of the more detailed Theorem I in §3. As I 

noted in [4], the classes TX, n can generate elements in X; see the 

introduction to [4] for the simplest examples. Thus, we have the material 

from which to construct elements in X. On the other hand, the 

orthogonality relation (from class field theory) between the elements of 

HI(K, E M) and TA, n (cf. (15) in §2) restricts the size of X. The 

Chebotarev density theorem plays an important role as well. 

In §3 we also obtain a description of the structure of X and its dual 

group in terms of a special system of primes p, and connected with it a 

system of p-adic characters and the elements rA,n; cf. (33) and (38). On 
? 

this basis we obtain, under the assumptions that m = m and that it is 

possible to effectively calculate the coordinates of PA (mod p) (this 

possibility can, it seems, be easily demonstrated), a description of the 

structure of X, a parameterlzatlon of X by ~A,n' and a parameterization of 
? 

its dual group by p-adie characters. If the inequality m z m" holds (in 
? 

particular, if m" = 0), the corresponding scheme of calculations can be 
? 

used simultaneously for the proof of the equality m = m', which holds ~=~ 

such a program is effective. See the end of §3 for some applications to an 

effective solution of the problem when a curve of genus 1 has a rational 

point. 

In the case of ideal class groups, we have an analogue of the equality 
? 

m = m (from the analytical formula for the Ideal class number), and the 



99 

localization of an analogue of TA, n can be effectively calculated. Thus, 

we have an effective description of some ideal class groups by means of the 

analogues of TA, n (the effective version of Theorem 7 in [4]). We shall 

discuss these questions in detail in the next article. 

We now list some general notation used in this article. If A is an 

abelian group and M is a natural number, then A M and A/M denote the kernel 

and cokernel, respectively, of multiplication by M. If L is a field, then 

denotes its algebraic closure. If R/L is a Galois extention, then G(R/L) 

denotes the Galois group of R over L. We shall abbreviate HI(G(L/L), A) as 

HI(L, A), where A is a G(L/L)-module. If 0 is a commutative ring with l, 

then 0 denotes its subgroup of invertible elements. 

If R is a finite extension of ~ and v is a place (a class of 

equivalent valuations) of R, then R(v) denotes the corresponding completion 

of R. If r ~ HI(R, A), then T(v) ~ HI(R(v), A) denotes the v-localization 

o f  ~ .  

For all p ~ A I, fix a' place p of K which divides p. Let K(p) = 
P 

denote the union of the R(v), where R runs through the set of finite 

extensions of K and v is a place of R such that ply (we use the more common 

notation Q for ©(p)). We assume that K is a subfield of the field of 
P 

complex numbers C. We use the notation n, n', n" for natural numbers and 

M, M', M", respectively, for the numbers i n , i n', i n" . 

i. Properties of the Classes TX, n. 

In the sequel, we shall assume that X belongs to A. llere we list the 

properties of the points YA ([4], cf. also [6]), which play an 

= ~ t j and important role in the theory of the classes ~A,n" Let Trp j=O p 

suppose that p divides X; then 

Trp YA = ap YA/p" (3) 

Let E be the reduction of E modulo p and ~ the residue field of K(p); 

if ~ ~ E(K(~), then let ~ ~ E(~) be the reduction of ~. Let Fr denote the 
th P 

Frobenius automorphism (raising to the p power) of the field ~. If p 

divides A, then for all g E G(Kx/©) we have the relation 

gYA = Frp gYA/p" (4) 

Let eA(i A) denote the value on the class of the ideal il of the 

reciprocity hommorphism 8 X between the group of classes of proper OA-ideals 

and the group G(KA/K). Let ~ be the automorphism of complex conjugation. 



I00 

We have the relation 

¢YA = cOA(iA)YA (mod E(Q)tor). (5) 

Obviously, we have (tp - l)Ip = Trp - (p + I), and since (3) holds, it 

follows that if MI(p + I) and Mlap, then for all g ~ G(KA/©), we have gPA = 

PA (mod ME(KA)). Thus, the relation (2) may be used as a definition of 

TA, n" 
-l 

G (KA/K) = Since ~g = g ~ for all g ~ , it then follows that ~Ip 

-Ip~ (mod M). From this relation and (5) we obtain that ~PA = 

c(-l)rp I (mod ME(KA)), where I e A r. The corresponding property of the 

class rl, n is as follows: 

~rl, n = (-l)rcrl, n. (6) 

We shall now discuss the properties of the localizations of xl, n. We 

first present some facts concerning local cohomology and list some 

notation. Recall that p does not divide N. Therefore the curve E has good 

reduction at p and we can use the standard properties of good reduction 

( e l .  [ 7 ] ) .  

L e t  Qun b e  t h e  max ima l  u n r a m l f i e d  e x t e n s i o n  o f  © ; t h e n  5 i s  i t s  
P P 

r e s i d u e  f i e l d  and  r e d u c t i o n  i n d u c e s  an  i s o m o r p h i s m  b e t w e e n  G = G ( ~ u n / ~  ) 
P P 

a n d  G ( ~ / Z / p ) .  

We s h a l l  a l s o  u s e  F r  t o  d e n o t e  t h e  e l e m e n t  o f  G c o r r e s p o n d i n g  t o  F r  . 
P P 

By t h e  p r o p e r t i e s  o f  good  r e d u c t i o n ,  f o r  a l l  M' = 1 n" we h a v e  

E M, c E ( ~ u n ) ,  and  r e d u c t i o n  i n d u c e s  a G - i s o m o r p h i s m  b e t w e e n  E M, a n d  E ( ~ )  M, p 

Then  EM, = Z/M' + X/M' and  y2 _ apY + p i s  t h e  c h a r a c t e r i s t i c  

, - + p = 0 o n  EM, a n d  o n  E ( ~ ) M , .  p o l y n o m i a l  o f  F r p  on  EM, s o  t h a t  F r ~  a p F r p  2 

Since ap ~ p + I m 0 (mod M), it then follows that Frp - 1 = 0 on EM,, 

therefore E M c E(~). Here ~ is an unramifled quadratic extension of p' 

that is, the fixed field for Fr 2. Since p is prime in K, it follows that 
P 

Fr 2 - 1 
= K(p). Let F be the residue field of X. Let f - P and f = 

p,n M p,n 
a 

~Frp P + I We have the following comutatlve diagram of Isomorphisms 
M 

with the vertical isomorphlsms induced by reduction: 



101 

fp,n: E(~)/M . . . . .  ) E M 

l 1 
fp,n: E(F)/M > E(F) M 

Indeed, the vertical homomorphisms are isomorphisms by the propertiesof 

good reduction. Then fp,n coincides with the reduction of fp,n' since 

Fr 2 - 1 = a Fr - (p + I) on E(~) . Thus, we must only prove that f is 
p p p i m p,n 

an isomorphism. This is true, since f is an injection and [E(~)/M] = 
p,n 

= M z (since E(F) M ~ Z/M + Z/M). [ECF)/M] 

Let [ , ]M': EM' x EM, . ) ~M' denote the nondegenerate alternating 
th 

Well pairing, where ~M' is the group of M' roots of unity. We have the 

following equality (cf. §4.3 in [8]): 

[ge I , ge2]M, = g[e I, e2]M,. C7') 

be the decomposition relative to the action of 
1 

Let F~t = + E M F r  
P 

(see the introduction). We shall show t h a t ' E ~  = Z/M for v e 10,  i}. 

Otherwise, Frp = ±I on E 1 and we have [e l, e2] 1 = [Frpe I, Frpe2] I = 

Frp[e I, e2] 1 = [e I, e2] ~ = [e I , e2]ll ~ [e I , e2] I = I (since I is odd), 

which is impossible, since [ , |I is a nondegenerate pairing. 

Let Hp, n denote HIck, E M) = Hom (Gab/(Gab) M, E M), where G ab is the 

Galois group of the maximal abelian extension of J(. Using the isomorphism 

e : ~/~'M > Gab/(Gab) M from local class field theory, identify H with 
p p,n 

m 

M EM). The group K'/K "M is the direct sum of its cyclic Hom(~ 

subgroups of ordee M, Mn = pl/M and Zn = U/UM' where U is the group of 

units of ~. Let A and B be the subgroups of H of all 
p,n p,n p,n 

homomorphisms which are trlvlal on ~n and ~n' respectively. Then the group 

Hp, n i s  t h e  d i r e c t  sum o f  Ap, n a n d  B p , n ,  

= HUnp,n a n d  [ E ( N ) / M I  = [ A p , n ]  ~ and A = EC~)/M, since E(~)/M c Ap, n 
MZ" p,n 

If ~ is the class field of ~ which corresponds to the subgroup 
p,n 

~*MpZ * 
of X , then Bp, n = HI(G EM), where Gp, n = G(~ /X) 

p,n' p,n " 
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V 

The decomposition H = A + B implies that H decomposes 
p,n p,n p,n p,n 

into a direct sum of the cyclic subgroups of order M, A u and B u . 
p,n p,n 

Let ~ be the class field of ~ corresponding to the subgroup 
P 

pZ[Zp ~ + pO(p)), where O(p) is the ring of integers of ~. The field J(p is a 

cyclic totally ramified extension of ~ of degree p + 1 and ~ is a 
p,n 

subextension of ~ of degree M over ~. Suppose that p divides A. By the 
P 

properties of ring class fields (el. §i in [3]), the completion of KA/p in 

K(p) is the field ~, the completion of K A is the field Xp, and the 

embedding of G(K(p)/~) into G(K/KA/p) induces an isomorphism between 

G(~p/~) and G(KA/KA/p). Thus, the generator tp of G(KN/KA/p) can also be 

considered as a generator of G(~ /~). Let t denote the generator of 
p p , n  

G which is the image of t . 
p,n p 

If e E EM,, then define bp,n(e) to be the element of Gp, n which maps 

t to e. We define a nondegenerate alternating pairing 
p,n 

< , >' : H × H ) E/M by the following conditions: the group H 0 
p,n p,n p,n 1 p,n 

is orthogonal to the group Hp,n, and for s e Ap, n we have the relation 

<s, b (e)>' 
~p,n p,n p,n = [fp,n(S) ' e]M, 

where 

C8-1(t )) CpZ-1)/M Cmod p). 
~ p , n  p p , n  

Let < , > : H x H ....... > E/M be the alternating pairing induced 
p,n p,n p,n 

by the pairing [ , ]M and the canonical isomorphism H2(~, pM ) ) Z/M from 

local class field theory• This is a pairing of G(~/Zp)-modules, hence, the 

H 0 is orthogonal to the group }|i n.-p Since, according to formula group 
p,n 

(5) of [3], <s, bp,n(e)>p, n" = <s, bp,n(e)>'p,n, it then follows that 

<,> =<,>" 
p,n p,n 

v in(P) u of the groups E M , where Mp = , such that Fix generators ep 

P 
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[e~, e~]M = ~p,n(p ). Let eUp,n be equal to (M /M)e v.p P Then [e~,n, elp,n ] = 

~p,n' since [M~, M ] M = [~, ~]~ for all ~, ~ ~ E M and N = Mp/M. 
P P 

u H v v where b u Define the homomorphlsm @p,n: p,n > I/M as < ,bp,n>p, n, p,n 

= b (e u' ) and u" df I - u. Note that ~u is trivial on B u = Z/Mb u 
p,n p,n p,n p,n p,n 

and induces an isomorphism between A u and E/M ~uch that for all s ~ A u 
p,n p,n 

we have 

[,n(S) eV 0p p,n = (-I) u fp,n(S). (8) 

0 I 
) I/M is, by definition, ~p,n + ~p,n The homomorphism @p,n: Hp,n and 

the homomorphism @p,n: HI(K' EM) > I/M is the composition of @p,n and the 

localization homomorphlsm HI(K, E M) .......... > Hp,n. 

Let SA, n denote the subgroup of HI(K, E M) of all elements = such that 

=(v) ~ E(K(v))/M for all places v of the field K which do not divide X. We 

have the following proposition. 

S v ( r )  ( s e e  t h e  d e f i n i t i o n  o f  PROPOSITION 1. L e t  A ~ A r .  Then  r%, n ~ A,n  

v(r) in the introduction). If (p, A) = I, then Tp,n(p) = 

PA (mod ME(K(p))). Suppose that p divides A. Then we have the relations 

b ~ TA,n(P) = ¢ ~p,n(rA/p,n ) p,n' where ~ = u(r) (9) 

and a 

¢ ~p,n(TA/p,n) e~[n = (p + I ~ M (-l)~e - P) Pl/p" (10) 

Remark. In the main, the statements of Proposition 1 were proved in 

[4] (Theorem 4). Here we remove some of the restrlctions imposed in [4] on 

A in the relation (9). 

Proof. Note that ~. corresponds to the cocycle 
^,n PA Pl (1 - g)Px 

kA,n(g) = (g M M) + M ' (Ii) 

(I - g)Pl 
where M ~ E(K A) is the unique (since E(KA)I~ is trivial) solution 

of the equation Mx = (I - g)Pl e ME(KA). If (p, A) = I, then K l c J{ and 

G(K(9)/~) c G(K/KA) , hence, in view of (Ii), we see that TA,n(p) = 

PA (mod ME(H)). Let (=), where = ~ HI(R, EM), denote the image of = in 
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HI(R, E) M (cf. (I)). Again, in view of (ii), we see that (TA, n) 

(1 - g )PA 
corresponds to the cocycle k' n(g) - ; in particular (TA, ) A, M ' n 
HI(G(KA/K), E(KA)). Let v be a place of K which does not divide A. Since 

K./K is unramified outside A, it then follows that(rA,n)(V) 

H~{K(v), E) un, the unramified cohomology group of E over K(v). This group 

is always finite and is trivial if (v, N) = I. Gross observed that in the 

case viA, (TA,n)(V) = 0 as well. 

Hence, taking into account (1) and {6), we have rA, n e S~, n- 

Suppose that p divides A. Since reduction induces an isomorphism 

between E M and E(F)M, then kA,n(g) may be defined by its reduction. We 

shall show that if g ~ G(K[p)/X) ¢ G(K/KA/p), then the reduction of~the 

first term in (II) is trivial. Indeed, it is equal to gM M 

0, since, by virtue of (4) and the definition of PA' we have PA = 

- (I + 2 + ... + p)FrpPA/p ~ ME(F). Hence, TA,n(p) ~ HI(G(~p/~), E M) = 

Bp, n. .It remains to calculate the value of TA,n(p) at tp. We have 

(I - tp)P A _ (I - tp)IplA/pJAy A (p + 1 - Trp)IA/pJAy A 

M M M 

a 
_p+ 1 

M IA/pJAYA - p Pk/p' 

and for its reduction, in view of (4), (6), and (8), we have the 

expression: 

a 
( ~ - ~  Frp - P) PA/p = fp,n(-Frp PA/p ) = fp,n ((-I)~ PA/p) 

o 

= ~ Cp ,n (TA/p  ) eg ,  n I 

2.  The O r t h o g o n a l i t y  R e l a t i o n  and  t h e  C h a r a c t e r s  @p,n" 

Le t  R be an  e x t e n s i o n  o f  Q, n ~ n ' ,  and  n"  = n" - n .  

s e q u e n c e  

0 ~ EM----> EM, M> EM,, .~...> 0 

induces the exact sequence 

O ) E(R)M./ME(R)M, >.HI(R, EM ) =n,n'> HI(R, EM,) 

The exact 

(~n" n" 
, ~ H I ( R ,  EM,,) 
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Suppose that for all n s n' we have E(R)M, , = ME(R)M,. Then ~n,n, iS an 

injection and its image is HI(R, EM,) M, since ~ ,, , is also an injection 
n ,n 

and ~n",n' o an',n" is multiplication by M. In this situation, it is 

useful to identify HI(R, E M) with HI(R, EM,) M. Specifically, we have the 

following two cases. First, suppose that R = K. In this case, since 

E(K) = O, we identify HI(R, E M) with HM, where II = lim HI(K, EM,). Note 
i m ) 

that Sl,n coincides with (Sl,n,) M under this identification. The second 

case is when R = K(p) and n' ~ n(p). Then E(R)M, = EM,, hence, ME(R)M, = 

EM, = E(R)M,. 

Let n s n' s n(l). Then it follows from (2) that TX, n = ~n,,n~l,n ,, 

= M"T. , in view of the identification. From (8) and Proposition OF TA, n A,n ' 

i, for (p, A) = 1 and s E SI, n, we obtain the relations 

~p,n,(~A,n,) = ~p,n(TA,n) (mod M) 

and 

~p,n, (s) = M" ~p,n(S) (mod M'). 

(lZ) 

(13) 

If A is a periodic Zl-mOdule, then #A denotes the minimum nonnegative 

integer k such that ikA = O. If a ~ A, then ~a = ~(a, A) = #Zla. 

By the definition of m(l), ~l,n' ~ 0 if and only if n' > m(1), and in 

that case we have 
= n' - m(l) (14) 

#~l,n' 

_ S v ( r )  L e t  n '  - m(X) s n n '  ~ n ( A ) ,  and  l e t  p [ A  ~ A r .  Then  ~ A , n '  E A , n  " 

b v(r) M"b u(r) it From (9), in view of the equalities MXA,n" = 0 and p,n = p,n ' 

)/M,,)b u(r) follows that M"l~p,n,(~A/p,n,) and T l (P) = e(~p,n'(Xl/p,n' p,n ,n t 

sV(r) If s ~ l,n ' then, in consequence of the reciprocity law, we have the 

orthogonality relation ~ <x I n,(p), s(p)>p, n = O. This relation, taking 
pll ' 

into account the previous equality and the definition of the homomorphism 

~p,n' gives us the relation 

p~l(~p,n,(Xl/p,n,)/M") ~p,n(S) = 0 (mod M). (15) 

The universality of the characters ~p,n (where n s n(p)) is evident 

from the following proposition. We use the decomposition H = H 0 + H 1 

relative to the action of G(K/Q). 
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0 and H~, PROPOSITION 2. Let A 0 and A 1 be finite subEroups of H M 

respectively, ~0,I E Hom(A 0'I, ~/M), and n" ~ n. Then there exist 

infinitely many primes p such that M'IMp, (i.e., n' s n(p)) and 

1 to A 0'I) : (X/M)~ 0'I. Z/M(res tr ic t ion  of  0~[ n 

Proof. We consider in detail the case where E has no complex 

multiplication. The other case is handled analogously. 

0 I 
Let E M = E M + E M be the decomposition of E M relative to the actlon of 

Z = {I, ~}, where ~ is the automorphism of complex conjugation. Since ~ = 

_0,1 
~-i for all ~ ~ PM' it then follows that 5 M = Z/M (el. (7) and below). 

0,I Let V = K(EH,) Note that Let e 0'I be the respective generator of E M 

from (7), since the pairing [ , ]M' is nondegenerate, it follows that 

~M' c V. 
ab 

Define the homomorphlsm f: H M ) HI(v~ ;,M ) = Hom(G¢ b, pM ) (where G V 

= G(vab/v) and V ab is the maximal abellan extension of V) as follows: for 

ab h 0 h 1 all z ~ G V and h = + ~ HM, we have 

OZ f(h): z ~ [hO(z), el]~ [hl(z), e]M" (16) 

Suppose that f is an injection. Let W be the abelian extension of V 

corresponding to f(A), where A = A 0 + A I, that is, W is the fixed field for 
ab 

ker f(A) c G v . 

By Kummer theory, the natural homomorphism G(W/V) > Hom(f(A), gM ) is 

an isomorphism, hence, in view of the isomorphism f: A ----~ f(A), we have 

the isomorphism G(W/V) ) Hom(A, p~4 ). Suppose that n E G(W/V) corresponds 

to the element X ~ Hom(A, pM) such that X = ~w on A w, where ~ = [e O. el) M. 

Let ~ = W~ 1 ~ G(W/©), where ~i is the restriction of ~ to W. According to 

the Chebotarev density theorem, there exist infinitely many rational primes 

q which do not divide NI, are unramified in W, and such that ~ = FF df 

Frw(w)/@ for some place w of W dividing q. We shall show that such primes 
q 

q satisfy the conditions of the proposition. 

Since ~ is nontrivlal on K, it follows that q is a prime of K. 

Furthermore, M'](q + I), since for ~ E gM' c V, we have ~-I = ~ = ~ = ~Fr 

= ~q. We see that Fr 2 = ~ = 1 on EM, and, on the other hand, 

Fr 2 - aqFr + q = 0 on EM,. Hence, aqFr = q + i = 0 on EM, or, 

equivalently, M' [aq. Therefore M'[Mq. 
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Let g ~ G(V/©) and let ~(g) = 1 if g e GCV/K), and ~(g) = -I, 
V 

otherwise. If (-l)U-lc = i, then, by definition, ¢ acts trivially on HM, 

hence, hV(z g) = ghU(z). If (-1)U-lc = -i, then ¢ acts on H~ by 

multiplication by -i, hence, hU(z g) = ~(g)ghU(z). Using (7) as well, for 

v" v ' , 2  = 1 b 
h v e A v, we have [hV(Fr2), e ]M = [hV(n)' e ]M xU(hV) = [eO' e ]M' 

v is proportional where b = ~U(hU). Hence, considering (8), we see that ~q,n 

to ~u by a factor from (Z/M) 

Now we shall prove that f is an injection. Let h e ker f. 
ab 

follows from (16) that for all z ~ G v we have 

[hO(z), el]M = [hl(z), eO]M I. 

-I 
The substitution z ~ z g gives us the equality 

Then it 

(17) 

= -~(g) (Is) [hO(z), gel]  M [hl(z), geO]M 

Let e 0'I be the respective generator of E 0'I such that (M,/M)e{,IO = 

0 

e 0'I. Define the homomorphism p: G(V/K) > GL2(Z/M') so that g 
e 

0 

p(g)IV:l. Since 1 E B(E), it then folows that Im p = GL2(Z/M'). 

-i 
Furthermore, the homomorphism p: G(V/K) > GL2(Z/M') is an injection, and 

is an isomorphism when K c Q(EM,). The field K is a subfield of ~(EM,) if 

and only if 1 m 3 (mod 4) and K = 0(~-I), in which case p(G(V/K)) = ker ~', 

where the homomorphism 6': GLz(Z/M') > {± i} is induced by 

det: GL2(Z/M') ) (Z/M') and the unique nontrivial homomorphism 

6: (Z/M') ) {± I} (cf. §4 in [i]). 

= 

f ~ 

k 2 

in (18), we obtain the equality 

1.~(g) 
[hO(z), geO]M = [hl(z), ge JM * (19) 

Let K ¢ ©(EM,). Then there exists an element gl ~ G(V/Q/EM')) such 

that ~(gl ) = -i. Obviously, the relations (18) and (19) for g = I and g = 

El' respectively, together imply that [hO(z), eO'l] M = I and [hl(z), eO'1] M 

= i, hence, hO(z) = hl(z) = O. 
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Suppose that K c ©(EM,). Then K = ©(vC-l), hence 1 > 3, since we are 

assuming that K ~ ©(~/L-~). Since 1 > 3, then there exists an element a 

Z/M' such that ~(a) = I but a m i (mod i). Let g2 ~ G(V/K) be such that 

p(g2) = [~ ~]. Comparing (18)and (19)for g = I and g = g2' respectively, 

we obtain hO(z) = hl(z) = O. 

Thus, resv/K(h) = O. It remains to show that resv/K: H M ........ > HI(v, E M) 

i s  an  i n 3 e c t i o n .  L e t  g3 E G(V/K) be such  t h a t  o ( g  3) = _ and G 3 = 

{1, g3} .  Then G 3 i s  a s u b g r o u p  o f  o r d e r  2 i n  t h e  c e n t e r  o f  G(V/K) .  

O b v i o u s l y ,  we have  E N = 0 and HI(G3,  E N) = 0. In  v i e w  o f  t h e  s p e c t r a l  

s e q u e n c e  a p p l i e d  t o  t h e  g r o u p  G(V/K) and i t s  n o r m a l  s u b g r o u p  G3, we s e e  

t h a t  k e r ( r e s v / K )  = HI (G(V/K) ,  E N) i s  t h e  t r i v i a l  g r o u p ,  i 

We n e e d  t h e  f o l l o w i n g  c o r o l i a r y  to  P r o p o s i t i o n  2. 

PROPOSITION 3. Let  A 0 and A 1 be f i n i t e  subgroups o f  I]~ and 4 '  

_0 ,1  be s u r j e c t i v e  r e s p e c t i v e l y ,  l e t  fO,11,2: H°m(AO' l '  Z/H) .~ C1, 2 

homomorphisms, and suppose that n' an. Then there exist infinitely many 

0 I 0,i to A 0'I) 0,i primes p such that M'IMp and ~fl[2(restriction o£ ~p,n = ~CI,2". 

Proof. By virtue of Proposition 2, it is enough to prove the 

0,1 O,l- existence of characters ~0,1 e Hom(A 0'I, Z/M) such that #fl,2(~ ) = 

#C~[ 12" There exists a character ~u since otherwise Hom(A u, Z/M) is the 
q 

union of two proper subgroups, which is impossible. 

Let A ~ A r, ~ ~ A k, and ~IA. Let SA,~, n denote the group SA, n when 

= I, the intersection of SX, n with the kernels of the characters ~p,n for 

all PI~ > i. We have the following proposition. 

[ : PROPOSITION 4. Let u ~ {0, I} and r - k > O. Then #S ,~,n n. 

Proof. Since S u A,6,n-I is the subgroup of SA,~, n u  of all elements of 

period i n-l, it is sufficient to prove the equality 

[ S ~ , 6 , n / S ~ , ~ , n _  1] ~ 1 r - k  (20)  

Note that (20) implies that the multiplicity of n in the sequence of 

u is not less than (r - k)/n. invariants of SA,~, n 

If v is a place of K, then Hv, n denotes HI(K(v), E M) and Av, n denotes 

E(K(v))/M. If ~ is a set of places of K, then H~, n denotes the locally 
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compact group ] [ H . The pairing < = ~ < > identifies the 
v[~ v,n ' >~,n ' v,n 

group H~, n with its dual group. We use multiplicatlve notation: v[~ 

signifies that v ~ ~ and ~ig2 denotes El u ~2" An element of A is 

identified with its set of prime divisors. Let ~ = A/~ and let Z be the 
n 

image of SA,6, n in H~, n. It is sufficient to prove that Z n is an isotropic 

subgroup of H_ n' because then Z v is an isotropic subgroup of H v~,n, hence 

[Z n] = [H~,n]~22 = 
v~ Mr-k and [Zn_ I_ = (bl/l) r-k (the latter equaltiy holds 

since, in the previous equality, n is any natural number s n(A)). Thus, 

[Z~/Z~_ I] = I r-k, whence follows C20). 

Let  ~ be the s e t  of  a l l  p l a c e s  of  K. By the T a t e - P o i t o u  theorem (cf .  

[ 9 ] ) ,  the  image Y1 of the  group H M i n  H n i s  an I s o t r o p i c  subgroup of 

H n. Let Y3 denote the group ~ B ~ A . Since A is an 
p[6 p,n(v,A)= I v,n v,n 

isotropic subgroup of Hv,n, by local Tare theory, and Bp, n is an isotropic 

subgroup of Hp, n (cf. §i), It follows that Y3 is an isotropic subgroup of 

Hce/~, n" 

Let Y2 = H~,n x Y3" We have Z n = Pr~(Y 1 n Y2). Obviously, the 

equality <Zn, Zn>~, n = 0 holds. Let z ~ H~, n and <Z n, z>~, n = O. Let z" 

denote an element of H n such that Pr~(z') = z and Pro~,g(z') = O. Since 

z" is orthogonal to Y1 n Y2' then by Pontryagln theory, z' = z I + z Z, where 

I We have Pr~(z 2) ~ H = 0 and Pr/~(z 2) ~ Y3 = zl ~ Y1 = Y1 and z 2 ¢ Y2" ,n 

Y3" Hence, z' - z 2 = z I ~ Y1 n Y2 and Prg(z' - z 2) = z, that is, z ~ Z n. 

I 
We now have all that is necessary for the study of the group X = 

]]](K, E) 

3. A Structural Theorem for X. 

Let A r denote the subset of A r consisting of all elements A such that 
n 

v be the restriction of ~,n to the n(A) z n; then A n denotes UA~. Let ~p,n 

v = S v and #v Selmer group S M l,n A,n the subgroup of Hom(S~, Z/M) generated by 
V 

~p,n for all p]A. 

In the sequel, we shall assume that n" a n" z n. We have the 

following proposition. 

PROPOSITION 5. Let 6 ~ A k k+l and n ) = n" n > m(6), 6q ¢ An, , , #~q,n(Z~, 

#T6, n. Then m(6q) ~ m(~). If, moreover, n" - n ~ m(~q) and ~ = 1 - v(k), 
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t h e n  # ~ , n  (mod ¢ ~ , n  ) ~ m(6) - m(6q) .  

P r o o f .  By P r o p o s i t i o n  1, T ~ q , n ( q )  = C C q , n ( ~ , n ) b ~ ,  n. Then, in  v iew 

o f  (14) and our  a s s u m p t i o n s ,  we have  n - m(~q) = ~ q , n  z ~ q , n ( T ~ , n )  = 

# r6 ,  n = n - m(~).  Hence,  m(6q) ~ m(6).  

It is a consequence of  (15) that a~q,n~ e ¢6,n'~ where Z/M ~ a = 

Cq,n'(T~,n' )/i m(6q) and n' = n + m(6q). Since Ordl(¢q,n(T~,n)) = n - #T6, n 

= m(6) and (12) holds, it then follows that Ordl(a) = m(~) - m(~q). 

If 6 e A k, where r ~ k, then m (5) denotes mln m(l), where A runs 
r 

through the set of elements of A r for which ~ is a divisor. We have the 

following proposition. 

PROPOSITION 6. If 6 e A k is such that m(~) < m, then mk+l(~) ~ m(6). 

Proof. Let n = n(~); then n > m(6), since m($) < ~. According to 

A k+l and = ~ Proposition 3, there exists q such that 6q e n ~q,n(T~,n ) ,n" 

Then, by Proposition 5~ we have the equality m(6q) s m(~). 

Recall that, for r a 0, m denotes m (I). The following proposition 
r r 

holds. 

mm PROPOSITION 7. The sequence {m r } is such that m r r+l" 

Proof. By assumption, the point P1 has infinite order. Hence m 0 < 

(m 0 is the exponent of the highest power of 1 dividing P1 in E(K)). Now 

apply Proposition 6 and use induction on r. 

Let T v denote the quotient group of Hom(S~, I/M) with respect to 
6,n 

¢u Recall that u' denotes I - v, where v ~ {0, I}. We have the 
~,n" 

following proposition. 

PROPOSITION 8. Let k a O, r a k, ~ = v(k), ~ = v(r), and n" ~ n' an. 

Let a e A k df (6) < n and A ~ A r such that m(A) = x. n" be such t h a t  x --- m r n 

Then there exists q ~ A 1 satisfying the following conditions: 

0) (q, X) = 1 and " • M IMq, 

i) # B ) = ~ , n ' '  ~ q , n , ( ~ A , n  , 

2) at our discretion, one of the following two conditions is 

fulfilled: 

21) #@ n' (mod @6,n,) = #T6,n,, 

22) if k a I, then for a preassigned p116, ~l~,n,(Z6/Pl,n,) = 

~/Pl,n'; 
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# ~ 
3) ~q,n' (r6,n") = l~T6,n' 

4) there exists p[(A/6) such that m(Aq/p) = x. 

Moreover, if ~ = ~' and n" - n ~- Y =dr m(~), then we may choose a p 

satisfying 4) so that the following condition is fulfilled: 

5) ~%0;,n(X~, n) = #T~, n, 

P r o o f .  By P r o p o s i t i o n  4 ,  t h e r e  e x i s t s  s e S , ~ , n  s u c h  t h a t  # s  = n .  

A c c o r d i n g  t o  P r o p o s i t i o n  3 ,  t h e r e  e x i s t s  q e A 1 s a t i s f y i n g  c o n d i t i o n s  O) - 

3) and the following condltlon: 

6) ~ (s) = #s = n. 
,n' 

Since TAq,n and s are orthogonal (cf. (15)), we have the relation 

~b )~b ) = - q , n  q , n  a , n  ~ z e Z/M.  
pl (X/6) 

It follows from (12) and (13) that conditions i) and 6) are satsified 

as well after the substitution n' ~-) n. Hence, ~Iz = n - x > 0. By the 

definition of x, we have ~,n(TAq/p,n) ~ ~rAq/p,n -< n - x. Thus, there 

exists p[(A/6) such that the following condltlons ave fulfilled: 

7) ~ (T_ _ ) = n - x and, hence, m(Aq/p) = x; 
p, n Aq/p, n 

8) # (s) = n. 
,n 

If ~ = /3' and n" - n z y, then we may take the element T6,n+y to be s. If 

T&, n = 0, then 5) obviously holds. Otherwise, I~T6, n = n - y > 0, and then 

5) follows from 8), since r6, n = lYT6,n+y. ]] 

Moreover, we have the following proposltlon. 

PROPOSITION 9. Let n > m 0 and n' = m + m 0. Suppose that r = k + 1 z 

I, ~ E Akn'' and m(~) = mr_ I. Then there exists PF such that ~PF E A r and 

m(6Pr) = mr(6). For every such PF' if ~ = v(r), we have 

#~p~ ,n (mod #~ )= #T~ = m - m (&) ( 2 1 )  
r ,n ,n r-i r 

~ P r , n ( T 6 , n )  = ~ T 6 ,  n ( 2 2 )  

#~ (mod a - ~ 2. (23) r 'n ~,n ) mr_ 2 mr_ I, where r - 
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Proof. Let A ¢ A r where x = m(~), be such that m(A) = x. The 
x+l '  

existence of Pr fol lows from Proposition B applled to ~ and A (and n" = n ' ,  

n' = n, n = x + I). 

Now apply Proposition 8 to ~ and X = ~Pr (where n" = n" and n" = n). 

Select a q corresponding to condition 21). From conditions i) and 21), and 

s y - x, where y m(~) = The Proposition 5, it follows that #T ,n = mr-l" 

element a = T6q,y belongs to S ~ l,y c S ,n' by vlrt'ue of Proposition I and 

= A r-I (by the definition of mr_ 1 = y). the relation T~, y 0 for all 3" E Y 

Since a = In-YT6,n, it then follows from 7) that II~ (a) = #~ (T ) 
r,n Pr,n ~q,n 

0 

V 

X 1 = ~. Here ,n 

finite. 

@ 8 , n '  
- ( n  - y )  = y - x .  S i n c e  a ± t h e n  we h a v e  t h a t  # 9 ~ r ,  n (mod @ n ) m 

y - x and, hence, (21) is true. 

Analogously, the element b = T3,mr_2 ~ Sl,n.and b ± @3,n" According 

to 5), (22) is true, hence, #W (b) = m - y, and (23) holds. ! 
r,n r-2 

If~ is the sequence P0 ..... PF' then for 0 ~ i ~ r, ~(i) denotes the 

product p0...pr. Define m r to be the set of sequences w = (P0' .,pr ) such 
n ~ 

t h a t  wCr)  ¢ A r a n d  m ( o ( i ) )  = m. f o r  0 ~ I ~ r .  I n  p a r t i c u l a r ,  c o n t a i n s  
n 1 n 

o n l y  PO d=~f 1.  

A priori, by the Mordell-Weil theorem, and because E(K) is trivial, 

V 

the group (E(K)/M) u is isomorphic to (E/M) g , where gO + gl is equal to the 

rank of E over K. The sequence (I) induces the exact sequence 

> (ECK)/M) u ~ S u X v l,n ) l,n ) 0. (24) 

By the weak Mordell-Weil theorem, the group S u is 
l,n 

R e c a l l  t h a t  t h e  H e e g n e r  p o i n t  P1 h a s  a u n i q u e  r e p r e s e n t a t i o n  P1 = 

m 0 
1 a ,  w h e r e  m ¢ E(K)  \ 1 E ( K ) .  

Let n > m 0, r = I, w = P0 = i, and choose Pl as in Proposition 9. 

Then TO6,n = Hem(St,n,0 Z/M) and ml(~) = m 1. According to (21), we have 

#S~ = #T~ = m 0 - m I < n. Hence, In view of (24), it follows that gO 
,n ,n 
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O, S O = S O , and X 0 = X 0 = X 0 is a finite group. In 
l,n l,mo-m I 1,n l,mo-m I 

0 
particular, the invariants x~ of X 0 coincide with the invariants of TI, n. 

Moreover, it follows from (22) that #~ n (m(mod ME(K))) = n, hence, 
I' 

S 1 l,n is the direct sum of Z/Mm (mod ME(K)) = Z/M and Y = ker ~i, n. 

Let r = 2, ~ = (i, pl ), and B = PI" Then T 1 is the dual group for 
~,n 

Y. Hence, it follows from (21) that #Y = #T~ = m I - m2(B) and, in view 
,n 

of (24) we have gl i and X 1 = X 1 1 ' ' = l,n = Xl,ml-m2(~) is finite and 

isomorphic to Y. In particular, the invariants x~ of the group X 1 coincide 

with the invarlants of the group T 1 

Pl'n 2m 0 

In [i] it was proved that gO = O, and in [4] that gl = I and [X]]l 

Recall that, for v ~ {0, I} and j e ~, v(J) denotes the element of 

{0, I} such that j - v(j) - 1 is even, and (J, v) denotes j - ]v - v(j)]. 

We have the following theorem. 

THEOREM I. Let r > O, n > mo, and n' = n + m O. Then the set f~, is 

 o e pty. Moreover, for all f 71 exists  prl( , pr) Let 
e f ir  ,n(T (j_l),n) = n'" Then for i ~ J ~ r we have the equality #~p 

#T~CJ-I),n' 

r we have 

a n d  i f  u e {0, 1} i s  s u c h  t h a t  r - v > O, t h e n  f o r  1 + v ~ j 

# ~ j  (mod @v v ,n  ~ ( j _ l ) , n  ) = m ( j , u ) _  1 - m ( j , v  } = x j _  v. (25)  

P r o o f .  F o r  r = 1, t h e  t h e o r e m  was p r o v e d  a b o v e .  T h e r e f o r e ,  by  

induction, it is sufficient to prove the theorem for r z 2, assuming it to 
~r-1 

be true for all r" > r. Let ~ e n' ' B = w(r - i), and choose PF as in 

Proposition 9 so that, in particular, the relations (21) - (23) hold. 

Since the theorem is true for r - I it then follows that #T n xV and 
' , r-u ' 

for ~ = u(r), x -I-~" = mr-2 - mr-l" Hence the equality x _~, = mr_ 2 - 

mr_ 1 holds, by (23) and the inequality x _~, s x -I-~'" In view of (21), 

(22), and the induction hypothesis, it remains only to prove that mr(B) = 

r is nonempty. Indeed, m r. This will be done if we prove that the set fn' 

using the fact that (~' p') ~ m r = x ~ ' n'' as above, we then have mr_ 1 - m r r-~ 

= mr_ 1 - mr(S). If u = m r + 1 for 0 ~ k s r, then U k denotes the set of 
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pairs ~ E ~ k k e A r such that a(k)IX and m(k) = m . It follows from 
n' ' u r 

Proposition 9 that ~r n, is nonempty if U r-I is nonempty. Then, since U 0 is 

nonempty, it is sufficient to prove that U k+l is nonempty if k < r - I and 

U k is nonempty. Then, by induction, U r-I is nonempty. Let (m, A) ~ U k. 

Apply Proposition 8 to 6 w(k), k (and n" = n' = , n = u), and choose a q 

corresponding to condition 21). We need to show that m(6q) = mk+l; then 

the pair ((~, q), Aq/p) will belong to U k+l. By Theorem I for k + I - < 

06 s IX. t 

r - i, we have that m k - mk+ I = Xk+l_~, = #T6,n, where 0t = v(k). On the 
~t 

other hand, in view of Propsltlon 5 and condition Zl), we see that #T6, n 

m k - m(~q). Hence, m(3q) -< mk+l, but, by the definition of mk+ I, we have 

mm+ 1 -< m(6q). Thus, m(3q) = ink+ I. I 

The purpose of the remainder of §3 is the parameterization of X and 

its dual group by a sequence of prime numbers more arbitrary than fl. This 

is essential for an effective description of the structure of X and its 

dual group, and for the parameterization of X by the classes TA, n and of 

its dual group by the characters ~p,n" 

For r -> 0 define IIr (P0 Pr ) n' to be the set of sequences ~ = ,..., such 

that ~(r) ~ A r n'; if r > 0 and i -< j -< r, then 

~l~pj,n' (Tg(j-l),n' ) = |~Tlr(j-l),n' (26) 

and, if r z 2 and 2 -< j -< r, moreover, 

~@pj,n,(~ (j_l)/Pl,n,) = ~T (j_l)/Pl,n,. (27) 

Recall that m = mln m = lim m . Let A e A r be such that m(A) = m. 
r r 

raO r - ~  
As i n  t h e  a b o v e  p r o o f  o f  t h e  n o n e m p t l n e s s  o f  U r - l ,  u s i n g  P r o p o s i t i o n  8, 

c o n d i t i o n  2 2 ) ,  and i n d u c t i o n ,  we s h a l l  p r o v e  t h a t  f o r  a l l  n '  t h e r e  e x i s t s  
~r ~r 
n' such that m(~(r)) = m. We shall say that H ~ n' is minimal if 

m(H(r)) = m. From Propositions 5 and 8 it follows that if ~' ~ N~I is 

minimal, then there exists Pr such that (H' Pr ) ~ Nr ' n' is minimal. 

Let n > m 0 and n" z n + m 0. Assume that r a 2, that ~ ~ ~r n" is 

minimal, and ~ - Pr is minimal as well. If u E {0, I}, then u(u) denotes 

r - u if r - u is even (i.e., u = u(r + I)), otherwise (i.e., when v = 

v(r)), u(v) denotes r - v - i. Let A v = ~(u(v) + u). By Proposition 9, 
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T v 
AV,n 

In particular, the homomorphism ~ in (33) is an isomorphism. 

i s u(v), set 

v ~(i + 
~i = v)/Pv(i) 

and 

= O, that i s ,  ~ where 1 s J ~ u ( v )  + v,  generate Hom(S~ Z /M) .  
j , n '  

F o r  i - v ~  

(28) 

v 
z i = • E S (29) 

v + v v 
n m(A i ) A i , Ai,n 

v 
For 1 < i s u(u) and i - u ~ j s u(u) define the elements a . e Z/M 

- , ij 
as follows: if j > i, or if j + u = 1 and i is even, then 

v 

a i = 0 j , (3o) 

a n d  f o r  t h e  r e m a i n i n g  p a i r s  l j :  
m ( ~ )  v I 

a i d  = @ (T I / 1  (31) 
A /~ ,n+m(A ) Pj+v 'n+m(Au)i ~ Vi VJ+v vi " 

From the orthogonality relation (15), with n' = n + m(A~) and A = A~, 

it follows that for 1 m i ~ u(v) we have 

uCv) 
a , . ~  n = O. (32)  

j= l -v  ~J Vj+v' 

Let a = {aij} be a square matrix of dimension u with coefficients n 

Z/M. Let A(a) denote the abelian H-periodic group given by 
u 

generators lj, where 1 s j. ~ n, and relations ~ a i. = O. By 
j=1 i j  d 

identifying I. with the element of (Z/M) u having the jth component equal to 
J 

I and the others equal to zero, we can identify A(a) with the quotient 

group of (Z/M) u with respect to the subgroup generated by the rows of a. 

Let r ~ 2 + v, a v {a~ = A(aV). Sending = j} for I ~ i,j ~ u(u), and A u 

l j  to ~j+v, n (mod u Wpv,n ) and taking (32) into account, we define the 

surjective homomorphlsm ~ in (33). We have the isomorphisms 
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A v 

V 

~ ) # v  v /(ip v_ n ) 
A, ,n Pu' 

V 

~2 

V 

~4 
X v ~ > Hom(X u, Z/M). 

) Hom(S M, Z/M)/ClPpl.,,n) 

T e3 (33) 

v I t  Here ~po, n O  ~df 1 and (~pv 'nu  ) i s  the  subgroup  g e n e r a t e d  by ~pu, n. 

was p roved  above t h a t  the  n a t u r a l  i n j e c t i o n  ~ i s  an i somorphism.  The 

i somorphism ~ i s  induced by the  e x a c t  sequence  (24) ,  and ~ i s  any 

i somorphism between X V and i t s  dual  group.  We s h a l l  p rove  below t h a t  ~ i s  

an i somorphism as  w e l l .  

I f  b ~ Z/M, then  Ord l (b )  d___f n - ~b. Using P r o p o s i t i o n  5, (26) ,  and 

(27), we obtain the relation 

v v 
Ordl(aii) = m(Ai/Pi+p) - m(A ).~ m 0 < n. (34) 

Since = 0 if J > i, it then follows that Ordl[AU] ~ z v df 
u(v)  a i j  

o r d i  v z 1 (aii). Equation (34) implies that z 0 + = 2m 0 - m(~(r - I)) - 
i=l 

m(~(r)/Pl). We shall show that m(~(r)/pl) = m. Since m(K(r - I)) = m, by 

the conditions on ~, it follows that 

Ordl([AO][Al]) s z 0 + z I = 2m 0 - 2m. (35) 

Let X = ~(r). Since TA,n+ m and s = ~A/(plPr),n+m are orthogonal, 

considered as elements of SA, n (cf. (15)), then if 81 = 

~Pl,n+m(Xk/Pl,n+m)/im, it follows that 

81~Pl,n(S) = 02 df _(~pr,n+m(TA/Pr,n+m)/Im)~Pr,n(S). 
From conditions (26) and (27) and the equality m(X/pr) = m, we obtain that 

#02 = #s > O. Thus, 01 g (Z/M)" and m(A/pl) = m, since otherwise m(A/pl) > 

m, which implies that 01E 1(Z/M). 

Since Ordl([XO][xl]) = 2m 0 - 2m (cf. Theorem D of the introduction) 
0 I 

and (35) holds, it follows that the surjective homomorphlsms ~I and ~I are 

Isomorphisms. 

Note that ~pj+v,n(Z~)~ = 0 for I ~ j s i, because then, by Proposltlon 
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v B v I ,  z l ( p j +  v) e PJ + v ' n  and ~p ,n (Bp ,n)  = 0 ( c f .  § i ) .  We see  from (26) and 

(27) t h a t ,  i f  u(v)  a 2 and i < u ( v ) ,  then ~p (z [ )  e (Z/M)" Accord ing  
i+l+v 

to  (14) ,  #z~ = n + m(X~) - mCA~) = n. We s h a l l  show t h a t  i f  (c I . . . . .  CuCu)) 

e (E/M) u (v )  i s  such t h a t  
uCv) 

ciz ~ = 0, (36) 
i=l 

then c i = 0 for i ~ i s u(v). It is sufficient t,o consider the case u(v) z 

2. Then for 2 ~ J s u(v) + u, we apply the characters @pj+u, n to (36). By 

the properties of z u noted above, we obtain c I = ... = Cu(u)_l = 0 and, 

hence, Cu(u) = 0 as well. 

Then, from the definition of z[ and Proposition i, it follows that 
u(v)  

v v u S u zi(Pj+u) = ai.b (mod E(K(pj+u))/M. Thus, w = ~ ciz ~ e and J P j+u ,n  i=l Pv 'n 

the following relation holds for i ~ j ~ u(v): 

uCv) 
V 

c l a i j  = O. (37) 
i= l  

Note that the orthogonality between elements of S 1 and 
Pl, n 

m (mod ME(K)), in view of the fact that ~Pl,n(a (mod ME(K)) ~ (Z/M) ~ and 

(26), implies that S 1 1 Therefore, (37) is the condition that w 
Pl,n = S M- 

u Let B u {ci,. } be the subgroup of belong to the group S M. = ..,Cu(v) 

(Z/M) u(u) defined by (37). If a is a matrix, then atr denotes the 

transpose of the matrix a. 

The pairing (X/M) u(v) x (X/M) u(u) ~ Z/M, under which (li, lj) = ~ij 

V 
(the Kronecker symbol), induces the isomorphism ~2 in (38). The 

V V 
isomorphism ~I is any isomorphism of the dual groups. Then ~3 is an 

V 
injection under which (c I ..... Cu(u)) ~-> w. The isomorphism ~4 is induced 

v X v by the homomorphism S M ) in (24). We have 

V V V V 

A(au tr). ~ > Hom(A(aU tr), X/H) ~ > B u ~ ) ker v ~ ) X v. (38) 
~Pzv 
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v 
We shall show that, for n > 2mo, ~3 is also a n  isomorphism. Let a be 

a square matrix of dimension u over Z/M such that a . = 0 for j > i and ~ = 
i3 u 

Ordl(aii) s n. Using induction on u and our assumptions, we see that 
i=l 

Ordl[A(a)] = ~. 
u tr 

In particular, if n > 2m and a = a , then ~ ~ n, by virtue of (35), 

hence, ord.[B v] = ~ = z v. Thus, since Ordl([XO][xl]) = z 0 + z I = and 
~0 1 

2m 0 - 2m, and ~3 and ~3 are injections, it follows that ~ and 1 ~3  a r e  

isomorphisms. 

Note that since imOX v = O, then for n = m 0 and n" > 2mo, we have the 

v v 
isomorphisms ~k, and for n' > 3mo, the isomorphisms ~k for I ~ k s 4 

m 0 
(obtained by reduction modulo 1 of the corresponding homomorphisms for n 

= m 0 + i). 

Fix 8 = 2 or O = 3. Assume that the value of m is known, for example, 
? 

m = m ; that is, the 1-component of BS for E over K is true. Assume as 

well that we can effectively calculate the values of @p,n" on TA,,n . for X' 

E A and (p, X') = I, i.e., in view of (I0), we can calculate the 

coordinates of PA' ~ E(F), where F is the residue field of K(p). 

Then the above exposition gives us an algorithm for calculating m 0 for 

some r z I, n' z Om 0 + i, and ~ = (Po ..... pr) E ~r n' such that m(A) = 
v 

m(A/pl) = m, where X = ~(r), and for calculating the coefficients aid. 

m 0 
~Z/MO, where M 0 = 1 . Then for n = m O, we will obtain the isomorphism 

(33), in particular, the isomorphism A v --~ X v and the parameterization of 

the dual group of X p by the characters @~,m 0 for p[(AU/p). If 8 = 3, then 

we also obtain the isomorphisms in (38), in particular, the 

parameterization of X v by means of {z~}. We can, of course, use the 

explicit matrix a v = {alj} to calculate the Invariants of X v. 

Now we shall demonstrate the algorithm. Sort out (in any order) a 

triple n" > m, r z I ~ such that A ~ A r ' n' until one is obtained which 

satisfies the following conditions. 

First, we verify the condition 

~Pr,m+l(~X/p,m+ I) = O. (39) 

It follows from (39) that m(X/p) = m and, in view of Proposition 5, 
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that m(A) = m. If r = I, then (39) implies that m 0 = m, hence X = 0, since 

2 m - 2 m  0 
Ix] = 1 , and we complete the calculations. If r > I, then we verify 

the conditions 

n' - 1 m = mln 0 m~ df 
l~j~u(1)+l °rdl(~PJ 'n(Tl'n')) (40) 

and 

~P2,m~+l(Tl,m0+l)_ ~ 0. (41) 

It follows from (40) that m 0 = m~. If r > 2, then we verify the 

condition 

~Pl,m0+l(rl,m0+l) ~ O. (42) 

Furthermore, for i ~ i ~ u(v), we can calculate the values m(l~) 

according to the formula 

m(~) = mln ord.¢ (TA~,m0+ 1 ) (43) 
j=v(i)-u,i<j~u(v) ± Pj+v'mo +I 

Recall that (r, v) = r if r - u is odd and (r, v) = r - i, otherwise. 

Then for u = 0, and for v = 1 and 1 ~ i ~ (r, u) - v - 1 (if such i exist), 

we verify the condition 

) * 0 .  (44) 
PI+p+I Al'm(Ai )+I 

The conditions (39), (41), and (40) if r = 2, or (42) and (44) if r > 

2, are equivalent to the condltions (26) and (27); thus, we require a 

triple n', F, ~ for which (39) and (40) hold and, if r z 2, (42) and (44) 

hold as well (for the case r = i, see above). 

The coefficients of a u for r - p ~ 2 are calculated using (30) and 

(31). 

If r = 2 or 3, then m 2 = m(Pl , p2) = m, hence, m r = m for r m 2. 

Furthermore, u(0) = 2 and the matrix a 0 is a square diagonal matrix such 

that Ordl(a~l) = m 0 - m(Pl). In view of Theorem C (see the introduction) 

and (33), we obtain that m I = m(Pl) and Ordl(a~2) = m 0 - m(Pl). Then (38), 

X 0 as well as (33), holds already (if n = m 0) for O = 2. In particular, 

S O = (z/im0-ml)2; 
M0 moreover, T and T form a basis for S O and 

Pl,m0 P2,mo M 0' 

@Pl'm00 and @02' p m0 form a basis for }Iom(S~n0, Z/M0)" If r = 2, then m I = 
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m(Pl) = m; if r = 3, then Pl 

o r d . @  ++ ( z  ++ ) .  
i P2,mo i Pl,mO i 

I f  r = 2 ,  t h e n  ~X 1 = m 1 

0 
= A 1 and, according to (43), m I = 

- m 2 = m - m = O, s o  X 1 = O. S u p p o s e  t h a t  r = 

m ( P l ) - m  2 1 1 
3 .  T h e n  Y k e r  = X 1 = CZ/1 ) , a n d  a n d  

= ~ P l , m  0 ~ P 2 , m o  ~ P 3 , m o '  

r e s t r i c t e d  t o  Y, f o r m  a b a s i s  o f  Hom(Y, Z/MO).  

F o r  r > 3 ,  t h e  g r o u p  A v = X u s p l i t s  i n t o  t h e  d i r e c t  sum o f  two  

i s o m o r p h i c  s u b g r o u p s  ( a c c o r d i n g  t o  T h e o r e m  C ) .  S u c h  a d e c o m p o s i t i o n  i s  

o b t a i n e d  a s  a r e s u l t  o f  t h e  o r t h o g o n a l l t y  b e t w e e n  TA, m 0 a n d  TA,, m 0 f o r  

A ' I X  a n d  A " I A .  T h i s  p e r m i t s  m o r e  r a p i d  c a l c u l a t i o n  o f  t h e  

i n v a r i a n t s  o f  X u.  

Recall (cf. Theorem E of the Introduction) that the l-component of BS 

is the equality m = m ?. If it is known that m >- m ?, which is automatically 
? ? 

true when m" = 0, then we can use the algorlthm, as above, with m" in place 
? 

of m. A calculation using this process ends if and only if m = m', hence 

it allows us to obtain the information above simultaneously with the proof 
? 

of the equality m = m . 

Let C be a curve of genus 1 over K having a point over K(v) for all 

places v of K. Suppose that C is a principal homogeneous space over E, (z). 

HI(K, E) is the cohomology class corresponding to C, M is the period of 

(z), every rational prime dividing M belongs to B(E), z ~ S M is the element 

of the Selmer group which lles over (z), and that for all I]M and p ~ A 1 we 

can calculate the value z(p) ~ E(K(p))/M. Adding to z, if necessary, the 

-m 0 
element T(l~"lln )PI (rood ME(K)), with the corresponding T C ~, we may 

m0-m 
assume that for all I]M we have z(pl)l ~ 0 (mod 1 ). Then we have the 

following effective criterion (necessary and sufficient condition) for the 

curve C to have a point over K (with m, m O, and A, of course, corresponding 

to i): 
mo-m 

V I IM,  V p l ~  z ( p )  m 0 (mod 1 E ( K ( p ) ) ) .  ( 4 5 )  

I f  t h e  c u r v e  C i s  d e f i n e d  o v e r  Q a n d  h a s  a p o i n t  o v e r  © ( v )  f o r a l l  

p l a c e s  o f  ~ ,  t h e n  t h e  e f f e c t i v e  c r i t e r i o n  f o r  C t o  h a v e  a p o i n t  o v e r  ~ i s  

t h e  c r i t e r i o n  ( 4 5 )  w i t h  z ( p )  u i n  p l a c e  o f  z ( p ) ,  w h e r e  ( 1 ) v - l ~  = 1. 
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