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ungen, Referate oder dergl.
Verlagsrecht {iir die Dauer des Urheber-

tomecha n Wiedergabe oder einer sonstigen Verviel-
hdm Gmmmdtm Schriften eines Autors ist die Ge-

hich .' in 2 Exe Ill einen der Herausgeber zu senden, und zwar an denjenigen. der dem
3 t I'W m Mﬁfﬂl an den geschiftsfithrenden Herausgeber:
ger, am Math. d. Univ., Im Neuenheimer Feld 294, D-6900 Heidelberg
(2 Hmmbu‘) Guldenhagen 5, D-3400 Gottingen
f hhﬂl. d. Univ., UniversititsstraBe, D-4800 Biclefeld 1

ter: Math. Inst. d. Univ., Bunsenstr. 3-5, D-3400 Gottingen

e, Math. Inst. d. Univ., Im Neuenheimer Feld 288, D-6900 Heidelberg
M Math. Inst. d. Univ., Postfach 3008, D-8580 Bayreuth

: m M Mmusknptﬂ nach folgenden Vorschriften vorzubereiten. Die Manusknpte sind in
| _ I

ﬂﬂhen folgende Alphnbetc zur Verfiigung: lateinisch, gotisch (Fraktur), griechisch, grotesk.
nen | Be Mﬂlﬂhﬂl (Antiqua), kursiven oder halbfetten Buchstaben, GroBbuchstaben in Schreibschrifi
‘e ichle ‘Vm# B, C,..., Z, auBerdem gibt es Sonderzeichen wic 2. B. X, V. o, W,

# taben 2 als mathematische Symbole werden grundsitzlich kursiv gesetzt. Alle lateinischen Buchstaben.
dere te — auch fiir den gewShnlichen (nicht-kursiven) Satz — als mathematische Symbole stehen. sind
m durch verschiedenfarbiges Unterstreichen.

| . roBbuchstaben X, IT sind nur zu kennzeichnen, wenn sie wie andere groBe griechische Buchstaben ver-
] ﬂh‘ Summe bzw. Produkt bleiben sie ungekennzeichnet.
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ir ,,ist : ement von* € ist zur Unterscheidung von ¢ besonders zu kennzeichnen : das Zeichen fir List Teiler von®

: F n. also afb, nicht a/b.
; i‘--'- "-‘-'

n Buct taber 0, O bzw. | als mathematische Symbole sind zur Unterscheidung von der Zahl 0 bzw. 1 besonders

m das Zeichen 0 fir leere Menge” zum Unterschied von der Form ¢ des kleinen griechischen o
h (-) im Unterschied zum Minuszeichen (—).

m e, <, <,.4 g, S, sind besonders deutlich zu schreiben und gegebenenfalls zu kenn-

,; Mdm Zeichen I >, I'l. N usw. sollen iiber und unter, nicht neben dem Zeichen stehen

J .Li{:‘ﬂ'il = | ,""__1.-
3 N :. .—- 9

| ,_Fé;;;-.f.--a- Manuskript soll ein Blatt mit Anweisungen fiir den Setzer bethegen. Darauf sind die farbigen Unterstreichungen zu
3 1, ebenso die verschiedenartigen Unterstreichungen, durch die im Manuskript

i b "'" H. d
O
(ol
i A I'_ r - rl|l-_l'

kursiver, halbfetter

_.'; __ ‘_-._T ’

“' - Textsatz gekennzeichnet ist.
Bei einem Satz, Hilfssatz, Lemma, Folgerung, Korollar ist dieses Wort und die etwa nachfolgende Nummer halbfett, der
Juwullge"l'cxl kursiv auszuzeichnen (z. B, Satz 5. Gilt fir. . .), bei Definition, Bemerkung. H:.u-.pu! 1st der Text nicht kursin

r

auszuzeichnen (z. B. Definition 3. Fiir ein. . .). Eigennamen sind nicht hervorzuheben, FuBnoten sind fortlaufend zu nume-
= = = I ’ [ &
rieren.

Im Literaturverzeichnis sind diec Autornamen kursiv auszuzeichnen Titel der Arbeit

ungekennzeichnet. Das Erscheinungsjahr ist in runden Klammern unmittelbar hinter der halbfett auszuzeichnenden Band-
nummer anzugtbtn Vﬂl‘ dem Autﬂrﬂnndnihn steht die ldurLI'.ldL Nummer des V L[‘ILI{'I]I‘H&HEH in eckigen Klammern. 7 13

[3] H. Hasse, Symmetrische Matrizen im Kérper der rationalen Zahlen. J. reine angew. M

und Name der Zeitschrift bleiben

ath l“llu“‘ o

Das Zitieren aus dem Literaturverzeichnis im Manusk ript soll in der Form _[3], Satz 11+
Form ,[3, Satz 117" oder ,[3, S. 24]* erfolgen.

Fir etwaige Figuren sind reproduktionsfihige Remzeichnungen mit Tusche auf Perg:
Der Titel der Arbeit soll in gewShnlicher Schrift, nicht mit lauter GroBbuchsta

bckqmmcn nur Eigennamen groBe Anfangsbuchstaben. Es ist ein Vorschl
der im endgiltigen Druck iiber jeder Seite steht.

min.r L3]. S. 24", micht in der

imentpapier erforderhich

ben geschrieben sein, bei nichtdeutscher Sprache
ag tur emen kirzeren Kolumnentitel 7u machen,

Am Ende des Manuskripts ist unter dem Literaturverzeichnis die vollstiandige postalische
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es __ . th > modular function J(7) at imaginary quadratic arguments t

mmam as singular moduli. They are all algebraic integers.

ﬁt prime factorizations of the differences of two singular

turn out to be highly divisible numbers. For instance, we will
‘ dividing the absolute norm of j(t) — 1728 = (1) — j(i) (and
icities with m ﬂi&? m:r), they turn out to be contained among the

e SN

30,
Py

hich is mvanant under the action of the modular group
e mier expansion
m+ 196884 g + 21493760 ¢* + --- _..; D5 T
£ N nz0
il mﬂc,.ezmr all n.

h E‘ﬂnman on 9, j(7) enjoys the following remarkable property:

oy ver t lies in an imaginary quadratic extension K=Q(r) of the rational
Der Eeld J(7) is an algebraic integer in an abelian extension of K. If at* +bt+¢=0
~ where a, b and ¢ are integers with g.c.d. (¢, b, ¢)=1, and we define

d=disc(t)=b*—4ac,

then j(7) 1s an integer of degree /1 = h(d) over Q. Here /(d) 1s the class number of primitive
binary quadratic forms of discriminant ¢, or equivalently, the order of the class group

i
of the order 7 [b+l/ a

]. The conjugates of j(r) are the & values j(7), where 7" ranges
over all roots of primitive quadratic polynomials of discriminant d. Finally, the field
H = K{j(1)) is abelian over K and “dihedral™ over Q; it is the ring class held of conductor

f over K, where d=d, 17 ([3)).

Now suppose d, and d, are two fundamental discriminants which are relatively
prime, and define D=d,d,. Let w, and w, be the number of roots of unity in the



-:’j 7 m madulo I'. Note that this is the absolute norm

-.: o afdcw b h;, pmvldcd that dl!dz -—4 In thﬁse
; ﬁ f{ ﬂdmds nnfy on dl aﬂd dz, m gellel‘a.l J(dl, dz)z

2 W ﬁm muit is a spemﬁc formula for it.

di;") + —1 we define

G LA e
x.!.l el
nn >0
x2+4nn'=D xz D
ined, for if / divides D; then (T)* — 1. Also note

= —1 we could replace ¢(n’) in the formula by —&(#n). In fact, one

_Ii' |._F.'\. >
gl

'ﬁ? sign (m) (——)-—slgn (m) ( ), where m is any integer prime to D
nted by the binary quadratic form [»’, x, —n].

d1 nor d, equals —4, the sign in 1.3 is always +.

W# may rewrite 1. 3 in the form

(1.4 J(d,d))*=+ I F(D;xz);
ik where 11;;{{!11133414}1

"‘F": = (1. 9) Blm)="T1 n"").

nn'=m
nn >0

An interesting fact about F(m) is that it is either 1 or the power of a single prime /.

The latter case occurs if / is the unique prime dividing m to odd exponent with
e(/)= —1. More precisely, if

__J2a+1 12a . _Jla b b
m == i ST ) L S br

with e(/)=e(l)= —1, e(g;) = +1, then F(m)=[@tDEi+Dt+1) [ particular, we have

Corollary 1.6. If [ is a rational prime dividing J(d,. d,)* then (u;,) 1, (d )#1

[
. e D= . D
and | divides a positive integer of the form - T In particular. | 5—4—; if D=1 (mod 8)

D
then 1*'-:*3- and if d,=d,=5 (mod 8) then < %

1- y
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2%.3.101 1 69 2%.5.7-11 1
22.3.199 32 H 2.3.5.72 i
2.5%.47 D2 73 2.3-233 1
2:3-5.7-11 1 75 22.331 331
2%.3%*.7 7 17 23.3:13 1

| 24.139 139 79 2.3%.5.13 1
NS 253 44 2 81 2.5.109 1
49 2.3.5.71 1 83 2¢.32.7 7

f 8815 28 5 18 1 85 22.3.7-11 1
B3 2%-3.137 3 87 2-419 o

F SB5.% 243329 1 89 2.3.5° |
R 227137 1 91 22.3.5-11 |
f B9F 2%.3:5.31 1 93 23.71 5
b R 2? 95 2-.3.79 1
63 2-11-79 1 97 2.33.7 !
65 2-3%.31 1 99 23.5.7 1
67 23.3.67 | 101 22.3%.5 5
103 2-3-13 1

s
of x with F(D 4.1' )=1 1s due to the fact that F(n)=1
s - . W a6 —163
5*" 1°%¢||n for at least two primes / with ( iﬁ )— —1, and ( { )= — 1 for all
~$WT i{ m-)

4 The cases of Theorem 1.3 when d, = —3 or —4 give formulas for the norms of

j(r)® and (j(r)—1728). We have tabulated the results for all known fundamental
discriminants with A=1 or h=3 (and for one discriminant each with A=5, 7) in the
table on the next page (Table 1). They agree with the computations of Berwick [2].
who in 1928 computed j for all known discriminants with h<3 and gave the ful
factorization of j and j— 1728 in the appropriate quadratic or cubic field.

Besides tabulating the prime factors, Berwick made several CDﬂjEi‘:li:lI:ES'E.II‘l con-
gruences satisfied by j(r) and j(r)— 1728. We will prove all of these divisiblities; for
example:
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Table 1.  Factorizations of Nnm ()= ;I:a*" :

|d] h #

=YD 2°3

$ 9 223 0

o 40 33 3°

8 1 )25 e

PR 2°7

19 1 2%3 273°

43 1 763.5 2°3%7

& 1. 23.5.1 273" 131

&8 -4 223.5.23+29 23337.11.19.127

pae B 3344i.47 711719

. 3 B-17-2 310412

59 3 21611 2911223.43

g3 3 2i¢s 2919.47.67-79
07 3 2°5%17 297343 .71 - 103

{39 3 2163323 29311103
21 3 2173317.29 29397323 .67
283 3 215335353 2931019231 .139
307 3 2'7335%47 2931123.163.271
3310 3 2193%1.93.29.59 2931173112592
575 3 9AmRNgt . 49,53 7 29397411231 . 472
499 3 2'93317.23.41.71.83 2931173712463
547 3 2153%5317.23 101 293117331259. 223
643 3 2'3335311.17°113 2931111243.67-71-499 . 607
SRAS R DIeRRSIN241 .89 . 113 273117311 ..23.43#307 - 739
907 3  2'93353131.137.167 29397347. 67279 - 331
&/ 5 5°11723:29 1119223231 .43

M 7 11317223 .41-47.53 7711423231267

5’?‘1 “l*f‘! . 1’5

31911213%17.23.29
24611213323 .31-47
2465913319.47-71
248597617.31.59- 71
247320172 19°23 . 59

2463217617.23.29.31.41.131-167-191

2483195917319231.47.107 - 167 - 191 - 239
2493195913323.29.31.47.59-61-131.239-263

24832076 11213323.29.41-47-59%151 251263311
2463217611213317.29.31-43247%59.71 -89 -199-359

24631976 11613317.19%23.41.59. 712113179 . 311 . 383 - 419 - 479 _
2493214107617.23.31241.59-71-79-83-89-101-151 - 359 .431-503
2503195911213%17°19341347.59.71-109- 179 - 239 - 311 - 431
2483205107611319323. 41 .43247°59°61 -89 101 - 151 - 167173 - 271359419 - ¢
7553215976 11617329331 .47.59. 67279 -83-101 - 149179 - 223251 - 439 - 479 .-
530119 1319195233252 1141743

7421121 13211743238 31641347°53%59°61%67

— e S s 2E
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nts and genera tions of theorem 1.3 in the
IS natural to replace the absolute norm of

to zero, by the discriminant of the integral polynomial satisfied

formula for ﬂg riminant, which, in turn, determines the

£ [/] n its integral closure. This index, also given in Table 1.

h d; for example when d= —71, so h=7, our formula gives the value
23%31°41°47°53259°6167, a number which was found by McKay
dg-ma‘” ‘calculation ([15], p. 349). In general, we show all prime

- g L]
. =i :
= »
B Al e y
A ﬁﬁ':r' h T .
e '-_‘.
. 1 A -.l ]
¥
4

he discriminant are less than or equal to |d|. Finally, we shall prove some

or v), where @, 18 the m-th modular polynomial, at singular moduli.
5 1{5:, Y)=x—y, so this generalizes our previous results. In par-

1]

-
1.

=

r, we will show that any prime dividing ®m(J(t,), j(1,)) has residue characteri-
+ _. e .'":‘ ] .l._;-:'ﬁ;l':::-,:lljl J ;'r I‘-.I.:-.F“';‘ |ﬁ. ; _=- r ii; 2 2

: . - -.:. :; 'I'i."-r:-.i gy b bl L ..:,-_-J s 4 ‘_____.__-' i 'y , ) - - . m D =g _._r
i IS————=—;—, more precisely, / must divide 4

o i i
- s "
L ;’-" .l-.. -I'A-_ T :'- o
L | ¥ I:- v |
Bl 1 b
e e

for some x with

d, d, PV Y

355 __ —12 —8  —2195923.29247.71
~12  —11  —=2'11.17°41283-.107- 131
~12 ~12  -2%3°5°11217223

—16 = 938039473

~16 ~4 0

—16 —-7 —3297319231.103

2% i) —16 —8 —2'97923.31.47-.79-103-127
DM P29 32 —16 —11 —2°7°11319%127.151.167

| - —5%7%13%31.47 6 —12 —273%1123.71-167-191

L e —16  —16 —263207519223.31

BES  -2%711°173293 —19 =g 23238419533

L 4 2127511192432 S 4 21232019, 592

[ =7 —7213%17219%41.61-73 SHgENTY | — 32913319, 31207

- -8 —-21%7°13329?79 —-19 =8 202139 29.31-.37-71 - 103 . 127 - 151

| =11 —=2127611.133172192 =495 1Y —21213%19.29241%109-173- 193

-3 90 =19 12  —2193%20%50.107.179-227
_ ol | 27039442932 472 o0 16 —2737%919.31,59%79.223
-12 ~7 —3°5%17%59.83 TG =19 TN L 2R3E0%33 19 .20 . 31437

S

The body of this paper is divided into two parts (¥ 2—4 and §5-—-7), as we
have two proofs of the above results which are of an essentially different nature. The
first method is algebraic, and works at the “finite primes”. It relies on the work of
Deuring on the endomorphism rings of elliptic curves, and exploits the connection
between the arithmetic of maximal orders in quaternion algebras of prime discriminant [
over Q and the geometry of supersingular elliptic curves in characteristic /. Some of

these methods were already used by Deuring in [6]. The second method 15 anuly{ic,'and
works at the “infinite primes”. It is based on the calculation of the Fourier coefficients



1/D) { was suggestec ‘% a ﬁqmr ﬁf Siegel [18] Hnth ﬂmhﬂdu
' cinl o3 ﬁmi m‘ the theory of local heights of Heeger points
| fﬁ ;tﬂaﬁan to the derivatives of L-series and to forms
Wi ‘be _mted in forthcoming papers [9], [10].
@t ' j'_eta discrete valuation ring whose quotient field has
ristic _~=f zero and whose residue field is algebraically closed of characteristic /> 0.
2 #’f W and normalize the valuation v so that v(n)=1. We will adopt

at v(0)= + oo.

i ?'* mﬂ E' be elliptic over W with good reduction (mod n). These curves have
1e cubic models of the form

E: y*+axytasy=x’+a,x*+a,x+ag,
E': V*+a,xy+asy=x>+a,x*+a,x+ag

,! te [20], which will be our basic reference in this section. The coefficients a;, a;
 are ele "n'=-= s of W. and the discriminants A, A’ are elements of W*. Let j=j(E) and
S ht; the modular invariants of the two curves; these are independent of the

""":'jm hos mﬂ we have the identity

t3 12
S Cﬁf-t —Cg Cy4

e

09 - w n=1, the set Iso,(E, E’) of isomorphisms from E to E’ which
4 " m the ring W/n" is finite of order 0, 2,4, 6, 12, or 24. We define

; (n)=Card (Isc; (E, E)) _

~ The main result of this section is the following

Proposition 2. 3. v(j—Jj) = ; i(n).

n
Note that this formula refines the well-known result that »(;—;")> 0 if and only
if the curves E and E' are isomorphic over the algebraically closed field W/n. For the

rest of this section, we shall assume that an isomorphism exists (mod n): otherwise,
both sides of 2. 3 are equal to zero.

Proof. We first assume that /> 3, so v(1728)=0. Since 1728 4 = c¢; — ¢z, at least
one of the quantities ¢,, ¢, must be a unit in W. We may choose models for £ and E’
with a,=4,=0, a,=a,=0, and a,=a,=0 in W. Then ¢,=—2%*3a, and
¢e = —2°3%a,: hence one of the coefficients @, a, is a unit in W,

Since the curves E and E’ are isomorphic (mod n), we can solve the simultaneous
congruences:

)

— e b

k)
a.=uta
{4 . ¢ (mod n)

iﬁr ?jumt ue(W/m)*. We have i(n)=1 if and only if these congruences can be solved
mod n").




s
lize ﬂ; and modify (a,, a;) by a cube root of
en f(”);:i

g if R at (mod xm,
-’.‘L‘.'ﬁb if a, %0, a; 0 (mod n").

: m;:{u‘ —ay) +v(a, — {ay) +v(a, — P a}), where { is a primi-
n W*. Hence v(j—j)=Y i(n) as claimed.

3‘ ﬁé ﬁrbﬂf then splits into several cases; we will treat the case
ﬂ,m@iﬁh is most useful in our apphcattons and leave the others

odels, we may assume a, =a; =0, a,=a,=0, a;=a},=0 in
m ﬂ must then be units in W*, and we may change models to
= 1 v(a -uga is maximal. Then

- 3 {aﬁf{ﬂ* —ag?))=60(3)+v(as —a) + v(a, + a,).

"l ‘*;
'-I'I'—_

*&;li ﬁ"ﬂ‘
s E and ﬁs- imarph;c (mod #n") if and only if the simultaneous

#»E{Wfﬂ")* and re W/n". If i(n)=1 then

s e {6 if 3=0 (mod n"),
P s im=2{2 if 30, as=a,=0 (mod n"),
s 1 if 320, a,%0, ag %0 (mod n").

.:; ' ‘f Hence v(j—j) =Y i(n) as claimed.
Finally, assume /= 2. Again the proof breaks into several cases; we will only treat the
case when a, =a; =0 (mod 2) here. Changing models, we may assume that
al =ﬂ; =01 alzarz :0* and dg =a£‘r =O'

Then a; and a} are units; we may change models to insure that ay=a3;=1 and
v(ay — aj) is maximal. Then

’ - i) )
v(j—j)=v(2'%(a} — aP))=120(2) + v(a, — ay) +v(as — {ay) +v(ag — 7 a,).
9s  Journal fur Mathematik. Band 355




‘I

n‘i’

';:I"";i.l‘ |ﬁ ]-!f' "".T
.'..-.'*1 bi- ‘ s ..J'u <

vﬁf M-

'ﬁm +r3
oF knﬂ r, s, £ in W/x" I i(1) 2 1, then
12 if 2=0 (mod =),

: Hﬂ}’“ 3 if 2%0, a,=a,=0 (mod n"),
1 if 2%0, a, F0, a; 0 (mod n").

& B" {f—— 1) divides 12 and the curves E and E' both have supersingu-
12

ﬂ- = %
m there is a single supersmgular invariant in characteristic /, so

wu-;')z:(n-—----

m prmfe Berwick’s congruences ([2], pg. 66—76) for the
Y quadratic argument of discriminant d. Put ¢ =7 [t]

/
N (/) N(j—1728) 2% 0 (mod /).

Qa. 1) If d< —4 and (d)=1 then

j=0 (mod 2'%) [=2,

j=1728 (mod 3°) J==3.

j=0 (mod 5°) =5,
'=1728 (mod 7°) [=17.
1 1

J7(—1728)* =0 (mod 11) [=11.

Proof. 1 If

reduction (mod x

LS] End“’jt (E)
have (> = {

—!‘-/)=1 then the elliptic curve E with invariant ; has ordinary

) for all primes dividing / in K (/). Furthermore, by Deuring’s theory
5 Endy (E) is the ring @ of complex I]lU]llpIICdllOIlS When d< —4 we
+1§: hence j%0 (mod n) and j£ 1728 (mod n).




 the x :m‘vnnant When
| _t*whmi=7j=i?28mtheumque
t; and :@,-g?mﬂ 1728 are the unique supersingular

m ﬁmque supersingular invariant, so 2.4 gives i=0(2"%)
nﬂ in 2. 3. To obtain the full congruence, we will show tha;

" w' dy EE‘) is isomorphic to Hurwitz's order 7 [ i K vy H‘]

: T.J 2
ernions, and the subring Endy ..(E) has index4 and contains

| ,_ Thc elements of order 6 in Endy, .(E) have the form 141 ﬂlz-j Tk :
d one o uﬁ be contained in Endy, .. unless all elements in that ring have even
m E—ndﬁ,z(E) contains ¢, which has elements of odd trace. Hence

d W pl!eaent a refinement of Deuring’s lifting theorem [5]. Let E, be an
C cur M the ring W/n", and let o, denote an endomorphism of E,. Assume
EIuB]EEndW,,,. (E,) has rank 2 as a Z-module and is integrally closed
s quotient field. Another way to Expreat this is to associate to the endomorphism

trace : .. X +% and norm n =2, - o, which may be viewed as multiplication by

ers in Endy,..(E;). Our assumption is then that the integer d= =t"—4nis a
discriminant.

- On the tangent space Lie(E,). o, induces multiplication by an element w, which
' uadratic equation x* — rx +n=0. Clearly, a necessary condition for lifting
mﬂmarphlsm %, to W is the existence of an element we W which

w=w, (mod n"),
w2 —tw+n=0,

| * 55"‘-__ b&m&d action of the lifted endomorphism on the tangent space will give rise to
# | an element.

N
4
ke l":

Proposition 2. 7. Suppose a w exisls which satisfies (2. 6). Then there is an elliptic
curve E over W and an endomorphism o of E such that

a) (E, a)=(Ey, 2,) mod n";

b) « induces multiplication by w on Lie (E).

If (E', «) is any other lifting, there is a commutative diagram

E —— L
.
E'—— E

of morphisms over W.
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E to be the canonical lifting. This is
‘the direct product of a group of

e g1 uP Smce Endw (E) = Endy n(Eo) = Endy - (Eo), we

ersingular over W/r, we may lift E0 to a Lubin-Tate group £ of
._:,:,';fr:;f'f"' B wm'mmorphlsm a[x]=wx+---. The uniqueness of this lifting
that it is algebraic.

: . m turn to the algebraic proof of 1.3. We shall assume that d=-p
ﬁ hi mi famhtates some of the computations, but the method works quite
. i| S [7] for the details.) For d, we take an arbitrary negative

dlsenmmant prime to p.

l
#"

14— . 50 O =Z[1] is the ring of integers in K=Q(]/ —p). Let j=/(1):

| } iﬂﬁﬁ Hilbert class field of K. If v is a finite place of H, we let A, denote
’ m maximal unramified extension of the ring of v-integers in H, and

* denote the extension of A, obtained by adjoining a fi xed element w which

quaﬂraﬂc equation of discriminant d,. This extension will be non-
fnﬂy if the residual characteristic / of 4, divides d,. We let ¢ denote the

ﬁ WJA.,

-.m*i"" |

‘IE-

MMB integer o.=a(t, d,) by:

- -r'
_—y

'.lr l:L‘ :,__ $ ‘ i el
A i? o S ety —Jj ()" ™.
:--Ti'rf ‘ l‘,‘-k‘:"aﬁn [r2]

ASEN ; discry=d;
*s-:..- '.'i. 2

-:J'

_.I“l
- -
.y _‘:._-*1

> in H, and when d, = — 4 even lies in the subfield Q(j). Our aim is to calculate
'ﬁe mluat:lﬁn of o at each finite place v of H, using the methods of § 2. To do this, let

E be an elliptic curve over W= W, with multiplication by ¢ and invariant j(E)=}.
This existence of such a curve with good reduction is guaranteed by a theorem of Serre
and Tate [17]; it is unique up to W-isomorphism as the residue field 1s algebraically
closed. Similarly, for each t, of discriminant @,, let £’ denote an elliptic curve over W
with multiplication by Z[w] and invariant j'=j(7,): then by 2. 3 we have

(3. 2) ord, (o) = : 2 23 > % Isoy /o (E, E').

C'Wy Wy [ta] n21
discta=d;

y PRl oy
b Taa il Bt
- y L -
I i

We are therefore reduced to counting isonmrphimm f:E = E' (mod n"). Such an

iIsomorphism gives rise to an endomorphism w r=f""-w-f of E(modn") which be-
longs to the set

S, = {0p € Endy ) E|Tr(0p) = Tr (w), N (2ty) =N (w), oo =w on Lie (E)}.



mﬂa of S, is of the form w,
ve E' with complex mulupll cation by
RN : tﬂ (F, ﬂ) over W and since F has
: t is isomorphic to one of the curves £’ via a map
| e % 4 - { ‘ ing this map (mod ") shows that %o =W,; (2. 6) also

e 48 'W' as well as the uniqueness of / up to a W-

2
11

urn to h computation of the set S,. Recall that / is the residual

D
J,.J#

& If ’)=1 then ord, (2) = 0.

*JT'-'

mﬁm case, E has ordinary reduction (mod n) and End,, .. E= (¢ for all
e this ring contains no elements of discriminant d,. #S5,=0 for all

L]
L

N -L that (;)4: 1; then E has supersingular reduction (mod n) and
718 i rphic to a maximal order in the quaternion algebra B over Q which is
m {5} Our first task is a convenient description of this order, as well
| muE fﬁr HZI

"j‘l@, ‘the field Q(j) has a unique embedding nto the field Q of /l-adic

: #; is the place of H=K (_;) which corresponds to the two equivalent
M embedding, there is a unique element ¢ in G = Gal (H/K) such that
i, (f°) for all feH*. Let a be a fractional ideal in K whose class

[TESPC i’ﬂ o under the Artin isomorphism. The algebra B is given by the subring
-n( ?Bﬂ)} of the 2 x 2 matrices over K; let 2~ ' denote the inverse different
I . ,‘ |

- of @ and 2 a fixed solution of the congruence )= —1(mod Z).

From now on we write d, = —¢, ¢> 0.

Lemma 3.5. Assume [¥pq. Then e=1 and
1) Endy,«E={[o fl:0€ 2" L ge@ ' 1" 'a/a, a=Af mod 0,)

W13, e Wy s L
2} The number of elements of S, is equal 10 "1 imes the number of solutions (X, b)

» ¥, 3
1271 Nb=pg, W Jhere x Is an integer and b is an ideal of € in the

of the equation x* +4
with x =0 (mod p) being counted twice.

class of o, the solutions (X, b)

Proof. 1) When a~1 the ring Endyy . £ contains Endy £ = {[2, 0] ac @) as

g [) l = <1 2% PR e >
well as the (-span of the Frobenius endomorphism }*=(1_‘, O)—[U,I], since the



B
: ) 3 l:." S "__‘.'1'5. >4 -_. s,
“I L " -.I o '-"'L-_._'n._l- _.- § L -
'-' 3 ¢ 5 .. - l.:' = > o 5 : 15 =
¥ 3 Iy o B = I r
! S AN LUK iC T, » ! T e Zuc!
-‘uu' L e :

, it must be isomorphic to {[«, f]lae @', e 2!, a=Ap mod 0}. The
ation ﬂ” follows from the observation that [*F is an endomorphism
£(mod ") if and only if kZn—1.

~ Whe r ‘ﬁﬂﬁm, Endy, . E7 is isomorphic to the ring calculated above. Since

1,, % E) is isomorphic to a as a left 0= End,, (E)-module [3], we have

: — W | 5 : . _ . - -
 a-Endy,.. E=Endy . E™:a in B. A short calculation yields the desired result.

o Tl Rl I

; 1 --tl

L 3 [ L =
! N - k3 K al
2 .-._ :- .".‘ 3 ] | &1 _-. B d 1-
A i LI bR S F i 5
0 3
o
- '-.!I e

g s
' i | Al
| ¥ -
[ - = T i
- T gt a2 e -
" i Ll -
o B e ¢ ey W
e ’ i iy H_ L L
' w .‘ 1 =
1 B
'y | T
N

1S0OT111

¥
F
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M S RN T

? "“ "2) If [a, p] 1s an endomorphism of E(modz") with trace=Tr(w) and norm =N (w)

x+Tr(w) |/ —p y[*1

 thena="" with x an integer and ﬁ—] 7= With yea/a.
e - il 3 G

Let b=(y) a/d; then b is an integral ideal in the class of a* and
x4 NB=pq.

~ Conversely if (x, b) solves this equation with b in the class of a*, and 7 is any generator
- of the principal ideal bda/a, we may obtain an element [z, f] of B with trace=Tr(w)
~ and norm=N(w) by reversing the above definitions. To determine whether or not

_'I.. .. ..: 4"..
7

ﬁgﬁm in Endy .. E we must test the congruence o=/ mod ,. This will hold

- for = sv of the generator 7 if x%£0 (mod p), and for w, choices if x=0 (mod p).
I'*'-..r.; 1'-._" Ry :

S 20 ‘note that for any choice of generator we have o> = —/f* mod (/,. For this
s equivalent to the congruence x2= —4/?""'3% (mod |/ —p). which follows from the

»*=yy=Ny=Nb (mod |/ —p).

Finally, to count the elements of S,, we must determine which endomorphisms
3] induce multiplication by w on Lie (£). If [2, f] has this property, then the dual

- ﬂﬂﬂmhsm [o, f1Y=[d. —p] induces multiplication by W = w(mod n). Hence we

)ay count elements of S, by taking exactly one half of the solutions (x, b).

-t

Now consider the case when /|g. Lemma 3. 5 gives the endomorphism ring of E
over A, /I"A,, and W is a quadratic ramified extension of A4,. We therefore find

B : . ‘n+1]
Endy.» E={[o, fllae2™ ", Bel™ 'a/a,a=f(mod O,); with m= :; :

The elements o, of this ring of trace =Tr(w) and norm = N(w) give solutions (x, b) of
the equation x>+4/°"" 'Nb=pg as in 3.5. Clearly such solutions can exist only
when m =1, so n<2. Since a, induces multiplication by an element of W/m on Lie(£),
and the reduction of w(mod n?) does not lie in the residue field, we see that S, 1S
empty for n=2. Since w = (mod n) we have the equalty:

S, = {0, € Endy,, E:Tr(op) —=Tr(w) and N(x,) =N(w)].

Hence
Lemma 3.6. Assume l|g. Then e=2 and S, is empty for n=2. The number of
: MG _ _ . . :
elements in Sy is hil times the number of solutions of the equation x~ + 4/Nb=pgq, where

x is an integer and b an ideal of € in the class of a2, the solutions (x,b) with x=0
(mod p) being counted twice.
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| '.: : _"‘Fm. E." ﬁv- m m we ﬁﬁd a HOlutmn to the equ_atl{)]]
o m solution with b integral in the class of o2

1ents o, with the correct trace and norm, as this is the number of

&:ﬂctiy half of these elements will lie in Sy, as

'I.'H'-

Ls: I===p Then e=1 and S, is empty for n22. The number of
§ - '.- ,' “ the number of solutions (x, b) of the equation x* + 4pNb=pg,
{ﬁfmﬂﬂe by p) and b is an ideal of O in the class of a>.

bir ﬁle last three hmmas as follows. For m =1 we let r_.(m) denote

ber o -v- Iﬁf O in the class of a® of norm equal to m. For an integer x, we
. = .;1: _' 1.

==
e
. -I.'I [

A i

- i -

2 if x=0(mod p),
1 otherwise.

6(x)={

3; Mm (’1)#1 Let v be a finite place dividing | and a the

1 e v
Ly e e T

pg—x
md,(u)—-- D ¥ 5(x)r,;( a7 )

n!! nzl

Ne¢ ﬁat by (1.2) and (3. 1) we have the relation:
J(—p, —g) =Ny x(@).

‘more. ﬁb sum E r.2(m) is equal to the number R(m) of ideals of ¢ of norm m,

'h

+;-_‘:;- ﬁm group of O(]/—_) has odd order. Hence we have

s *‘} -"-'- -' Proposition 3.9. If 4 is a prime of € of characteristic 1. then
i & R = _1;3

xed n21l

It is an exercise to derive theorem 7.3 from this proposition, using the identity

R(m)= ) (E) afforded by Dirichlet’s factorization of the zeta-function of K.
P

njm
n>0

4. To express the results in the previous section neatly 1
generalizations, it is convenient 10 introduce the modular pol)
negative discriminant d, we define

ord, J(—p, —t?)-—

Idi

_and to find approprate
nomials. For each

4. 1) T D A P ] C) ikl

S2d [t]
disct=-ﬁ§
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'f 3‘(1' —xi H (3) %
fol® =—178),  H@) =1,
Jootx) =x-1 3375, H(7)

~ J-s(x) =x—8000, H(8)

| T . lx)=x+ 32768, H(11)=1,

fi_m{x):x%(x-—ﬁOOO), H(12)=§.

| -
ve factored o= fh(]l)“'l in the integers of the field Q(J,). Note

ﬂm J(d,, d,) is equal to the resultant of the polynomials

FOr J‘: ﬁr. y) be the polynomial in Z [x, y] defined by
e - B )~ [T (G)—i0).
e LR

) dety=m
modSL->(7)

duct ﬂ:& taken over the equivalence classes of 2 x 2 integral matrices of
terminant m, modulo the left action of SLZ(Z ). The polynomial ¢, (x. y) is often
eferrec m as the “modular equation of level m”, although the usual definition takes
mam ﬁnl’y over the primitive classes y in order to obtain an irreducible curve in

o "r;ﬁ‘ x P* which is a model for X, (m). The fact that ¢, (x, y) has integral coefficients is
mﬁ«mwn We have

Q1(x, y)=x—y,
Q0% Y)=x> 4+ —x2y2+24.3.31 (x*y+y*x)—2%-3*.5°(x* +y*) + 3*.57 . 4027 xy
3 28,37 . §6(x 4 y)—2"2.3%.5%;

for the tabulation of ¢,, @5, and ¢, see [14].

The polynomial ¢, (x, ). when restricted to the diagonal, is related to the
polynomials f,(x) by Kronecker’s identity
(4' 3) (0..;(% x)= i n ﬁl-ltm(x):

tel
(2<d4m




ichle .__"__j__berg trace formula on PSL,(7). The
wr all m, provided we replace the term (x—y)

158 a square, by [T f._.(x)= xg(x—l’IZS)i in the

12<4

far all m if we take the sum over t*<4m and define

el ey

| .* .r "':““:: . + ) —
ppose j =] ———-—2——-‘£) 1s a singular modulus of discriminant —p, and that

a+b|/

in @. Then the value @ _(j, ) is non-

] ol Pl ;:7(41'7:—--1“-’!)--—*:J:'2
= > { %08 5(x)r.z( 7 )}

x k21

‘NSO kB

B ()
| 2 2
1tations of » as - :pt
d we define rﬁ(ﬁ)-—l for any class b. We can generalize (4.5) as

(i.e. as the norm of an ideal in the

t b be an ideal of @ and m =1 an integer which is not the norm of an ideal
ﬁf b 'I'hm the element

-+
J_._.‘-. e &
& ﬁ a non-zero algebraic integer, and the following result gives its valuation at places ¢
i
e of H.

Theorem 4.7. If (i

4
Lemma 3. 5, then

)_—_1 fhi’.ﬂ Ord”(ﬁ);—_o_ !f (;i) ==I ﬂﬂd nwe df_’ﬁ-ﬁt’ Q dj n

mp—n
OFGHS) = D > ﬁ(n)rb—l(”)rhai( /K )

nz0 kz1

The case when m=1 and b is not principal is particularly interesting, as (4.7)

gives the prime factorization of (j—j¢). Taking the norm of this quantity to A and
then the product over all classes b4 1 gives the discriminant of the monic polynomial
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e can obtain a formula for the index 7 of the
-.ggthe field discriminant is equal to

i extension of the ring of v-integers of H, and let £ be an elliptic
Mt:phcauon by @ and invariant j as in § 3. By (3.5) we have

7, g ﬁ'n{iﬁ,ﬁ] ae? ', pe2 'I"'a/a,a=ip mod O,}.

-r

1C ﬂf@ which is prime to / and in the class of ¢. By [17] we have
b as #MQ(E)‘MMHI&. Hence Homy, .. (E", E)=Endy . E-b

My en EJ#{[«;&] 2xe@ 'b,fe2 ' I" ‘baja,a=if mod ()
; e m, then Na+ INB=mNDb.

nd, by the definition of ¢,, and the results in § 2, we have

ont =y 3 SO (BT Blaa)

Wbt J
--"j"‘ i ““

o ;mt*r] ~ry
n—1
;»r I@’Rﬁ-l— and ﬁ—’ 0 correspond to an isogeny of degree m we have
__F*i‘.:‘ % V-r [fi—p

(4.12) Nc+ /2" INd=mp
where ¢=(3)/b and d=(J) a/ba are integral ideals of € in the classes of ¢

"1 and g0,

- . * | | p\* :
respectively. Conversely, given a solution to (4. 12) we retrieve either 2. (;) or 2w*

—

elements [a, f] of degree m In Homy .(E E) by choosing generators for the
principal ideals bc and ba/ad. The second case occurs when Nc=0(p). This completes
our sketch of the proof of 4. 7.

S. The analytic approach to the theorems of this paper consists of two parts:
first, to give an expression for log|j(r,) —j(t,)| as an infinite sum over PSL, (<) (or,
rather, as a limit of such sums) which for imaginary quadratic arguments can be
r?wmten as a sum over rational integers, and secondly, to show that certain combina-
tions of these infinite sums equal finite sums of logarithms of rational numbers. We

carry out the first part in this section.
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B v .
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(3 - I*=hypergec ﬁmmm:) and define for t;=u;+iv;e$H (j=1,2)

2 g, | g
& " =
J E:".' |’.r*

 &nw)=-20 ;,?n(wﬂm(mt,))=—-za.-,((”‘ - ks %),

2v, 0,

T distance. This is not defined at T, =71, since g, has a

’wTﬁ: the diagonal. Because d(ty, 1;)=d(y1,, y1,) for any
- fur -aeﬁiﬂ by the absolutely convergent series

(@ 'F-:-I-.,;-'-"ﬁr?r &(1y,77) (=PSL,(2))
arately. The function G, is called the automorphic

16 m is studied in various places e.g. [13] (note that
). The prcrpcrtms we need are:

-l -, ﬁl{l?'i :" e

m (I‘\é)z\(dlaganal) but has a singularity

E; (f”'j'z) is the hyperbolic Laplace operator

r 7, fixed and | vy =Im(zr,) large (larger than max Im(yt,)), G, has a
':’E .. | yerl
evelopment ﬂf tht form

y '*’171'52)':'1_23 E(ry,5)vi *—4n ¥ F(1,,5) vi K l(-zr]n]tl)e s

n#0

._;'f_" '_ ok, *J'

series converges with exponential rapidity; here E(t, 5) is the Eisenstein series

1 i (8 4
E T,S —_— I S=_ r — *
( ) ?EE\F o 2 E,EI 'CT'*"T”ZE ( - (0 1))

(c,d)=1
Kg__% 1s a K-Bessel function, and the F,(t,, s) are meromorphic in s and holomorphic

Al
g =
ML
s
R
‘ﬂl—_'r'l"
w.-.
e

1 .
for Re(s)> 5 The Fourier expansion of £ (z, ) is

% S P - ’ | i
E(1,8)=v"+ @(s) v! %4 il S im|l *oy.,.(m)v: K 1 (2z|m|v).e ™",
IF'(s)L(25) m*o T

el
3 a,(m)=Y d.

I'(s) C(23) ok dim

P(s) =




Thﬂ limit exists by what was said above, since all four terms in the limit
¢ functions with simple poles at s=1, the residues being —12, 12, 12,
pectively. We consider 7, as fixed and both sides of the asserted identity
’ﬂf 1:1. Both are I-invariant. The function on the left is continuous in I
singularity log|t, — 721> + O (1) as 7, — 11 by a), the function on the right
Both functions are harmonic; this is clear for the function on
for the function on the right by b), since

Hﬂ&

an (G (74, 1,)+4nE(1,. '5'))

| .'e.h jons of 4, with eigenvalue s(s—1) and

!1;_5111 (4nE(1y,5)—4me(s)—24

' ‘hence harmonic) with respect to t,. Therefore it suffices to show that
s differ by o(1) as v, =Im(z,) —o0. We have

-'f -%J%-ffarz)lz —logle~2"" + O(1)|>=4nv, + 0 (e™*™) (v; > 0),
7T
m :ﬁ} and the formula Kl(x) 55 gt

i (G, (5, 1) +4TE (T, 5) + 4 E (2 5) — 470 (9))

=4p;9£111 (E(Tz,s)(l 1:2g ))+4n11m (E(t,, 8)— @(5))

571
B S S (7, 1) e PN pm 2

n=+0

=12(logv, +2)+ (4nv, —12logv, + O(e” S0 30 (e %),
Thus the functions agree within O(e” *™') as v, — o0 and the Proposition 1s proved.
A We remark that the Proposition extends immediately to give a formula for the

logarithm of‘the absolute value of the quantity ¢, (j(z,), j(1,)) defined in (4. 2).
Indeed, applying the m"™ Hecke operator 7, with respect to 7, (i.e. replacing 7, by 772,




W
.....

m

1 b
=-i Z g: (Tl:arz+ ).

a,b.c.deZ ct,+d
ad=bc=m

ition to compute log|J(d,, d,)|> where (as in Section 1) d,
> fundamental discriminants and J (d,,d,) is defined by

#h{di) the class number of K, and w;(=2, 4 or 6) the
LN = ) :‘.,,I-:It .:'.1.. S A [0 3 . - _(r ) 2
e m&ﬂ glj(zy)—Jj(x2)l

s of points 7,, 1, € 'Y (I'=PSL,(Z)) of discrimi-
bﬂizer of Tjs then

i@)’: ;i BT, VT

[t [xleN® yel T,

discr;=d;
-= 2 b S (71715 ¥272),
j{fdu [t,]ﬁ'% (THTJ}EN +rtixr1"rt,1
discr;j=d;

. .j;" ten y=7y; 'y, with y,, v, e I' well-defined up to right multiplication

I, I, and up to simultaneous left multiplication by an element of I".
T as [1:3] ranges over a set of representatives for I'-equivalence classes of

dascrmnant d; and y; over I \F is simply the set of all points in $ with
?"“F‘w nant d;. Hence

I'_"_‘"'

2
, Z Gj(rl‘! TI):: z g.‘i(rl‘ Tl)‘
“1 w-z [TIL[Tﬂ {T&: '[':}EI:I,E}I
ISC T ] =4H

t;€ 9 of discriminant d; are in 1—1 correspondence with the poSlll\fE
e binary quadratic forms Q,(x, v) a; x>+ b;xy+ c;y* of discriminant b7 —4a;c,



n=D(mod2)

mm"*{(ﬁuez)eﬂzﬂ‘ld(&) d;, B,(Q1,Q3)=—n ny:

| ﬁm set of all integral binary quadratic forms with the usual action of
e | .oriminant function, and B, the associated bilinear form

4% --'-." ;"i_ﬁal, by, ¢11, [85, by, €3])=b1 by —2a, ¢, —2a5 ¢4
™ two forms Q,, Q, satisfying the conditions given (with

-0, n>0) are either both positive definite or both negative definite and we want
irst case. The three conditions 4(Q,)=d;, 4(Q)) =d,, B4(Qy. Q;)= —n are

* b

.1-1_:"'_
+I

ﬂ{fgl'*"lgz) d,&* —2nén+dyn?,

5 ) resentation of the indefinite binary quadratic form [d,, —2n.d, ]
| ratic fﬁﬁm 4. Since the automorphism group of (Q, 4) is { £ 1] x T,
im .i:t"f,"?j‘:_,,.m.b er of inequivalent representations of [d,, —2n,d,] by 4. On the

| w, |d, |2 s o

E(z;, S)="'i 1"&_"' ((2s)™" L.»K_,..ufj(-f);

m ideal class of K; corresponding to [t;] e I''H and (i, the correspond-
inction (the sum of N(a) * for all integral ideals a e c:i) The sum of the

| a?ll ideal classes ./; 1s the Dedekind zeta-function (x (s). Hence we have

hopndtmn S5.3. Let K\, K, be two imaginary quadratic fields with coprime
scriminants d,, d, and J(d,, d,) the number defined by (1.2). Then

it log|J(d,, d,)|* =lim 2 2 s A 1412 L. (s
1 %, g] ( 1 2)| 5—11[ n:“-'-Ep"'ﬁ p(”) Q;—l (lf‘f‘ﬁ) I:(ES) }I_'!_ 4 .hl(ﬁ')
o {57 n=D(mod2)
1 1
|dy |3 r(i)r(s_i) ;
: where D=d, d '—2; =y .
. =a,8;,0;=— N =3 or 3 if dj=—4 or —3 and h(K;) olherwise) and p(n) is

the number of mequmalem representations of the binar '
Y quadratic form [d,, —2n, d,] by
the form A=b>—4ac on Q= tla, b, clla, b, ce Z). Ld, ;




I :'; ‘ @“‘1 now bemS m-]/3 for some n>m |/D,
lﬁ m the reader.

MW{%,&&)P obtained in section 5 is not yet very useful
essec as the number of orbits of an infinite set by an infinite group.

5_ Wﬁm an expression for p(n) as a finite sum.

i _I . '..:' _.1 " - ‘- -y " !
y -'I.Ifh"._ <9 li':,? ."_L -
- ﬂ_ 'i_l‘l‘ ) g u&"l. ¢
|.._.__ = ."?a

i Yl ]
o gy L ] e
] . i
S.7a1 & .

i.h Let dy,d,, D and p(n) (n> /D, n=D(mod 2)) be as in the last
lf on
- i -P. l. 1‘" L
J‘ - b p(ﬂ)= Z B(d)r
e *.1.1; h e 4| R
re e(d) for MM d> 0 such that D is congruent to a square modulo 4d is defined as
;i';"=: ‘as the multiplicative function which for primes / equals whichever

T
1111

ter of K corresponding 1o the decompos:tlon D=d -d,. We recall that be

narrow class group to +1 with y(p)=1 if p is an inert prime
&erwm because y corresponds to a decomposition of D into
x{n}w —1 if a is a principal ideal generated by an element of

2
—D
€ Ok then the principal ideal (1) has norm 4 2 and

j divisible by a natural number > 1) because the coefficient of [;'"5 in
, and one easily deduces that

2. ed)=2 x@®).
a2 I
L-—-—Q(]/—l, |/ ,): then L/K is the unramified quadratic extension corresponding to

ﬂw character y, so
> x(d)=ryx(a)

D|a

for any integral ideal a of K, where r, 4 (a) is the number of integral ideals 2 of L with
N, x(20) =a. Therefore the identity to be proved 1s

/D
(6. 2) p(n)=rp (W), u= ~

lI'IJ l—ll—

i.e. we would like to establish a correspondence between the representations of
[d,, —2n,d,] by 4 and the ideals 2 of L with norm (u).



B Tn ‘?J:fr, . m@dnla Sk xotion of K, where a, is
ey "-:-.j;_-'-"j. ke i
n orie ;}fa s of a; (i.e. one with Im (ajB_)::- 0)

]
n ik -.l"

AN. -::."-_:_ ;ﬁ 4 *k“a‘ j, ,B,), th;s corms;aondence associates to

: o the maﬁ of SL,(Z) on oriented bases:

iqﬁ? ﬂg#[ﬂz, b,, c,] are forms of discriminant d, and d, corre-
ing to ﬁﬂ and (a,, %,, f), and B,(Q,, Q,) = —n, then (denoting conjuga-
n _::-f;_ ‘.,ﬁ “‘ hy ’) we h.a\’ﬁ'

i AR% ¢

iﬁiﬁz"‘“zﬁl) (ory By — o3 B1)
N(ﬁz)"'N(“z) N(ﬁl)""‘ (ay By + 2 fy) (o, 5 + 5 f55)

.-u-.

o) = # {(0,, 0,) € ©/I" | Q, positive definite, disc 0, = d,, B,(Q,, 0;)= — 1}
=4 {{(0y, %, By, (@, 2%y, B)) mOd K x KF x SLy (Z)IN, (o By — 22 )
PR = uN(or;) N(2,) ],
w e a; %, B; (} 1,2) are as above, SL,(Z) acts simultaneously on (z,.f,) and

i X .l' .]
r al = : "'I':""
P D o I
I:.'-ddl_ E.l bf‘ » -
- "‘_:' "i 1

LR (ﬂza B,), and ,u= 2l € Ug. Write q, a, for the set of Z-linear combinations of elements

v ¥, (v;€a;) and p for the element o, i, —a, B, of L. Then p € a, a, and
NL;K(P) =N(a;) N(a,) pu.

Conversely, any element p of a,a, with N(p)=N(a,) N(a,) u has the form o, ff, — %, P
for some oriented bases (2, f8,) and (2,, f8,) of a, and a,. Indeed, choose an arbitrary
oriented basis (a,, f8;) of a,; then p € a,a, implies p =a, f, — o, ff;, with some a,, f, € ;

N(p) 1 _
and the fact that the coefficient of |/D in T e e T W |

. . : ' 1
oriented basis of a, (11 would be <oy if Zo, +Z B, had index N in a, and +3 if the

basis were uneriented). The same argument shows that p determines (o,, #,) uniquely
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}' :'-' .- N Qﬁﬁ N{ﬂz) 1/ K¥ x K3,

i%,ﬁ—*(%ﬂpi y, 41 4,p) (Z;€ K¥). The freedom of
ﬂmt we can fix the choice of q, and a, within their ideal

ﬁc freedom of changing Z; by a unit of K;. Hence

St L ﬁﬁﬂ}“ 2 #{P €a, 0,/ Uy, - Uy, Ny x(p) =N(a,) N(a,) u},
il o A "'.'-_:..-.-. 'ﬁ _"' AR~ oA Ildff-'l;
s s, - ,}-f s, > {‘ﬂECI;

mﬁ'*ﬂi denote the class and unit groups of K;(j=1.2), a,(j=1,2) is any
"rl ideal ﬁf K in the class [nJ] and a,a, denotes the set of Z-linear

[ _ “ mt nation: Bfalemmts 0,0, with 0, € a, (it is clear that the summand depends only on the
- classeso “‘:é' ). Let C,and U, denote the class and unit groups of the biquadratic field L.
S Cy ar mﬁstm::t 1deal class group and group of totally positive units of K. Then we

}ﬂﬂijUxiﬁUL—mb "'"-}CK XCK —}C —..p.CK f+1[_+0

...

‘W a standard argument using elementary class field theory and the
, mber formulas for K,, K,, K and L as in Hasse [11] (esp. § 26): we
m ‘the definition of the map Uy — Cy. x Cx,. which depends on
f~ ing the exact sequence, we can establish a 1:1 correspondence
n -.:--:':..':'_‘f f{aﬁlj, [a,], p) counted in (6. 3) and the integral ideals 2 of L with

..,f- 1“1

i{'ﬁ*”‘n 1§ (ﬁ 2). Indeed, because d, and d, Are coprime we have
ks ng is a (fractional) ideal of L and A =p~'a,q, for p as in (6. 3)
with N, () = (u). Conversely, let 2 be an mtegral ideal with norm
sitive norm, the ideal class [2(] is in the kernel of Npx: CL— Ck,
ﬁf the sequence at C; implies the existence of ideals a,, a, with

L. n e exactness at Cx, x Cg, and Ug implies that there are exactly

......

‘"-lr

'H-, 1'.'-_ e

e b ET R ] (=1 or 2) choices for ([a,], [a,]). From 2A~a,a, we have
“9a, a,=(p) for some pe L, and then N(2) = () implies that N;”‘rj?
. '%.ﬁ';;-.'"i*-” Ak 2

<3 te an. Since N, x(p) and u are totally positive, ¢€ Ug. Among the Q choices of

ﬁgﬂ, [a,]), exactly one will correspond to ¢e N, x(U;). We make this choice: then p

NL;L (.p.)

~ N(a;) N(a,) )

now being unique up to an element of Uy, - Uk, (exactness at U;). This completes the

proof.

=¢pu for some

=, the choice of p

can be modified by a unit of U, to achieve ¢ =1, i.e

7. The result we want to prove, Theorem 1.3, can be written

—log|J(d,, d,))’= ¥ > &(n)logn
x<< D "I gzmﬂ
(7. 1) x? = D(mod 4) 4

= ¥ S 7(n) log N(n),
vedb~ !  nj(v)D
v ()
Triv)=1

10: Journal fir Mathematik. Band 355

B




for d, -d and y for the corresponding genus character
3 e e L T

/D 4 noticing that the correspondence 1n— N(n) gives a

¥

e A
el 0
|_-.'\-- f

e

-. of ﬂm primitive integral ideal (v \/5) and the
4(n)=¢(n). Formula (7.1) is very reminiscent of the

[ .-. -‘1'1‘._;. r :
% i
r - 5z L
MM L3 —— .
A R g 3 t
L - 5 =1 ¥ 2 W
14 . E ".' r -
E Y = "":- E I._ ? ol ’ =
' e e i . — g v
. L1 i g ‘._.' 4 By
& i L
o il il “d I:"
B y s
1 e e ...
B "
=t 1 P
- "F N

i
Ty
T R
s i
& 8 'a | i 1 I
N S - -";\"_'",

R o oo
C AL g ved~ ! nf(v)d

' v=>0

Triv)=1

1187, see also [21] or [4]), the only difference being that N(n)*~' is replaced
W‘x formulas came from restricting to the diagonal z==z" the

F.k |

| | 1
( )* (.,,,E.zmn (mz +ﬂ)k (m'z' +n )
. R <y 1 {m.n}#{ﬂ.ﬁ)
‘?I‘_;f'-i‘f‘? it kK on SL,(@f) and identifying the resulting modular form of weight 2k on
L, (Z) with "" xc E,,(2). Thus the term N(n)* ' corresponds to a holomorphic

(z,2'€YH)

oin s “weight k on SL, (), so one can except the analogous formula with

to the function 3s E (2, 2)|s=0, Where

B | *El{z# zf) s El,x.l.x(z: Z')
! Vg 5 e 5 i
S mmeaex (mzAn)(m' 2 +n)\mz+n|* |m' '+ 0’|
 (mm*0,0)

flecke's purpose was to produce a holomorphic Eisenstein series of weight 1 by

s L b IS

itroducing the factor Yy R > 0) i g a it

e TR |mz+n|25|mrz:+nr|23 ( e (s) 0) into the non-convergent Ei

£ ‘ '_ ﬁﬁm&s a.nd then letting s — 0 (“Hecke's trick™). By computing the constant
“a : fﬂf the limit, he thought he had shown that the function obtained at s=0 was

Hk 0 Fﬂm Zﬁrﬂ, but as is wfell-k_n.o_wn (cf. Schoeneberg’s corrections on p. 949 of
ﬁ;c e’s Werlfe ) the cO{nputatlon 1s 1nvalidated by an error of sien and in fact the
ctions obtained by letting s — 0 always vanish identically. This fact. unfortunate for

Hecke, is very fortunate for us. for

ﬂ

It means that the derivative =— E |-, 1s the leading

; C\N
:‘EI;:l of the Taylor expansion of E, at s=0 and therefore computable. We now describe

We begin by noting that o

in (7. 2) ¢ . S
B s ke & by 4 (7. 2) can be taken to be the wide 1deal class group

a (4 € K*) changes the inner sum by a factor
1
N(j)ll.l. = §gn (N(ju))lN(;N_ 1 ~ 251

N(4)




.-:?i.

ause  is 2 genus character cormesponding
mﬁ by NG5 1 had a
Id v ﬁenﬁﬁlly, but this cannot be the case
mmw is by now quite standard—we find the

. y-')?ﬂ*l- D * Lo‘(-i', x) @ (0)2 y yf-*-.l

HD Ay B g, () D) B (vy) b, (v y) et vy

= _"_ = o R ' :h - I
v S § I
Wi -"‘.L-
" -
-’ I » l'
s F

v*0
ﬁ#’f‘,&,{-—-})L(S (*3)) is the L-series of y and
o~ 2wixt

%{ﬂ I(H,)(x Ty 9% (€R), 0,,(@=3 z) NGy,

-

'l

&e paﬂ:l ﬂf ntegration we see that @ (1) has an analytic continuation to
ded (uniformly for s in compact sets) by [7]2®) ¢~ 2%l 4 1] — 0, so

ﬂﬁmﬂwhlc continuation of E,(z,z') to all se C. At s=0 we have

THa

—2nie™*™ >0,
. - B()={ —mi t=0,
% '}fﬁ {, #;ff.i 0 1< 0,

ts o Q%{z,z") wlth v not totally positive vanish. On the other hand, the

'ﬁ"*‘i: i 72D % Ly (0, ) of E,(z, =) vanishes by the functional equa-
ﬂm fact that Hecke’s mistake of sign caused him to miss), while
 var '_ because the contributions of n and (v) D™ 'n cancel (this
erloc] h, ; cf. his remarks on pp. 386 and 394 of [12]). This shows
(z, 2') vanishe Qi E#HD and also permits us to calculate its derivative there:

. Fﬁﬂ iﬂﬂﬁ#:g“ﬁ[(l xj]ﬂ“ytng)4'4(:
afﬂf {_
£Hin f*})}iai: 58y

s +_3:u:21)_% R ) et et Y T)

veb—!
v>0

-4 ST X i(vz2+vy'e’
_41[20 2 Z Jﬂ‘x((‘l) D) ¢(’v '}1 ) EZH’I{ T Trvyye)
ved !
v>0>y

~4 2xi(vz+v'e
Sl < N g ((V)D)P(v]y) e
veb !
v<0<y

with

= Ly (1, x)+(% logD-—Iﬂgn—}') Lx (1, 7) (y = Euler’s constant),

o’ (n)=-——a 2(@]s=0=2 x(n) logN(n),

nja

fﬁ(r)—-‘—-— g o i@ (—1)

2n C

s=0




B coethcics o &, hrve » hirc-orde zec0)
L i Sl '

‘ (I{(lg x) lﬂg}"" CJ.') -+ Z g; ((V) b) ez‘li Triv)z

Kb ved !
v>0
| 2ri Tr(v)
_ 3 oo, () D) @(Iv'ly) 7T
vedb~!
v>0>v

T scause @(1)=0 (e *™) as 1 — ). Now we apply to this the following

=
T F e —
g T -
- 5 3

o 'r='-;.|, -
JIIVEILI YCL
¥ dsashon adnd :"-"L-.'—‘ 'Il-h“" s
=0 LA L S SO
g .
i 1.; I " Wt o 5
L]

) -'-1_-3. Let F(z) be a function on © which transforms under SL,(Z) like
ular form of weight 2 and satisfies F(z)=A logy+ B+ 0 (y™*) as y —x for some

-
B
.._
w
|
i

ants A. B and e> 0. Let the Fourier expansion of F(z) be Y a,(y) ¢*™™. Then
. & B e m=—wx

| 5 A J‘. e

i Lo - _ § . 4
i I oy ..'\‘
i w5

Aim (4n [ a,(5) e * P dy + 3%"1) SETW (2 % (2)+ 1 + log 4) _24B.

¢ formula for

(47[??1 1} a‘(y) £—4myfdy+24Aﬂ'(m))‘

A)

n '_‘ " tes the sum of the divisors of m.

M1
. [ | ‘.

d mms [19]. We do not give the details of the proof, since a more general
~ result (for forms of arbitrary weight and level) is given in [10], but merely skﬁtch the
i  idea. For Re(s)> 0 the m" non-holomorphic Poincaré series of weight 2 is defined by
I-_"‘ - gy

E,"mmc:-i-d 1_,:;
Pémsj :)= Z :_j. - 1#.
by 2+ Jez+d]

{0
§ o
T -
L
[ i " L. I
il

gt I
oduial

T
uf

If F(2)=0(y %), then the Petersson scalar product of F and P;"] converges absolutely

(even if the terms in the Poincaré series are replaced by their absolute values) and
(v &)

equals £ a,(y) e *™ y*dy for Re(s)> 0. On the other hand, it is known that P{™) has

an analytic continuation to s =0 and vanishes there (because there are no holomorphic
modular forms of weight 2 on SL,(Z)). This proves the proposition in the case 4 =0,
B =0. For the general case it then suffices to consider a single function with A4 =0, B+0
and one with 420, and taking the value and derivative at s=0 of the non-
holomorphic Eisenstein series E, .= Pi’) we obtain the formula given.

result is an extension of a result of Sturm on holomorphic projections of

e S



"H‘

:‘ . " '-' "I'._-.

we must calculate the function ¥ (4) defined by (7. 4) near

mha- formula for ®(y). For >0 we can deform the path of

VS ‘.' -:“' ﬂeﬁn]ng @, (1) to a path C circling the positive imaginary axis

;“ n in
-_f_--f;- im m +£+lm In a munter-clockmse direction. The resulting integral 1S
tion (ins) of @.(7)

for all seC, so we obtain the holomorphic continua
{iffe mnaﬂng under the integral sign and setting s =0— the formula

Jog (x2+1) ¥ dx (1> 0).

Since log (x*+ 1) changes by 2mi as one Crosses from the left to the right side of C,

this 1s equal to
i 1

F 4"
i A | e 2xt I

: Elnixt dI.
1 x + -'




i g
''''''

........

W du

a0 1
-—log (1 +1~)

1

(1 I);‘ﬂl-l
E 1
o Lameta e il gﬂ n

Do *i-?J.)w— log (1 + - D

Fis)*

Q,__,(Hu) S

2I'(2s + 2)

e log% (0<1< 1),

o PO - 1)

[A7*+0(1*"Y)] (A—w).

ws that the function ¥, (1)
vanishes identically for s=0, so

(An) I'(s+2)

0.(1+221)is O~

>VD 21/.D
n=D(2)
e [ 2I' (25s)
g1

n )
(Axny ' I'(s+1) n:-zu/‘ pn) Q’_I(VE) Sil]

n=D(2)

n

= [i% p(n) Q,—;(

n=D(2)

)

) @An) 'I'(s+1) «
I'(25) s——l]

! u(l1+ip)t!

"'2) as A — o0 and



i
oy

1/ ﬁ;i pene 4

L r
= (L )+ (1)) =)+ |

§ | . -.'. ._-'1.".._I FJ#TTEL}& ﬁ m Lm
- Aj) : — '; .

‘I i
{ "Td_r.

j C ﬁ ficient of F(z), using the general formula refcrred to
d the mrahzaﬁon of Proposition 5.3 mentioned at the end of

| : : wla for Y logle,, (1, t,)|*; we omit the details.
. ltl_]i:[t:_]
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