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ALGEBRAIC GROUPS OVER FINITE FIELDS.*

By SErce Lane.

1. Introduction. Let %k be a finite field with ¢ elements. Let G be an
algebraic group defined over k. (For the foundations of the theory of
algebraic groups and homogeneous spaces, see Weil [8], [9].) If z is a
point of ¢, we denote by z@ the point obtained by raising all coordinates
of = to the ¢-th power, i.e. by applying to = the Frobenius automorphism
of the universal domain leaving %k fixed. The mapping f(z) =2 2@ is a
rational map of @ into itself. It will be shown that it is in fact surjective,
and that it gives a Galois, in general non abelian unramified covering of G
over itsell, the Galois group being that of the left rational translations.
This sort of covering is of course impossible in characteristic 0.

More generally, it will be shown that G acts on itself as a homogeneous
space, under the operation F(z,y) ==z y=2z@yzt. Using this fact we
shall show that every homogeneous space H of ( defined over k¥ has a
rational point. If it is principal homogeneous, then it must be biregularly
equivalent to ¢/ over k, and in case G is commutative, this means that the
Weil group is trivial. We also use this result to give a new proof of a
result due to Chatelet [4], that if a variety V/k becomes biregularly equiva-
lent to projective space over the algebraic closure of k, then it is already
so over k itself.

Finally we consider the class field theory for our covering defined by
the map z—> 27129, get a partial non abelian reciprocity law, and prove that
the Artin L-series are trivial. This is used to prove the following result:
Let g be a subgroup of the rational points of G over k. Let H be the homo-
geneous space of cosets of Gmodg. Then G and H have the same number
of rational points.

*In case the group G is commutative, then one can get a complete
reciprocity law, and one can use it to derive the class field theory over a
variety V having a rational map into G' by means of which the abelian
coverings of (! by commutative groups can be pulled back in a one-one manner.

* Received March 9, 1956.
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556 SERGE LANG.

This abelian class field theory is carried out in detail elsewhere, and in this
paper, we have concentrated exclusively on the non abelian aspects of the
covering 2z 2@,

2. The map f(z) = 5150, The map f(z) being as above we contend
that if z is a generic point of (//k then f(z) is also a generic point of G/k,
and in fact the extension k(z) over k(f(2)) is separable algebraic. Namely,
putting ©=f(2) we have k(z) =Fk(z,2) =Fk(z,29). Our contention now
follows from the following elementary and well known result of field
theory:

ProrositioNn 1. Let F be a field and E/F a finitely generated extension.
We assume the characteristic p is 0. If E/F is separable algebraic, then
Ev*F = E for all powers p*, and conversely, if E?F = E for some power p*,
then E/F is separably algebraic.

(By E?* we denote the field obtained by raising all elements of E to the
p*-th power.)
We have trivially for z, w in G:

(1) (zw)(Q) — z((I)w((l), (z—l)(Q) — (z(Q))—l'
Furthermore our rational map satisfies the following formalism:
(®) f(ew) =7f(2)*f(w)

where y* is defined to be wlyw.
The subgroup of G consisting of the elements rational over the field %,
(unique extension of & of degree d) will be denoted by Gq.

(3) An element ¢ of G is in ¢, if and only if f(a) =0. More generally,
f(z) =f(w) if and only if z=aw for some « in @,.

The first part of the statement is obvious. If z=aw, it is also obvious
that f(2) =f(w). Suppose f(z) =f(w). Then 272 =w'w@, whence
(2w ') = (2w ')@. This means that zw is rational over k, as desired.

We now see that if 2 is a generic point of G/k, then the extension
k(2)/k(f(2)) is Galois, the distinct conjugates of 2z over k(f(2)) being az,
with a rational over k.

The mapping ¢(z) =2@z* has analogous properties with respect to
right translations, and we shall use them freely whenever needed.

ProrosiTion 2. Let y be an arbitrary point of G and x a generic
point over k(y). Then x@ya is a generic point of G over k(y).
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Proof. Let w=x@yzt. Put K="Fk(y). Then K(w,z) =K (w,z?).
This implies that K () is separable algebraic over K (w), and that w has
the same dimension as « over K. Hence it is a generic point of G/K.

Given two arbitrary points z and y of G, we denote by z-y the point
x@yz*. We obviously have for z, y, # arbitrary,

(4) (zy) 2=z (y-2) and e z=u

To prove that G is a homogeneous space over itself with the above
defined external law of composition, we need only prove the following
statement :

TreorEM 1. Given two points y and w in G, there exists a point «
such that - y=—w.

Proof. In fact, using the associativity, it suffices to prove: Given y
in @, there exists # such that z-y=e. TLet ¢ be a generic point of G over
K —1¥k(y). Then ¢-y is a generic point of G/K by Proposition 2. There is
an isomorphism ¢ which is identity on K and maps t@¢* on t-y=t@yt,
We can extend o to the field K (¢). Let u=17. Then

g(w) =g(l) —g(t)7 = 1@yt
1f we put @ =wt, we have what we want.

Coroutary. The map z—> 2729 is surjective, i.e. gwen any y in G,
there exists z such that y=z"12@.

Proof. According to the theorem, there exists z in G such that
2@y gt =¢. This element 2z does what is required.

From this corollary we see that we have indeed an unramified covering
of @ over itself. Given any point @ in @, there exists n points P such that
Q — P-'P@, where n is the order of G,. Given any one of them, all the
others are simply the left rational translations of this one.

As another application of Theorem 1, we prove

TuroreM 2. Let H/k be a homogeneous space over G. Then H has
a rational point.

Proof. We must show that there is some point w in H such that u@ = u.
Let v be any point of H. Since H is defined over k, then v@ is also in H.
Since H is a homogeneous space, there exists an element = in G such that
2v@ —v. By the corollary to Theorem 1, we can write & —yy@. From
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this we see that (yv)@ = (yv) and hence u=yv is the element we are
looking for.

We would like to point out here that Theorem 8 of [6] is a special case
of the preceding result. Indeed, if a variety V/k becomes biregularly equiva-
lent to an abelian variety over the algebraic closure of k, then V can be
viewed as a principal homogeneous space over its Albanese variety 4, which
is known (by Chow’s work) to be defined over k. (See Weil [9], Prop. 4.)
However, because of the completeness of the group, we could give a direct
proof, without using the Albanese variety. The proof can in fact be further
simplified as follows:

We wish to prove that if a variety V over a finite field & becomes bi-
regularly equivalent to a complete group variety over the algebraic closure
of k, and hence over a finite extension ¥’ of %k, then V has a rational point
over k. Over &’ we can put a law of composition on ¥V which makes it into
a complete group variety (we don’t even need to know it is abelian). There
is a unit element e, rational over &/, but not necessarily over k. Iet z be a
generic point of V over k. With respect to the composition law over ¥/,
we consider the point f(z) =212@. It is a generic point of V over ¥ (by
Proposition 1). Since V is complete, we can extend a specialization of f(2)
on ¢ to a specialization of z to a point £ on V, and then &%£@ —=e¢. This
point ¢ satisfles £ =¢@, and is therefore a rational point.

The statement made in our above mentioned paper that there is a
rational place is a consequence of the following well known fact: Let k be
any field, and V/k any variety (say affine). Let @ be a simple point of V,
rational over k. Let v be a generic point of V/k. Then there exists a place
¢ of k(v) over k such that ¢(v) =@ and such that ¢ is rational over k
(7. e. k-valued). One often says that ¢ is at the center of ¢. Here of course,
we have the additional property that the place can be chosen in such a way
that the residue class field is canonically isomorphic to % itself: No irration-
alities are needed in extending the specialization v— @ to a place of the
function field. There exist many proofs of the above fact, and one of them
runs along the following lines. The completion of the local ring of @ in
k(v) is isomorphic to a power series ring in r variables (r=dim V) with
coefficients in k, because @ is simple. There is therefore a canonical isomor-
phism of k(v) in the quotient field of this power series ring. This quotient
field itself can be embedded in the repeated power series field, which has
obviously a k-valued place mapping all the variables on 0, one after the
other. The restriction of this place to k(v) is the one we are looking for.
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We now return to the arbitrary algebraic group G over the finite field &.

Let o, 7,- + - range over the group of automorphisms of the extension k4
of k. This group (which is cyclic) operates on (g in an obvious fashion.
Referring to this operation, we show that the 1-cocycles split:

PRroPOSITION 3. Let {s} be a set of elements of Gq such that ©,°Co = Tor.
Then there exists y in Gq such that xe=—=yy™.

Proof. We can change our indices from o to integers mod d. According
to the corollary of Theorem 2, we can write z; = y@y-* for some y in G
(we do not know yet whether it is in G4). Then by the cocycle property,
we get z;=y@y1. TFinally, taking 1= d we must have

This shows that y is rational over %, because y@) =y.
As an application, we prove Chatelet’s theorem:

THEOREM 3. Let V be an abstract variety defined over k, which becomes
biregularly equivalent to projective space S over the algebraic closure of k.
Then V 1s biregularly equivalent to S over k.

Proof. Let T: V—> 8 be the correspondence, defined over some k.
With Chatelet ([3], [4]) we take xo = T9T-*, which is a birational biregular
correspondence between § and itself. It is therefore projective, and is an
element of the projective group @, rational over k4. It satisfies the condition
of Proposition 3, and if we let y be the projective transformation as in
Proposition 3, we consider T; =y™*T. Then T, is obviously fixed under
every automorphism o of kg over %, and hence T is defined over k.

For a proof that the only biregular correspondences of S with itself are
projective, see Chow [5]. In that paper, other varieties are proved to have
that property, and our theorem applies to them as well.

3. Class field theory. We shall now investigate the covering f(z)
= a7 12@ from the point of view of class field theory. By a cycle, we shall
always mean a cycle of dimension 0. Let p be a prime rational cycle of G
over k, and let @ be any point in it. Let P be any point such that f(P) = Q.
All other points are of type aP, where a is rational over k. If p is or degree d,
then f(P@)) —f(P)@ =¢@. Hence P@) also lies in the inverse image of
Q under f, and hence there exists a rational point @ in @, such that aP = P".
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We define #4(Q) to be the product QQ@- - -Q@™. Then we have
(6) 4P — P4 — Pry(Q).

It is clear that the point a in @, is completely well defined by the prime
p, up to conjugacy in G,. Furthermore we have

ProrosiTION 4. Given two points Q, and Q, in G4, let a, and a, in G4
be any points determined by the condition

a1P1 =P1(q) =P1Q1, (lng =P2(Q) =P2@2'
Then a, is conjugate to a, in G, if and only if Q, is conjugate to Q. in G,.

The proof is trivial and formal, and we leave it to the reader.

We have a mapping from the primes to the conjugacy classes of G,
defined by (6), and if the prime is of degree 1, then we obtain a 1-1 mapping
of the conjugacy classes of G, (viewed as a set of primes of degree one)
onto the conjugacy classes of (; (viewed as Galois group of left translations).
"The period of the pointba is clearly equal to the period of =¢(@), and thus
‘we can tell the period of the Frobenius class associated with a prime. Further-
more, we see that p splits completely if and only if =¢(Q) =e.

I have not been able to determine whether the conjugacy class of a is
always equal to that of ¢ (when ¢ is in (;) and more generally to deter-
mine if ¢ and m¢(§) are conjugate in G4. In order to obtain the complete
«decomposition laws, we would need to know that any rational point b in G,
«conjugate to =¢(Q) in G4 is conjugate to ¢ in ;. This would imply that
:the Frobenius class associated with p in G, can be determined rationally.
(This is the case for the full linear group.)

We now consider the L-series.

Let z be a generic points of G/k. Let
fu(2) =272@) and m,(2) =220 - - 2@

Then ma(f1(2)) =fu(2)-

Let E=k(z), F=Fk(fi(2)), and K =Fk(f.(2)). We have inclusions
EDFDK, and E/F is Galois (it is the extension discussed previously).
Let E,, F,, and K, be the constant field extensions by #k,. Then E,/K,
becomes Galois, with group G,. The group G is a model of each one of
our function fields, but of course in a different way each time.

Referring to these models, we shall prove that the L-series are trivial
for a character not containing the identity.
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Let X be a character of ;. Let p be a prime cycle of G/k. Let T
be any one of the translations of G, in the Frobenius class associated with
p in G4. Then the L-series are defined by
d

tdt

Log L(t,x, E/F) = ZX(Ty*)deg(p)t#dee®

the sum being taken over all primes and all p= 1.

If we look at the coefficient of ¢» we see that we must prove that

S X(Ty/des®)deg (p) = 0.
deg (h)| n

This sum can be rewritten in terms of points in @, as follows: To each
point @ in G, we can associate a translation To™ (well defined up to
conjugacy) in Gy, such that for any P in f,*(Q) we have T¢™ (P) — P@".
Tt is then clear that the above sum is equal to

(7) : 2 X(Te™).
QeGn

For n=1 we know by Proposition 4 that each class will have a repre-
sentative T'¢® for some @ in @,, and that this representative will occur in
our sum as many times as there are element in that class. Consequently
the value of our sum is the same as the value of the character taken over
the sum of the conjugacy classes in the group ring of G,. If X does not
contain the identity character, then this sum must be 0.

For arbitrary n, we note that the coefficient of ¢ in our L-series
L(t,x,E/F) is by definition and formula (7) the same as the coefficient
of t in L(t,X,E,/F,). We have thus reduced the computation of the n-th
term to the computation of the first term of an L-series over a bigger
constant field. By one of the main theorems on L-series, we know that

L(t: X: En/Fn) =L(t, X*, En/Kn)

where Xx* is the induced character. If x does not contain the identity,
then neither does x*. The extension X,/K, is now of a type analogous to
that considered above for m=1 (i.e. belonging to a rational map f,).
Hence the first coefficient of the L-series is equal to zero, as desired.

Let A: G— H be a homomorphism of an algebraic group G' onto an
algebraic group H, defined over k, and with finite kernel. Let z be a generic
point of G/k. As usual, fq(2) =2"2@. We also have an f-mapping on H,
denoted by fz. Then obviously fgh =Afq. Taking the degree of both sides,
we see that the degree of fy must equal that of fg, i.e. that G and H have
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the same number of rational points (hence the same zeta function). If
kernel of A is contained in @,, and X is separable, then G is Galois over H,
and this again suggests that the L-series for the covering are trivial. This
is indeed the case, and can be proved as follows: Put y—=A(z). Then
E=¥k(z) Dk(y) =MD k(#*2@) =F. If X is a character for the Galois
group of E/M, and does not contain the identity, then the induced character
X* to the Galois group of E/F does not contain the identity either, and by
what has been proved before, the L-series belonging to it must be trivial.

More generally, if the identity for E/M occurs with some multiplicity in
X, then the identity for E/F occurs with the same multiplicity in x*. (See
for instance Brauer-Tate [2], where we put ® —=identity in formula (5).)
From this remark we can deduce the following result.

Let H be the homogeneous space obtained from G by the cosets of a
subgroup of G4. Then we have a rational map A: G— H (not necessarily
a homomorphism), and the same type of field inclusion as before:
k(2) D k(y) D k(z). The zeta function of H, denoted by Zu(t), can be
written :
Zu(t) =L(t,1,E/M) =L(¢,1* E/F)

where 1 stands for the identity character on the Galois group of E/M. The
identity for E/F occurs exactly once in 1*, and hence the above L-series is
equal to Zg(¢) L(¢,x,E/F), where X is some character for #/F, which
does not contain the identity, and Zg(¢) is the zeta function of (. This
shows that the zeta function of G and H coincide, and hence that G and H
have the same number of rational points.

Knowing that the L-series are trivial, we can of course apply the formal
argument given by Artin (Satz 4 of [1]) to get the density of primes in a
given arithmetic progression. Let X; be the simple characters of G,. Then
we know that

o 0 1541
(8) QeanXi(TQ( )) = i + 0(q1z(r—1/2)) 1=1
because for 1=—1, we deal with the zeta function and can use the results
of [7]. Let C; be a fixed class in G, and T any element of C;. Let h be
the order of Gy and &; the number of elements in C;. Multiplying (8) by
X:(T-') and summing, we use the orthogonality relations (see formula (3)
of [1]) to get

%N(n, C) =g + 0 (gnir-1/2)),
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where N (n,(;) is the number of points in G, having their T4 in the given
class C;. One sees trivially that to get an estimate for the number of primes,
one has to divide by n.

CoLUMBIA UNIVERSITY.
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