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FINITENESS OF THE SHAFAREVICH-TATE GROUP
AND THE GROUP OF RATIONAL POINTS
FOR SOME MODULAR ABELIAN VARIETIES

V. A. KOLYVAGIN AND D. YU. LOGACHEV

ABSTRACT. A result of V. A. Kolyvagin on the finiteness of the groups II(Q, E)
and E(Q) for a modular elliptic curve E whose L-series does not have 0 at
the point s = 1 is generalized to the case of modular abelian varieties of
arbitrary dimension.

In his recent paper [1], the first author examined modular elliptic curves E,
defined over the field Q, whose L-series L(E/Q, s) is not equal to O at the
point s = 1. The main result of this paper is that if this curve E satisfies
a certain additional condition (which, as announced by Bump, Friedberg, and
Hoffstein [23], always holds), then its Shafarevich-Tate group II(Q, E) and
a group of rational points (Mordell-Weil group) E(Q) are finite. Significant
progress has therefore been achieved in the problem of the finiteness of the
Shafarevich-Tate group, which has stood for about 30 years, and in the proof
of the Birch and Swinnerton-Dyer conjecture.

In the present paper this result is generalized to the multidimensional case
of modular abelian varieties, i.e., abelian varieties with a real multiplication—
quotients of Jacobians of modular curves (Theorem 0.3).

The proof of the main theorem closely follows [1], and the notation, as much
as possible, is consistent. Moreover, in §§2 and 3 of the present paper some
of the proofs are simplified in comparison with the proofs of the analogous
assertions in [1], and there are no complications caused by the fact that we are
examining the multidimensional case.

Let us indicate which results were obtained earlier in the proof of the finite-
ness conjecture for the Shafarevich-Tate group and the Birch and Swinnerton-
Dyer conjecture. Let X be an abelian variety defined over a number field F.
We define rk X/F (the rank of X/F) as the rank of the abelian group X(F)
and L-rk X/F (the L-rank of X/F) as the order of the zero of the L-function
L(X/F,s) of the variety X over the field F at the point s = 1. We denote
by a, the coefficient of (s— 1)" in the Taylor series for L(X/F , s) at the point
s=1,and let Il = MI(F, X) be the Shafarevich-Tate group of the variety X
over the field F . If the group II is finite, then |II| denotes its order.

The Birch and Swinnerton-Dyer conjecture asserts that:

(A) Tk X/F = Ltk X/F ;
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(B) I(F, X) is a finite group, and if L-rk X/F =r,then o, = |I(F, X))
C, where C is a factor defined explicitly with respect to the variety X (see,
for example, [2]). We shall not need its precise form.

To state the results that corroborate the Birch and Swinnerton-Dyer cop.

jecture, it is convenient to define the number m)’ = |m(F/x))" & a,/C—the
hypothetical order of II. For many elliptic curves the numbers a, and C have
been found with a high degree of accuracy by means of computer calculations,
The value of ]l]]l? found within the limits of accuracy of the calculations was
an integer and, moreover, the square of an integer, which agrees with the results
of Cassels [3] and Tate [4). In these papers, for an abelian variety X having
a principal polarization (in particular, for an elliptic curve), a nondegenerate
alternating form on II(F, X) is constructed, from which it is simple to deduce
that if Il is finite, then || is a perfect square and /|| Il = 0. It is known
that for a modular elliptic curve E with the condition L-rk E /Q=1kE/Q=0
we have |II)’ € Q* ([5]).

Let £ be an elliptic curve with complex multiplication by an imaginary
quadratic field X . Coates and Wiles [6] proved that if X is a single-class field
and L-rkE/F =0, then tkE/F =0 for F = Q or F = K. Using the ideas of
Coates and Wiles, Rubin [7] proved a similar result for all imaginary quadratic
fields K. Finally, in [8] Rubin proved that if L-rk E /K = 0 for a single-class
field X, then (K, E) is finite, thereby constructing the first examples of
curves with a finite group II.

In the papers of Gross and Zagier [9] and Kolyvagin [1], [10] arbitrary mod-
ular elliptic curves were examined, not just curves with complex multiplication.
For such a curve E, Gross and Zagier derived a formula that expresses the
height of certain points in E(Q), namely Heegner points, in terms of the deriva-
tive of the function L(E, s) atthe point s = 1. In particular, they showed
that if L-rk E/Q = 1, then there exist Heegner points with a nonzero height,
so that we then have rk E/Q > 1 (since the height of a torsion point is equal
to 0).

Another consequence of the Gross-Zagier formula is the following. Let X
be an imaginary quadratic field and XE a twisting of the curve E over XK. If
LkE/Q=1, L-tk(*E/Q) =0, and tkE/K =1, then [II(K, E)[’ € Q"".

The results of [9] are used essentially in [1] and in the present paper.

Let N be the conductor of a modular curve E , and let the notation A =
O(4N) signify that there exists @ € Z such that A = 4° mod4N . The main
result of [1] is the following theorem:

THEOREM 0.1. Suppose that the Jollowing conditions hold:

(1) L1kE/Q=0;

(2) there exists a field K. = Q(vVA), where A < 0, A is square-free, A #
—1,-3, (A, 2N) =1, A=0)(4N), and such that L-tk (XE/Q)=1.

Then E(Q) and I(Q, E) are finite.

REMARK 1. The result of Gross and Zagier presented above applies to an
elliptic curve E, with the conditions L-rk (E)) =1 and L-rk (KE,) =0.In
Theorem 0.1, on the other hand, a curve E, with the conditions L-rk (E,)=0
and L-rk (K E,) =1 is considered. Roughly speaking, E, = KEI (the twisting
operation of a curve over the field X is involutory).

REMARK 2. In proving Theorem 0.1 it is first established that there exists a
number D; such that D;- E(Q) = 0 and D, - II(Q, E) =0. This number D,
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is closely connected with the rational number VK, E )|? .
REMARK 3. It is known that if L-rkE/Q = 1, then there exist infinitely

many fields X such that L-rk (K E/Q) = 0 (see [1]). Recently, D. Bump, S.
Friedberg, and J. Hoffstein [23] announced a result to the effect that condition
(2) of Theorem 0.1 follows from condition (1) for an infinite set of values A.

The main theorem of the present paper—theorem 0.3—is a generalization
of Theorem 0.1 to the case of modular abelian varieties. Let us introduce the
required definitions. Let E be a modular abelian variety of conductor N with a
real multiplication by the field U. Both E itself and all its real multiplications
are defined over Q. Let L,,(E/Q, s) bean L-series of E over Q with respect

to a real multiplication by U (see, for example, [12]). As in the case of elliptic

curves, we define rk;,(E/Q) wf dim,(E(Q) ® Q) and L-tk ,(E/Q) to be the

order of the zero of L,(E/Q, s) at the point s=1.
The following is the analog of part (A) of the Birch and Swinnerton-Dyer
conjecture:

Ltk y(E/Q) = 1k, (E/Q). (0.2)

Let K be an imaginary quadratic field and KE the twisting of E over
K, i.e., the unique K/Q-form of E defined by the nontrivial homomorphism
G(K/Q) — {1, =1} C AutE. This is also a modular abelian variety with a real
multiplication by U .

TueoremMm 0.3. Suppose that the following conditions hold:

(1) Ltk ,(E/Q) =

(2) there exists a ﬁeld K = Q(VA), where A < 0, A is square-free, A #
-1,-3, (A, 2N) =1, A=0)(4N), and such that L-tk ,(*E/Q)=1.

Then W(Q, E) and E(Q) are finite.

(According to [23], condition (2) follows from condition (1).)

In particular, for such a variety E formula (0.2) is valid.

Other formulations of the main theorem will be presented in §1. Theorem
1.3.2 is stated in terms of the values of the L-series of modular forms. Applying
the main theorem of [9] makes it possible to reduce Theorem 1.3.2 to Theorem
1.3.3 with a purely algebraic formulation.

The authors are grateful to M. V. Borovoi and Yu. G. Zarkhin for their
consultations on this paper.

§1. Introduction

In Subsection 1.2 the definitions of the Shafarevich-Tate and Selmer groups
will be given, and in Subsection 1.3 the definition of modular abelian varieties
will be given. In addition, the formulation of the main theorem will be presented
in terms of the L-series of modular forms. In the same place the general outline
of the paper will be presented.

1.1. Notation. For any abelian group 4 let Ay, A/D, A, ., and Al s @
note, respectwely, the kernel and cokernel of multlplxcatlon by D, the torswn
subgroup in A, and the quotient by it. |4| denotes the order of the group 4.
For a ring A4 the > group of invertible elements is denoted by A™. For an arbi-
trary field L let L denote the algebraic closure of L and G, the Galois group
G(L/L) Let X be a commutative algebraic group defined over the field L and
L'/L a Galois extension. The group of points X defined over L' is denoted
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by X (L) The Galois cohomology group H ‘(G L /L), X(L)) is denoted by
H'(L'/L, X), and for the case L' =T simply H'(L, X).

1.2. Definition of the Shafarevich-Tate and Selmer groups. Let X be an
abehan variety defined over a number field F. The elements of the group
H' (F, X) classify the isomorphism classes of the principal homogeneous spaces
X of X (see, for example, [13]) Moreover, X’ represents a nonzero element
in H'(F, X) if and only if X'(F) is empty.

Let v be a valuation of the field F and %, the completion of F at v . There
exists a natural localization map j,: H\(F,X) - H\Z, l( , X). For principal
homogeneous spaces it corresponds to the passage from X to X' xp &, . The
Shafarevich-Tate group I = m(F, X) is, by definition, the kernel of the map
HNF., X )~ II,H ( » X), where the product is taken over the set of all
valuatlons v of F. The group I is periodic as a subgroup of the periodic
group H' (F, X).

In other words, the principal homogeneous space X’ lies in I if it has
& -points over all completions of F. The group II can be regarded as an
obstruction to the fulfillment of the Hasse principle for X ;i.e., Il =0 if and
only if the Hasse principle holds for X. In [8] and [10] examples of curves
with Il = 0 are presented.

To study the group I, we use the Selmer group S,(F, X) of the variety
X . It is defined as follows Let D > 0 be an integer and

0-X, - X2 X0 (1.2.1)

the exact sequence of G-modules that results from the multiplication of X by
D. For each valuation v of F we consider the commutative diagram

0 — X(F)/D — H'(F,X,) —— H'(F,X), —— 0

| [ |
0 — X(£)/D —— H'F,X,) — H'(F,,X), —— 0

with exact rows. The top row results from the exact cohomology sequence for
(1.2.1), and the vertical arrows from the localization map.
By definition, the Selmer group

Sp(F, X)={te H'(F, X,)|Vv j () € ima}.
Obviously, there exists an exact sequence
0— X(F)/D— Sy(F, X)—-II(F, X), — 0.

The group S,(F, X) is a finite D-periodic group. This is an intermediate
result obtained in the standard proof of the Mordell-Weil theorem (see, for
example, [14]).

Starting at this point, we introduce the following convention. We shall assume
that D = /", where / is a prime. We shall consider the variables m, (1)
nonnegative integers depending only on / and such that for any index k we
have m, (/) = 0 for almost all primes /.
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LEMMA 1.2.2. Suppose that X satisfies the following condition:

(1.2.3) For any prime [ there exists a number m () such that forany n >0
and D =1" we have I™()-Sp(F, X)=0.

Then X(F ) and TI(F, X) are finite, and for Dy =[], I"™(I) we have D,-

(F, X) =

Proor. If I™i(l)- Sp(F, X)=0, then VI, n we have D, xl]I(F X)p=0.
But II(F, X) 1saper10d1c group, i.e., II(F, X) =3, (U, I(F, X);n). Hence

Dy I(F, X)=0,ie, II(F, X)=II(F, X ) . This group is ﬁmte as a factor
group of SDQ(F , X).

If X(F) is infinite, then it contains a direct summand isomorphic to Z,
and X(F)/D contains a direct summand isomorphic to Z/D. It cannot be
annihilated by a number D, for D > Dy—a contradiction. ®

Thus, to prove Theorem 0.3 it is enough to prove that for a variety E that
satisfies its hypothesis property 1.2.3 holds.

1.3. In this subsection the definition of modular abelian varieties will be
given, other formulations of the main theorem will be presented, and the general
outline of the paper will be indicated.

We fix a number N > 0 (conductor). The congruence subgroup I';(N) is the
subgroup of SL,(Z) consisting of matrices (25) such that ¢ =0OmodN. It
acts on the upper halfplane H and on the upper halfplane joined with the cusp
points H = HU{i oo} U{Q}. The quotient space X = X, o(N) =To(N)\H can
be regarded as a nonsingular projective algebraic curve deﬁned over Q (see, for
example, [12]). We denote the natural projection of H onto X by n. Here

n(H) c X and the points in #n(H) parametrize isogenies of elliptic curves
A — A" with kernel isomorphic to Z/N.If z € H, then to the pomt n(z)e X
corresponds the isogeny C/(z, 1) — C/(z, 1/N}, where {a, b) is the lattice in
C generated by the numbers a and b.

The mapping z — —1/Nz is an involution of H, denoted by wy. Itis
consistent with the action of I'j(N) on H and can be extended from n(H) to
X . We denote the correspondmg involution on X by w), N.X

Let §,(N) be the space of cusp forms of weight 2 with respect 1o T'o(N o(N) and
feSs (N ) the normalized new form that is an eigenform for Hecke operators

This means that if f(z) = Y3 a,¢*" and T, is the mth Hecke operator,
then ¢ =1 and T (f)=a,,- f We define L (s)—the L-series of the form
f—by the formula Lf(s) = E" i ,,/n This function can be analytically
continued to the entire complex plane and it satisfies a functional equation that
connects L (s) and L (2 5).

The mvo]uuon Wy can also be defined on S,(N). The form f is an eigen-
form for w,, , and if g is the order of the zero of L f(s) at the point s =1,
then

wy(f) =—(-1)°-f (1.3.1)
(see, for example, [12] Theorem 3.66).

Let U be the field generated over Q by all numbers q,. U is a finite
totally real extension of Q. We set d = dim[U : Q]. With respect to the
form f one can construct (see, for example, [12]) a unique, up to isogeny, sim-

ple d-dimensional abelian variety E—a quotient of the Jacobian of the curve
X—with a real multiplication by U. It is called the modular abelian variety
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corresponding to f. We denote by J the Jacobian of X and by A:J = E
the projection of J on E.

More detailed information about the construction of the variety E will be
required only in the proof of Proposition 2.3.5 and Lemma 2.3.7 and will be
provided there.

Both the variety E itself and all its real multiplications are defined over
Q. According to the generalized Weil conjecture, on the other hand, any such
simple abelian variety is modular. This conjecture has been proved for abelian
varieties of CM-type.

In the special case d =1 we have U=Q and E is simply an elliptic curve
defined over Q. Precisely this case was examined in [1].

The function L,(E/Q, s)—the L-series of E with respect to a real multi-
plication by U—coincides with the function L 7(s) (see [12]).

Now let X = Q(vA), where A < 0 is an imaginary quadratic field and
Xx:Z— {1, 0} is a quadratic character of K. We set

w .
f&]()(z) défz anxk(n)ehmz ]

n=1

Then f, € Sy(N') for some N'. Let ®E be the twisting of E with respect

to K. This is also a modular abelian variety whose conductor is a divisor of
N'. Up to a finite number of Euler factors,

Ly("E/Q,5)=L, (s)

Ly(E/K,5)=Ly(E/Q,s)-L,(*E/Q,s).
We shall state the main result of the paper in terms of the values of the
L-series of modular forms:

THEOREM 1.3.2. Let f and E be the same as above, and suppose that the
Jollowing conditions hold:

(1) LA(1) #0;

(2) there exists a field K = Q(VA), where A < 0, A is square-free, A #
—1,-3, (A,2N) =1, A=0I(4N), and such that the order of the zero of the
Junction L fm(s) at the point s =1 is equal to 1.

Then for any prime number | there exists an m (1) such that ¥n > 0 and
D=]"
Iml(l) 'SD(Q’ E) =0.

By Lemma 1.2.2, it follows that E(Q) and II(Q, E) are finite.

Let us present the main steps in the proof of Theorem 1.3.2. We fix a form
S, field K, numbers / and n, and D =!" in the hypothesis of the theorem.
For any index k, instead of m, (/) we shall write simply m, .

In subsection 2.1 we state the well-known properties of modular abelian va-
rieties that will be used in this paper. Furthermore, in §2 we define Heegner
points on a curve X and variety E. In particular, a Heegner point y € E(K)
that plays an important role in this paper is constructed. Formulas for the ac-
tion of Hecke operators and elements of the Galois group on Heeger points are
presented.

Let ¥ be the image of y in E(K)/,os and o the involution of E(K) re-
sulting from the automorphism of complex conjugation of the field XK.
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From condition (1) of Theorem 1.3.2 we deduce Proposition 2.3.9: ¢(7) =

l;rom conditions (1) and (2) of Theorem 1.3.2 we deduce, as an immediate
consequence of the results of Gross and Zagier, Proposition 2.3.5: y #0.

The remaining part of the paper is a proof of the following theorem:

THEOREM 1.3.3. Let the Heegner point y € E(K) defined in subsection 2.3
be such that o(¥) = —F and ¥ # 0. Then there exists an m, such that ¥n we
have I"™Sp(Q, E)=0.

By what has been said above, the main theorem follows from Theorem 1.3.3.

In subsection 3.1 we recall the properties of the Weil pairing [-, ]: E;, ®
E,— (C*)p and (for a number field P) the Tate pairing (-, -): Sp(P, E) ®
H'(P, E), — (BrP), on abelian varieties. In subsection 3.3 a subset Q,, of
the set of all prime numbers is defined for each D. It is proved in Lemma 5.2
that it is nonempty.

For any p € ,, an element ¢, €H ! (K, E),, having the following property
is explicitly constructed (Lemma 3.3.3):

There exists a nonzero multiple Ac,, where A€ Z, of <, such that for any

valuation v of K except v = p its localization in H '(.Z,, E), isequalto 0.
It follows from Lemma 3.3.3 that

¥seSyK,E) (s, 4c)=0. (1.3.4)

The remaining part of §3 is a derivation of a formula analogous to (1.3.4),
but one in which the Weil pairing is involved rather than the Tate pairing. To
do this, a mapping e,: Sy(K, E) — E, is defined.

Let s be an arbitrary element of S,(Q, E) and s, itsimage in §,(K, E).
From formula (1.3.4) we derive Proposition 3.4.7:

There exists an element x—a nonzero multiple of the image of y under the
mapping E(K) — Sp(K , E)—such that Vs € Sp(Q, E) we have [e,(sy), e,(x)]
=1,

On E,, ason E(K), there is an involution ¢ . It follows from Proposition
2.3.9 that g(e,(x)) = —e,(x) (see formula (3.4.6)). In addition, g(e,(sx)) =
e,(sg) (see formula (3.4.8)).

Informally, the meaning of the assertions in §§4 and 5 is as follows. In the
groups E; and S, (K, E) there is an /-adic metric: an element is near 0 if it
is annihilated by a small power of /. In §4 it is proved that from Proposition
3.4.7 and formulas (3.4.6) and (3.4.8) it follows that ep(sK) and e,(x) cannot
both be far from 0.

In §5 it is established to what extent the map e, preserves the property
of nearness to 0 in S,(K, E) and E,. Roughly speaking, for any finite set
$;5-.., 8, of elements of S,(K, £) there is a set P C Q, of prime numbers
such thatany s;, i=1,...,a,isnear 0 in S,(K, E) ifandonly if Vp€ P,
e,(s;) is near 0 in E,. (We only require the case a =2, 5, =54, 5, = x.)
It is deduced from this that 5, and x cannot both be far from zero. From
Proposition 2.3.5 it is not hard to deduce that for large » the element x is
far from 0 (Proposition 5.12), from which it follows that an arbitrary element
$€S5p,(Q, E) is near 0. This proves the main theorem.
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§2. Definition and properties of Heegner points on X and E

In Subsection 2.1 the well-known properties of modular abelian varieties will

be presented. Their proofs can largely be found in [12].
" 2.1. We regard a modular abelian variety E as a complex torus: E = V/IL,
where V' is a C-vector space and L is a lattice in V. For u € U we denote
by ¢(u) the mapping of real multiplication by #. This is an endomorphism
of V such that ¢(u)(L) c QL. The set of u such that pu)(L) C L isan
order RC U. For u€ R, p(u) is an endomorphism of the abelian variety E
defined over Q.

We denote a maximal order of the field U by O. For an arbitrary E (recall
that E is defined uniquely only up to isogeny) it is not necessarily the case
that R = O. However, by [15] (§7.1, Proposition 7), there exists an isogeny
a: E — E' with the following properties:

1) E' and q are defined over Q;

2) EndE' > 0;

3) any element of O, regarded as an endomorphism of E’ , is defined over

Since the finiteness property of II(Q, E) and E (Q) is an invariant with
respect to Q-isogenies, replacing E by E’, if necessary, we can assume that
R=0.

There exists a polarization A on E such that the Rosati involution with
respect to A is the identity on O (see [12], §7.6).

Let us recall that the projection of H on X is denoted by =, and the
projection of J on E by A. We denote by j: X — E the natural imbedding
of X into its Jacobian, chosen so that j(n(i*)) = 0 € J . This involution Wy y
can be extended to an involution wy ; on J. Since wN.X(n:(i”)) = n(0),
VxeX

Jwy x(x)) =wy ;(j(x)) + j(z(0)). (2.1.1)

From condition (1) of Theorem 1.3.2 and formula (1.3.1) it follows that
wy(f) = —f. From this

Aowy ;=-2 (2.1.2)

(it is necessary to examine the action of Wy ; On H' '°(J) and H' '°(E)).
It follows from (2.1.1) and (2.1.2) that

lojowN'X(x)=—Aoj(x)+){ojo7t(0). (2.1.3)

Henceforth in this paper p will denote a prime number such that Dt NAlL.
On X there is defined a Hecke correspondence 7;,' x » Which can be extended

to a mapping Tp' ; on J. The correspondence Tp, x and the mapping 7;' J
are defined over Q. Moreover, the Fourier coefficient a,€ O and

ICALYEVES A (2.1.4)

(see [12], Theorem 7.14). _

We now fix an extension of the valuation p to the field Q and denote by
the symbol ~ the reduction by it. The varieties X, J » E , the correspondence
T, x, and the mappings T, , and ¢(a,) have good reduction at the point p.
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By the Eichler-Shimura theorem, the following correspondence equality holds

on X: 7
T, x =fr+fr, - (2.1.5)

where fr is the Frobenius endomorphism on X , regarded as a correspondence,
and fr' is the dual correspondence (see [12], [16]). The following equality holds
in EndJ:

T, ,=fr+fr, (2.1.6)
where fr’ is the mapping that results from the correspondence fr' on X . Here
froft' =p-1g,,. (2.1.7)

From (2.1.6), (2.1.7), and (2.1.4) it follows that
fr? ~p(a,) fr+p=0 (2.1.8)

in End E , where fr is the Frobenius endomorphism on E .

Weset O,=0Q®Z,. Forany k >0, E, is a free 0/1 -module of rank 2,
and the Tate module T,(E ) of the vanety E is afree 0-module of rank 2 (see
[12), §7.6). The endomorphism fr on E acts on the 0,-module T,(E) and its

characteristic polynomial is equal to T’—a T +p, where T is an independent
variable (see [12], proof of Theorem 7.24). This refines formula (2.1.8).

2.2. The contents of the remaining part of §2, as well as §3 of the present
paper, follow [1] ideologically. An underlying difference is the use of a real
multiplication ¢(a,) € EndE instead of multiplication by a, € Z in the
case of an elliptic curve E. However, since it is impossible to give suitable
references, many proofs will be presented here.

Suppose that a point x € X corresponds to an isogeny of elliptic curves
A — A" with kernel isomorphic to Z/N . By definition, x is a Heegner point
if 4 and A’ are curves of CM-type and their rings of complex multiplication
coincide. The main theorem in the theory of complex multiplication makes it
possible to determine how the Galois group acts on Heegner points.

Let p be either a prime number such that p isinertin K and ptNAl, or

= 1. We denote by Oy the ring of integers of the field X and O, =Z+pO;
an order in K. The set of proper 0 -ideals in K (these are latnces in K whose
factorringis O, ) forms a group; its quonent by the group of principal 0 -ideals
is denoted by Cl(K p). For p > 1 we define an abelian extension X /K (the
class ring field of conductor p) and an isomorphism #: CI(X, p) — G(Kp /K)
as follows. We denote by I, the idele group of the field XK. If v is a valuation
of XK, then .7, will denote the completion of K, and %, will denote its group
of units. Since p is inert in X, one can regard p as a valuation of K. Its
residue field is equal to F 2, SO that there exists an endomorphism £: ?Z — F 2.
We set ™ = ﬁ"(F;) , where F, — F,, is the usual imbedding. Then the
extension KP/K corresponds to the idele subgroup

nng def( H % .7 %rmg K
vip, oo
There exists a natural isomorphism CI(X, p) — K/IE"‘!‘, , and its composition
with the reciprocity isomorphism I /Iz" — G(K,/K) gives us 6.
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For p=1 we have O, = Oy and CI(K, 1) = CI(K) is the ideal class group
of the field K. We set }1 = |CI(K)|. We denote by K, the Hilbert class field
of K. If p> 1, then, since p isinertin X , the valuation p splits completely
in the extension K /K. In addition, K, > K, and the extension K, /K, is
totally ramified in valuations lying over p. From the conditions on p and
A stated above (re(_:all that A # —1, -3) it follows that for P > 1 we have
G(K,/K,) = ?/p/?lp""g = F;:/F; =Z/(p + 1) (see [1], Proposition 5).

Since A = [I(4N), there is an ideal i, in O such that Oy/i, =Z/N (see
[9]). We set Lp,=14nN O, . Let a be a proper O,-ideal. We denote by {a, i}
the point on X corresponding to the isogeny C/a — C/z‘p_ ]a, {a, ip} isa
Heegner point.

LEmMMA 2.2.1. {a, ip} depends only on the class of the ideal a in the group
CUX,p). If {a,, i} ={a,, i,}, then the classes of the ideals a, and a, in
the group CI(K, p) coincide. ® :

We denote by o the complex conjugation automorphism of the field C,
as well as its restriction to any Galois extension P of the field Q with fixed
imbedding P — C. The automorphism ¢ actson X and E.

The following lemma shows how automorphisms act on Heegner points.

LEMMA 2.2.2.

(1) For a proper O,-ideal a, {a, i} € X(Kp).

(2) Let b be a proper Op—ideal and b its class in Ci(K, p). Then

6(5){a, i,}) ={ab™", i )}.
(3) ol{a, i,}) = {a(a), 0(i,)}.
(4) wy y({a, ip}) = {aip ) U(ip)} .
ProoOF. See [9], I, §1. e
We set z, = {Op, ip}. By Lemma 2.2.2, (1), z, € X(Kp). In particular,
z; € X(K,). We shall further assume that p > 1.

2.3. ProrosITION 2.3.1. T, x(z)) = dec(x, /X)) 8(z,) (equality of divisors
in X).
ProoF. From the commutativity of the diagram
c/0, —— c/i7!

l !

C/p™'0, — ¢/p'i;!

where the vertical arrows are isogenies with kernel Z/p, it follows that z, €
SuppT, x(z,). Since T _x Is a correspondence defined over Q and z, €
X(K,), Vg € G(K,/K,) we have g(z,) € Supp T,(z;). From Lemma 2.2.2
(2) and Lemma 2.2.1 it follows that the points &(z,) are distinct for all g €
G(K,/K|). Since dimK, /K, = degT, »(z,) = p+ 1, we obtain equality of
divisors. e

Recall that we are denoting the reduction map mod p by = . More precisely,
we fix p—the extension of the valuation p to the field Q. It defines a mapping
~ X@Q — X(F)).
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PRrorosiTION 2.3.2. fr(z)) = 2,. where fr is the Frobenius map on ¥ .

Proor. From (2.1.5) and Proposition 2.3.] it follows that for an arbit
g€ GK »/K}) (in particular, for the identity element) either fr(z)) = gz};) of
fr(g(zp)) = Z, . Since the residue fields of K, and K, atthe point p are Fe,
these two possibilities coincide. e

Let us define the following Heegner points on J and E:

Yp=40j(z,) € E(K,); y=24oj(z) e E(X,);
y =Ny ,x) € E(K); ¢=Jj(z)) e J(K,);

€ = Ny x(c) € J(K).

We shall need the points ¢ and ¢, only in the proof of Proposition 2.3.5.

CoROLLARY 2.3.3, NK,,/K, 0p)=9(a,),).

PRroOF. Follows from Proposition 2.3.1 and (2.14). o

COROLLARY 2.3.4. Y, =1r(y,).

ProoF. Follows from Proposition 2.3.2,
We denote by 7 the image of y in E(K)/\ors -

ProPosiTION 2.3.5. V#0.

PROOF. This result follows from the main theorem in [9] (it is essentially
presented in this paper without proof; see the end of §2 in Chapter V). Only a
careful check of the definitions is required.

We consider formula (6.3) in Chapter I of [9]:

L'(f,x, 1)= a-iz(cz'f). (2.3.6)

Here x is a character of the group CI(K). We shall use formula (2.3.6) only
in the case X = 1—the identity character. The function L(f, x,s) is defined
by formula (5.4) in Chapter I of [9]. In the case X =1 itisequal to Z (s) -
Lfm(s) » S0 that from conditions (1) and (2) of Theorem 1.3.2 it follows that

Ly, 1,1) # 0. The number a is not equal to 0; its precise value is not
essential to us. The element 1,7 € J(K)®C. This is the JS-isotypic component
of ¢ . (It is an eigenform for the Hecke operator 7, with eigenvalues a, .
The precise definition will be presented below.) Finally, % is the Néron-Tate
function on J (K) extended to J (K) ® C by Hermitian linearity.

Thus, from formula (2.3.6) it follows that I“z(cl’ 7)#0, and so 6,5 #0. We
note that y = A(c,).

Proposition 2.3.5 thereby follows from the next lemma. e

LEMMA 2.3.7. Let an element 1 ¢ J(K) be such that T, #0. then Az) ¢
E(k)

tors *



1240 V. A. KOLYVAGIN AND D. YU. LOGACHEV

PROOF. Let us recall the construction of the variety E. We denote by
Sz(N)Q the subspace of S,(N) consisting of forms with rational Fourier coef-
ficients. Then dimQ(Sz(N)Q) = dim_ S,(N), so that S,(N) = (SZ(N)Q) ®C.
The space S, (N )Q is invariant with respect to the Hecke operator T, .LletTc
EndQ(Sz(N)Q) be the subalgebra generated in EndQ(Sz(N )o) by all operators
T,, (see, for example, [9], Chapter 5, §1). The imbedding T — EndQ(S2 (N)Q)
defines an imbedding y,: T — End"J, where End®J = EndJ @ Q. The alge-
bra T decomposes into a semisimple part S and nilpotentpast R: T=S+R,

The algebra S is a direct sum of number fields: S = Yi-1S;. Let e, be the
identity in the field S,.

Since f is an eigenform for Hecke operators, one can define an epimorphism
a: T— U specified by the following formula: ¥¢ € T we have ) =a)-f.
It is clear that a(R) = 0 and that among the fields S, there exists only one Sio
such that a: S;, — U is an isomorphism and a(S;) =0 for i#i,.

We represent the variety J as a complex torus: J = W/M, where W is
a C-vector space (W is complex-conjugate to' S,(N) in H l()L’ ,C)),and M
is a lattice in W . There exists a natural imbedding Vw: T — EndW. We
set V = im ww(e,.o) and decompose the mapping y/W(e,.o): W — W into an
epimorphism Aw:W >V anda monomorphism i,,: V — W, It is clear that
MnV isalattice in V. Since S is a new form, from the theory of Atkin-
Lehner it follows that dimV = 4. By definition, the modular abelian variety
E is V/L, where L is some lattice in V commensurable with M NV . There
exist nonzero constants ¢;» €; € Z such that the vector-space maps ¢;Ay and
¢;iy induce abelian-variety maps A: J — E and i: E — J, so that

iod=ccu,(e,). (2.3.8)

For any 1 € T the map ¥, (t) is defined on the group J(K)® Q. if
(wj(e,.o))(r) # 0, it follows from (2.3.8) that A(7) ¢ E(K )iors - However, the el-
ement 7, can be obtained from (y ; (e,-o))(t) by means of the following general
construction.

Let A be an arbitrary Q-module, and suppose that an algebra imbedding
o:U— EndQA is given. The imbedding 4 can be extended to an imbedding
dc: U — Endc(4®C). Let n, =id, 7,, ..., 1, be all the imbeddings U — Q.
It is easy to prove that Va € 4 elements @y oyeees a, € A ®C are uniquely
defined with following properties:

1) ):f:,a,,i =aQ®l;

2) VueU (dc(u))(a,h) = n,(u) -a,

(i.e., a, is an eigenelement for the operators in U).

Weset 4 = J(K)®Q and 6(u) = y,(a'(u)). By definition, T, =
[(qu,(e,.o))(t)],’I . Hence if T, # 0, then likewise (wJ(e,.o))(t) # 0 and A(r) ¢
E(K)y. @

PRoPOsITION 2.3.9. o(F) = -y.

PROOF (see also [1], Russian pp. 531-532, English pp. 532-533). Let C be
the set of representatives of elements of the group CI(X) in the group of all
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ideals of the field K. We have
a(y) = o(Ng k(A0 i{0k, i =
= ) o j(g({Ox 1})) (since 4 and j are defined over Q)

2€G(K,/K)
= 3" 40 j(a{a, i})) (by Lemma 2:2.2, (2))
= ‘g 20 j({a, o(i)}) (by Lemma 2.2.2, (3))
= ‘gf o j(wy x({a-a(i), i}) (by Lemma 2.2.2, (4))
= ‘g—l o j({a-ai), i}) + k4o j(n(0)) (by (2.1.3))

= —y+h-Aoj(m(0).

By the Manin-Drinfcl'd theorem, j(n(0)) isa point of finite orderin J,i.€.,
o) =-- ®

§3. Definition of the element C,; proof of Proposition 3.4.7

3.1. Let us recall the definitions and properties of the Weil and Tate pairings
for abelian varieties (see (171, [18]). Let 4 be an abelian variety defined over
the field P, pp, the set of Dth roots of 1 in P, and &, a primitive rool.
Let A be a polarization of A. The Weil pairing [,]: Ap®A4p = Hp is
defined relative to A. It is skew-symmetric and compatible with the action of
the Galois group and the reduction. Let ¥, 4 — A be the polarization map
(here A is the abelian variety dual to A). Then the kernel of the Weil pairing
(i.e., the setof a € Ap such that [a,bl=1 Vb€ Ap) is Kerg, NAp; ie.,
its order is bounded independently of D. Weset my, = ord,(|Kerg Al and let
p=D-1".

LEMMA 3.1.1. There exist a, be Ay such that [a,bl=¢&p-

PrOOF. Let ¢,l, Ay — Ay be the restriction of ¢, to Ap . Since

the Weil pairing between Ay and A p' is not degenerate, there exist a € Ay
and b’ € Ay such that [a, b'] = &, . Since (| Coker(¢ | A’),)l)il"'2 , we have
b €imgyl, i.e., there exists b € A4 such that ¢,(b) = I™p' . Then
la,b)=&p. ®

If P isa p-adic field, then a local Tate pairing (-, *)* A(P)/D®H YP, A)p—
(BrP)D = -bZ/ 7, is defined. If P isa number field, then a global Tate pairing
(-, y: Sp(P, A ® HI(P, A)p — (BrP), is defined. Since the Tate pairing is
defined in terms of the Weil pairing, it depends on the choice of a polariza-
tion A.

The global Tate pairing is compatible with the local one. Let P be a number
field, v a valuation of P, P, its completion, and j,: P— 2, the completion
map. We denote by Jj, as well the localization maps (BrP), — (BrZ,)p >

H'(P, A), — H'(P,, A)p, and Sp(P, 4) = A(P,)/D (which exist by the
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definition of the Selmer group). Then Vs € Sp(P,A4) and Va e H I, 4),
we have (j,(s), j,(a)) = j,((s, a)).

3.2. We shall state a lemma on the connection between the Weil and Tate
pairings. Let ¥ be a p-adic field with valuation v, & a totally ramified
cyclic extension of degree D, E an arbitrary abelian variety defined over & ,
and k the residue field of & .

Suppose that the following conditions hold:

1) E has good reduction in v;
2) ord, (D) # O(i.e., I # p); (3.2.1)
3) E,CE(%).

Then £, ¢ E(k). Furthermore, let R e E(Z) be an element such that

Ng;#(R)=0,andlet R be a reduction of R. Since .&# /Z is a totally rami-
fied extension, from N_g,/ #(R) =0 it follows that R ED . We denoteby R e
H _'(5’/2’ » E) the projection of R under the mapping Ker(N, 7 (E)) -
H /% ,E). Let a be a generator of H(Z/¥,Z) and r = R' Ug €
H\Z|X,E)- H'\\7, E)p.

We define the mapping ¢, = e, E(Z)/D - E as follows. Let red:
E(X))D - E (k)/D be the reduction map. It follows from conditions (3.2.1)
that red is an isomorphism. Let 6: E(k)/D — H'(k, Ep) = Hom(G, , E))
be a connecting hornoglorphism in a cohomology exact sequence. Finally, let
: Hom(G,, E;) — E,, be the Frobenius image; ie., for y € Hom(G, , E}) ’
we have w(y) = x(fr), where fr e G, is the Frobenius automorphism of the
field k. Weset e, = wodored.

We note that e, is an isomorphism. Indeed, @ and red are isomorphisms,

and J is an imbedding. But since E(k) is a finite group, If(k)/DI = IED|.
LEMMA 3.2.2. In the above notation Vs €E(X)/D
(s,r)=le,(s), R]ua. (3.2.3)
(Here we regard [e,(s), ﬁ] as an element of H° (G, , F ') J)

PRrOOF. This lemma essentially coincides with Proposition 8 in [1]. The fact
that in our case arbitrary (not necessarily one-dimensional) abelian varieties are
considered does not affect the proof. e

3.3. Let Q, be the set of prime numbers p that satisfy the following con-

ditions:
(1) ptNA;
(2) p isinertin K ;
(3)p=—-1modD;
(4) a,/Deo.

In Lemma 5.2 it will be proved that Q, is nonempty. We fix pPE,. We
denote by i’p the completion of the field X in the valuation p.

(3.3.1)

LemMa 3.3.2. (a) E, c E(F,.);
(b) Ep C E(,).
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ProoF. From the equality fi’ —p(a /D) D . fr+p = 0 (see (2.1.8)) and
conditions (3) and (4) of (3.3.1) it follows that fr° =1 on ED , from which we
obtain (a). Obviously, (b) follows from (a). @

Since G(K,/K,)=Z/(p+1) and D|(p+1), there exists a field L, such that
K,oL, DKI ,» G(K,/L,) Z/((p+ 1)/D), and G(L /K) Z/D

We set R, = Ny L, (yp /D)(yl) € E(L ) From Corollary 2.3.3 we
immediately obtam N, L/K, (R, )

As in subsectlon 3.2, we consider a generator a € H? (L,/K,,Z). We
define Rp e H'(L ,/K; E) as the projection of R, and r, R Ua €
H'(L,/K,,E) — H'(K,, E),. Weset ¢, = NK/K(r)eH(L /K, E)D

H' (K, E)p.

Let v be a valuation of the field XK. As in subsection 3.1, we denote by
j,: K— 7, the completion map of K and the localization maps in cohomol-
ogy. Let N (K ) be the set of all valuations of the field K.

LEMMA 3.3.3. There exists a number A # 0 such that Vv € N(K) except
v=p we have ju(Acp) =0.

ProoF. Since ¢, € H l(L /K, E) and the extension L,/K is unramified

outside p,Vv # p we have j,(c,) € H\(Z™|%,, E), where %" is the
maximal unramified extension of the field %, . But thls group is equal to 0 if

E has good reduction at the point v and is *annihilated by some number 4,
for other v (see [19]). Then A=]], 4,. ®

COROLLARY 3.3.4. Vs € S,(K, E), (J,(5), j,(4c,)) =0

PROOF. (s, Ac)) € (BrK),. W € N(K) except v = p we have j,({s, 4c,))

= (j,(5), J,,(Ac )) 0. As usual, we denote by inv: BrZ, — Q/Z the
canomca] 1somorphlsm of the Brauer group of a local field. Smce vb € BrK
we have Y, inv(j, (b)) = O, likewise j,( ({s, 4c,)) = 0 for v = p. But
(s, Ac,)) = (j,(5), j,(Ac,)). @

34. We now apply Lemma 3.2.2 in order to pass from the Tate pairing to
the Weil pamng in the formulation of Corollary 3.3.4. We extend the definition
of the mapping e, in subsection 3.2 to the case of a number field P. Let E
be an abelian vanety over the field P and v a valuation of P. Let &% and
J,, be the same as in subsection 3.1, and suppose that E, as a variety over 2,
satisfies the conditions (3.2.1). Then if s € SD(P E) and j (s)€ E(%,)/D 1s
a localization of s, an element e, 2, (J,(8)) € E p is defined. We set ¢, p8) =

€, 2, (J,,(S))

Let Viy..., Vy be extensions of the valuation p from the field X to the
fields Kl s L and K, (obviously, p splits completely in K,/K, and K /K
is totally ramlﬁed at u (see subsection 2.2)). We denote the complenon of L,
at the point v; by .? and the completion of K by (.2’ ) (they do not depend
on i). We denotc the completion maps K, — .5? L — .S’ K, (.% )y
and their corresponding localization maps in cohomology by J It is clear that
the residue fields of .7, .?;, , and (%), are equal 1o F .
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Nowlet s € 5,(Q, E) - H'(Q, E}). We denote its restriction in Sp(K, E)

— H'(K, E,) by Sx. Foreach i=1, ... » h we apply Lemma 3.2.2 to the
extension .‘?;, /.ﬁ?;, , the valuation Y;, the variety E (according to Lemma 3.3.2
it satisfies the conditions (3.2.1)), and the elements Jp(sg) € E(Z,)/D and
J,(R)) € E(Z). We denote by red;: E(K,) — E(sz) the composition of the
completion map ju,: E(K))— E((.ﬁl:)p) and the reduction map with respect to
the valuation ;. E((.%)p) - E’(sz) - In this notation formula (3.2.3) assumes
the form
{Jp(sk)» j",(rp)) =le, x(sx), red;(R )]V a. (3.4.1)

For elements Y, € E(K)) and y € E(K) we denote by §, and p their
images in E(K,)/D and E(K)/D. Since E(K,)/D — S,(K,, E), the element
e, x, ") € By is defined.

Furthermore, fr will denote the Frobenius automorphism of the field Fp.
Since £ is defined over F,, fractson E.

LeMMA 342 red(R,) =~ fr"'(e, x, ).

PROOF. Let us first find red,(R,)). Since R, = Kp/Lp(yp)—(p(ap/D)(y,), we
have red,.(Rp) = [(p+1)/D]~red,.(yp)—gp(ap/D)(redi(yl)) (the extension Kp/Lp
is totally ramified, so that on reduction the norm reduces to multiplication by
dimK,/L, = (p+1)/D). Let 1 € E be an element such that Dy — red,(y,).
Since, by Corollary 2.3.4, k :

Vi red,(y,) = fr(red,;(y,)),
we have
red,(R,) = (p + 1) fr(r) - (a,) 1)
=1t ((p + 1) (1) - p(a,)(Fr(1))]
= fr ! (p(f’(t) = 1)) = - ()~ 1) (by2.1.8)
(since frz(t) ~-l€ ED and p=-ImodD).
Let us now find €, K, (¥,). We consider the diagram

E(K,) — EF,)

! l

d, o~ ~ -
E(K)/D —= E(F)/D —— H'(F, E) —o E,,
where the vertical maps are the natural projections, and & and w are thq same
as in subsection 3.2. By definition, €, K, (’)=wodo red,(¥,). Bearing in
mind that Dt = red,(y,), by the definition of the connecting homomorphism
0 we have wodo red,(y,) = frz(t) -t (since the Frobenius automorphism in
the group GF: is frz). ]
Since the set of valuations Vi» ..., v, isa principal homogeneous space over
the Galois group G(K,, K), we have

h
20, (r)=j,c,) (3.4.3)
i=l .
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and
h
Eev,»,K.(j’l) =e, x(V) (3.4.4)

i=1

(we regard y € E(K)/D as an element of S,(K, E)).
Summing (3.4.1) over all 7, by virtue of Lemma 3.4.2 and formulas (3.4.3)
and (3.4.4) we obtain

Uplsk)s Jp(e)y = le, x(sg), —fr7'(e, x(FMIUa. (34.5)

We now note that under the reduction map E(K) — E(sz) the automor-

phism ¢ on E(K) is carried to the automorphism fr on E (F,:). By Proposi-
tion 2.3.9, there exists a number B # 0 such that o(By) = —By. It is easy to
see that we then have fr(ep’ x(By)) = ~e, x(BY).

We set x = 4By, where 4 is from Lemma 3.3.3. We multiply equality
(3.4.5) by AB. By Corollary 3.3.4, the left-hand side becomes 0. Since

fr(ep'K(x)) = —e, x(x), (3.4.6)

and U-multiplication by a is an isomorphism, we obtain the following propo-
sition:

PROPOSITION 3.4.7. Vs € Sp(Q, E), [e, x(s¢), € x(x)]=1. o

Moreover, since s is the image of s € Sp(Q, E) under the restriction map
SD(Qa E)— D(K’ E),

fr(ep'K(sK)) =e, x(s5¢). (3.4.8)

§4. Some auxiliary assertions

Henceforth we fix an arbitrary element s € S5(Q, E). The elements Sy €
Sp(K, E) — H' (K, Ep) and x € E(K)/D — Sp(K, E) — H'(K, Ep) will
occur equally in our arguments almost everywhere, and so we set s, =Sy and
§, = x, and the index i will take the values 1 and 2 everywhere. In this
section we shall show that from Proposition 3.4.7 and equalities (3.4.6) and
(3.4.8) it follows that the elements €,,x(s;) cannot both be far from 0 in E,
(see subsection 1.3),

We recall that the reduction map defines an isomorphism E, - Ep that
commutes with the Weil pairing and carries the mapping g: E, — E p to the

mapping fr: E, — E,,. We denote by E; and E, the subgroup of elements
a € E; such that ¢(a) = a and o(a) = —a respectively. Real multiplication by
U turns E, into an O-module and an O/D-module; for € O or u e o/D,
a € E;, we denote their product simply by ua. An “ideal” will mean an
integral ideal of the field U. The set of ideals is ordered by a divisibility
relation: 1,7, > I,. For a € O (a) denotes the principal ideal a0, and for
a€ 0/D (a) denotes the inverse image in O of the ideal q - O/D under the
epimorphism O — O/D.

If in the formulations of the assertions or in their proofs we encounter a
variable m with some index not defined previously, its existence is thereby
assumed (as part of the assertion).
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The following proposition is analogous to Proposition 9 in [1]:

ProrosiTioN 4.1. Let w, € E} and w, € E, be such that vr ¢ 0,
[ro,, w,] = 1. Then there exist ideals 1, and I, such that LI, < (DI
and I,w; =0.

COROLLARY 4.2. There exist ideals 1, and I, such that L1, < (DI™) and
Lie, x(s5;)=0.

DERIVATION OF 4.2 FROM 4.1. It is cnough to take w, and w, such that
®; = €, x(5;). Then w, € E} and o, € Ej, . It follows from (3.4.7) that
Vr € O we have [rwl,a)z]:l. o

PROOF OF PROPOSITION 4.1, Ep, is a free O/D-module of rank 2 (see [12),
§7.6). Let b,, b, be a basis of Ej, over O/D, and let o(b) = uyb +u,b,,
where u,; € O/D. Then Uy + Uy =0 in O/D, since the characteristic
polynomial of the automorphism fr in ED is Tz—apT+ p=T*~11in O/D,
where T is an independent variable. e

LEMMA 4.3. There exists an element @y =nb, +r,b, € E},, where r,r,€
O/D, such that min((r,), (r,)) < (I™).

PROOF. We shall seek a, in the form
a;=x,(b; +0(b))) + x,(b, + a(b,))
= (), + Dx; +up x,)b, + (#12%;, + (g, + 1)x,)b, .

(“n‘“ U, )=(’n tlz).
Uy Uy +1 Ly 1y
The lemma reduces to making the computations in this problem in the ring

O/D: let ¢, ; € O/D be such that t,, +1,, = 2. Then there exist X, X, € 0O/D
such that

We set

min((#, %, + 4,3,), (1%, + 1,,x,)) < I™.
Let ,, ..., 4, be prime ideals in O that lie over /. They are prime ideals in
O/D as well. We set ms; = ord, (2).
4

We choose an arbitrary j=1,..., k. If ord (t,,) £ m,., then we set
4,4 5j
X = lmod,lj s X, = 0mod A:-"”“ . (4.4)
If ord, (¢,,) > m.., then ord (t33) £ mq;, and in this case we set
2,0 5j 4,02 5j
X, = Omod}.;."”+l , X, = I mod ﬂ.j. (4.5)

With this choice of x, and X,
minford, (z,,x, + 1,,x,), ord, (7,2%, + £5,x,)] < ms; .

There exist x; and x, that satisfy congruences (4.4) or (4.5) for all J. The
resulting a, satisfies the hypothesis of the lemma. It is clear that m, =1 for
all /=2 and m,=0forl#£2. e

LEMMa 4.6. |E}| < D%™s

PROOF. We note that [E}, E}] C {1, -1} and [E;, Ejlc {1, -1}. In-
deed, the Weil pairing commutes with the action of the Galois group. Let
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a,b e E} or a,b € Ey. Then [a,b] = [0(a), o(b)] = [0(a), a(B)] =
(fr(a), fr(b)] = [a, Y = [a, 51" = [a, b]™", since p = —~1modD. Hence
[a, b]2 =1.

For a € E,‘; we consider the character x(a) € Hom(E, , C*) defined by

the formula (x(a))(b) = [a, b). Then x: E; — Hom(E,,C") is a homo-
morphism, If x(a) = 0, then 4a € Kerg, . (¢, is the mapping from E to
the dual variety corresponding to the polarization A; see subsection 3.1.) In-

deed, [4a, b]-= [a, 4b] = [a, 2(b + 0 (B))] - [a, 2(b — o (b))] = [a, b+ 6 (b)}" -
[a,2(b - a(b))] = 1, since b+ a(b) € E; and b - o(b) € E;. Hence
|Kerx| £ 42d|Kerpr| , 1.e.,
|Ep| < 411™|Ep). (4.7)
Since E}, N E; C E,, from the formula |E} + E |- |E; NEp| = |Ep)| - |E|
it follows that |Ej|- |E;| < 2%p* . From this and (4.7) we obtain |Ej| <
2¥™/2 . p? | from which it follows that m, exists. @
We define a mapping o: O/D — E}, as follows: a(u) = ua, , where a, is
from Lemma 4.3. If a(u) = 0, then ur, = ur, = 0, from which it follows

that u/™ = 0 in O/D. Comparing the orders of O/D and Ej,, we obtain
|Cokera| < I™ , where m, =dm,+ m,. Hence

VaeE; 3ueO/D suchthatua =["a. (4.8)

We now note that in the preceding arguments one can replace E;; by E,

everywhere. There exists an element a, € E, that satisfies the analog of Lemma
4.3 for E,, , and the analog of formula 4.8 holds for a,:

Va€E, 3JueO/D such that ua,=1"a. (4.8")

We consider @, and w, from the hypothesis of the proposition, and let
I™w, = ta,, where 1; € O/D. Let us show that [""t,t,a, € Kery, ie,

Ve € E, we have [I™11,a,,c] = 1. Indeed, let I™¢ = ua,. Then, since a
Rosati involution is the identity on U,

U™t ta,, cl=[tL,a,, "c) =1 1,a,, ua,)
= [ut,a,, ay) = [Muw,, Mw,)=1,
by the hypothesis of the proposition. Therefore, 4/"7¢,t,a, € Kerp, and
4/™*™ ¢ pa =0 and 4™ ™, =0 in O/D. Hence
(t,8,) = (DIT™™™ " 47l (4.9)

We set I, = (DI™)/(1;). Let us show that I,w, = 0. Let u € I;. Since
(D) > (t;), we have u = I""uI , where u, € (D)/(t;). If %, is the image of ¥,
in O/D, then %,t;=0. But uw, =1"uw,=%,1,a,=0.

Furthermore,

LI, = (D’P™)/(1,)(t) < (D' ™) /(1,1,)
< (DI
= (DIt g)
It follows that m, exists. ®
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§5. End of the proof

In this section we shall explain to what extent the map e, . preserves the

relation of nearness to 0 in the groups S,(K, E) and ED (see subsection

1.3). First, Va € Sp(K, E) we define an element a, € Hom(T", ED) » wWhere
I' is some Galois group, and we shall show that e, x(a) is the value of the
homomorphism @, atsome element y €' (Lemma 5.3). Hence it will follow
that the elements (5;)y(?) cannot both be far from O, Moreover, by choosing
different p e 2, , we shall obtain different ? (Corollary 5.4),

The next step is to show that the elements (5;), themselves cannot both be
far from 0 (Proposition 5.7). We then show that it follows from this that the
elements s and x cannot both be far from 0 (Corollary 5.11) and, finally, that
x is far from 0 (Proposition 5.12). It will follow from this that s is near 0,
which is what we need.

Let us give the precise definitions. We recall that »’ = DI™  and we consider
the field V' = K(E, ). Let res: H'(K, E,) — H'(V, Ep) be the restriction
map. We regard the s; as elements of H l(K » Ep) and set S;y = res(s;). Then

s,y eH\(V, Ep) =Hom(G,,, E,), so that one can regard the elements s, as
homomorphisms from Gy into E,. We denote by W, the extension of ¥
corresponding to Kers,, , and we denote by W the composite of W, and w,.

i

We also set G(W/V)=H and GW,/V) = H,. Thus, S;y €Hom(H, E}).
LEMMA 5.1. W/Q is a Galois extension.

ProoF. It is enough to show that W./Q is a Galois extension for ; = 1,2.
Since s, € res(H l(K s Ep)), W,/K is a Galois extension. We consider an
element ¢ € G(K/Q). Since o(s;) = S, and o(s,) = —S, , the action of ¢
preserves the extensions W/K. e

We consider an imbedding W — C and denote by o € G(W/Q) the restric-
tion of the automorphism of complex conjugation to the field W .

Let n € H be an arbitrary element. We set g=mno. Then g c H. We
denote by &; the image of ,g2 under the epimorphism H — H,.

We recall that for an unramified valuation 7z of the field W lying over a
prime number p of the field Q an element frz e G(7, /Q,) = G(W/Q) is
defined, where #, is the completion of W at z. By Chebotarev’s theorem
there exist # and p such that frm = g and ptNA. We shall denote the
restriction of the valuation #z to ¥ and W, by x|, and ”'w,. respectively.

LEMMA 5.2. The number p defined in this way satisfies the conditions ( 3.3.1).

PROOF. It is enough to use the fact that fr(z|,) = ¢. Since gly=0,pis
inert in X . Since gly = o, the completion of V at the point 7 is %, . Hence
Ey C E(%,) and E, cE‘(sz).

Now let a, b € E,, be such that [a, b] = ¢, (see Lemma 3.1.1). Then
lo(a), a(b)] = 0(¢p) =&, . But [o(a), o(0)] = [o(a), a(b)] = [fr(a), fr()] =
$p, whence p+1=0modD. Forany a € E,, we have fr?4 - o(a,)fra+ pa
=0 and fr’a = 4. Hence pla,)fra = 0, i.e., the mapping (p(ap) equals

0 on ED and hence on E, as well. Thus, ¢(ap)/D € End E, whence ap/D'
€E0. e
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from which it follows that the group (Za)" contains a X -open neighborhood
of I and hence is itself open in X . It follows that za/(za)’ is finite. o
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