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§0. Introduction.

For a positive integer NN, put

rv)={[¢ ] SL(Z)1c=0 (mod N)},

1“1(1!\.7):{[;:I g]EFH(N)IaEd:-—:l (mod N)}_

We consider any group [’ such that [I'}(N)C I'C I 'y(N), and call it a group
of level N. Let J denote the jacobian variety of the compact Riemann surface
$H*/I". where * means the union of the upper half plane

P={z=C|Im(2) >0

and the cusps of /°. Further let Si(/") be the vector space of all holomorphic
cusp forms of weight £ with respect to /. Then, with each common eigen-
function f(z) in S,(I") of the Hecke operators 7, for all n, one can associate
an abelian variety A that is a “factor” of /. The purpose of this note is
to consider a few arithmetical questions concerning the corrg&{:ondence
between f and A. Besides, as an application of our methods, we shall give
a proof of Dirichlet’s class number formula for an imaginary quadratic field,
without using the residue technique. |

We start our treatment by proving that A can naturally be obtained as
a quotient of J by an abelian subvariety rational over @ (Theorem 1). Actually
in [11, § 7.5], we gave a formulation with such a factor as a subvariety of J.
The two formulations are essentially equivalent, but there is a subtle dif-
ference. At any rate, they are connected by the following fact: there 1s a
canonical C-linear isomorphism of S,(I") onto the tangent space of / at the
origin, which has a certain commutative property with the action of Hecke
operators. Such an isomorphism was used in the proofs of (A1, Th. 7.14
Prop. 7.197 and also in [127], but not explicitly given. This point will be clari-
fied in §2. It will be shown in §3 that A can be obtained as a complex torus
whose periods are those of f and some other cusp forms. We shall consider
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§1. The factor A as a quotient of /.

Let us start with some definitions and notational convention. For an

abelian variety B defined over C, we denote by Dp, or D(B), the vector Space
over C of all holomorphic 1-forms on B, and by Y3, or Y(B), the tangent
space of B at the origin. Then Dy is dual to Y, so that we have a &

bilinear pairing
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(, )a: DpX¥p——wh

If « is a homomorphism of B to another abelian variety B’, one can naturally

define two maps
de : Yﬂ s YB: .

]

oc . DB’ il DH :
which satisfy

(L1 (dau, v)g= (1, dav)g: (ue Dg,vEYp).

By a quotient of B by an abelian subvariety, say C, of B, we understand
a couple (A, v) formed by an abelian variety A which canonically represents
B/C and a natural map v: B— A with C=Ker (v) (cf. Chow [3]). We see

easily that

(1.2) Yo={veYp|(w v)p=0 for all u& ov(D )} .

Let I" be a group of level N, and J the jacobian variety of H*/[. Let
¢ : H*— ] be the map obtained by composing the natural map $*— H*¥/[" with
2 canonical map of ©*/I" into /. Then there is an isomorphism /- S,(I")— Dy
defined by o¢(u(f)) =/f(z)dz for fe S,(I"), where d¢ is the “ pull back ™ asso-
ciated with ¢, and z is a standard variable on 9.

Let I/ be a group of level M, and let

['={ae R-GL,(Q)|det(a)>0}.

Define, for « = I', an algebraic correspondence X(Ial) on */1'xH*/1" as
in [11, §7.2]. (Briefly, it is the locus of zXa(z) modulo ['xI'’) Let J’ and
1’ denote the corresponding geometric objects defined with /" in place of ) &
One can attach to X(/al') a homomorphism of /into /' as in Weil [15, § V1],

which we denote by {I’al'}. Now the commutative diagrams (7.2.2) and
(7.2.6) of [11] imply

(1.3) pwoll"al'),=o{l"al'}oy’,

where [I’al'], is the map S,(I"")— S,(I") defined in [11, §3.4]. Then, from
(1.1) and (1.3), we obtain

1.4) (), d{alY), =(p(fI"al']), v), (feSMA7)veEY,).

For a positive integer 1, let ¢ be the largest divisor of n prime to /, and
put n =mgq. Then we define T, and &, by Tp=TuTe, En=Enéq Tn=[1al],,

En={l"al’} with af:[(l) ?S] and quglifﬁfjg, qu—'%{lﬂﬁf}. where %

is extended over all distinct I'8I" with det(B)=¢q, B= [(1) 2] (mod N). Then
FlﬁTn = 55:15,{-!-
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THEOREM 1. There exists @ triple

the following conditions: | | |
{i) (A, v) 1s a quotient of J by an abelian subvariely rational over Q.

(ii) @ is an isomorphism of K into End (AR Q such that vo&,==0(a,)oy

for all n. (This implies especially 6(1) =1d 4.)

(iii) dim (A)=[K: Q. | |
Moreover. let I denote the set of all isomorphisms of K into C. Then, for every
o= I, there exists an element f, of S.(I") such that f, T,=asf for all n, and

fa(Z):ia:em"’. With these f,, one has

n=1

(iv) ov(D,) = P’-( é}; L] o).

Under the conditions (i, ii), the triple (A, v, 0) is unique up to isomorphisms
over Q. Furthermore, the one-dimensional part of the zeta function___ of A over

(A, v, 0) formed by the objects satisfying

Q coincides, up to finitely many Euler factors for bad primes, with ]] Eain'*),

ce=l ‘\n=1

provided that ['=1"|(N), or 23 Cf, 1s stable under the map h(z)—h(—1/Nz)/z*

g=1T

PROOF. Let T be the subalgebra of End (J)®Q generated by the &, for
all n, and 3 the radical of T. Then T=NDPS with a commutative semi-

simple algebra &, whose simple components we denote by &,,---,8,. By (1.3),
we see that 05, maps x(f) onto a,-u(f), hence we can define a homomorphism

pof & on.to K by'p(c‘fn) =a,. We may assume, changing the order if necessary,
that p gives an isomorphism of {,onto K. Let o' K— &, denote its inverse

zleanlzraatléj bpl.lt: (ll:ff?ﬁ— +S?T+?}if; Let C be the abelian subvariety of J
-l J) for all e eUNEnd (J). Since the elements of ¥\ End (/)

2 quotient (A, v) of J by C rational
 hence C is stable under ®, End (/).

over Q. Observe that 1l is ap ideal of &

T
herefore we can define gz homomorphism 0: K—End (A)®Q such that

vop'(a)=0(a)oy forall ¢ = K. S;
. Since &,—p .
tor all n. To prove J=C, pyt £ - cn—p'(ax) €1, we obtain vo&, =6(a,)ov

morphic to T¢ as a To-module h;a@{;;.ct BBT L11, Th. 3.51], S,(I") is iso-
J=C, we have e Pois (via 6) c-isomorphic to Ze. I
0} ={xe D, | dalx

J ocr(,x):—_:o f -
S0 that the T¢-isomorphism - or all a s} |

ee :
) n D, and T, implies

0} = €T lue=q
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Take the largest non-negative integer ¢ such that £%?+# {0}. (We understand
that M°=T.) Then the right hand side of (*) contains f£,1% a contradiction.
Thus /+#C, so that dim (A)>0, and @ is injective. Now suppose that (A, v, 8)
satisfies (i, ii). Then the elements of 0/(K)\End(A’) are rational over @,
hence the representation of K on D, via 6’ is a multiple of a regular rep-
resentation of K over Q. Therefore, if m is the multiplicity, D, has a basis
fw,,| 0 &1, 1<7<m} over C such that d0’(a)(w,;) = a’w,; for all a= K. Let
fo; = 7 (0V' (Way))- Then f,;| Th=a%/fs; foralln. It follows that m =1, hence
dim (4)=[K:Q]. This shows also the existence of f, as stated in our
theorem, and 0v'(D )= __S_‘EICf._.,). By (1.2), the tangent space of Ker (v') at

the origin is the annihilator of x(2 Cf,;). This proves the uniqueness of

gi=1

(A, v, 0 and the property (iv). The assertion concerning the zeta-function
of A can easily be proved by shifting the congruence relation [11, (7.5.1; 2)]
to A.

As to the zeta-function, we have somewhat more generally

PROPOSITION 1. Suppose I'=1(N). Let (A, v) be a quotient of | by an
abelian subvariety rational over Q. Then = '(0v(D,)) is stable under T, for all
n prime to N. Moreover, if T, denotes the restriction of T, to p='(0v(Dy)), then
the one-dimensional part of the zeta-function of A over Q cowncides, up to
finitely many Euler factors, with det( 2 T,n%).

(n, N)=1

ProOF. By [11, Prop. 7.19], we see that Ker (v) is stable under &, for all
n prime to N. Then (1.2) shows that ov(D,) is stable under o0&, for all such
n, hence the first assertion. Also, we can define an endomorphism &, for

such an n, of A such that &,oyv=wvo&,. Shifting the congruence relation [11,
(7.5.1)] to A, we obtain the second assertion.

§2. The factor A, as a subvariety of / and a canonical isomorphism of
S,(I") onto Y.

b : A
Let a= [? d:l = GL,(R), det(a) > 0. For a complex valued function j(2)

on % and a positive integer k£, we define a function f|[a];. on O by

(/| Ladi)(z) = det (@)**(cz+d)~"fla(2))

where a(z)=(az+4b)/(cz+d) for z€H. Put wy= N"? ?\T (l)], and define "a
function /| [wy]r on by *

(f | Lonl)(@) = N-*2z-%f(1/Nz),
where bars mean the complex conjugation. Then one can easily verify:

(2.1) (S1Ladw) | Londe=(f| Loyl | [ox'any]:,



G. SHIMURA

528

floxlc=7]
- wiloy=T for any group I’ of level &
(2.3) o=

an anti-C-line'ar automorphism of Si(I"). More.-

e o indufelsevel M. and let « =I'. Then
! 0 ,
over, let I'/ be a group

2.4) (fIMal']d) Twyle=(f1[oxlo] MoyaoyJe (€ SLIM).

If ¢, ) denotes the Petersson inner product on S.(I"), then

(2.5) <frg|[wN]k>:<g:fl[wN]k>-

Let u: S,(I")— D, be the map defined in §1. We can now define a C-

et o: 0L )

linear isomorphism 2: S:({)— Y, by

The constant factor t is not absolutely necessary, but will make a later

discussion smooth. Put Yy’ =Y(]') with the jacobian variety ] of O*/1 3
Define 2/ S,([")—Y’ in the same mManner. Combining (2.4) and (1.4) with

r11, (3.4.5)], we obtain a relation

(2:1) A\ al],) =d{Foyaco " }A(f)  for J& SkL) 5

. .k a b7 d b
where ¢ denotes the main involution, 1. e., [C d] :[——c a]'

1 0 .
Consider the special case in which M=N, [”=/", and a:-:[o ‘n] with

a positive integer 7, Or a = [é 2] (mod N), det (a)=g¢q, (q, N)=1. "Then (2.7)

implies

(2.8) AT =dE(A(S))  for fe 5,().

Further let ¢ be an integer prime to N, ¢, an element of SL,(Z) such that

1 0 —
4-9,=| qﬂ] (mod N), and let rNZ[?\; 0]. Then we obtain from (2.7)

the following relations:

(2.9) A S Logde) =d{Ma "} (A(f)) for fe 5,(I),
(2.10) AJ lenl) =d{lexYQA(S)  for fe S,

The formula (2.7) and its specializations (2.8—10) are the commutative property
of the isomorphism 2 mentioned in the Introduction.

Now define K for a common eigen-function H2)= Zaneﬂ"’"“‘, with a;,=1,

n=1]

as 1n §1. Then [11, Th. 7.167 can be re-stated as follows.

'I:HEQREM 2. There exists an abelian subvariety A, of | and an isomorphism
0, of K into End (A X Q with the following properties :
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(i) dim(A)=[K:Q];

(ii) 0O.(a,) is the restriction of &, to A, for all n;

(iii) A, is rational over Q.

(iv) If f, for eI is defined as in Theorem 1, then Y(Aﬂ):R(EEICfH).
Moreover the couple (A,, 0,) 1s unique under (i) and (ii).

The last property (iv) of A, is not explicitly stated in [11, Th. 7.16], but
follows immediately from its proof.

The formulation of the results of [12] and their proofs require the iso-
morphism A. Let us now clarify a few points in [12], where the explanation

may be somewhat vague. In the proof of [12, Th. 1], we should put 0=
1 1/D 1 1/d

0 1 ], which is erroneously printed as[o 1 :l Then the endomorphism
w of A’ mentioned there is {/'¢/} with 8:[—1114/[) (1)] Similarly the

rﬂ.

homomorphism £*, ¢, and ¢ are given by &* = tx,- {[",(M)wy' ntwyl (M)},

=" \(M)wi'fwo I'(L)}, o={"(M)wy'w,'(L)}. One can also formulate
the results of [12] in terms of (A, v, 8) of Theorem 1.
PROPOSITION 2. Let (A,v,0) be as in Theorem 1, and (A, 6, be as in

Theorem 2. Suppose that 3 Cf, is stable under [?V _O]' Then the restric-
ogi=1 2

tion of v to A, 1s an isogeny of A, onto A, and vof,(a)=6(a)ov for all ac K.
PROOF. Put X:ZICfJ. For h(z) =33 b,e*'", put h*(z) =3 b,e**'**. Then

we see easily that X is stable under the map hA—h*, and h|[wy], = (h|[zx].)*
Therefore if g=(h|[zy],)*, h #0, we obtain, from (2.5), (u(h), 2(g)); #0. This
implies that the bilinear form ( , ), is non-degenerate on u(X)XA(X). It
follows that dv maps Y(A,) onto Y(A), hence v maps A, onto A. The relation
vof,(a)==606(a)oy is obvious from (ii) of Theorem 1 and (ii) of Theorem 2.

§3. Periods of cusp forms.

We first consider a general case in which /" is not necessarily a con-
gruence subgroup of SL,(Z). Let I" be a discrete subgroup of SL,(R) such
that $/1" is of finite measure, and O* the union of $ and the cusps of I
Further let / be the jacobian variety of the compact Riemann surface $*//".

We can then define D,, Y, S,(I"), and u: S,(I")— D, in the same fashion as
in §1. Put

7, 81={ " g(2)dz

for g€ S,(I") and y = I with any z& $*. Note that this does not depend on

t_he choice of z. Let L, be the submodule of Y, generated over Z by the
linear maps
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n / can be identified with Y,/L,. Fix a point z, of

for all € I'. The
4 H*, an element @ of Y, by

and define, for z €

olulg) = g@dz (€SI,

Then the map z—¢, induces a canonical map of H*/I" into J=Y,;/L,.
Let (A, v) be a quotient of J by an abelian subvariety of /. Take any

C-basis {fy, ="+ m} Of 1= (0v(D 4))- Let W=Y(Ker (v)). Then
W={veY,| @Dy, v),=0},

and A can be identified with Y ,/(W+ L,. Now p(fy), -, p(fn) define a C-
linear map F: Y,—C™ whose kernel is W. In this situation, we have

PROPOSITION 3. Let P be the submodule of C™ generated over Z by the
vectors ([y, f1], . (7, fm]) for all »eI'. Then A isisomorphic, via F, to C™/P.
PROOF. From the above definition of L, we see easily that F(L,) =P,

hence our assertion.
REMARK. If we put

D(z)= (L:fl(z) dz, -+, L;fm(z)dz> (mod P),

then @ defines a morphism of $*/I" into C™/P. Obviously @(z) = F(¢,), 1.¢€,
@ is the map composed by a chain of maps

© Y F
/' —> | —> A —> C™/P.
The above discussion naturally applies to a group /' of level N and
(A, v, ) defined as in Theorem 1. In this case, we can take {f,|lce I} as

{/i}. Thus we obtain the abelian variety A from the periods of the cusp
forms f,.

PROPOSITION 4. Let A be the map of §2 defined with respect to a group

[" of level N. Then 27'(L,) consists of all the elements g of S,(I') such that
Rely,gle Z for all y = I', where Re means the real part. -

PROOF. First we note a relation

(3.1) —L7, gl Loy].] =Loyrowy', g] (rel’, ge S,

which can easily be verified. Now it is well known that

il g, B = j g(2)dz A Re (h(2)dz)

/1

=3 {[a;, £1-Re [, 11—-[B,, £]- Re [aj, A1},

where p is the genus of $*/I", and {a,, -+, a,, B, -, B,} is a set of elements
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of I corresponding to a standard set of generators of the homology group
of §*¥/I". Moreover, every C-linear map of S,(/") into C can be given as

g—> 2 (a,la; g1+6,08; 27)

with real numbers a; and b0;, which are unique for the map. Our proposition
now follows immediately from these facts and (3.1).

Put L’=242"'(L,). Let A, be any abelian subvariety of / and let U =
A7'(Y(A,)). Then A, is isomorphic, via 4, to U/(UNL’). Let {g,, -, g,} be
a C-basis of U, and let P, be the submodule of C™ generated over Z by the

vectors (7, &1, =+, [y, gn)) for all y€'. Then
PROPOSITION 5. A, is dual to C™/P,.

PROOF. Define a C-linear isomorphism G:C™— U by Gy, v, W) =

2w;g;. By Proposition 4, w=w,, -, w,)e G (UNL) if and only if
J

Re (Ew Ly, g,1)€ Z forall ye!, i.e., Re (Zw jV;) € Z for all (v, -+, v,) € P,.

It follows that C™/G™'(UNL’) is dual to C“‘/Pu, q. e. d.

PROPOSITION 6. Define (A, v, 8) and (A,, 0,) as in Theorems 1 and 2 with
the same eigen-function f. Then A is dual to A,.

PROOF. In this case A"} (Y(A4,)) = Z{Cfgzy“l(c?p(l)d)), so that we can take
=

P=P,. Then our assertion is immediate from Propositions 3 and 5.

34. A twisting operator R and its geometric meaning.

Let X be a primitive character modulo a positive integer 7, and let a, =

I:O u/r:l for ue Z. Define an operator R by
(4.1) FIR= ;:z(u)f\ (@], (fe S(T(N))).

By [11, Prop. 3.64], R maps S,(I'\(N)) into S,(I",(»2N)). If z) = Jla.e*~nt

then fIR-Hg(/)EX(n)a e*™'"  where 9(7)_2115(1&) e*™ ™" The purpose of this

section is to study the geometric meaning of R in connection with the quo-
tients (A, v) of J.

Let s be a positive divisor of N, and § a subgroup of (Z/sZ)*.

Define a
group /' of level N by

r={[7 q]erdmid (modsyen).

Let M be a common multiple of N, 7?2

,and rs. Let IV be a group of level
M such that SO

rc{[° 3]5 I'y(M)|d (mod s)eh, a=d (mod r)) .
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o S,(I'").

\— ", and K maps S,(I") inf:
2, A" as before wit

a, '], for fe S,I), we have

Then aurfa;
Deﬁne j: ]f! H A

Since f |[aule=/ILL

; _ s ()-8 {la L ()
(4.2) p(flR) u>=;1 () (fESE(F)),

T

(4.3) A(fIR)= 7(u)-d{["' B HAS))

‘ u=1

where ;91‘._:&:;;‘::1;&}1?.
PROPOSITION 7. : o e

function of T, n S,(I") for all n. Define (A, v, 0) and (A Vs 8" for f anfi

h(z) = D A(n)aze*™ ", respectively, as in Theorem 1. Then A’ 1s a homomorphic

Let f(z)::Eanem"z, with a,=1, be a common eigen-

image Zf the product of 1 copies of A. | ‘
PrROOF. Let K” be the subfield of C generated by the Fourier coefficients

a, and the values x(n) for all n, and let [” be the set of all isomorjphisms of
K” into C. For g&l”, put F (2] = D) gt =™, hg(z)ﬂ——'%)t(n)”aﬂem”‘. Then

u( 3 €)= ov(D.0), and

(4.4) 3/(D.1) = p( 3 Cho) C BT a "} 8u(D.y)

Define a homomorphism &: /' — AX --- XA (r copies) by £(x)=0({la "} x),
.. v({Ta, I} x)) for xJ’. Then (4.4) shows that the identity component of
Ker (£) is contained in Ker (v/). Therefore we can find a homomorphism

B: AX --- X A— A’ such that Bo&=my’ with a positive integer m. This
proves our proposition.

Let us now assume that X 1s a non-trivial real character. Put

(4.5) o= DX {la, I} .
Then 7, Hom (J’, /), and

(4.6) r'(g|R)=o0nu(g)) (geS,I).

PROPOSITION 8. Let A and A’ be as in Proposition 7.

a homomorphism n of A’ into A such that nov'=von, The homomorphisms

Mo and n are defined over the quadratic extension t of Q corresponding to X,

and 9= —mn,, N°=—n if € is the generator of Gal (t/Q).
PROOF. We need the precise definition of °

UN alld S Of GA by

= {x E1IGLy(Z}) X Geast
D

w=[y 1] mod N},
SZQEUNF.

Then there exists

) | ‘the standard models” for
P*/1" and §*/I". Using the notation of [11, §7.3], let us define subgroups

h respect to the present I" an ar

f
;
'
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Similarly put S'=Q*Uxl". 'Then anS-—-Q“F GqﬁS"“Q"[", we take

Now one can easﬂy verify that
Q*-det (S'Nay'Sa,)DQ"-Ri-{(v,) & ];’[Z; |v,= 1 (mod r)} .

By [11, Prop. 7.2], this shows that Xgg/(e,) is rational over Q(,), where
£, =e*"". For an integer ¢ prime to M, let o, be an element of SL,(Z) such

that ¢ - O, = [é (0]'1] (mocl A/[) [f ge& 32(11) and 74 l[”q]z — (,O(([)_Lf with a

character ¢ modulo s, then, by [11, Prop. 3.64], one has (g|R)|[o,],=
o(Q)g| R =(g|[o,J.) | R. This shows that

(4.7) neo {[a "}y ={I"a, "} or,.

On the other hand, let y=(y,) be an element of G, such that y,=[,

or 1 according as p divides M or not. Then o'y € Uy so that [ss(o,) = [s5(Y),
: 1 0 1 0 . v B e
Jsiso,) =Jss(y). Since a"[O q:l = I:O q]aq“, we obtain, by [11, Prop. 7.2],

é‘,lx(qu)XSS,(cxu)”‘“ o fsis(Y) = Jss(¥)o ( 2 X(qu) X s (ﬂ’uu))

==

where o(y) is the element of Gal(Q,,/Q) defined by [11, (6.4.1)], hence
UiV ol "y ={["0,l"}on,. Combining this with (4.7), we obtain

n§V = A(q)7, .

Observe that o(y) sends £, =e**"* onto (4. Therefore 7, is rational over the
quadratic field f corresponding to X, and 7f= —7, for the generator ¢ of
Gal (t/Q). Now R maps > Cf, into LCh;, so that on, maps ov(l),) Into

agi- I

ov’(D,). Therefore we can define a homomorphlsm n of A’ into A, rational
over f, so that noy’=vyoy, Then the relation 7*= —7 is obvious.
Let us now assume the following set of conditions:

(4.8) (i) N is a common multiple of r* and rs; (ii) a=d (modr) for

every [f 3] =N

Then we can take M=N, I'"=1", ]’ =], so that 7, is an endomorphism of
J, and 7= %(—1)ry,.

Fix an eigen-function f(z) as in Proposition 6, and define K and (A, v, 0)
as before. Suppose that the following condition is satisfied :

(4.9)  There is an automorphism p of K, other than the identity map,
such that Y(n)a,=a¥ for all n. (This implies especially that a, =0
if (n,r)#1.)
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that
s — qv¢ for any 0 €1, SO

fa‘R:g(x)fpd . ;
nptions (4.8) and (4.9), 7 is an endomorphism

PROPOSITION 9. [Inder the assul
of A satisfying

. v 1\yeid

(1) 7) -—-X( l)? 1A 4y

(ii) nﬂﬁ(a):ﬁ(af”)m; for ev(.zry a € K.

PROOF. Observe that the diagram

p oy
SE(F) -,.DJ-:: D,{
07, 0
lR /" l " OV l ’
s(I) > Dy < Da

'« commutative, and another diagram with T, 0&, 06(a,) in place of R, 07,
dn is commutative, too. Let w, be the element of D SUCl.l that 5P(wa)f'-#(fa)-
Then {w,|c e} is a C-basis of D,, and the commutativity of the diagram
implies 07(w,) = g(X)w,,, and 00(a)(w,) = a’w, for a € K. Therefore 57)2(1:0,9:):
a(X)*w,, and (dnodb(a))(w,) = g(%)a”’ww-—:(66({19)9577)(11)6), hence our proposition.

Thus, if an eigen-function f(z) satistying (4.9) exists, then the correspond-
ing (4, 0) and » form a system similar to that of [13, §9]. The field K in
the present case is not necessarily a CM-field as assumed there, but one can
still develop, by the same ideas as in [13, § 9], a theory of construction of
class fields over the quadratic field . As mentioned in the Introduction, K.
Doi and M. Yamauchi have found a few examples of f(z), satisfying (4.9),
with N=7* and r=p for a prime p.

§5. A proof of Dirichlet’s class number formula.

Let Q(v—q) be an imaginary quadratic field with discriminant —¢, and
h(—q) the class number of Q(+~—¢q). Then the Dirichlet formula is, if ¢> 4

(5.1 h(—q) = —él( —;q )n/q .

The purpose of this section is to prove this as an application of the results

of previous sections, without using the residue of the zeta function of @(v—¢)-

The pr(?of is inspired by a result of Hecke’s in [5]: we shall explain its
connection with our proof afterwards.

For simplicity, we assume ¢ > 4, although the cases ¢=3,4 can be in-

cluded, without much trouble, in the following treatment. Put x(n)=( =4 )'
and :
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r={[¢ jlerg|a=d=1(mod q)}.

Define the operator R of §4 for this X with N=g¢* r=g¢. Since the present
I satisfies (4.8), R maps S,(/") into itself, and |

(2 ane=)| R = v=q SAm)a,e™™
n=1

n=|]

Here we recall a well-known formula of Gauss

(5.2) i}(n)e“‘"""* = —q - X(k).

We understand that v~ —¢ has positive imaginary part.

PROPOSITION 10. One has tr(R)=+~'—q - h(—q)- ¢(q)/2, where ¢ is Euler’s
Junction. |

PROOF. By virtue of the results of Miyake [8] and Casselmah_' _[_2] (which
generalize Atkin-Lehner [1]), we can find a basis of S,(I") formed by the

elements
gl! Ty gS! gl(mz): THE g gs(nlz) Y

where g, belongs to “the essential part” of S,(/',(Vy)) for a divisor N,;_ Qf q°,
and m runs over all non-trivial positive divisors of ¢*/N,. (In 'other words,
g: 1s a “new form”.) We take g, to be a common eigen-function of all' Hecke

operators of level N,, with the first Fourier coefficient 1. If g.(2) =3 a,e*™ ™,
n=1

we see that the g.(mz), for a fixed £ and for all positive divisors of ¢2/N,,
span, over C, the vector space

{feS,(I") | fIT,=a,f for all n prime to g} .

Observe that R maps g(mz) onto 0 if m>1, and g, onto a common eigen-
function of all Hecke operators of level g2 since 2 X(n)a,n"* has an Euler

product. Such an eigen-function must be of the form > cngj(mz) for some

7, where m divides q*/N;. The comparison of the first Fourier coefficients

vields ¢,=+/—¢q. Therefore tr(R)/~/—q is the number of indices # such
that |

2| R = ‘\/:E 'gk+§cmgk(mz) (m>1, m|Ng'q®).

Put gi(2)= 3 a,e*™. Since (gi|R)|T,=a, (g|R) for (n,¢9)=1, and the

(n,q)=1

n-th Fourier coefficient of g.|R is 0 for (n, q) #1, we have gi|R=g§|R=

—q -g¥. Define (A, v), I, and f, as in Theorem 1 with g¥ as /. By Prop-
osition 8, there is an endomorphism 7 of A such that

090y~ (/o)) = dv~(u(f,| R))
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— ol gy - ; 4

by [12, Lemma 1], A 18 isogenm}s ‘tO thc
Therefor‘?f :Lrlrvf: say E, with complex multiplication,
[liptiC , ,

hic to Qv —q). Now define an abelian
P

level N;) by Theorem 1. By Proposition 8,
isogenous to the product of copies of

in (1 transform of an
qst be the Mellin (inverse)
F  Then, by [13, Prop. 1.6], & M

primitive Grossen-character 4 of Q(V—1q). tfhls means
ver all integral ideals 1n Q(v/—q)

say ¢, of 4, and A((a)=a for a= 1 mod c. Moreover

the functional equation of the 7 function implies that g, belongs to t}fe'zssen-
tial part of S,(I"y(g- N())), i.e., 1t '« 4 “new form”. Theretore N(c) divides g,
hence ¢ divides the ideal (v'—¢q). It can easily be seen that there are exactly

h(—q)-¢(g)/2 primitive Grossen-characters ¢ whose conductor ¢ divides v —¢
and such that ¢((@))=a for a=1 modc. For any such ¢, put fg(z)=

S d(@)e* V@2 where a runs over all integral ideals of Q(~/—¢q) prime to the

for all o€/l Since folR=

product of cop
such that End(E)

variety B for the function =
B is isogenous to A, hence B 1s alsO

RAQ is jsomor
g (at

[-function with a
_— exiN(a)z \Vhere a runs 0
that gk(z)~§2(ﬂ)€ ,

prime to the conductor,

conductor of ¢. Then the f, for all such ¢, are linearly independent, and
belong to S,(I"), by [12, Lemma 3]. Further each f, must coincide with one of

the gx, and obviously fy|R=+—q-f5. Thus we have shown that tr (R)/ vV —q
1S the number of the characters ¢, which completes the proof.

To compute tr (R) in a different manner, put cr:[é 2], a:[g‘) i]
and

ro={(¢ {esta|[* 4]=[} 9] moa o}

_ _ _ 1 1
Then I'=al'(Q)a™}, aca ‘:[0 {q] Therefore tr (R) is equal to the trace
of the operator

fr— U@ f | (],

onbthe space S,(I'(q)) of cusp forms of weight 2 with respect to I'(g). Let
€ De the automorphism of D*/I'(q) obtained from e. The fixed points of &
occur only at cusps. Indeed, suppose e(z) =1y(z) for some ze P and some

a b
e < 'la). . _[a—c b—dT .
[c d] (@). Then ¢ 1T*—I: " d 1s elliptic, hence |tr(e7'y) | < 2.
But a—c+d=2 (mod q),

o . which is a contradiction, since q>A4.
W let r/s, with Integers » and s such that (r,s)=1, be a cusp repre-

senting a fixed point of &. B 5

[r]E+[r+S] o- By [11, Lemma 1.427 this is so if and only if
. == (mod q). Therefore ¢, has exact

sented by r/g with (7, q)

Y ¢©(q)/2 fixed points repre-

:1, 0‘<?"<Q/2 FOI' such an r, take an e]ement ﬁ
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of SL(Z) of the form p=[ _* ] Then 8 maps r/g to co, and

Lrl 1— mqr mr?
][0 ]ﬁ [ —mq* 1—!—mqr]'
2 — -1 1 m -1
Choose an integer m so that mr*=1 (mod q). Then B [ ]ﬁs e I'(q),

so that ﬁ“[é m]ﬁ represents the automorphism ¢,, and moreover it has r/q

as a fixed point. Therefore, if # is the local parameter on $*/I'(g) around
r/q defined by
t(z) = exp [2m1- B(2)/q],

one has tog,={™t with {=e*"%. Let tr (¢,) denote the trace of Le], on S,(17(q)).
Applying the Selberg-Eichler trace formula to ¢,, we obtain

(5.3) tr (ef)—1=2"" 3 {™/(1-¢™),

(r,g)=1

for (¢, g9 =1. Therefore

tr(R)-—-EX(u) tr (e) =2° @(q)}“_,X(m)C”‘/(l c").

m=]

To compute the last sum, take an indeterminate w, and observe that

Z X(m)™/(1—™w) = E k=3 Z X(m)Emk

m=1

=v/=q > X(k)yw*?

= V—q (éix(k)w"'l)/(l—w‘?) ,
hence

tr (R) = (V= ;- 0(0)/2)-lim (1)) /(1 —10%)

w—1

= — (V=7 -0()/29) S 2(0): .

k=1

by differentiating the numerator and the denominator. Combining this with
Proposition 10, we obtain Dirichlet’s formula (1)

Especially, suppose ¢ is a prime, and denote by U the right hand side
of (5.3). Then U—LUm—go(q)/Z and

e g—1

= 3 Aum)™/(1—L™) = — /=g -x(u)gx(mk/q,
sOo that

(5.4) tr () —1 = —(g)/4— /=3 -x(u)gm)k/zq.
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ar proof and Hecke's results
and suppos€ that ¢ is a prime )

Let us now clari |
. reducible representation Glof

in [4], [6]. Put M, = SL«(Z/9Z)/ {£1},
that ¢ =3 (mod 4) and

degree (q—1)/2 such that
i (&) =(—1+v—4)/2.

L. on Su(I'(g) via the map 7—[rJs for
ltiplicities of & and its complex conjugate

Let © be the representation of U
y e SL,(Z). Let ¥, and v, be the mu
® in ®, respectively. In (5], Hecke proved

(5.5) yl'yz:h("'Q)
by first showing
¢—1
5.6) y—3=— DA/,

and employing Dirichlet’s formula (5.1). Actually Proposition 10, combined
with a simple observation, leads to (5.9) with neither Eichler-Selberg’s trace
formula nor Dirichlet’s formula, but with the knowledge of all irreducible

representations of Yi,. To see this, put wz[(l) 1{‘?], and take a basis of !

S.(I") formed by eigen-functions of [@],, and let / be a member of the basis.
Then we have f|[w],={™f with {=¢*"? and 0 < m < ¢, hence

(5.7) FIR="SAB™f = Am)~/=q - .

Now, for any irreducible representation &* of M, other than & and S,

tr (6*(¢)) is a rational integer (see, e.g., Hecke [4, p. 529 (Werke)]). Therefore
we have

(5.8) tr ([w].) = tr (D(e))

— \' . I,"""Hl_ o > q_‘l
M1 2 S }_}'g‘ Z n:___'m—i—agﬁ_l'r_b E Q'm.

Z{m)=1 Y(im)=—1 m=]

Wi . Ve int
Ith non-negative integers a and 0. Here each term ™ (m = (0) corresponds

‘ :
0 a member of our basis, and by (5.7), contributes X(m)~/—gq to tr (R), hence
tr (R)=(y,—y,)vV—q (¢—1)/2.

Comparing this with Proposition 10, we obtain (5 D)

W .
e also notice that (5.6) can be derived from (5.4) and (5.8) by comparing

the imaginary parts. sin
‘ , sSince tr (e,) = tr (D). A
computing the dimension of the vector Space Fusty Hecke cbtainad S

U/ =SL() | flle),= Tt (0=sv<y)
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by means of the Riemann-Roch theorem. For the reader’s convenience, let
us now compute tr (R) by Hecke’s technique, using the Riemann-Roch theorem

instead of the Selberg-Eichler trace formula.
Let 1, denote the dimension of (5.9). Then

s %1 x =qﬂlqulx RYC** 2 =«/-———*Q§X V)Ay .
(5.10) tr (R) = D A(k) tr () = 2 2X( ) A q - 2X)
Put W=9*/1(q) and w'=9*/I",(q). For every positive divisor n of ¢, let
pr for i=1,-, ¢, denote all the points of W’ with ramification index ¢/n,
and O7, ---, Q% the points of W lying above P Put ¢,=g¢/n. Let g and ¢’

be the genera of W and W’ respectively. Then

20—2=(2¢'—2)q+2(qa—1)nc, .

nl|q

We can find a I'(¢)-invariant automorphic form f, of weight 2 such that
f.l[e].=C"f, with any integer v. Let div (X) resp. div’ (X) denote the divisor
of a function or a differential form X on W resp. W’. Then

div (Fo(2)dz2) = D+ 3 kni( Q4 + - +Q3)

n|lgit=1

with integers k,; and a divisor D on W not involving Q7. Let {,; be a local
parameter on W at Qf. Then

t .oer={""t,;+(higher terms)

with an integer h prime to ¢,. Then we see that nv=nh(k,;+1) (mod g).
Take an integer s,; so that s,;A=1 (mod ¢,). Note that s,; is independent
of v. Then k,;=s,,v—1 (mod g,). Especially, if n=1, the above study of
the fixed points of ¢, shows that c¢,=¢(q)/2, and P; is represented by r/q
under the conditions (7, ¢)=1, 0 <r<q/2. For this point, we can take s,; =7r?%,

as seen above. Now the map f—F=/f;!f sends the vector space (5.9) iso-

morphically onto the vector space of all /',(g)-invariant modular functions F
such that

div (F)= —div (f,dz) .

We see easily that this i1s so if and only if

(5.11) div/ (F) 2 —q7'D'— 3 33 [kai/ 421P1,
nigi=1
where D’ is the projection of D onto W’, and [x] is the largest integer < x.

Put {x} =x—[x]. Let y, denote —1 times the degree of the right hand side

of (5.11). Assume that (v,q)=1. Then s, v=0 (mod q,), hence {k,;/q.} =
{$niv/qn} —1/q,. Therefore
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g, =9 deg (div (fudz))"‘%{kni/ qn)
= (ZgﬂZ)/q——:%{km/qn}
= ZQ;“‘Z‘F%(L" {Sniv/qn})

> 2¢'—2.

Thus, by the Riemann-Roch theorem, one has

lu = gf‘_"]-"l"El(l"—' {SHEUXQR}) .

~1
Observe that qEX(v){su/qn}:O for any s if n>1. Therefore by (5.10) we
v=1

obtain
q—1 s q—
tr (R)y=—+V —q "2 X)) {vr?/qt=— v —q -(p(q)/2) iﬁ X(R)k/q,
=1

r v=1

which is the desired result.

§ 6. The seta-function of A over 2 non-abelian extension of Q.

Let I" be a group of level N, and let A be defined for a common eigen-
function S 1n S,([") as in Theorem 1. Then one can naturally ask about
(the one-dimensional part of) the zeta-function of A over an arbitrary finite
algebraic extension F of Q. This problem can easily be settled (always u
to finitely many bad Euler factors), if F is abelian over Q, as shown 1n [lf
8§ 7.9] (see also the discussion below). We shall now show’ that one can d ,
termine the zeta-function for a certain class of non-abelian extensions 3

et us denote by Z(s, A/[F) the one-dimensional part of the zeta-f ‘ £
of A over F, and by Cr(s) the Dedekind zeta-function of F. We can u\:::itlzn

CF(S):];[dEt BESTS il
Z(s, A/Q) = —@,p*]!
(s, A/Q) Iﬂ[det [(1—D,p~°] (the product for all good primes)

with complex matrices @ |
, and ¥, given for e '
ach prime p; th '
- the size of @,

(resp. ¥,) is 2-dim (A) (r
esp. [F:@)); the i - :
all p. Then we see easily that matrices are invertible for almost

Z(s, A/F)=TIdet [1—(@, Q¥ ;) p~*]""

Thi : .
his applies to any abelian variety A defined over @
r Q.
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L(s, /)= Zawn~ = TI(1—a,p~*+e(p) p**-*)""
— I;Idet [1—-5,p~*]"!

with complex matrices =, of size 2. Here e(p) is a character of (Z/NZ)*
such that

ALLS z]L:E(d)f for all | 3]EF0(N)-

Then we define an Euler product

L(s, f, F) II;Idet [(1—(E, Q¥ pp™*]17",

which obviously converges in some half plane. The last part ot Theorem 1
implies that, if 2=2 and A corresponds to f, then, under the condition stated

there, Z(s, A/F) coincides with II L(s, fo, F'), up to finitely many Euler factors.

cEI
It is natural to conjecture that if #>1, L(s, f, ) can always be continued to
a holomorphic function on the whole s-plane satisfying a functional equation.
(If »=1, one will have to allow the function to have finitely many poles.)
Thus our purpose is to show that this is so at least for a certain class of
extensions F of Q. To define it, we consider the following condition on a
finite group G:

(X) Every irreducible representation of G by complex matrices 1s either
one-dimensional or induced from a one-dimensional representation of a subgroup
of index 2.

[t can easily be shown that the following types of groups satisty the
condition : abelian group; dihedral group; generalized quaternion group (i.e.,
a group of order 4m generated by two elements 7 and s with the relations
ri—=gm s*™—=1 rsr*=s""); a homomorphic image of a group satisfying (X);
the product of an abelian group and a group satisfying (X).

Let E be a Galois extension of Q such that Gal (£/Q) satisfies (X), and
let F be any subfield of E. It is this type of extension F, for which we are
going to show that L(s, f, F) can be determined. Write simply G for Gal (£/Q),
and let L(s, E/Q, ¢) denote the Artin L-function with a character ¢ of G. By
virtue of (X), {z(s) can be written as a finite product

Cr(s)= I;IL(S, £/Q, ¢ ) XIIL(s, £/Q, ¢.),

where ¢, is a one-dimensional character of G, and ¢, is a character induced
from an abelian character of a subgroup H, of G of index 2. Each ¢, cor-
responds to a primitive character ¢} of (Z/m,Z)* with a positive integer m,,
and
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L(s, E/Q, ¢ =I}(1——soﬁ<m“>" :

' - Q1=2.
As to ¢,, take the subfield M, of E corresponding to H,. Then [M,: Q]

and L(s, E/Q, ¢.) coincides with an L-function
L(s, M,, TL’.,L,-,)::':1;[(1-—-—?C,_,(Zq:o)Z\.f();.’o)‘”)'1

] " ct 1s eX-
of M, with a primitive character %, of finite order, where the produ

' L. Fut
tended over all prime ideals p of M, prime to the conductor of

L(s, M,, 1) = D b,n* =I1det (1—¥,,p" 1"
) P8 = p

with complex numbers bun and complex matrices v,

L(s, f, Fy=TILCGs, J, @,’E)XI}L(S, f, M,, X.)

where ~
L(s, f, ¢F)=11det [1—ok(D)Ep~* 1 =2 gX(n)a,n"’,
(6.1) L(s, f, My, )= TIdet [1——(5;,@@"”,) p=17t .
P

By an easy formal computation, we S€€ that

Ls, £, My 1) = (B aban™) (Z( Do)t (memym*=*)

Le)1.(p), and

det (5,)=c(p)p*~'. The Dirichlet series L(s, f, ¢%) can be continued to a
holomorphic function on the whole s-plane satisfying a functional equation,
since 2 o%(n)a,e*™ ™ is an element of Sy (I"\(N,) for some N, (see [11, Prop.
3.64]).

To study the nature of L(s, f, M,, X,), we first observe that L(s, M,, X,) 1s

the Mellin transform of an automorphic form on GL,(Q,). This is essentially
due to Hecke and Maass, and included, as a special case, in the results of

Jacquet and Langlands [6], and Weil [17]. Especially, it M, is imaginary,

and if we put g.2)=3b,.¢**"™, then g, is a modular form of weight 1
satisfying

where D, is the discriminant of M.. Note that det (w'up):(

6.2) &

[[¢ 3]]1: (%H-)xu((d))gu for all | g]eFB(Du*N(fv))*

w-htt:re ¢, is the conductor of X,. Therefore L(s, f, M,, X,) is similar to the
Dirichlet series considered by Rankin [10]. Recently J,aczluet r7] has given
a ge'neral treatment of Dirichlet series of type (6.1). Thus it is virtualh'w‘
1_305511:)1& to obtain the desired property, or at least son;ethin very clggﬁ.ﬁ‘;
it, of L(s,f, M,, X.) or of L(s, f, F), though one may have fo work
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details to get a precise statement.

For example, consider the simplest non-abelian case in which £ is a

non-abelian extension of @ of degree 6, whose unique quadratic subfield is
imaginary, and take F to be a cubic subfield of E. Then {g(s)={q(s)L(s, M, X)
with the L-function L(s, M, X) of M for a character X of order 3, correspond-
ing to the extension £/M, hence

L(s, f, F)=L(s, f)L(s, f, M, X) .

Put L(s, M, X) = Eb n™t. wla)es Eb e®*'"*  Then g is a modular form of weight

1, satisfying a rehtlon of the type (6.2). (In this special case, one has
X((d))=1) Applying the method of [14, §3] to / and g, we can show that
L(s, 7/, M, X) can be continued to an entire function in s, if #>1. To obtain the

exact form of the functional equation, one has to assume that f| [[?\f _0]]
k

is a common eigen-function of Hecke operators, and make considerations
similar to Ogg [9] and the author [14, §3]; but we shall not treat this
problem further in this paper.

(6]
(7]
[8]
(9]
[10]
[11]

[12]
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For a positive integer N let I" be any group such that I'; (N) C T ¢
['o(N), where I'o(N) [[1(N)] is the subgroup of SL,(Z) consisting

dular function

. a b
of the matrices . d) such that ¢ =0 (mod N)la=d=1,c=

0 (mod N)]. Let J denote the Jacobian variety of the compact Rie-
mann surface H* /', where H* is the union of the upper half plane and
the cusps of I'. Let f(z) be a holomorphic cusp form of weight 2 with
respect to I'. Assume that f is a common eigenfunction of the Hecke
operators 15, for all n. With each such f one can associate an abelian
variety A that is a “factor” of J. In § 1 the author proves that A
can naturally be obtained as a quotient of J by an abelian subvariety
rational over Q. He proves in § 3 that A can be obtained as a com-
plex torus whose periods are those of f and some other cusp forms.
In § 4 he studies how the map (*) f(2) = .77, a,exp(2minz) —
> .—, x(n)a, exp(2winz) with a numerical character y, can be re-
flected by geometric objects. It is proved that if ¥ has order 2 then
(*) corresponds to a homomorphism of A rational over the quadratic
field k associated with y. § 5 is devoted to a new proof of Dirich-
let’s formula for the class number h(—gq) of an imaginary quadratic
fleld Q(y/ — q) of discriminant —¢g. Combining some of his earlier re-
sults with some observations about eigenfunctions, the author finds
a relation between h(—gq) and the trace of the map (*) on the space
of cusp forms of weight 2 for a certain I'. He then obtains Dirich-
let’s formula by computing the trace by the Selberg-Eichler trace
formula. In the final § 6 the author briefly explains a method of de-

termining the zeta-function of A over some of non-abelian extension
of Q. A. N. Andrianov




