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2 RIBET AND STEIN, SERRE’'S CONJECTURES

Preface

We shall begin by discussing some examples of mod £ representations of Gal(Q/Q).
We’ll try to motivate Serre’s conjectures by referring first to the case of representations
that are unramified outside ¢; these should come from cusp forms on the full modular
group SL(2,2Z). In another direction, one might think about representations coming from
£-division points on elliptic curves, or more generally from £-division points on abelian
varieties of “GLy-type.” Amazingly, Serre’s conjectures imply that all odd irreducible two-
dimensional mod ¢ representations of Gal(Q/Q) may be realized in spaces of ¢-division
points on such abelian varieties. The weak Serre conjecture states that all such representa-
tions come from modular forms, and then it takes only a bit of technique to show that one
can take the modular forms to have weight two (if one allows powers of £ in the level).

Since little work has been done toward proving the weak Serre conjecture, these notes
will focus on the bridge between the weak and the strong conjectures. The latter states that
each p as above comes from the space of cusp forms of a specific weight and level, with
these invariants between determined by the local behavior of p at £ and at primes other
than £ (respectively). To motivate the strong conjecture, and to begin constructing the
bridge, we discuss the local behavior of those p that do come from modular forms. For the
most part, we look only at forms of weight k > 2 whose levels N are prime to £. For these
forms, the behavior of p at £ is described in detail in [32], where theorems of P. Deligne and
Fontaine are recalled. (In [32, §6], B. Edixhoven presents a proof of Fontaine’s theorem.)
Further, the behavior of p at primes p # ¢ may be deduced from H. Carayol’s theorems
[11, 12], which relate the behavior at p of the /-adic representations attached to f with the
p-adic component of the automorphic representation of GL(2) that one associates with f.
(The behavior of p at £ in the case where £ divides N is analyzed in [89].)

In [102], Serre associates to each p a level N(p) and a weight k(p). These invariants
are defined so that N(p) is prime to £ and so that k(p) is an integer greater than 1. As Serre
anticipated, if p arises from a modular form of weight k and level N, and if k is at least 2
and N is prime to £, then one has k(p) < kand N(p) | N. To find an f for which N = N(p)
and k = k(p) is to “optimize” the level and weight of a form giving p. As Edixhoven
explains in his article [32], weight optimization follows in a somewhat straightforward
manner from the theorems of Deligne and Fontaine alluded to above, Tate’s theory of 6-
cycles, and Gross’s theorem on companion forms [46] (see also [17]). Moreover, it is
largely the case that weight and level optimization can be performed independently.

In [12], Carayol analyzes the level optimization problem. He shows, in particular, that
the problem breaks down into a series of sub-problems, all but one of which he treats by
appealing to a single lemma, the lemma of [12, §3]. The remaining sub-problem is the
one that intervenes in establishing the implication “Shimura-Taniyama => Fermat.” This
problem has been discussed repeatedly [83, 84, 86, 87]. In Section 3.10, we will explain
the principle of [86].

The case £ = 2 is the only remaining case for which the level optimization problem
has not been resolved. The proof in [26, 87] of level optimization for £ > 3 does not fully
exploit multiplicity one results, but appears to completely break down when £ =2. In
the recent paper [9], Kevin Buzzard observed that many new cases of multiplicity one are
known and that this can be used to obtain new level optimization results when £ = 2.

In view of these remarks it might be appropriate for us to summarize in a few sentence
what is known about the implication “weak Serre conjecture = strong Serre conjecture.”
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As explained in [26], for £ > 5 the weak conjecture of Serre implies the strong conjecture
about the optimal weight, level, and character. For ¢ = 3, the weak conjecture implies
the strong conjecture, except in a few well-understood situations, where the order of the
character must be divisible by £ when the level is optimal. The difficulty disappears if
one works instead with Katz’s definition of a mod ¢ modular form, where the character
is naturally defined only mod £. The situation is less complete when ¢ = 2, but quite
favorable. When ¢ = 2 the situation concerning the weight is explained by Edixhoven in
[32]: the results of [17] do not apply and those of [46] rely on unchecked compatibilities.

A certain amount of work has been done on the Hilbert modular case, i.e., the case
where Q is replaced by a totally real number field F. For this work, the reader may consult
articles of Frazer Jarvis [52, 53, 54], Kazuhiro Fujiwara [45], and Ali Rajaei [79]. The
authors are especially grateful to Fujiwara for sending them a preliminary version of his
manuscript, “Level optimization in the totally real case.” However, these notes will treat
only the classical case F = Q.

This paper emerged out of a series of lectures that were delivered by the first author
at the 1999 1AS/Park City Mathematics Institute. The second author created the text based
on the lectures and added examples, diagrams, an exercise section, and the index. Brian
Conrad contributed the appendix, which describes a construction of Shimura.

For other expository accounts of Serre’s conjectures, the reader may consult the arti-
cles of Edixhoven [33, 34, 35], H. Darmon [22], and R. Coleman [15].

The authors would like to thank K. Buzzard and Serre for many useful comments on
various drafts of this paper, B. Conrad for providing the appendix, M. Emerton for his
enlightening lecture on Katz’s definition of modular forms, N. Jochnowitz for suggestions
that improved the exposition in Section 2.2, and L. Kilford for help in finding examples of
mod 2 representations in Section 3.7.

Kenneth A. Ribet
William A. Stein
University of California, Berkeley






CHAPTER 1

Introduction to Serre’sconjecture

1.1. Introduction

Let’s start with an elliptic curve E/Q. Nowadays, it’s a familiar activity to consider the
Galois representations defined by groups of division points of E. Namely, let n be a positive
integer, and let E [n] be the kernel of multiplication by n on E(Q). The group E[n] is free
of rank two over Z/nZ. After a choice of basis, the action of Gal(Q/Q) on E[n] is given

by a homomorphism
Pn : Gal(Q/Q) — Aut(E[n]) ~ GL(2,Z/nZ).

This homomorphism is unramified at each prime p that is prime to the product of n with
the conductor of E (see Exercise 15). For each such p, the element pn(Frobp) is a 2 x 2
matrix that is well defined up to conjugation. Its determinant is p mod n; its trace is a,
mod n, where ap is the usual “trace of Frobenius” attached to E and p, i.e., the quantity
1+ p—#E(Fp). In his 1966 article [107], G. Shimura studied these representations and
the number fields that they cut out for the curve E = Jo(11). (This curve was also studied
by Serre [91, pg. 254].) He noticed that for prime values n = £, the representations p,
tended to have large images. In [93], J-P. Serre proved that for any fixed elliptic curve E,
not having complex multiplication, the indices

[GL(2,Z/nZ) : pn(Gal(Q/Q))]
are bounded independently of n. In Shimura’s example, Serre proved that
[GL(2,Z/¢Z) : ps(Gal(Q/Q))] = 1

forall £ # 5 (see [93, §5.5.1]).

In this article, we will be concerned mainly with two-dimensional representations over
finite fields. To that end, we restrict attention to the case where n = £ is prime. The
representation py is “modular” in the familiar sense that it’s a representation of a group
over a field in positive characteristic. The theme of this course is that it’s modular in a
different and deeper sense: it comes from a modular form! Indeed, according to a recent
preprint of Breuil, Conrad, Diamond and Taylor (see [7, 19, 114, 117]), the Shimura-
Taniyama conjecture is now a theorem—all elliptic curves over Q are modular!! Thus if N
is the conductor of E, there is a weight-two newform f = $%_; cnq" (q = €2™) on 'o(N)
with the property that ap = cp, for all p prime to N. Accordingly, p, is connected up with
modular forms via the relation tr(p,(Frobp)) = ¢, (mod £), valid for all but finitely many
primes p.

The Shimura-Taniyama conjecture asserts that for each positive integer N there is a
bijection between isogeny classes of elliptic curves A over Q of conductor N and rational
newforms f on Mp(N) of weight two. Given A, the Shimura-Taniyama conjecture produces

5



6 RIBET AND STEIN, SERRE’'S CONJECTURES

amodular form f = S, ¢nq" whose Dirichlet series is equal to the L-series of A:

0

= L(f,S) = L(A,S) = Z %

s -

S tn
n=1 ns n=1 n
The integers a, encode information about the number of points on A over various finite
fields Fp. If p is a prime not dividing N, then ap = p+ 1 —#A(Fp); if p | N,
—1 if A has non-split multiplicative reduction at p
ap = 1 if A has split multiplicative reduction at p
0 if A has additive reduction at p.

The integers an are obtained recursively from the a; as follows:

. ay= {afr—lap — pay-2 !f ptN
ay ifp|N
® apm = anam, if (n,m)=1.

The conjectures made by Serre in [102], which are the subject of this paper, concern
representations p : Gal(Q/Q) — GL(2,F,). We always require (usually tacitly) that our
representations are continuous. The continuity condition just means that the kernel of p is
open, so that it corresponds to a finite Galois extension K of Q. The representation p then
embeds Gal(K/Q) into GL(2,F,). Since K is a finite extension of Q, the image of p is
contained in GL(2,F) for some finite subfield F of F,.

Go

| 2

Gal(K/Q) —— GL(2,F)

O—x— O
®
o

For various technical reasons, the original conjectures of Serre insist that p be irreducible.
It is nevertheless fruitful to consider the reducible case as well (see [111]).

The conjectures state (in particular) that each continuous irreducible p that satisfies a
necessary parity condition “arises from” (or is associated with) a suitable modular form
mod £. To explain what’s going on, let’s start with

A= nir(n)qr‘ = qllj(l —qh%,

the unique (normalized) cusp form of weight 12 on SL(2,Z). In[92], Serre conjectured the
existence of a “strictly compatible” family of ¢-adic representations of Gal(Q/Q) whose
L-function is the L-function of A, namely

[ee]

L85 = 3 T = []A-T()p+ P2,
n= p

where the product is taken over all prime numbers p. The conjectured ¢-adic representa-
tions were constructed soon after by Deligne [24]. Specifically, Deligne constructed, for
each prime £, a representation

pe= 1 Gal(Q/Q) — GL(2,Zy),
unramified outside £, such that for all primes p # ¢,

tr(pg(Frobp)) =1(p),  det(pg(Frobp)) = p*.
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On reducing pg~ mod £, we obtain a representation

P : Gal(Q/Q) — GL(2,Fy)

with analogous properties. (Equalities are replaced by congruences mod £.) In other words,
the p, for A are just like the p, for an elliptic curve E, except that the integers a, are
replaced by the corresponding values of the t-function. The determinant of py is the 11th
power of the mod £ cyclotomic character x : Gal(Q/Q) — F;, i.e., the character giving the
action of Gal(Q/Q) on the group of /th roots of unity in Q (see Section 1.5).

More generally, take a weight k > 12 and suppose that f = ¥,cnq" is a nonzero
weight-k cusp form for SL(2,Z) that satisfies f|T, = c,f for all n > 1, T, being the nth
Hecke operator on the space of cusp forms of weight k for SL(2,Z) (see Section 1.5).
Then the complex numbers ¢, (n > 1) are algebraic integers. Moreover, the field E :=
Q(...cn...) generated by the c, is a totally real number field (of finite degree over Q).
Thus the ¢, all lie in the integer ring Og of E. For each ring homomorphism ¢ : Og — Fy,
one finds a representation

p=py :Gal(Q/Q) — GL(2,Fy),
unramified outside ¢, such that
tr(p(Frobp)) = ¢(cp),  det(p(Frobp)) = p*~*

for all p # £. We have detp = x*~1. Of course, there is no guarantee that p is irreducible.
We can (and do) suppose that p is semisimple by replacing it by its semisimplification.
Then p is determined up to isomorphism by the displayed trace and determinant conditions;
this follows from the Cebotarev density theorem and the Brauer-Nesbitt theorem [21],
which states that semisimple representations are determined by their characteristic polyno-
mials.

Itis important to note that k is necessarily an even integer; otherwise the space Sx(SL(2,Z))
of weight-k cusp forms on SL(2,Z) is easily seen to be 0. Thus the determinant x*~* of p
is an odd power of X. In particular, detp : Gal(Q/Q) — F; is unramified outside ¢ and
takes the value —1 on complex conjugations ¢ € Gal(Q/Q). It’s a nice exercise to check
that, conversely, all continuous homomorphisms with these properties are odd powers of X
(see Exercise 1).

In the early 1970s, Serre conjectured that all homomorphisms that are “like p” come
from cusp forms of some weight on SL(2,Z). Namely, let

p:Gal(Q/Q) — GL(2,F)

be a continuous, irreducible representation that is (1) unramified outside £ and (2) of odd
determinant, in the sense that detp(c) = —1 € F, for complex conjugations ¢ € Gal(Q/Q).
In a May, 1973 letter to Tate, Serre conjectured that p is of the form py. This means that
there is aweight k > 12, an eigenform f € S, (SL(2,Z)), and ahomomorphism ¢ : Og — F
(where Og is the ring of integers of the field generated by the coefficients of ) so that py
and p are isomorphic.

To investigate Serre’s conjecture, it is fruitful to consider the operation p — p®x on
representations. This “twisting” operation preserves the set of representations that come
from modular forms. Indeed, let 6 = q(?—q be the classical differential operator S anq" —
Y nanq". According to Serre and Swinnerton-Dyer [61, 94, 112], if f is a mod ¢ form of
weight k, then Of is a mod ¢ form of weight K+ £+ 1. Then if p is associated to f, p®X
is associated with 8f. According to a result of Atkin, Serre and Tate (see [97, Th. 3] and
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Section 2.1), if p comes from an eigenform in some space Sx(SL(2,Z)), then a suitable
twist p® X' of f comes from a form of weight < £+ 1.

Serre’s conjecture thus has the following consequence: each two-dimensional irre-
ducible odd representation of Gal(Q/Q) over F, that is unramified outside £ has a twist
(by a power of x) coming from an eigenform on SL(2,Z) of weight at most £+ 1. In
particular, suppose that £ < 11. Then the spaces Sx(SL(2,Z)) with k < £+ 1 are all 0;
as a result, they contain no nonzero eigenforms! The conjecture that all p are modular
(of level 1) thus predicts that there are no representations of the type contemplated if ¢
is 2, 3, 5 or 7. In support of the conjecture, the non-existence statement was proved for
£=2byJ. Tate ina July, 1973 letter to Serre [113]. Soon after, Serre treated the case £ = 3
by methods similar to those of Tate. (See [113, p. 155] for a discussion and a reference to
a note in Serre’s Euvres.) Quite recently, Sharon Brueggeman considered the case £ = 5;
she proved that the conjectured result follows from the Generalized Riemann Hypothesis
(see [8]). In another direction, Hyunsuk Moon generalized Tate’s result and proved that
there are only finitely many isomorphism classes of continuous semisimple Galois repre-
sentations p : Gg — GLa4(F2) unramified outside 2 such that field K/Q corresponding to
the kernel of p is totally real (see [76]). Similar work in this direction has been carried out
by Joshi [58], under additional local hypothesis.

Serre discussed his conjecture with Deligne, who pointed out a number of surprising
consequences. In particular, suppose that one takes a p coming from an eigenform f’
of some weight and of level N > 1. On general grounds, p has the right to be ramified at
primes p dividing N as well as at the prime £. Suppose that, by accident as it were, p turned
out to be unramified at all primes p | N. Then the conjecture would predict the existence
of alevel-1 form f’ (presumably of the same weight as f) whose mod ¢ representation was
isomorphic to p. For example, if N = ¢% is a power of ¢, then the conjecture predicts that p
arises from a form f’ of level 1. How could one manufacture the f'?

The passage f ~» f/ comes under the rubric of “level optimization”. When you take a
representation p that comes from high level N, and it seems as though that representation
comes from a lower level N, then to “optimize the level” is to cough up a form of level N’
that gives p.

Deligne pointed out also that Serre’s conjecture implies that representations p over F,
are required to “lift” to A-adic representations of Gal(Q/Q). In the recent articles [80] and
[81], R. Ramakrishna used purely Galois cohomological techniques to prove results in this
direction.

1.2. Theweak conjecture of Serre

In the mid 1980s, Gerhard Frey began lecturing on a link between Fermat’s Last The-
orem and elliptic curves (see [42, 43]). (Earlier, Hellegouarch had also considered links
between Fermat’s Last Theorem and elliptic curves; see the MathSciNet review and Ap-
pendix of [48].) As is now well known, Frey proposed that if a‘ 4+ b? was a perfect ¢th
power, then the elliptic curve y? = x(x — af)(x + b?) could be proved to be non-modular.
Soon after, Serre pointed out that the non-modularity contemplated by Frey would follow
from suitable level-optimization results concerning modular forms [101]. To formulate
such optimization results, Serre went back to the tentative conjecture that he had made 15
years earlier and decided to study representations p : Gal(Q/Q) — GL(2,F,) that are not
necessarily unramified at £. The results, of course, were the conjectures of [102].

An important consequence of these conjectures is the so-called “weak conjecture
of Serre.” As background, we recall that Hecke eigenforms on congruence subgroups
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of SL(2,Z) give rise to two-dimensional representations of Gal(Q/Q). If we set things
up correctly, we get representations over F,. More specifically, take integers k > 2 and
N > 1; these are the weight and level, respectively. Let f = S a,q" be a normalized Hecke
eigenform in the space Sx(I1(N)) of complex weight-k cusp forms on the subgroup "1 (N)
of SL(2,Z). Thus f is nonzero and it satisfies f|T, = anf for all n > 1. Further, there is
a character € : (Z/NZ)* — C* so that f|(d) = ¢(d)f for all d € (Z/NZ)*, where (d) is
the diamond-bracket operator. Again, let O be the ring of integers of the field Q(...an...)
generated by the ap; this field is a number field that is either totally real or a CM field.
Consider a ring homomorphism ¢ : O — F, as before. Associated to this set-up is a rep-
resentation p : Gal(Q/Q) — GL(2,F;) with properties that connect it up with f (and ¢).
First, the representation is unramified at all p not dividing N. Next, for all such p, we
have

tr(p(Frobp)) =ap,  det(p(Frobp)) = p“1e(p);

the numbers a, and p“~e(p), literally in O, are mapped tacitly into F, by ¢. The repre-
sentation p is determined up to isomorphism by the trace and determinant identities that
are displayed, plus the supplemental requirement that it be semisimple. We are interested
mainly in the (generic) case in which p is irreducible; in that case, it is of course semisim-
ple.

The construction of p from f, k and ¢ was described in [24]. In this article, Deligne
sketches a method that manufactures for each non-archimedean prime A of E a represen-
tation Py, : Gal(Q/Q) — GL(2,E,), where E), denotes the completion of E at A. Given ¢,
we let A = ker¢ and find a model of p, over the ring of integers O, of E,. Reducing P,
modulo A, we obtain a representation over the finite field O, /A0y, and ¢ embeds this field
into Fy.

In fact, as Shimura has pointed out, the machinery of [24] can be avoided if one seeks
only the mod A representation attached to f (as opposed to the full A-adic representation
P»)- As the first author pointed out in [87], one can use congruences among modular forms
to find a form of weight two and level N£? that gives rise to p. Accordingly, one can find p
concretely by looking within the group of £-division points of a suitable abelian variety
over Q: the variety J1(¢2N), which is defined in Section 2.3 and in Conrad’s Appendix.

Which representations of Gal(Q/Q) arise in this way (as k, N, f and ¢ all vary)? As
in the case N =1 (i.e., that where '1(N) = SL(2,2Z)), any p that comes from modular
forms is an odd representation: we have det(p(c)) = —1 when ¢ € Gal(Q/Q) is a complex
conjugation. To see this, we begin with the fact that £(—1) = (—1)%, which generalizes
(1.4); this follows from the functional equation that relates f(g‘zz—:[ctj’) to f(z) when (258)
is an element of 'p(N) (see Exercise 7). On the other hand, using the Cebotarev density
theorem, we find that detp = x*~1e, where ¥ is again the mod ¢ cyclotomic character
and where ¢ is regarded now as a map Gal(Q/Q) — ﬁ; in the obvious way, namely by
composing € : (Z/NZ)* — F, with the mod N cyclotomic character. The value on ¢ of
the latter incarnation of ¢ is the number g(—1) = (—1)X. Since x(c) = —1, we deduce that
(detp)(c) = —1, as was claimed.

Serre’s weak conjecture states that, conversely, every irreducible odd representation
p: Gal(Q/Q) — GL(2,F,) is modular in the sense that it arises from some f and ¢.

A concrete consequence of the conjecture is that all odd irreducible 2-dimensional Ga-
lois representations p come from abelian varieties over Q. Given p, one should be able to
find a totally real or CM number field E, an abelian variety A over Q of dimension [E : Q]
that comes equipped with an action of the ring of integers O of E, and a ring homomor-
phism ¢ : O — F, with the following property: Let A = ker¢. Then the representation
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AJA] ® o, Fe is isomorphic to p. (In comparing A[A] and p, we use ¢ : O/A — F, to pro-
mote the 2-dimensional A[A] into a representation over F,.)

Much of the evidence for the weak conjecture concerns representations taking values
in GL(2,Fq) where the finite field Fq has small cardinality. In his original article [102,
§5], Serre’s discusses a large number of examples of such representations. Serre uses
theorems of Langlands [68] and Tunnell [115] to establish his weak conjecture for odd
irreducible representations with values in GL(2,F2) and GL(2,F3). Further, he reports on
numerical computations of J.-F. Mestre that pertain to representations over F4 (and trivial
determinant). Additionally, Serre remarks [102, p. 219] that the weak conjecture is true
for those representations with values in GL(2,F,) that are dihedral in the sense that their
projective images (in PGL(2,Fp)) are dihedral groups. (See also [29, §5] for a related
argument.) This section of Serre’s paper concludes with examples over Fg and F.

More recently, representations over the fields F4 and Fs were treated, under somewhat
mild hypotheses, by Shepherd-Barron and Taylor [105]. For example, Shepherd-Barron
and Taylor show that p : Gal(Q/Q) — GL(2,Fs) is isomorphic to the 5-torsion represen-
taton of an elliptic curve over Q provided that detp is the mod 5 cyclotomic character.
Because elliptic curves over Q are modular, it follows that p is modular.

1.3. Thestrong conjecture

Fix an odd irreducible Galois representation
pP: GQ — GL(Z,tg).

As discussed above, the weak conjecture asserts that p is modular, in the sense that there
exists integers N and k such that p comes from some f € Sx(I"1(N)). The strong conjecture
goes further and gives a recipe for integers N(p) and k(p), then asserts that p comes from
Sk(p)(F1(N(p))). In any particular instance, the strong conjecture is, a priori, easier to
verify or disprove than the weak conjecture because Sy (I'1(N(p))) is a finite-dimensional
vector space that can be computed (using, e.g., the algorithm in [73]). The relation between
the weak and strong conjectures is analogous to the relation between the assertion that an
elliptic curve is modular of some level and the assertion that an elliptic curve A is modular
of a specific level, the conductor of A.

For each prime p, let I, C G denote an inertia group at p. The optimal level is a
product

N(p) =[] p"®,
[

where n(p) depends only on pl;,. The optimal weight k(p) depends only on p|;,. The
integer n(p) is a conductor in additive notation. In particular, n(p) = 0 if and only if p is
unramified at p.

View p as ahomomorphism Gg — Aut(V), where V is a two-dimensional vector space
over F,. It is natural to consider the subspace of inertia invariants:

Vle:={veV:p(ov=y, aloecly}.
For example, V'» =V if and only if p is unramified at p. Define
n(p) := dim(V /V'?) 4+ Swan(V),
where the wild term Swan(V) is the Swan conductor

Swan(V) := 2ﬁ dim(v /VC) > 0.
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Here Go = Ip and the G; C Go are the higher ramification groups.

Suppose that p arises from a newform f € S(I'1(N)). A theorem of Carayol [12],
which was proved independently by Livné [70, Prop. 0.1], implies that N(p) | N. It is pro-
ductive to study the quotient N /N(p). Let O be the ring of integers of the field generated by
the Fourier coefficients of f and let ¢ : O — F, be the map such that ¢(ap) = tr(p(Frobp)).
Let A be a prime of O lying over £ and E,, be the completion of Frac(O) at A. Deligne [24]
attached to the pair f,A a representation

pr : Go = GL(2,Ey) = Aut(V)

where V is a two-dimensional vector space over E,. The representation p, can be conju-
gated so that its images lies inside GL(2, O,); the reduction of p, modulo A is then p. The
following diagram summarizes the set up:

/2E

Gg——+ GL(2,00)
L(2,F)

Let m(p) be the power of p dividing the conductor of p,. In [12], Carayol proves
that m(p) = ord, N. As above, m(p) = dim(V /V'?) + (wild term), and the wild term is the
same as for p. The power of p dividing N/N(p) is dim(V /V'?) —dim(V /V'p) = dimV'» —
dimV's. Though V and V are vector spaces over different fields, we can compare the
dimensions of their inertia invariant subspaces. The formula

(1.1) ordp(N) = n(p) + (dimV'» — dimV'r)

) = Aut(V)

¢) = Aut(V)

indicates how this difference is the deviation of N from the optimal level locally at p. This

is the description of n(p) that is used in proving that if p is modular at all, then it is possible

to refine N and k to eventually discover that p arises from a newform in Sy, (F1(N(p))).

After much work (see [26, 87]) it has been shown that for £ > 2 the weak and strong

conjectures are equivalent. See [9] for equivalence in many cases when £ = 2.
Rearranging (1.1) into

n(p) = ordp(N) — (dimV'e — dimV'?)

provides us with a way to read off N(p) from ordy(N), dimV's, and dimV'e. If f €
Sk(F1(N)) gives rise to p and £¢ N, then k(p) < k. In contrast, if we allow powers of £ in
the level then the weight k can always be made equal to 2.

1.4. Representations arising from an elliptic curve

Equations for elliptic curves can be found in the Antwerp tables [4] and the tables of
Cremona [20]. For example, consider the elliptic curve B given by the equation y2 +y =
x3 4+ x2 — 12x + 2. This is the curve labeled 141A1 in [20]; it has conductor N = 3-47 and
discriminant A = 37-47. There is a newform f € Sy(I'o(141)) attached to B. Because N
is square free, the elliptic curve B is semistable, in the sense that B has multiplicative
reduction at each prime.
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The curve B is isolated in its isogeny class; equivalently, for every £ the representation
pe i Gg — Aut(B[{]) =~ GL(2,F/)

is irreducible (see Exercise 4 and Exercise 5). We will frequently consider the representa-
tions py attached to B. The following proposition shows that because B is semistable, each
py is surjective [93].

Proposition 1.1. If A is a semistable elliptic curve over Q and £ is a prime such that py is
irreducible, then py is surjective.

Proof. Serre proved this when £ is odd; see [93, Prop. 21], [103, §3.1]. If p2 isn’t surjec-
tive, then by [93, Prop. 21(b)] and Theorem 2.10 it’s unramified outside 2. This contradicts
[113]. O

To give a flavor of Serre’s invariants, we describe N(p,) and k(p,) for the represen-
tations p, attached to B. (Note that we still have not defined k(p).) At primes p of bad
reduction, after a possible unramified quadratic extension of Qy, the elliptic curve B is a
Tate curve. This implies that for p # £, the representation p, is unramified at p if and only
if ordp(A) =0 (mod £); for more details, see Section 2.4.

The optimal level N(py) is a divisor of 3-47; it is divisible only by primes for which
p¢ is ramified, and is not divisible by £. The representation p, is unramified at 3 if and
only if £ | ord3(A) =7, i.e., when £ = 7. Furthermore, p, is always ramified at 47. First
suppose £ ¢ {3,47}. If in addition £ # 7 then N(p,;) = 3-47, and k(p,;) = 2 since £13-47.
If £=7then N(p;) =47, and again k(p¢) = 2. The remaining cases are £ =3 and £ = 47. If
£ =47 then N(p;¢) = 3, and because £ — 1 is the order of the cyclotomic character, k(p;) = 2
(mod 47 — 1); Serre’s recipe then gives k(py) = 2+ (47 — 1) = 48. Similarly, when £ = 3,
we have N(py) = 47 and k(ps) = 2+ (3 —1) = 4. The following table summarizes the
Serre invariants:

Table 1.4. The Serre invariants of py

4 N(pe) k(pe)
3 47 4
7 47 2
47 3 48
all other ¢ 141 2

To verify the strong conjecture of Serre for £ = 3,47, we use a standard trade-off of
level and weight, which relates eigenforms in Sp(o(141); Fy) to eigenformsin Sy ¢—1(Mo(141/£);Fy)
(see Section 3.1). The only exceptional prime is £ = 7, for which the minimal weight k(p)
is 2. The strong conjecture of Serre predicts the existence of an eigenform g € S2(o(47))
that gives rise to py. Our initial instinct is to look for an elliptic curve A of conductor 47
such that A[¢] = B[/], as Go-modules. In fact, there are no elliptic curves of conductor 47.
This is because S(Io(47)) is four dimensional, having basis the Galois conjugates of a sin-
gle eigenform g = S ¢aq". The Fourier coefficients ¢, of g generate the full ring of integers
in the field K obtained from Q by adjoining a root of h = x* — x3 — 5x? 4+ 5x — 1. The dis-
criminant 1957 = 19- 103 of K equals the discriminant of h, so a root of h generates the full
ring of integers. The eigenvalue c; satisfies h(c2) = 0. Since h = (x4 2)(x3 + 4x® +x +3)
(mod 7), there is a prime A lying over 7 such that O/ = F7; the isomorphism is given by
c2 — —2 mod 7. As a check, note that #B(F2) =5s0a =3—-5=—2 = ¢(cp). More
generally, for p{7-141, we have ¢(cp) = ap mod 7. This equality of traces implies that
the representation pg , is isomorphic to p = pa,7, S0 A is modular of level 47.
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1.5. Background material

In this section, we review the cyclotomic character, Frobenius elements, modular forms,
and Tate curves. We frequently write Gg for Gal(Q/Q). Many of these basics facts are
also summarized in [23].

1.5.1. Thecyclotomic character

The mod £ cyclotomic character is defined by considering the group p, of £th roots of unity
in Q; the action of the Galois group Gq on the cyclic group y, gives rise to a continuous
homomorphism

(1.2) X¢ 1 Go — Aut(ly).

Since y, is a cyclic group of order ¢, its group of automorphisms is canonically the group
(Z/€Z)* = F;. We emerge with a map Gg — Fj, which is the character in question.

Let A be an elliptic curve and ¢ be a prime number. The Weil pairing e, (see [109,
[11.8]) sets up an isomorphism of Go-modules

2
(1.3) er: NAIL —— p,.

The determinant of the representation pa ¢ is the mod £ cyclotomic character x;.

Suppose now that ¢ € Gg is the automorphism “complex conjugation.” Then the de-
terminant of pa ¢(c) is X¢(c). Now c operates on roots of unity by the map Z — =1, since
roots of unity have absolute value 1. Accordingly,

(1.4) detpay(c) =—1;
one says that pa ¢ is odd. If £ # 2, then pa 4(c) is conjugate over F, to (3 _9) (Exercise 7).

If £ = 2 then the characteristic polynomial of pa ¢(c) is (x+1)? s0 pa ¢(C) is conjugate over
F, to either the identity matrix or (3 1).

1.5.2. Frobenius e ements

Let K be a number field. The Galois group Gal(K/Q) leaves the ring Ok of integers
of K invariant, so that one obtains an induced action on the ideals of Ox. The set of
prime ideals p of Ok lying over p (i.e., that contain p) is permuted under this action. For
each p, the subgroup D, of Gal(K/Q) fixing p is called the decomposition group of p.
Meanwhile, F, := Ok /p is a finite extension of Fp. The extension F, /Fp is necessarily
Galois; its Galois group is cyclic, generated by the Frobenius automorphism ¢ : x — xP
of F,. There is a natural surjective map D, — Gal(F, /F); its injectivity is equivalent to
the assertion that p is unramified in K/Q. Therefore, whenever this assertion is true, there
is a unique o, € D, whose image in Gal(F,/Fp) is ¢p. The automorphism o, is then a
well-defined element of Gal(K/Q), the Frobenius automorphism for p. The various p are
all conjugate under Gal(K /Q) and that the Frobenius automorphism for the conjugate of p
by g is go,g~2. In particular, the various o, are all conjugate; this justifies the practice of
writing o, for any one of them and stating that o, is well defined up to conjugation.

We next introduce the concept of Frobenius elements in Go = Gal(Q/Q). Let p
again be a prime and let p now be a prime of the ring of integers of Q lying over p.
To p we associate: (1) its residue field F,,, which is an algebraic closure of Fp, and (2) a
decomposition subgroup D, of Gg. There is again a surjective map D, — Gal(F,/Fp).
The Frobenius automorphism ¢, topologically generates the target group. We shall use
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the symbol Frobj, to denote any preimage of ¢, in any D,, corresponding to a prime lying
over p, and refer to Frob, as a Frobenius element for p in Gg. This element is doubly ill
defined. The ambiguity in Frob, results from the circumstance that p needs to be chosen
and from the fact that D, — Gal(F, /Fp) has a large kernel, the inertia subgroup I, of
D,. The usefulness of Frob, stems from the fact that the various p are all conjugate, so that
likewise the subgroups D,, and I, are conjugate. Thus if p is a homomorphism mapping Go
to some other group, the kernel of p contains one I, if and only if it contains all I,. In this
case, one says that p is unramified at p; the image of Frob,, is then an element of the target
that is well defined up to conjugation.

Consider an elliptic curve A over Q and let £ be a prime number. The fixed field of pa
is a finite Galois extension K, /Q whose Galois group Gy is a subgroup of GL(2,F;). A key
piece of information about the extension K,/Q is that its discriminant is divisible at most
by ¢ and primes dividing the conductor of A. In other words, if p # £ is a prime number at
which A has good reduction, then K;/Q is unramified at £ (see Exercise 15); one says that
the representation pa ¢ is unramified at p. Whenever this occurs, the construction described
above produces a Frobenius element oy, in G, that is well defined up to conjugation.

Fix again an elliptic curve A and a prime number ¢, and let pa ¢ : Gg = GL(2,F;) be
the associated representation. For each prime p not dividing £ at which A has good reduc-
tion the Frobenius ap = pa¢(Frobp) is well defined only up to conjugation. Nevertheless,
the trace and determinant of o, are well defined. The determinant of pa ¢ is the mod £ cy-
clotomic character X, so ap = X(Frobp) = p € F;. On the other hand, one has the striking
congruence

tr(pas(Frobp)) = p+1—#A(Fp) (mod £).

1.5.3. Modular forms

We now summarize some background material concerning modular forms. Serre’s book
[96] is an excellent introduction (it treats only N = 1). One might also read the survey
article [27] or consult any of the standard references [65, 66, 75, 108].

The modular group SL(2,2Z) is the group of 2 x 2 invertible integer matrices. For each
positive integer N, consider the subgroup

rl(N)::{(f:1 S>GSL(2,Z):N|C and a=d=1 (modN)}.

Let b be the complex upper half plane. A cusp form of integer weight k > 1 and level N is
a holomorphic function f(z) on b such that

f(a”b) — (cz+d)*f(x) forall (‘Z‘ S) € 1 (N);

1.
(15) cz+d
we also require that f(z) vanishes at the cusps (see [108, §2.1]). We denote by Sx(I'1(N))
the space of weight-k cusp forms of level N. It is a finite dimensional complex vector
space. When k > 2 a formula for the dimension can be found in [108, §2.6].

Modular forms are usually presented as convergent Fourier series

f(z) = z anq"
n=1

where g := 22, This is possible because the matrices (§2) liein ['1(N) so that f(z+b) =
f(z) for all integers b. For the forms that most interest us, the complex numbers a, are
algebraic integers.
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The space Sx(I1(N)) is equipped with an action of (Z/NZ)*; this action is given by

f(z) — f|(d)(z) := (cz+d)¥F (az+b)

cz+d

where (23 8) € SL(2,Z) is any matrix such thatd =d (mod N). The operator (d) = (d) is
referred to as a “diamond-bracket” operator.

For each integer n > 1, the nth Hecke operator on Si(I'1(N)) is an endomorphism
Tn of Sk(F1(N)). The action is generally written on the right: f — f|T,. The various T,
commute with each other and are interrelated by identities that express a given T, in terms
of the Hecke operators indexed by the prime factors of n. If p{ N is a prime define the
operator T, on Sy (I'1(N)) by

f[To@) = 3 anpa” + P S an(f1(p))a"™-
n=1 n=1
For p | N prime, define T, by
n=1
The Hecke algebra associated to cusp forms of weight k on I'1(N) is the subring

T:=Z[...Th...{d)...] C End(Sc(T1(N)))

generated by all of the T, and (d). It is finite as a module over Z (see Exercise 20). The
diamond-bracket operators are really Hecke operators, in the sense that they lie in the ring
generated by the Ty; thus T =Z[... Ty...].

An eigenform is a nonzero element f € Sk(F1(N)) that is a simultaneous eigenvector
for every element of the Hecke algebra T. Writing f = Y a,q" we find that a, = a1Cq
where ¢, is the eigenvalue of T, on f. Since f is nonzero, a; is also nonzero, so it is
possible to multiply f by aIl. The resulting normalized eigenform wears its eigenvalues
on its sleeve: f =S cnq". Because f is an eigenform, the action of the diamond bracket
operators defines a character € : (Z/NZ)* — C*; we call € the character of f.

Associated to an eigenform f € Si(I'1(N)) we have a system (...ap...), ptN, of
eigenvalues. We say that f is a newform if this system of eigenvalues is not the system of
eigenvalues associated to an eigenform g € Si(I'1(M)) for some level M | N with M # N.
Newforms have been extensively studied (see [2, 13, 69, 75]); the idea is to understand
where systems of eigenvalues first arise, and then reconstruct the full space Sx(I'1(N))
from newforms of various levels.

15.4. Tatecurves

The Tate curve is a p-adic analogue of the exponentiation of the representation C/A of the
group of an elliptic curve over C. In this section we recall a few facts about Tate curves;
for further details, see [110, V.3].

Let K be a finite extension of Qp; consider an elliptic curve E /K with split multiplica-
tive reduction, and let j denote the j-invariant of E. By formally inverting the well-known
relation

i) = le) +744+196884q(2) + - --

between the complex functions q(z) = ™ and j(z), we find an element q € K* with
j = i(q) and |g| < 1. There is a Gal(Q,/K)-equivariant isomorphism E (Qp) = ﬁz/qz.
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The Tate curve, which we suggestively denote by G /g4, is a scheme whose Gp points
equal Q,/q?.

As a consequence, the group of n-torsion points on the Tate curve is identified with
the Gal(Q,/K)-module {Z&(g¥/")? : 0 < a,b < n—1}; here j is a primitive nth root of
unity and q¥/" is a fixed nth root of q in Gp. In particular, the subgroup generated by {p,
is invariant under Gal(Q,/K), so the local Galois representation on E[n] is reducible. It is
also known that the group of connected component of the reduction of the Néron model
of E over F is a cyclic group whose order is ordp(q). The situation is summarized by the
following table (taken from [88]):

Complex case p-adic case
C/A no p-adic analogue
Japoneﬂtia‘ map 2112 no exponential available
C*/g* K*/q”.

Remark 1.2. When E has non-split multiplicative reduction over K, there is an unramified
extension L over which E aquires split multiplicative reduction.

1.5.5. Mod ¢ modular forms

There are several excellent papers to consult when learning about mod ¢ modular forms.
The papers of Serre [95] and Swinnerton-Dyer [112] approach the subject from the point
of view of Galois representations. Katz’s paper [59] is very geometric. Edixhoven’s pa-
per [32] contains a clear description of the basic facts. See also Jochnowitz’s paper [56].



CHAPTER 2

Optimizing the weight

In [102, §2] Serre associated to an odd irreducible Galois representation

pP: GQ — GL(Z,tg)
two integers N(p) and k(p), which are meant to be the minimal level and weight of a form
giving rise to p.

Conjecture 2.1 (Strong conjecture of Serre). Letp: Gg — GL(2,F;) be an odd irreducible
Galois representation arising from a modular form. Then p arises from a modular form of
level N(p) and weight k(p).

In this chapter, we are concerned with k(p). We consider a mod £ representation p
that arises from an eigenform of level N not divisible by £. Using results of Fontaine and
Deligne, we motivate Serre’s recipe for k(p). In [32], Edixhoven also defines an “optimal”
weight, which sometimes differs from Serre’s k(p). Our definition is an “average” of the
two; for example, we introduce a tiny modification of k(p) when £ = 2. We appologize for
any confusion this may cause the reader.

Using various arguments involving the Eichler-Shimura correspondence and Tate’s 6-
cycles, Edixhoven showed in [31] that there must exist another form of weight at most
k(p), also of level N, which gives rise to p. Some of Edixhoven’s result rely on unchecked
compatibilities that are assumed in [46]; however, when £ # 2 these results were obtained
unconditionally by Coleman and Voloch in [17]. We sketch some of Edixhoven’s argu-
ments to convey the flavor of the subject.

Remark 2.2 (Notation). We pause to describe a notational shorthand which we will em-
ploy extensively in this chapter. If p: G — Aut(V) is a two-dimensional representation
over a field F, we will frequently write

a B
P (v 6)
to mean that there is a basis for V with respect to which
a(x) B(X))
X) = € GLo(F
o= (509 §00) € 6LalF)
for all x € G. If we do not wish to specify one of the entries we will simply write . Thus

“p ~ (5 1)” means that p possesses a one-dimensional invariant subspace, and the action
on the quotient is trivial.

2.1. Representations arising from forms of low weight

We first consider irreducible Galois representations associated to newforms of low weight.
Fix a prime £ and suppose f = ¥ a,q" is a newform of weight k and level N, such that £ N

17
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and2<k</{¢+1. Lete: (Z/NZ)* — C* denote the character of f. Fix ahomomorphism ¢
from the ring of integers O of Q(...an...) to F,. To abbreviate, we often write a, for
d(an); thereby thinking of a, as an element Fy. Let p = pt g : Go — GL(2,F;) be the
two-dimensional semisimple odd Galois representation attached to f and ¢, and assume
that p is irreducible.

The recipe for N(p) depends on the local behavior of p at primes p other than Z; the
recipe for k(p) depends on the restriction p|;, of p to the inertia group at £. Motivated by
questions of Serre, Fontaine and Deligne described p|;, in many situations. We distinguish
two cases: the ordinary case and the non-ordinary case, which we call the ““supersingular
case.”

211 Theordinary case

Deligne (see [46, Prop. 12.1]) considered the ordinary case, in which p arises from a

weight-k newform f with a,(f) # 0 € F,. He showed that p has a one-dimensional unram-

g E) with B(l;) = 1 and ap = x*~&. The mod N character &

is also unramified at £ because £4 N. Since the mod £ cyclotomic character x has order £— 1
k—1

and p|j, ~ (é D , the value of k modulo £ — 1 is determined by p|;,. In the case when k

ified quotient 3, s0 p|p, ~ (

is not congruent to 2 modulo £ — 1, the restriction p|;, determines the minimal weight k(p).
We will discuss the remaining case in Section 2.2.

2.1.2. Thesupersingular case and fundamental characters

Fontaine (see [32, §6]) investigated the supersingular case, in which p arises from a new-
form f with a,(f) = 0 € F,. We call such a newform f supersingular. To describe the
restriction p|;, of p to the inertia group at £, we introduce the fundamental characters of
the tame inertia group. Fix an algebraic closure Q, of the field Q, of £-adic numbers; let
Q) C Q, denote the maximal unramified extension of Q,, and Q}m C Qy the maximal
tamely ramified extension of Q)". The extension Q{™ is the compositum of all finite ex-
tensions of Q}" in Q, of degree prime to £. Letting D, denote the decomposition group,
I, the inertia group, I; the tame inertia group, and Iy, the wild inertia group, we have the
following diagram:

Dy k
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It is a standard fact (see, e.g., [44, §8]) that the extensions Q?r(\”/Z), for all n not
divisible by ¢, generate QE’“. For n not divisible by ¢, the nth roots of unity i, are contained
in Q}". Kummer theory (see [3]) gives, for each n, a canonical isomorphism

GalQI(VD/Q) Sy O °(j§’.

Each isomorphism lifts to a map I, — p, that factors through the tame quotient I; of I,.
The groups W, = ,(Qy) lie in the ring of integers Z, of Q,. Composing any of the maps
Il — W, with reduction modulo the maximal ideal of Z, gives a mod ¢ character Iy — F,,
as illustrated:

ke F,

AN e

“n(@Z) _5> “n(ﬁl)'

Letn=¢"—1withv > 0. The map Iy — i, defines a character € : I, = F},. Composing
with each of the v field embeddings Fp» — F, gives the v fundamental characters of level v:

. Z.

Fz\; C Fp

k

For example, the unique fundamental character of level 1 is the mod £ cyclotomic character
(see Exercise 16). When v = 2, there are two fundamental characters, denoted W and W’;
these satisfy W = W and (W')¢ = W,

Let A be an elliptic curve over Q; with good supersingular reduction. In [93], Serre
proved that the representation

li — Aut(A[£]) C GL(2,F;)
is the direct sum of the two fundamental characters W and W’. One of the characters is
k= F’gz C GL(2,Fy)

where F}, is contained in GL(2,F;) as a non-split Cartan subgroup of GL(2,F;). More
precisely, Fj, is embedded in GL(2,F,) via the action of the multiplicative group of a
field on itself after a choice of basis. More generally, in unpublished joint work, Fontaine
and Serre proved in 1979 that if f is a supersingular eigenform of weight k < ¢, then
Pli, 1l = GL(2,F) factors through I; and is a direct sum of the two character Wk-1 and
(W")k=1, Note that k is determined by this representation, because it is determined modulo
21

2.2. Representations of high weight

Let D, be a decomposition group at £ and consider a representation p : Dy — GL (2, F,) that
arises from a newform f of possibly large weight k. Let p= denote the semisimplification
of p; so p= = pif pis irreducible, otherwise p= is a direct sum of two characters a and 3.
The following lemma of Serre (see [93, Prop. 4]) asserts that p= is tamely ramified.

Lemma 2.3. Any semisimple representation p is tame, in the sense that p(ly) = 0.
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Proof. Since the direct sum of tame representations is tame, we may assume that p is
simple.

The wild inertia group |y is the profinite Sylow £-subgroup of I,: it is a Sylow /-
subgroup because each finite Galois extension of QY™ has degree a power of £, and the order
of I is prime to £; it is unique, because it is the kernel of Gal(Q,/Q;) — Gal(Q,/Qi™),
hence normal.

Because p is continuous, the image of Dy is finite and we view p as a representation
on a vector space W over a finite extension of F,. The subspace

Wh = fweW :o(mw=wforall T€ Iy}

is invariant under Dy. It is nonzero, as can be seen by writing the finite set W as a disjoint
union of its orbits under ly: since ly is a pro-£-group, each orbit has size either 1 or a
positive power of £. The orbit {0} has size 1, and #W is a power of £, so there must be at
least £ — 1 other singleton orbits {w}; for each of these, w € W w,

Since p is simple and W' is a nonzero D,-submodule, it follows that Ww =W, as
claimed. d

The restriction p%|;, is abelian and semisimple, so it is given by a pair of characters
o,B:l— f}f. Let n be an integer not divisible by ¢, and consider the tower of fields

QY (V)

Qe

in which G = Gal(Q}" (V) /Q), 1, = Gal(Q} (V/€)/QY), and Gal(Q}'/Qy) is topologi-
cally generated by a Frobenius element at £. Choose a lift g € G of Frob,, and consider an
element h € y, corresponding to an element o € Gal(QY(v/£)/QJ"). Then since g acts as
the £th powering map on roots of unity,
gog~' (V) _ 99Cg VD) _ 9(lgshVE) _ g V2 _

Applying the conjugation formula ghg~* = ht to p* gives p(ghg 1) = pS(hf) = p=(h)*.
The two representations h — pS(h)¢ and h — pS(h) of I are thus equivalent via conjuga-
tion by pS(g); we have pS(g)p=(h)p=(g~1) = p=(ghg~?) = p>=(h)*. Consequently, the
pair of characters {a, B} is stable under the £th power map, so as a set {a, B} = {a’, B‘}.
There are two possibilities:

— The ordinary case: o = o and pf = .

— The supersingular case: af = B # a and Bf = a # B.
In the first case o and [3 take values in F; and in the second case they take values in F, but
not in F;. By the results discussed in Section 2.1, this terminology is consistent with the
terminology introduced above.

We first consider the supersingular case. Let W denote one of the fundamental charac-
ters of level 2, and write o = W", B = WY, with n an integer modulo ¢? — 1. Next write the
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smallest non-negative representative for ninbase £: n=a+/¢bwith0 < a,b </—1. Then
/n=b+/a (mod ¢?—1). Switching o and 3 permutes a and b so, relabeling if necessary,
we may assume that a < b. If a =b, then a = W&(W)? = x?, so a takes values in F},
which is not the supersingular case; thus we may assume that 0 < a < b < £— 1. We now
factor out by a power of the cyclotomic character:

o=y = q_,a(q_,/)b — Lpa(q_,l)a(q_,/)b—a — Xa(q_,/)b—a

B — Xaq_,b—a‘
Put another way,
yb-a
SS a
p X'® (0 (q_;l)b—&) .
The untwisted representation is (lgk_l (?p,)k_l) ,wherek=1+b—a.Since2<1+b—a<

£— 1, the weight of the untwisted representation is in the range considered above. Thus we
are in good shape to define k(p).

Before giving k(p) it is necessary to understand how the weight changes upon twisting
by a power of the cyclotomic character x. This problem is addressed by the theory of mod ¢
modular forms, first developed by Serre [95] and Swinnerton-Dyer [112], then generalized
by Katz [59]. A brief review of the geometric theory, which gives an excellent definition
of mod ¢ modular forms, can be found in [32, §2], [35, §1], or [46, §2].

In [61], Katz defined spaces of mod £ modular forms, and a g-expansion map

o @PMi(F1(N); Fp) — Fel[q]]-

k>0

This map is not injective, because both the Hasse invariant of weight £— 1 and the con-
stant 1 have the same g-expansion.

Definition 2.4. The minimal weight filtration w(f) € Z of an element f of the ring of
mod £ modular forms is the smallest integer k such that the g-expansion of f comes from
a modular form of weight k; if no such k exists, do not define w( f).

Definition 2.5. Define the operator 6 = q(?—q on g-expansions by 6(S anq") = ¥ nanq".

For example, if f is an eigenform of weight k, then there is a mod ¢ eigenform 6f of
weight k+ £+ 1, still of level N, whose g-expansion is 6(3 anq").

Theorem 2.6. Let f be a mod £ modular form. Then w(8f) =w(f)+ £+ 1 if and only if
£4w(f). Inaddition, if £| w(f) thenw(0f) <w(f)+£+1.

2.2.1. Thesupersingular case

We now give Serre’s recipe for k(p) in the supersingular case. The minimal weight before
twisting is 1+ b — a, which is a positive integer that is not divisible by £. Each twist by x
adds £ + 1 to the weight, so in the supersingular case we are motivated to define

kip) : =(1+b—-a)+a(l+1)=1+/la+b.

We have to check that at each step the weight is prime to £, so the minimal weight does not
drop during any of the a twists by X. Sincel < 1+b—a< £and

(1+b—a)+a(l+1)< (L—1)+({—2)({+1) < £?,



22 RIBET AND STEIN, SERRE’'S CONJECTURES

the weight can only drop if there exists ¢ with 1 < ¢ < a such that
(1+b—a)+c(f+1)=0 (mod ?).

If this occurred, thenc=a—b—1 (mod ¢). Butl<c<a</{-—2,soeitherc=a—b-1,

which impliesc <0sincea<b,orc=/+a—-b—1=a+/¢—1—b > a, which would be

a contradiction. _ B
Assume that p: Go — GL(2,F,) arises from an eigenform f such thata,(f) =0 € F,.

Now we sketch Edixhoven’s proof that p arises from a mod ¢ eigenform of weight k(p).
Let p*= denote the semisimplification of the restriction of p to a decomposition group

at £. The restriction of p* to the inertia group at £ is

. wno0
p ||1 ~ 0 (l{J’)” s
where W and W' = W are the two fundamental characters of level 2. If necessary, reorder W

and W sothatn=a-+bfwith0<a<b</¢—1. Then
LPn — LPa-o—bl — LPa(LPI)b — Lpa(wl)a(wl)b—a — Xa(w/)b—a

(q}/)b—a 0
p¥, ~ X ® ( 0 yb—a ) -
Recall that, motivated by Fontaine’s theorem on Galois representations arising from super-
singular eigenforms, we defined
kip)=a(l+1)+(b—a+1)=1+¢a+h.

The first step in showing that p arises from a form of weight k(p), is to recall the well
known result that, up to twist, all systems of mod £ eigenvalues occur in weight at most
£+ 1. This is the subject of the next section.

and

2.2.2. Systems of mod £ eigenvalues

Theorem 2.7. Suppose p is modular of level N and some weight k, and that £+ N. Then
some twist p® x~% is modular of weight < £+ 1 and level N.

This is a general theorem, applying to both the ordinary and supersingular cases. See
Serre [97, Th. 3] when N = 1; significant further work was carried out by Jochnowitz [55]
and Ash-Stevens [1, Thm. 3.5] when £ > 5. Two proofs are given in [32, Thm. 3.4 and §7].
The original method of Serre, Tate, and Koike for treating questions like this is to use the
Eichler-Selberg trace formula. As Serre has pointed out to us, the weight appears in that
formula simply as an exponent; this makes more or less clear that a congruence modulo
£? — 1 gives information on modular forms mod .

As a digression, we pause to single out some of the tools involved in one possible
proof of Theorem 2.7. Note that by twisting we may assume without loss of generality that
k > 2. The group I'1(N) acts by matrix multiplication on the real vector space R2. The
Eichler-Shimura correspondence (see [108, §8.2]) is an isomorphism of real vector spaces

Si(M1(N)) —— HA(M1(N), Sym*~3(R?)).

The parabolic (or cuspidal) cohomology group H} is the intersection, over all cusps o €
P1(Q), of the kernels of the restriction maps

resq : HY(I1(N), Sym“~?(R?)) = H(Iq, Sym*~2(R?)),
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where "y denotes the stabilizer of a. For fixed zo in the upper half plane, the Eichler-
Shimura isomorphism sends a cusp form f to the class of the cocycle ¢ : T1(N) — Sym*—2(R?)

induced by
¥(20) z k=2
y»—>/ Re f(z)<1> dz |,
20

k=2
where (i) denotes the image of (i) ®-Q (Z) € Sym*=2(C?), and integration is

1
coordinate wise. There is an action of the Hecke algebra T on

HA(T1(N),Sym*"%(R?)),

such that the Eichler-Shimura correspondence is an isomorphism of T-modules.

The forms whose periods are integral form a lattice H3(I"1(N), Sym*=2(Z2)) inside
HA(M1(N),Sym*~2(R?)). Reducing this lattice modulo ¢ suggests that there is a relation-
ship between mod £ modular forms and the cohomology group

HA(F1(N),Sym*=2(F?)),

where ['1(N) is the image of I'1(N) in SL(2, Fy). Serre and Hida observed that for k—2 > ¢
the F'1(N) representations Sym*~2(F?) are sums of representations arising in SymX'=2(F2)
for k' < k. This essential idea is used in proving that all systems of eigenvalues occur in
weight at most £+ 1.

2.2.3. Thesupersingular caserevisited

Let p be a supersingular mod £ representation that arises from some modular form. By
Theorem 2.7 there is a form f of weight k < £+ 1 such that x " ® p ~ ps. In fact, we may
assume that 2 < k < ¢; when k = £+ 1 a theorem of Mazur (see [32, Thm. 2.8]) implies that
there is a form of weight 2 giving rise to pf, and when k = 1 we multiply f by the weight
£ — 1 Hasse invariant. To show that w(8% f) = k(p) we investigate how application of the

B-operator changes the minimal weight. We have (pt ®X%)|i, ~ (kgn (Sl)n) withn=a+b/
and a < b. Fontaine’s theory (see Section 2.1) identifies the characters corresponding to

Pti, s powers Wk=1 and (Y)k-1 of the fundamental characters. This gives an equality of
unordered sets

{ka—lxo(’(q_,l)k—lxa} — {q_,n’(q_,/)n}‘
It is now possible to compute w(8 f) by considering two cases, corresponding to the ways

in which equality of unordered pairs can occur.
Case 1. Suppose that Wk—1x@ = (W1, Since x = W1, we have

ka—1+ot(l+1) — ka—lxo( — (q_,/)n — (q_,/)a+bé — Lpb+al‘
Comparing exponents of W gives
(2.1) k—1+a(l+1)=b+al (mod ¢>—1),

which reduces modulo £+ 1tok—1=b—a (mod £+ 1); because 2 < k < ¢, this implies
that k = 1+ b —a. Reducing (2.1) modulo £—1 and substituting k = 1+ b —a gives
b—a+2a=b+a (mod £— 1); we find the possible solutions o = a+m(£—1)/2 with
m an integer. No solution a = a+ m(£—1)/2, with m odd, satisfies (2.1), so o = a as an
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integer mod ¢ — 1. Finally, we apply Theorem 2.6 and argue as in the end of Section 2.2,
to show that

w(ef)=w(f)+a((+1)=1+b—a+al+a=1+b+al=k(p).
Case 2. Suppose that Wk=1x% = Wn Then
ka—1+(1(g+1) — l_Pk—lXL'X — Lpn — LIJEH—bZ‘

Comparing powers of W, we obtain
(2.2) k—1+a(l+1)=a+bt (mod¢?—-1),
which reduces modulo £+1tok—1=a—b (mod £+1); thusk=£+2— (b—a). The
difference b — a must be greater than 1; otherwise k = £+ 1, contrary to our assumption
that 2 < k < £. Reducing (2.2) modulo £ — 1 gives

k—1+2a=a+b (mod{-1);

substituting k = £+2 — (b —a) we find that a = b— 1+ m(£—1)/2 with m an integer.
If m is odd, then a does not satisfy (2.2), so a = b —1 as an integer modulo ¢ —1. It
remains to verify the equality w(8°~1f) = w(p). Unfortunately, k = £+ 2 — (b — a) is not
especially telling. The argument of Case 1 does not apply to compute w(B8%f); instead we
use 6-cycles.

Because f is supersingular, Fermat’s Little Theorem implies that 6/~1f = f. We
use Tate’s theory of B-cycles (see [32, §7] and [55]) to compute w(8°~1f). The 8-cycle
associated to f is the sequence of integers

w(f),w(ef),w(e>f),...,w(82f),w(f).

The B-cycle for any supersingular eigenform must behave as follows (see Theorem 2.6):

[ ] L )
drop
goup...
goup... . drop
L ]

L ]
goup ..., droponce, goup ..., drop to original weight
Knowing this, we can deduce the exact 6-cycle. List £ numbers starting and ending with k:
kK,k+(£+1),k+2(£+1),....,.k+(£—Kk)(£+1),

L+3—K (l+3-K)+L+1),...,(+3=-k) +(k=3)(¢+1),
k

The first and second lines contain £+ 1 —k and k — 2 numbers, respectively. All told, ¢
numbers are listed; this must be the 8-cycle.
It is now possible to compute w(8°~1f). If

b—1<{—k=¢—({+2—b+a)=—-2+Db—a,
then a < —1, a contradiction; thus b — 1 > ¢ — k. It follows that
WO 1) =4 +3—k+ (L+1)(b—2—(£—K)=1+b+al=k(p),
verifying Serre’s conjecture in this case.
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2.2.4. Theordinary case
We next turn to the ordinary case, in which

(3 3

with a,3 : I, — F; powers of the cyclotomic character. View p|;, as the twist of a repre-
sentation in which the lower right entry is 1:

(6 5)~p=( 1)

To determine the minimal weight of a form giving rise to p|y,, it is necessary to develop an
ordinary version of 8-cycles. In general this is complicated, so we make the simplifying

1
assumption that B = 1; then p|;, ~ <>(() ;) with 1 <i < £— 1. Deligne showed that if f

is of weight k and 3 = 1, then the associated representation is (ék_l ’{) with2 <k </+1.

Motivated by this, our first reaction is to define k(p) to be i + 1. This definition does not
distinguish between the extreme weights 2 and £+ 1 because they are congruent modulo
£ —1. Given a representation p arising from a form of weight either 2 or £+ 1, we cannot,
in general, set k(p) = 2. For example, suppose f = A is the level 1 cusp form of weight 12
and p is the associated mod 11 representation. It would be wrong to set k(p) = 2, because
there is no cusp form of weight 2 and level 1.

Warning: When ¢ = 2 and our k(p) is 3, Serre replaced k(p) by 4 because there are
no weight-3 modular forms whose character is of degree coprime to £ = 2.

2.3. Distinguishing between weights2 and £+ 1

We continue to motivate the definition of k(p). Consider a representation p : Gg —
GL(2,F;) that arises from a newform f of the optimal level N = N(p) and weight k satis-
fying 2 < k < £+ 1. Assume that f is ordinary in the sense that a,(f) # 0 € Fy. Then, as
discussed in Section 2.1,
k-1
p||( ~ (% 1) )

so p|j, determines k modulo £ — 1. This suggests a way to define k(p) purely in terms of
the Galois representation p, at least when k & {2, £+ 1}.

The key to defining k(p) when k = 2 or k = £+ 1 is good reduction. To understand
why this is so, we briefly summarize Shimura’s geometric construction of Galois represen-
tations associated to newforms of weight 2.

2.3.1. Geometric construction of Galoisrepresentations

Shimura attached mod ¢ representations to a weight-2 newform f = Y a,q" of level N.
Let E be the totally real or CM field Q(...an-..). In [108, Thm. 7.14], Shimura described
how to associate to f an abelian variety A = A over Q of dimension [E : Q] furnished
with an embedding E — Endg A (see also Conrad’s appendix). The mod £ representations
attached to f are then found in the Z-torsion of A.

Over the complex numbers, the abelian variety A is found as a quotient of the Jacobian
of the Riemann surface

X1(N) :=T1(N)\h =T1(N)\hU{cusps}.
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The Riemann surface X1(N) has a structure of algebraic curve over Q; it is called the
modular curve of level N. Its Jacobian J1(N) is an abelian variety over Q which, by work
of lgusa, has good reduction at all primes £4 N. The dimension of J1(N) equals the genus
of X1(N); for example, when N = 1, the curve X4 (1) is isomorphic over Q to the projective
line and J1(1) = 0. There are (at least) two functorial actions of the Hecke algebra T on
J1(N), and (at least) two definitions of J1(N). In the next section we will fix choices, and
then construct A as the quotient of J1(N) by the image of the annihilator in T of f.

2.3.1.1. Hecke operators on J1(N). We pause to formulate a careful definition of X1(N)
and of our preferred functorial action of the Hecke operators T, on J1(N). For simplicity,
we assume that N > 4 and p{ N. Following [46, Prop. 2.1] there is a smooth, proper,
geometrically connected algebraic curve X1(N) over Z[1/N] that represents the functor
assigning to each Z[1/N]-scheme S the set of isomorphism classes of pairs (E, o), where E
is a generalized elliptic curve over S and o : (uy)s < ES"[N] an embedding of group
schemes over S whose image meets every irreducible component in each geometric fiber.
Let X1(N, p) be the fine moduli scheme over Z[1/N] that represents the functor assigning
to each Z[1/N]-scheme S the set of isomorphism classes of triples (E,a,C), where E is
a generalized elliptic curve over S, o : (Hy)s <= ES"[N] an embedding of group schemes
over S, and C a locally free subgroup scheme of rank p in ES™[p], such thatim(a) x C meets
every irreducible component in each geometric fiber of E. Let 1, % : X1(N, p) = X1(N)
over Z[1/N] be the two standard degeneracy maps, which are defined on genuine elliptic
curves by Ty (E,a,C) = (E,a) and mx(E,a,C) = (E’,a’ = ¢a), where E' =E/C and ¢ :
E — E' is the associated p-isogeny. The Hecke operator T, = (T,)* acts on divisors D on
X1(N)q by
To(D) = (). o TD.

For example, if (E,a) is a non-cuspidal Q-point, then
To(E,0) = T (E,poaolp] ™),
The Hecke operatorThe Hecke operator Tp = (Tp)* acts on divisors D on X1(N)q by
Tp(D) = (M)« o T5D.
For example, if (E,a) is a non-cuspidal Q-point, then

To(E,@) = S (E',poatopl ),

where the sum is over all isogenies ¢ : E — E’ of degree p, and T, = (T,)* acts on divi-
sors D on X1(N) q by

Tp(D) = (). o TED.
For example, if (E,a) is a non-cuspidal Q-point, then

TP(Eva) = Z(E,,(I)od o [p]_l)a

where the sum is over all isogenies ¢ : E — E’ of degree p, and where the sum is over all
isogenies ¢ : E — E’ of degree p, and [p]~? is the inverse of pth powering on py. This
map on divisors defines an endomorphism T, of the Jacobian J1(N) associated to X1(N)
via Picard functoriality.

For each prime p there is an involution (p) of X;(N) called a diamond bracket opera-
tor, defined functorially by

(p)(E,a) = (E,ac[p]).
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The diamond bracket operator defines a correspondence, such that the induced map ((p))*
on Ji(N) is
((p))*(E, @) = (E, a0 [p7Y)).
If (Tp). denotes the pth Hecke operator as defined in [46, §3], then

(To)« =Tpo ((P™H)",
Thus our T, differs from Gross’s (Tp).. Furthermore, upon embedding X1(N) into J1(N)
and identifying weight-2 cusp forms with differentials on J1(N), Gross’s (Tp) induces, via
Albanese functoriality, the usual Hecke action on cusp forms, whereas ours does not. In
addition, we could have defined X1(N) by replacing the group scheme py by (Z/NZ). In
this connection, see the discussion at the end of Section 5 of [26] and [35, §2.1].

2.3.1.2. The representations attached to a newform. Again let O be the ring of integers
of E=Q(...an...), where f = Sanq" is a weight-2 modular forms on I'1(N). Recall
that A = At is the quotient of J1(N) by the image of the annihilator in T of f. In general, O
need not be contained in End A. However, by replacing A by an abelian variety Q-isogenous
to A, we may assume that O is contained in EndA (see [108, pg. 199]). Let A be a maximal
ideal of O and set
AN :={P€A(Q):xP=0allx € A}.

By [108, Prop. 7.20, pg 190], dimy/\ A[A] = 2, so A[A] affords a 2-dimensional Galois
representation, which is well-defined up to semisimplification. Let p¢ , : Gg — A[A]* be
the semisimplification of A[A].

2.3.1.3. Good reduction.

Definition 2.8. A finite group scheme G over Q}" is said to have good reduction, or to be
finite flat, if it extends to a finite flat group scheme over the ring of integers Oqyr of Q}".

Proposition 2.9. The representation ps , is finite flat at each prime p { N.

Proof. The finite flat group scheme extending A[A] is the scheme theoretic closure of A[A]
in a good model 4/ Oqyr of A. Such a model exists because A has good reductionat p. O

Consider again a Galois representation p as in the beginning of Section 2.3 such that
pli, ~ (%“ ;). Ifk %2 (mod £—1) then k(p) is defined to equal k. Ifk =2 (mod £—1),
then

2 if p is finite flat,
(p) := -
£+ 1 otherwise.

2.4. Representations arising from eliptic curves

Theorem 2.10. Suppose A/Q is a semistable elliptic curve and that pa ¢ is irreducible. Let
Ay denote the minimal discriminant of A. The representation pa , is finite flat at £ if and
only if £ | ordy Aa. If p # £, then pa ¢ is unramified at p if and only if £ | ordp Aa.

Proof. The first statement is Proposition 5 of [102].

When A has good reduction at p, the second statement holds (see Exercise 15). Sup-
pose A has multiplicative reduction at p. There is an unramified extension K of Q, such
that A has split multiplicative reduction at p. Consider the Tate curve G /q? over K asso-
ciated to A. Thus Q,/g% = A(Q,) as Gal(Q,/K)-modules. The ¢-torsion points A[¢] cor-
respond to the points {Z3(q/#)° : 0 < a,b < £} in the Tate curve. The extension K (Z,,q%*)
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of K is unramified because £ # p and ordy(q) = ordp(Aa) is divisible by £. Since an un-
ramified extension of an unramified extension is unramified, the extension K (Zy,q%/¢) of
Qp is unramified, which proves the second part of the theorem. d

2.4.1. Frey curves

Using Theorem 2.10 we see that the Shimura-Taniyama conjecture together with Serre’s
conjecture implies Fermat’s Last Theorem. Suppose (a,b,c) is a solution to the Fermat
equation a‘ + b’ = ¢f with £ > 11 and abc # 0. Consider the Frey curve A given by the
equation y? = x(x — a*) (x+ bf); it is an elliptic curve with discriminant Ax = ((abz—cs)z)[ By
[93, §4.1, Prop. 6] the representation A[¢] is irreducible. Theorem 2.10 implies that pa ¢ is
unramified, except possibly at 2 and £. Thus N(p) | 2, and k(p) = 2 since £ | ord,(Aa). But
there are no cusp forms of level 2 and weight 2. The modularity of A (proved in [114, 117]),
together with the weak conjecture of Serre (enough of which is proved in [84]), leads to a
contradiction.

2.4.2. Examples

Using Theorem 2.10 we can frequently determine the Serre invariants N(p) and k(p) of a
representation p attached to an elliptic curve. When N(p) < N, it is illustrative to verify
directly that there is a newform of level N(p) that also gives rise to p. For example, there
is a unique weight-2 normalized newform

f=a+0°-a’~q*~20°~a°+49" - 3¢° +¢°+ -
on Np(33). One of the elliptic curves associated to f is the curve A given by the equation
Y2+ xy =x3+x%— 11x.

The discriminant of A is A = 3%.112 and the conductor is N = 3-11. Because A is
semistable and there are no elliptic curves 3-isogenous to A, the associated mod 3 rep-
resentation p = pa 3: Go — Aut(A[3]) is surjective (see Section 1.4). Since 3 | ordzAa, the
Serre weight and level are k(p) = 2 and N(p) = 11. As predicted by Serre’s conjecture,
there is a weight-2 newform on I'g(11) such that if B is one of the three elliptic curves of
conductor 11 (it does not matter which), then B[3] ~ A[3] as representations of Gq. Placing
the eigenforms corresponding to A and B next to each other, we observe that their Fourier
coefficients are congruent modulo 3:

fa = a +¢¢ -¢¢ -o* -2¢° -o° +49’ -3¢° +o° +
fe = a -20° -¢® +29° +¢° +29° -2¢ -2¢° +

Next consider the elliptic curve A cut out by the equation
Y24y =x34+x%—12x+2.

It has conductor N = 141 = 3- 47 and discriminant A = 37 - 47. Since ords(A) is divisible
by 7, the mod 7 representation pa 7 has Serre invariants k(pa7) = 2 and N(pa,7) = 47. In
confirmation of Serre’s conjecture, we find a form f € S»(o(47)) that gives rise to pa 7.
The Fourier coefficients of f generate a quartic field.

Next consider pa 3, whose Serre invariants are N(pa3) = 47 and, since 3 does not
divide ordz(A), k(paz) =€+ 1= 4. In S4([o(47)) there are two conjugacy classes of
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eigenforms, which are defined over fields of degree 3 and 8, respectively. The one that
gives rise to pa3 is

g=0+ag’+(—1/2a°~5/2a—1)g°+ (a° - 8)q*+ (a®+a—10)g°+ - -+,
where a3+ 5aZ2—2a—12=0.

2.5. Companion forms

Suppose f is a newform of weight k with 2 < k < £+ 1. Let £ be an ordinary prime, so
ay(f) is not congruent to 0 modulo a prime A lying over £ and

k=1
Pl ~ <)é) I) .

Is this representation split or not? Put another way, can % be taken equal to 0, after an
appropriate choice of basis? For how many £ do these representations split? We suspect
that the ordinary split primes £ are in the minority, among all primes. How can we quantify

the number of split primes?
1 0
p||/N 0 Xk—l )

If x =0, then
_ =k 0o
pl, ®X T~ (Xo 1)-

Assume that 2 < 1+£—k < £+1, so k(p®@x!™*) = 14+ £ —k. Using the 8-operator we
see that p ® x¢~* is modular, of some weight and level. To say that it is modular of Serre’s
conjectured weight k(p) is to make a much strong statement. If p® x‘~ is indeed modular
of weight 1 + ¢ — k, then by definition there exists an eigenform g of weight 1 + £ — k with
Pg~Pf& x!~X. Such an eigenform g, if it exists, is called a companion of . The existence
of g is far from obvious.

We can extend the notion of companion form to the case when k(p) = £. In this case
the companion has weight 1. If p is unramified at ¢, then we expect p to also arise from a
weight-1 eigenform.

The existence of a companion form was proved (assuming unchecked compatibilities)
in most cases in which k < £ by Gross in [46] and in a few cases when k = £. Using new
methods, Coleman and Voloch [17] proved all cases except k = £ = 2. The arguments of
Coleman and Voloch do not require verification of Gross’s unchecked compatibilities.






CHAPTER 3

Optimizing the level

Consider an irreducible Galois representation p : Go — GL(2,F;) that arises from a new-
form of weight k and level N. Serre defined integers k(p) and N(p), and conjectured that p
arises from a newform of weight k(p) and level N(p). In Chapter 2 we sketched Edix-
hoven’s proof that if £4 N then p arises from an newform of weight k(p) and level N. In
this chapter, we introduce some of the techniques used in proving that p arises from a
newform level N(p). For more details, see [84, 87].

In [102, §1.2] Serre defined the optimal level N(p) as the prime-to-£ part of the Artin
conductor of p. Recall that N(p) is a product [1p"P) over prime numbers p # £. The
integer n(p) is defined by restricting p to a decomposition group D, at p. Consider the
sequence of ramification groups Go D G1 D --- D Gj D --- where G is the inertia sub-
group I, of Dp. LetV be a vector space over F, affording the representation p, and for
each i > 0 let V; be the subspace of V consisting of those v € V that are fixed by G;. Then

A - 1 H A
n(p) = ;m dimV /Vi.

3.1. Reduction to weight 2

The optimal level N(p) is not divisible by £. The first step in level optimization is to strip
the power of £ from N. When £ is odd, this is done explicitly in [87, §2]; for the case £ = 2
see [9, §1]. Many of the arguments and key ideas are due to Serre [94]. This proof that £ can
be stripped from the level uses concrete techniques of Serre [95, §3], [98, Thm. 5.4], and
Queen [78, §3]; it involves multiplying f by suitable Eisenstein series and taking traces.
Katz’s theory of Z-adic modular forms suggests an alternative method. A classical form of
weight 2 and level M£™ is an £-adic form of level M; the mod £ reduction of this form is
classical of level M and some weight, and is congruent to f. See the appendices of [60]
and the discussions in [49, §1] and [50, §1].

The next step is to replace f by a newform of weight between 2 and £+ 1 that gives
rise to a twist of p. Twisting p by the mod £ cyclotomic character X preserves N; this is
because p® x arises from 6(f) = qdd—q(f), which also has level N. Theorem 2.7 asserts that

some twist p@ X' of p arises from a form g of weight between 2 and £+ 1. If p@ X' arises
from a newform of level N, then p also arises from a newform of the same level, so we can
replace f by g and k by the weight of g. By results discussed in Chapter 2, we may assume
that k = k(p® x'). For the case £ = 2 see [9, Prop. 1.3(a)].

We have reduced to considering a representation p that arises from a newform f of
weight k(p) and level N not divisible by £. The weight satisfies 2 < k(p) < £+ 1, but N
need not equal N(p). That N is a multiple of N(p) is a theorem proved by both Carayol [12]
and Livné [70, Prop. 0.1].

31
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In order to lower N it is convenient to work systematically with form of weight 2.
Paradoxically, even though we have just taken all powers of £ out of N, we are now going
to allow one power of ¢ back into N. This allows us to reduce to weight 2 and realize p as
a group of torsion points on an abelian variety. An alternative approach (see [41, 57]) is
to avoid this crutch and work directly with representations coming from arbitrary weights
between 2 and £+ 1; these are realized in étale cohomology groups. This later approach
has the advantage that Xo(N) has good reduction at £.

Reduction to weight 2 is accomplished using a general relationship that originates with
ideas of Koike and Shimura. In characteristic ¢, eigenforms of level N whose weights sat-
isfy 2 < k < £+ 1 correspond to eigenforms of weight 2 and level /N (see [87, Thm. 2.2]):

{2<k§€+1,levelN}<wwvv»~> {k:Z,IeveIEN }

Thus we can and do work with weight 2 and level

N N ifk=2,
TOINE ifk> 2.

3.2. Geometric realization of Galois representations

To understand representations arising from modular forms, it is helpful to realize these
representations inside of geometric objects such as J := J1(N*). These representations are
constructed geometrically with the help of the Hecke algebra

T=2[..T..],

which was defined in Section 2.3. Recall that T is a commutative subring of Endg J that is
free as a module over Z, and that its rank is equal to the dimension of J. When N is cube
free, T is an order in a product of integer rings of number fields; this is a result of Coleman
and Edixhoven (see [16, Thm. 4.1]). In contrast, the Hecke operators T,, for p3 N, are
usually not semisimple (see Exercise 3).

It is fruitful to view a newform f as a homomorphism

T—)OZZ[...an...L Tn’—>an.

Letting ¢ : O — F, be the map sending a, to tr(p(Frobp)) € F;, we obtain an exact se-
quence 0 = m — T — F, with m a maximal ideal.

Let p: Gg — GL(2,F;) be an irreducible Galois representation that arises from a
weight-2 newform f. The next step, after having attached a maximal ideal m to f and ¢,
is to find a T/m-vector space affording p inside of the group of ¢-torsion points of J.
Following [71, §11.7], we consider the T /m-vector space

Jm]:={P€J(Q):tP=0allt e m} Cc I(Q)[{] ~ (Z/£Z2)*.
Since the endomorphisms in T are Q-rational, J[m] comes equipped with a linear action of
Go.
That tr(p(Frobp)) and det(p(Froby,)) both lie in the subfield T/m of F; suggests that p

has a model over T/m, in the sense that p is equivalent to a representation taking values in
GL(2,T/m) C GL(2,F)).

Lemma 3.1. The representation p has a model p,, over the finite field T/m.
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Proof. This is a classical result of 1. Schur. Brauer groups of finite fields are trivial (see
e.g., [100, X.7, Ex. a]), so the argument of [99, §12.2] proves the lemma.

Alternatively, when the residue characteristic £ of T/m is odd, the following more
direct proof can be used. Complex conjugation acts through p as a matrix with dis-
tinct Fy-rational eigenvalues; another well known theorem of Schur [90, 1X a] (cf. [116,
Lemme 1.1]) then implies that p can be conjugated into a representation with values in
GL(2,T/m). O

3.3. Multiplicity one

Let V., be a vector space affording p.,. Under the assumption that p,, is absolutely ir-
reducible, Boston, Lenstra, and Ribet (see [6]) proved that J[m] is isomorphic as a Gg-
module to a sum of copies of Vy,:

J[m] =~ Gtavm.
i=1

The number of copies of V,, is called the multiplicity of m. When £ is odd, the hypothesis
of irreducibility of p,, is equivalent to absolute irreducibility (see Exercise 3).

Proposition 3.2. The multiplicity t is at least 1.

Proof. Let T C End(J) be the Hecke algebra associated to J. Because T®Z, is an algebra
of finite rank over the local ring Z,, we have a decomposition
T® Zf = @T)u
Al
where A runs through the maximal ideals of T lying over £, and T, denotes the completion
of T at A (see, e.g., [37, Cor. 7.6]). The Tate module

TategJ := Hom(Q¢/Z¢,Un>1[€"]) = limJ[€"]

is a free Z,-module of rank equal to twice the dimension of J. For each maximal ideal A
of T lying over Z, let e\ € T ® Z, denote the corresponding idempotent; thus e§ =g, and
YA€ = 1. The map x = Y, e\x gives a decomposition

Tate;J ——— e Tate,J.
Al
The ring End(J) ® Z, operates faithfully on Tate, J (see, e.g., [74, Lem. 12.2]), so each
summand e, Tate,J is nonzero. Set

Tatey J := Hom(Q¢/Zs,Un>1J[A"]).

We claim that Tate, J is identified with e) Tate,J under the natural inclusion Tate)J C
Tate,J. Denote by A the maximal ideal in T ® Z, generated by A. Let n be a positive
integer, and let | be the ideal in T, generated by ¢". Because T) is a local ring with
maximal ideal A, there is an integer m such that A™ C I. Since | is principal and generated
by £", and T acts on e)J[¢"] through T, we have

e\J[¢"] = (&J[)I1] € (e INAT] C (\I[CNA] C IA™.

This shows that e), Tate,J C Tate) J. Next suppose A’ # A and let n be a positive integer.
Since T acts on J[A"] through T/A" =T, /A", we have e,/ J[A\"] =0, so

INT=S endA" = e\,
al N
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The other inclusion Tate) J = e, Tate, J C e, Tate, J, which we need to prove equality, then
follows.

We apply the above conclusion with A = m. Since Tate,, J # 0, some J[m'] is nonzero;
let r be the smallest such integer. Following [71, p. 112], observe that for each generating
set of elements ay,...,a; of the T/m-vector space m'~1/m", the map x — a;x@ --- ® ax
is an injection of the module J[m"]/J[m'Y] into the direct sum of t copies of J[m]. Thus
J[m] is nonzero. O

The special case t = 1, in which the multiplicity is one, plays a central role in the
development of the theory. A detailed summary of multiplicity one results can be found in
[32, §9], and some supplementary results are contained in [117, Thm. 2.1]. In general, the
multiplicity can be greater than one (see [72, §13] and [63]).

3.3.1. Multiplicity onerepresentations
Let p: Gg — GL(2,F/) be an irreducible modular Galois representation such that
2<k(p)<e+1.

Consider pairs (N,a) where N > 1 is an integer with the property that £{ N if k(p) = 2
and £ || N if k(p) > 2, together with maps o : Ty — Fy, such that a(Tp) = tr(p(Frobp))
and a(p(p)) = det(p(Frobp)) for almost all p. Here Ty is the Hecke algebra associated to
S2(I1(N)). Note that if (N, a) is such a pair and m = ker(a), then

PR P OT/m Fe,

where a : T/m < F; and py, is the unigue (up to isomorphism) semisimple representation
over F, such that

tr(pm (Frobp)) = a(Tp)  det(pm(Froby)) = a(p(p))
for almost all p.

Definition 3.3. p is a multiplicity one representation if J1(N)[kera] has dimension 2 for
all pairs (N,a) as above.

Remark 3.4. (1) IfJ2(N)[kera] has dimension 2 then p,, =J1(N)[kera] by Eichler-
Shimura, see [6].
(2) The definition extends to arbitrary modular Galois representations p as follows.
As explained in Section 2.2, every p has a twist p® X' by some power of the
cyclotomic character such that k(p ® x') < £+ 1. We say that p is a multiplicity
one representation if p®@x' is a multiplicity one representation.

3.3.2. Multiplicity onetheorems

Techniques for proving multiplicity one results were pioneered by Mazur in [71] who
considered Jo(p) with p prime. Let f be an eigenform and fix a nonzero prime A of the
ring generated by the Fourier coefficients of f such that ps , is absolutely irreducible.
View the Hecke algebra T as a subring of End(Jo(p)), and let m be the maximal ideal
associated to f and A. Let V,, again be a two-dimensional T/m-vector space that affords
Pm : Go — GL(2,T/m). Mazur proved (see Prop. 14.2, ibid.) that J[m] = Vy,, except
perhaps when m is ordinary of residue characteristic £ = 2. The missing ordinary case can
be treated under suitable hypothesis. If p,, restricted to a decomposition group at 2 is not
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contained in the scalar matrices, then J[m] ~ Vy, (see, e.g., [9, Prop. 2.4]). The results of
Mazur are extended in [72] and [84, §5].

Theorem 3.5. An irreducible modular Galois representation p : Go — GL2(F/) is a mul-
tiplicity one representation, except perhaps when all of the following hypothesis on p are
simultaneously satisfied:

— k(p) =¢;

— pis unramified at ¢;

— pisordinary at /;

— plo, ~ (0 p) witha =p.

Proof. See [32, §9], [117, Thm. 2.1], and [9, Prop. 2.4] for the case £ = 2. O

In [46, §12] Gross proves multiplicity one when a # B, k(p) < £, and p is ordinary;
he uses this result in his proof of the existence of companion forms. In contrast, Coleman
and Voloch [17] prove the existence of companion forms when a = 3 and ¢ > 2 using a
method that avoids the need for multiplicity one.

Remark 3.6. L. Kilford of London, England has recently discovered an example at prime
level 503 in which multiplicity one fails. Let Eq, E, and E3 be the three elliptic curves of
conductor 503, and for each i = 1,2, 3, let m; be the maximal ideal of T C End(Jp(503))
generated by 2 and all T, — ap(E;j), with p prime. Each of the Galois representations
Ei[2] is irreducible, and one can check that m; = mp = mg. If multiplicity one holds,
then E1[2] = E3[2] = E3[2] inside of Jo(503). However, this is not the case, as a modular
symbols computation in the integral homology H1(Xo(N),Z) reveals that E1 N E, = {0}.

3.3.3. Multiplicity onefor mod 2 representations

For future reference, we now wish to consider multiplicity one in the following rather
extreme situation. Suppose that £ = 2, and let p be a mod / representation arising from a
form of weight either 2 or 3. If the weight is 3 then p is not finite at 2; this can be used to
deduce multiplicity one by adapting the arguments of [72] (see the proof of [9, Prop. 2.4]).
When the weight is 2, we have the following proposition.

Proposition 3.7. Let p: Gq — GL2(F2) be anirreducible Galois representation that arises
from a weight-2 form f = Sanq" on ' = M1(N) Np(2) with N odd, and let € be the
character of f. If a2 # €(2) € F,, then p is a multiplicity one representation.

Proof. Let m be the maximal ideal associated to f in the Hecke algebra T attached to I".
Because the weight of f is 2, the representation p is finite at 2. If p is supersingular then
the inertia group I, operates through the two fundamental characters of level 2. These both
have order /2 —1 =3 # 1, so p is ramified and this can be used to deduce multiplicity
one. If p is ordinary then p|p, ~ (g s) with B unramified and B(Frobz) = T, mod m.
The determinant af3 of p|p, is X - € where X is the mod 2 cyclotomic character and € is
unramified at 2. Since ¥, €, and (3 are unramified, a is also unramified. Since x(Froby) =
1 and ap = x&, we have a(Froby) = B~Y(Froby)e(2) = a,'e(2) (mod m). The further
condition, under which we might not know multiplicity one, is o|p, = B|p,; expressed in
terms of the image of Frobenius, this becomes a,'e(2) = a, (mod m), or equivalently,
a5 =¢(2) (mod m). By hypothesis, this latter condition does not hold. O
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3.4. Thekey case

We have set our problem up so that level optimization pertains to weight-2 forms of ap-
propriate level, and takes place on Jacobians of modular curves. This level optimization
problem was described, and partially treated, in a paper of Carayol [12]. In this paper,
Carayol reduced the problem to the following key case.

Key case: Let p: Gg — GL(2,F;) be a Galois representation that arises from a weight-2
newform f of level pM, with p4¢M, and character € : (Z/pMZ)* — C*. Assume that p is
unramified at p, and that € factors through the natural map (Z/pMZ2)* — (Z/MZ)*. Show
that p arises from a form of level M.

In the key case, the character € of f is unramified at p. Thus f, a priori on I'1(pM), is
also on the bigger group '1(M) NTo(p); that is, f lies in Sa(F1(M)NTo(p)).

Example 3.8. Consider the representation p arising from the 7-division points of the mod-
ular elliptic curve A of conductor N = 3 -47 and minimal discriminant Ay = 37 -47. (The
curve A is labeled 141A in Cremona’s notation [20].) The newform f corresponding to A
is on [o(3-47). As in Section 1.4, since ords(Aa) = 7, the representation p is unramified
at 3 and N(p) = 47. To optimize the level means to find a form g on I'o(47) that gives rise
to p.

Example 3.9 (Frey curves). The elliptic curves that Frey associated in [42] to hypothetical
solutions of the Fermat equation x¢ +y* = z¢ give rise to mod ¢ Galois representations.
According to Wiles’s theorem [117], there is a weight-2 form f of level 2L, with L big and
square free, that gives rise to p. At the same time, N(p) = 2. Taking p to be any odd prime
dividing L, we are put in the key case. If we can optimize the level, then we eventually
reach a contradiction and thus deduce Fermat’s Last Theorem.

The key case divides into two subcases; the more difficult one occurs when the fol-

lowing conditions are both satisfied:

— p=1 (mod ¢);

— p(Frobyp) is a scalar matrix.
The second condition makes sense because p { N(p); since det(p(Frobp)) = x*1e, we
know the scalar up to +1. The complementary case is easier; it can be treated using
“Mazur’s principle” (see Section 3.9). Though Example 3.8 falls into the easier case be-
cause 3 # 1 (mod 7), the proof of Fermat’s Last Theorem requires level optimization in
both cases.

Consider a modular representation p : Go — GL(2,F) that arises from a newform of
level N and weight k = k(p), and assume that £+ N. The goal of level optimization is to
show that there is a newform of Serre’s optimal level N(p) that gives rise to p.

As discussed in Section 3.1, p arises from a newform f = S ang" on "1 (N*) of weight 2
and some character €. Thus there is a homomorphism ¢ from O = Z[...a,...] to Fy
such that ¢(ap) = tr(p(Frobp)) for all p{¢N*. Let T be the Hecke algebra associated
to Sp(IF1(N*)). The maximal ideal m of T associated to p is the kernel of the map send-
ing T, to ¢(an). As was discussed in the previous chapter, the representation p is realized
geometrically inside the subspace J[m] C J[¢] of the ¢-torsion of the Jacobian J of X1(N*).

Problem. Fix a divisor p of N*/N(p). Find a newform whose level is a divisor of N*/p
that also gives rise to p.
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Lemma 3.10. Let p be as above, and suppose p is a prime such that p | N* but p4 ¢N(p),
so p is unramified at p. Let €, denote the p part of €. Then eithere, =1or p=1 (mod £).

Proof. The character € is initially defined as a homomorphism (Z/N*Z)* — O*; the re-
duction € is obtained by composing € with ¢ : O — F,. Since p is unramified at p, the
determinant det(p) = x‘z‘lé = X¢€ is also unramified at p. Because X, is ramified only
at £, the character € is unramified at p. Let M = N*/p" where r = ordp(N*), and write
(Z/N*Z)* = (Z/p"2)* x (Z/MZ)*. By restricting € to each factor, we write € as a product
of two characters: € = g, - €(P) where g, is a character of (Z/p"Z)* and &(P) is a character
of (Z/MZ)*. The character (P) has conductor dividing M, so it is unramified at p. By
class field theory, €, is totally ramified at p, so the reduction € is unramified at p precisely
when €, = 1; equivalently, € is unramified at p exactly when €, has order a power of .
If &, is non-trivial, then, since the order of €, divides the order p~(p — 1) of a generator
of (Z/p'Z)*, a power of £ divides p"~*(p—1),s0 p=1 (mod £) since £ # p. O

In addition to his conjectures about the optimal weight and level, Serre also made a
conjecture about the optimal character of a form giving rise to p. Let p be a prime not
dividing /N(p). Serre’s optimal character conjecture implies that p, which we know to
arise from a formon (M) NT1(p"), arises from a form on ' (M) N o(p"), and this has
been proved in most cases.

3.5. Approachesto level optimization in the key case

As discussed in Section 3.4, results of Carayol and Livné (see [12, 70]) reduce the level
optimization problem to the following key case. The weight-2 newform f, a priori on
I1(N*), is in fact on the bigger group I'1(M) NTo(p), where Mp = N*, pt M, and p is
unramified at p. The goal is to show that p arises from a newform on I' 1(M). This has been
achieved when £ is odd, and in many cases when £ = 2, using several level optimization
techniques.

I. Mazur’s principle

If either p(Frobyp) is not a scalar matrix or p #Z 1 (mod £), then an argument of
Mazur, explained in Section 3.9, can be used to optimize the level.

Il. Multiplicity one
It is possible to optimize the level if p is a multiplicity one representation, as
explained in [84, 9] and Section 3.11. The cases in which multiplicity one is
known were reviewed in Section 3.3. In particular, we do not know multiplicity
one in some cases when k(p) = £ and the eigenvalues of Frob, are not distinct.

I11. Using a pivot
Suppose that M can be written as a product M = gK with g a prime not dividing
pK, that p arises from a form on I'1(K) N o(pq), and that p is ramified at g and
unramified at p. Then g can be used as a “pivot” to remove p from the level.
This approach grew out of [83], and was introduced in the short paper [86]. In
Section 3.10 we describe the approach and discuss the terminology.

IV. Without multiplicity one
When £ is odd and € = 1, the level optimization theorem was proved in [87] using
an argument that does not require p to have multiplicity one. The hypothesis
£ # 2 is used in the proof of Proposition 7.8 of [87] to force splitting of a short
exact sequence. In [26], Diamond extended the results of [87] to cover the case
of arbitrary character, still under the assumption that £ is odd. One encounters
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seemingly insurmountable difficulties in trying to push this argument through
when £ = 2.

3.6. Some commutative algebra

In this section we set up some of the commutative algebra that is required in order to lower
levels. There are two injective maps

S2(Ma(M)) 7 Sp(M(M)NTo(p)) -

One is the inclusion f(q) — f(q) and the other is f(q) — f(qP) (see Exercise 18). The
p-new subspace Sy(I1(M) NTo(p))P™ is the complement, with respect to the Peters-
son inner product, of the subspace S generated by the two images of Sy(I'1(M)). The
p-new subspace can also be defined algebraically as the kernel of the natural map from
S2(F1(M)NTo(p)) to the direct sum of two copies of Sy(I'1(M)).

Let T denote the Hecke algebra acting on Sa(I'1(M) NTo(p)). If pt M, then T, acts
on S as a direct sum of two copies of its action on Sz(I"1(M)); otherwise, T, usually does
not act diagonally (see Exercise 19). The image of T in End(S) is a quotient T called the p-
new quotient. A representation p associated to a maximal ideal m of T arises from level M
if and only if m arises by pullback from a maximal ideal of T. Because the map T — T is
surjective, m arises from level M if and only if the image of m inT is not the unit ideal (see
Exercise 21).

3.7. Aside: Examplesin characteristic two

Sections 3.7 and 3.8 can be safely skipped on a first reading.

To orient the reader, we focus for the moment on mod 2 representations that arise
from elliptic curves. We give examples in which one of the level optimizations methods
applies but the others do not. We do not consider method IV because it is not applicable to
mod 2 representations. The hypothesis of the “multiplicity one” method Il when ¢ =2 are
discussed after the statement of Theorem 3.19 in Section 3.11. We were unable to find an
example in which none of the level optimization theorems applies.

We will repeatedly refer to the following theorem, which first appeared in [85].

Theorem 3.11. Suppose p arises from a newform in Sx(Fo(N)). Let pt 4N be a prime
satisfying one or both of the identities

trp(Frobp) = £(p+1) (mod ¢).
Then p arises from a newform of level pN.

3.7.1. 11l appliesbut I and Il do not

In this section we give a mod 2 representations in which the pivot hypothesis of 111 is
satisfied, but the hypotheses of | and Il are not. Our example is obtained by applying
Theorem 3.11 to the mod 2 representation attached to a well-chosen elliptic curve.

We will find an elliptic curve E of conductor M = gR such that p = E[2] is absolutely
irreducible, ramified at g, unramified at 2, and p(Frobz) = (39). Because of the last
condition, [9, Prop. 2.4] does not imply that p is a multiplicity one representation, so
11 does not apply. (In fact, following Remark 3.6, one sees that p is not a multiplicity
one representation.) Likewise, | does not apply because p(Froby) is a scalar and the p
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we will chose will satisfy p =1 (mod 2). Next we choose a prime p { 2gR such that
pe,2(Frobp) = (§9). Let f be the newform associated to E. By Theorem 3.11 there is a
newform g of level pgR such that

Py = PE,2-
In particular,
Py, (Frobp) = pe 2(Frobp) = (59)

is scalarand p=1 (mod 2), so | does not apply. However, method 111 does apply with g
used as a pivot.
For example, consider the elliptic curve E defined by the equation

y2+xy = x5 —x?+19x — 32.

The conductor of E is N = 19-109, and the discriminant of the field K = Q(E[2]) is
—193-1098. We select g = 19 as our pivot. The prime p = 73 splits completely in K, so

10
Pe 2(Frobp) = (0 1) .

By Theorem 3.11 there is a form g of level 109 -19 - 73 that is congruent to the newform f
attached to E modulo a prime lying over 2. Method 111 can be used to optimize the level,
but neither method I nor 11 applies.

3.7.2. 11 appliesbut | and 111 do not

We exhibit a mod 2 representation for which method 11 can be used to optimize the level,
but neither method I nor 111 applies. Let K be the GL»(F2)-extension of Q obtained by
adjoining all cube roots of 2. Then K = Q(E[2]), where E is the elliptic curve Xo(27)
given by the equation y2 +y = x3 —7. The prime p = 31 splits completely in K, so by
Theorem 3.11 there is a newform f of level 31-27 and a maximal ideal A of the appropriate
Hecke algebra such that p+ ) ~ E[2]. Neither method I nor 111 can be used to optimize the
level of py 5. Method I doesn’t apply because 31 is odd and pi , (Frobs1) = (§9); method
111 doesn’t apply because the only odd prime that is ramified in K is 3, which does not
exactly divide 31-27. If D, is a decomposition group at 2 then D3 has image in GL2(F2)
of order 2, so it is not contained in the scalar matrices and 11 can be used to optimize the
level of ps .

3.8. Aside: Sketching the spectrum of the Hecke algebra

It is helpful to understand the Hecke algebra geometrically using the language of schemes
(see, e.g., [38]). The topological space underlying the scheme Spec(T) is the set of prime
ideals of T endowed with the Zariski topology, in which the closed sets are the set of prime
ideals containing a fixed ideal.

We can draw Spec(T) by sketching a diagram whose irreducible components corre-
spond to the Galois conjugacy classes of eigenforms, and whose intersections correspond
to congruences between eigenforms. When the level is not cube free, T can contain nilpo-
tent elements, and then one might wish to include additional information. If T anq" is
an eigenform, then the failure of Z|...ay...] to be integrally closed can be illustrated by
drawing singular points on the corresponding irreducible component; however, we do not
do this below.
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Z[X]/(x+1)

(5:x+2) (7,2 +x+3) (13, +x+3) (19,0 +x+3)

(3,x+1) Rty P
' (11,x+6) (17,% +x+3) >
(27x2+x+ 1) (5,x+1) (23,x+19)
Z[X]/(X2+X+3) (7,x+1) (11,x+1)

(19,x+1)

Figure 1. The spectrum of T C End(S2(I0(33))), withx =Ts

Example 3.12. The spectrum of the Hecke algebra associated to I'o(33) is illustrated in
Figure 1. The Hecke algebra T C S»(I"(33)) has discriminant —99, as does the character-
istic polynomial of T3, so

T =Z[T3]/((Ta+1)(T§ + T3+ 3)) = Z[x]/ (X + 1) (6 + X+ 3)).

We sketch a curve corresponding to each of the two irreducible components. Some of the
closed points (maximal) ideals are represented as dots. One component corresponds to the
unique newform on Mp(33), and the other corresponds to the two images of the newform
onp(11).

Example 3.13. Figure 2 is a diagram of the Hecke algebra associated to Sy(Io(3-47)).
We have labeled fewer closed points than in Figure 1. The components are labeled by their
isogeny class and the level at which they are new (the notation extends that of [20]). The
component labeled 141F corresponds to an eigenform whose Fourier coefficients generate
a quadratic extension of Q.

The newform corresponding to the elliptic curve A from Example 3.8 is labeled 141A.
Geometrically, the assertion that the level of pa 7 can be optimized is represented by the
characteristic-7 intersection between the component labeled 141A and the old component
47A coming from the unique Galois conjugacy class of newforms on I"g(47).

3.9. Mazur’sprinciple

A principle due to Mazur can be used to optimize the level in the key case, provided that a
mild hypothesis is satisfied. The principle applies whenever p# 1 (mod ¢) and also in the
case when p =1 (mod ¢) but p(Froby) is not a scalar. This principle first appeared in [84,
§6], then in [26, §4], and most recently when £ = 2 in [9, pg. 7].

Theorem 3.14 (Mazur’s Principle). Suppose that p: Go — GL(2,F;) arises from a new-
form f of weight 2 and level Mp, with p{M, and character € of conductor dividing M.
Assume that p is unramified at p and that either p(Frobp) is not a scalar matrix or p # 1
(mod £). Then p arises from a modular of level dividing M.

We will require the following basic fact later in the proof.

Lemma 3.15 (Li). Let f = Yanq" be a newform on I'1(M) NTo(p) of weight k. Then
ag =¢(p)p*2.
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141A
141E

141D

3 47A

141C

2 141B

141F: Z[To] /(T2 + T2 — 4)
Figure 2. The spectrum of T C End(S2(Io(141)))

Proof. Li’s proof is an easy application of her generalization to "1 of the Atkin-Lehner
theory of newforms [69, Thm. 3(iii)]. The newform f is an eigenvector for the operator W
which is defined on S (F1(M)NTo(p)) by

apz+b
) =1 (355

where a and b are integers such that ap> —bMp = p. By [69, Lem. 3],
g:=Tp(f) + p/27Wp(f)
lies in Sk (I 1(M)). For all primes g Mp, the eigenvalue of Tq on the oldform g is the same

as the eigenvalue of T, on the newform f, so g = 0. By [69, Lem. 2] sz(f) =¢g(p)f, so
o = £(p)p2 0

Remark 3.16. The case of Lemma 3.15 that we will need can also be understood in terms
of the local representation p|g,, Which resembles the mod £ representation attached to a
Tate curve, in the sense that p|g, ~ (gx ;) Our hypothesis include the assumption that p is

unramified at p, so the two characters ax and a are unramified at p. Thus a(Frob,) makes
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Figure 3. Thereduction mod p of the Deligne-Rapoport model of X1(M, p)

sense; we have a(Frobp) =a,(f) and ax(Frobp) =ap(f)p. Since det(p|c,) = a?y =&y,
we see that

=2 __ =

a =(p).
This local analysis of p was vastly generalized by Langlands in [67], which extends the
analysis to include many ¢-adic representations of possibly higher weight. See also [13].

Let T be the Hecke algebra associated to I'1(M) NTo(p), and let m be the kernel of
the following map T — Fy:

Toan, (d)—&(d)
-5

0—m—T F,.

As in Lemma 3.1, the determinants and traces of elements in the image of p = py, lie in
T/m C Fy, so there is a vector space V ~ (T/m)®2 that affords .

Next we realize p,, as a group of division points in a Jacobian. The curve X1(Mp)
corresponding to I'1 (M p) covers the curve X1 (M, p) correspondingto I'1(M)NTo(p). The
induced map J = Jac(X1(M, p)) — J1(Mp) = Jac(X1(Mp)) has a finite kernel on which
the Galois action is abelian.

Just as in Section 2.3.1.1, the Hecke algebra associated to I'1(M)NTo(p), can be con-
structed as a ring of correspondences on X1(M, p), then viewed as a subring T C Endg(J).
Inside of J we find the nonzero Gg-module J[m] ~ &!_,V. For the purposes of this dis-
cussion, we do not need to know that J[m] is a direct sum of copies of V. The following
weaker assertion, known long ago to Mazur [71, §14, pg. 112], will suffice: J[m] is a suc-
cessive extension of copies of V. In particular, V C J[m]. A weaker conclusion, true since
£em,isthatV c J[¢],

Our hypothesis that p is unramified at p translates into the inclusion V. C J[¢]'p, where
Ip is an inertia group at p. By [104, Lem. 2], if A is an abelian variety over Q with
good reduction at p, then A[¢]'» = Ar [¢]. However, the modular curve X1(M, p) has bad
reduction at p, so J is likely to have bad reduction at p—in this case it does. We are led
to consider the Néron model 7 of J (see, e.g., [5]), which is a smooth commutative group
scheme over Z satisfying the following property: the restriction map Homz(S,9) —
Homg (Sq,J) is bijective for all smooth schemes § over Z. Passing to the scheme-theoretic
closure, we have, inside of 7, a two-dimensional T /m-vector space scheme 7.

In Section 2.3.1.1 we only defined X1(M, p) as a scheme over Z[1/Mp]. Deligne and
Rapoport [25] extended X1(M, p) to a scheme over Z[1/M] and computed the reduction
modulo p. The introduction to [62] contains a beautiful historical discussion of the diffi-
culties involved in extending modular curves over Z.

We know a great deal about the reduction of X1(M, p) at p, which is frequently il-
lustrated by the squiggly diagram in Figure 3. This reduction is the union of 2 copies of
X1(M)E, intersecting transversely at the supersingular points.

The subspace S(F1(M)) @ S2(M1(M)) of So(F1(M)NTo(p)) is stable under the Hecke
algebra T, so there isamap T — End(Sz(I"1(M)) & S(1(M))). The p-old quotient of T
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is the image T. Since the map T — T is surjective, the image of m in T is an ideal m. To
optimize the level in the key case amounts to showing that m is not the unit ideal.

As is well known (cf. [71, Appendix, Prop 1.4]), the results of M. Raynaud [82] and
Deligne-Rapoport [25] combine to produce an exact sequence

(3.1) 0— T — R — W(M)r, x (M)r, — 0,

where 7 is a torus, i.e., ‘Tgp ~ Gy X ---x G, and jFOp is the identity component of Jg,,.
There is a concrete description of 7" and of the maps in the exact sequence. Each object in
the sequence is equipped with a functorial action of the Hecke algebra T, and the sequence
is T-invariant. The p-old quotient T can be viewed as coming from the action of T on
Jl(M)Fp X Jl(M)

By a generallzatlon of [104, Lem. 2], the reduction map J(Qp)[€]" — Jr,(Fp) is
injective. ThusV = ‘Vpp( p) C ]Fp( p). The component group ® = ],:p/]Fp is Eisenstein,
in the sense that it does not contain irreducible representations arising from eigenforms.
SinceV is irreducible, as a Galois module & does not contain an isomorphic copy of V, so
Ve, C j,?p and we have the following diagram:

]Fp / o X J1(
Since m acts as 0 onV, the image m of m acts as 0 on the image of V in J1(M)g, x J1(M)F,,
If m # (1) then we can optimize the level, so assume m = (1). Then the image of V in
Jl(M)Fp X Jl(M)Fp is 0, so V|:p — 7.

Let Xp(J) :=Hom(Z,Gn) be the character group of 7. The action of T on 7" induces
an action of T on Xp(J). Furthermore, X,(J) supports an action of Gal(Fp/F,) which,
because tori split over a quadratic extension, factors through the Galois group of F ». View

the Galois action as an action of Frob, € D, = Gal(Q,/Qp). With our conventions, the
action of Frobenius on the torus is as follows (cf. [26, pg. 31]).

0 (M)g, ——— 0,

Lemma 3.17. The Frobenius Froby, acts as pT, on 7 (Fp).
Make the identification 7" = Homz (X,(J),Gm), so that
V C T(Fp)[] = Homz (Xp(3), ky)-

By Lemma 3.17, Froby actsonV C T(F;) as pap € T/m, i.e., asascalar. The determinant
of p is X&, so we have simulatenously

and

det(p(Frobp)) = {F;;Bz

By Lemma3.15, a3 = &(p), so p?=p (mod £). Since p # £, this can only happen if p=1
(mod £), which completes the proof.
3.10. Level optimization using a pivot

In this section we discuss an approach to level optimization that does not rely on multiplic-
ity one results. In this approach, we eliminate a prime p from the level by making use of
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the rational quaternion algebra that is ramified precisely at p and at a second prime g. The
latter prime is, in the simplest case, an appropriate prime number at which p ramifies; in
more complicated cases, it is an “auxiliary” prime at which p is unramified. The central
role of g in the argument, and the fact that g stays fixed in the level while p is removed,
leads us to refer to g as a “pivot.”

The following theorem first appeared in [86].

Theorem 3.18. Let p: Gg — GL(2,F;) be an irreducible continuous representation that
arises from an eigenform f on IM'1(K) No(pq) with p and q distinct primes that do not di-
vide /K. Make the key assumption that the representation p is ramified at g and unramified
at p. Then p arises from a weight-2 eigenform on ' (K) N Fo(q).

The case £ = 2 is not excluded from consideration.

Before sketching the proof, we describe a famous application. Edixhoven suggested
to the first author that such an approach might be possible in the context of Fermat’s Last
Theorem. We associate to a (hypothetical) solution a‘ 4 b’ + cf = 0 of the Fermat equation
with £ > 3 a Galois representation E[¢] attached to an elliptic curve E. A theorem of
Mazur implies that this representation is irreducible; a theorem of Wiles implies that it

arises from a modular form. Using Tate’s algorithm, we finds that the discriminant of E

is Ag = (a—bzcgﬁ which is a perfect ¢th power away from 2, and that the conductor of E is

Ne = rad(abc) = [pjanc P- Let q = 2; then E[¢] is ramified at q because £{ ordz(Ag) = —8
(see Theorem 2.10), but E[¢] is unramified at all other primes p, again by Theorem 2.10.
To complete the proof of Fermat Last Theorem, we use g = 2 as a pivot and inductively
remove each odd factor from N. One complication that may arise (the second case of
Fermat Last Theorem) is that £ | N. Upon removing £ from the level (using Section 3.1),
the weight may initially go up to £+ 1. If this occurs, since k(p) = 2 we can use [32] to
optimize the weight back to 2.

As demonstrated by the application to Fermat, in problems of genuine interest the
setup of Theorem 3.18 occurs. There are, however, situations in which it does not apply
such as the recent applications of level optimization as a key ingredient to a proof of Artin’s
conjecture for certain icosahedral Galois representations (see [10]).

3.10.1. Shimuracurves

We cannot avoid considering Shimura curves. Denote by X (K, pq) the modular curve
associated to N1 (K)NTo(pq) and let J := Jac(X(K, pq)) be its Jacobian. Likewise, denote
by X PA(K) the Shimura curve associated to the quaternion algebra of discriminant pg. The
curve XP9(K) is constructed as follows. Let B be an indefinite quaternion algebra over Q
of discriminant pg. (Up to isomorphism, B is unique.) Let O be an Eichler order (i.e.,
intersection of two maximal orders) of level K (i.e., reduced discriminant Kpq) in B. Let
I» be the group of elements of O with (reduced) norm 1. After fixing an embedding
B — M(2,R) (an embedding exists because B is indefinite), we obtain in particular an
embedding N < SL(2,R) and therefore an action of I, on the upper half-plane h. Let
XPA(K) be the standard canonical model, over Q, of the compact Riemann surface I\ b,
and let J’ = Jac(XP9(K)) denote its Jacobian. The curve XP4(K) is furnished with Hecke
correspondences T, for n > 1. We write T, for the endomorphism of J induced by the T,
on XP4(K) via Pic functoriality.
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Set J' := Jac(XPI(K)) and J := Jac(X(K, pq)). Work of Eichler, Jacquet-Langlands,
and Shimura (see [36, 51, 106]) has uncovered a deep correspondence between certain au-
tomorphic forms and certain cusp forms. Combining their work with the isogeny theorem
of Faltings [40], we find (noncanonically!) a map J’ — J with finite kernel.

The pg-new part of J is Jpqner := ker(J(K, pa) — J(K, p)2@J(K,q)?) where the map
is induced by Albanese functoriality from the four maps

X (K, pg) —= X(K,p) and X (K, pg) ——= X(K,q).
The image of J’ — J is the pg-new part of J.

3.10.2. Character groups

Amazingly, there seems to be no canonical map J’ — J between the Shimura and classical
Jacobians described in the previous section. Surprisingly, there is a canonical relationship
between the character groups of J’ and J. The Cerednik-Drinfeld theory gives a description
of XP9(K) in characteristic p (see [14, 30]). Using this we find a canonical T-equivariant
exact sequence

(3.2) 0— Xp(J') = X5(3) = X5(3") =0

where J” = Jac(X (K, q))?. This exact sequence relates a character group “in characteristic
p” to two character groups “in characteristic q”. We are now prepared to prove the theorem.

3.10.3. Proof

Proof of Theorem 3.18. By our key assumption, the representation p is ramified at g, so

m C T is not g-old. We may as well suppose we are in a situation where we can not

optimize the level, so we assume that m is not p-old either and hope for a contradiction.
Localization is an exact functor, so the localization

(3.3) 0 — Xp(I)m — Xg(Dm — X50")m — 0
of (3.2) is also exact. The Hecke algebra T acts on X5(J”) through a quotient T. Since m

is not g-old, the image of m in T generates the unit ideal. Therefore Xy(J")m = 0 and we
obtain an isomorphism Xp(J')m & Xq(J)m. If R is a T-module then R/mR = Ry, /mR, S0

(3.4) X(9)/mXg(3) ~ Xp (') /mXp(3').
Switching p and g and applying the same argument shows that
(3.5 Xp(3)/mXp(3) = X () /mXg(3).

Both (3.4) and (3.5) are isomorphisms of T /m-vector spaces.

By [6] we have an isomorphism J[m] ~ @ ;V, with A > 0 and J'[m] ~ @)_,V.
(It follows from [51] that v > 0, but we will not use this here.) Our hypothesis that V
is unramified automatically propagates to all of J[m] ~ @ ;V. Since V is irreducible
and we are assuming that m is not p-old, the same argument as in Section 3.9 shows that
J[m] C T[m] where 7 is the toric part of r,. This means that dim(X,(J)/mXp(J)) > 2A.
Using the same argument with J replaced by J’ gives that dim(Xp(J’) /mX,(J")) > 2.

As an Ig-module V is an extension of two copies of the trivial character. This follows
from results of Langlands [67], since p is a mod £ representation of Gg associated to some
newform f whose level divides pgK and is divisible by q. (The admissible representation
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of GL(2,Qq) which is associated to f is a special representation.) Because V is ramified
at g and there is an unramified line, we see that dim(V'a) = 1. Thus dimJ[m]'a = A; since
q # £ and the action of inertia on character groups is trivial, we see that

Hom(X5(3)/mXg(3), 1) C I[m]'a,

so dimXg(J)/mXg(J) < A. A similar argument bounds dimXg(J") /mXy(J’). We obtain
the following quadruple of inequalities:

dim Xy (J) /mXg(J) <A,
dimXg(J')/mXg(J) <,
dimXx,p(J) /mXx,p(J) > 2A,
dimXp(3") /mXp(3') > 2p.

Combining these with (3.4, 3.5), we find that
2N <dimXp(J) /mXp(J)
= dim Xy(J') /mXg(J")

<

and simulatenously that 2u < A. Together these imply that 4\ < A so A = 0. But Propo-
sition 3.2 implies that the multiplicity of p in J[m] is strictly positive. This contradiction
implies that our assumption that m is not p-old is false, hence m is p-old and p arises from
an eigenform on I 1(K) N To(q). O

3.11. Leve optimization with multiplicity one

Theorem 3.19. Suppose p : Gqg — GL2(F/) is an irreducible multiplicity one representa-
tion that arises from a weight-2 newform f on '1(M) NTg(p) and that p is unramified.
Then there is a newform on IM1(M) that also gives rise to p.

We sketch a proof, under the assumption that £ > 2. Buzzard [9] has given a proof
when £ = 2; his result has been combined with the results of [28] to prove a Wiles-like
lifting theorem valid for many representations when £ = 2, and hence (thanks to Taylor) to
establish new examples of Artin’s conjecture (see [10]).

The following diagram illustrates the multiplicity one argument:

pivot
Mpq ~ ~~~~> Mg

level additiof \\eiiy
¢

Mp M.

The pivot step is potentially the hardest; though it resembles the pivot step of Section 3.10,
but the symmetry is broken. In Section 3.10 we knew that g could not be removed from
the level, but here g can be.

We manufacture g as follows. Pick g to be one of the (infinitely many) primes not
dividing M p# such that the following conditions both hold:



3.11. Level optimization with multiplicity one 47

) p(Frobyg) is not a scalar, or
q#1 (mod ).

2 the ratio of the eigenvalues of
p(Frobg) is either g or 1/q.

The second condition means that the characteristic polynomial of p(Frobg) is of the form
(x—a)(x—qa) for some a € F;.

Lemma 3.20. There are infinitely many primes q that simultaneously satisfy both of the
two conditions listed above.

Proof. First assume that £ > 2. Using the Cebotarev density theorem, find infinitely many
primes q such p(Frobg) = p(c) where ¢ denotes complex conjugation. The eigenvalues of
p(c) are 1 and —1 (Exercise 8), so their ratio is —1. This ratio is equal to q because

—1=x(c) = det(p(Frobg)) = X(Frobq) =q (mod £),

andg# 1 (mod ¢) because £ is odd.

Next assume that £ = 2. Because p is irreducible, the image p(Ggq) C GL(2,F2) has
even order. After a possible change of basis we find (§1) € p(Gg). Using Cebotarev
density, we find infinitely many g with p(Frobg) conjugate to (3 1). For such g, condition
(1) is satisfied. Condition (2) is also satisfied because the ratio of the eigenvalues is 1
which, because q is an odd prime, is congruent to g modulo £ = 2. d

Sketch of proof of Theorem 3.19. Choose g as in Lemma 3.20. With g thus chosen, we
can raise the level. More precisely, there exists a pg-new form on 1 (M) NTo(pg). We
illustrate this as follows.

(M, pg)

Mazur (condition 1)

(M, p) (M, q)

We underline pg to emphasize that the situation at level (M, pq) is symmetrical in p and g.

Let J = J(M,pq); there is a maximal ideal m in T = Z][...T,...] C EndJ attached to
the pg-newform f that gives rise to p. Applying the multiplicity one hypothesis at level
Mpg, we have J[m] =V where V is a T/m-vector space that supports p. In everything
so far, M can be divisible by 2; the distinction between whether or not 2 divides M arises
mainly in verifying the multiplicity one hypothesis.

Let J = JP4(M) be the Shimura curve analogue of J1(M). As described in Sec-
tion 3.10, J' is constructed in a similar manner as J1(M), but with M2(Q) replaced by
a quaternion algebra. Of primary importance is that J'[m] ~ €}_,V, for some v > 1. This
follows morally because p arises from a pg-new form, though the actual argument is quite
involved.

Assume that we cannot optimize the level. We have an exact sequence of character
groups

0— Xp(I) — X5(J) — X5(I(M,)%) — 0.
After localizing at m as in (3.3), we discover that

(3.6) dimy /o Xp(3") /mXp(3') = dimy /i X4(3) /mXg(J).
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Furthermore, since the component group of J" at p is a quotient of Xq(J(M,q)Z), we find
thatV — (3'[m]'e)®"¢. Thus dim X, (J') /mXp(J) > 2, s0 (3.6) implies that dim Xg(J) /mXg(J) >
2. The endomorphism Frobyq acts as a scalar (cf. Lemma 3.17) on

J[m]™"¢ = Hom(Xq(J) /mXq(J), He).-

Furthermore, J[m]'®1¢ C J[m] and both J[m]*®"® and J[m] have dimension 2, so Frobg acts
asascalaron J[m]. Ifqg# 1 (mod £) then we could use Mazur’s principle to optimize the
level, so by condition 1 we may assume that p(Frobg) is not a scalar. This contradiction
completes the sketch of the proof. d



CHAPTER 4

Exercises

The following exercises were used in the Park City problem sessions. D. Savitt, K. Ked-
laya, and B. Conrad contributed some of the problems. In Section 4.2, we provide several
solutions, many of which were suggested by students in the problem sessions. The solution
of some of the problems in this section requires facts beyond those stated explicitly in this

paper.

4.1. Exercises

Exercise 1. Suppose p : Gal(Q/Q) — F; is a one-dimensional continuous odd Galois
representation.

(1) Give an example to show that p need not be a power of the mod £ cyclotomic
character.

(2) Assume that p is unramified outside £. Deduce that p is a power of the mod £
cyclotomic character.

Exercise 2. The principal congruence subgroup I'(N) of level N is the kernel of the re-
duction map SL(2,Z) — SL(2,Z/NZ). The subgroup '1(N) consists of matrices of the
form (§%) modulo N. Let ' C SL(2,Z) be a subgroup that contains I'(N) for some N.
Show that there exists g € GL(2, Q) such that the conjugate g~1I"g, which is a subgroup of
GL(2,Q), contains I'1(N?).

Exercise 3. Let k be a finite field of characteristic greater than 2, and consider an odd
representation p : Go — GL(2,k). Prove that p is irreducible if and only if p is absolutely
irreducible. (A representation is absolutely irreducible if it remains irreducible after com-
posing with the embedding GL(2,F;) — GL(2,F,).) Give an example to show that this
assertion is false when k has characteristic 2.

Exercise 4. Let A/Q be an elliptic curve. Show that the group of Q-rational endomor-
phisms End(A) of A is equal to Z; that is, integer multiplications are the only Q-rational
endomorphisms of A. Assume further that A is isolated in its isogeny class, in the sense
that if B is an elliptic curve that is isogenous to A over Q, then A and B are isomorphic
over Q. Show that, for every prime number £, the representation

pr : Gal(Q/Q) — Aut(A[]) ~ GL(2,Fy)
is irreducible. Must p, be absolutely irreducible?

Exercise 5. Let A/Q be an elliptic curve and assume that for all £ the representation
p: Gal(Q/Q) — Aut(A[¢]) is irreducible. Deduce that A is isolated in its isogeny class.
This is the converse of Exercise 4.

49
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Exercise 6. Suppose p : Gal(Q/Q) — GL(2,F,) arises from the ¢-torsion of an elliptic
curve. Verify, using standard properties of the Weil pairing, that det(p) is the mod £ cyclo-
tomic character.

Exercise 7. Let f € Sx(F'1(N)) be a modular form that is an eigenform for all the Hecke
operators Ty, and for the diamond bracket operators (d). Let

€:(Z/NZ2)* - C*
be the character of f, so (d)f =¢(d)f foralld € (Z/NZ)*.

(1) Show that f satisfies the following equation:
forany (38) € To(N),

_ _kefaz+b

f(2) = (d)(cz+d) f(CH_d).

(2) Conclude that (—1) = (=1)%.

(3) Choose a prime £ and let p be one of the mod £ Galois representations associated
to f. We have det(p) = £- X%~ where X is the mod ¢ cyclotomic character.
Deduce that p is odd, in the sense that det(p(c)) = —1 for c complex conjugation.

Exercise 8. Letp: Gg — GL(2,F;) be an odd Galois representation, and let ¢ € Gg denote
complex conjugation.

(1) Prove that if £ # 2 then p(c) is conjugate over F, to the matrix (3 9).
(2) Give an example to show that when £ = 2, the matrix p(c) need not be conjugate

to (753)-
Exercise 9. Show that there exists a non-continuous homomorphism
p:Gal(Q/Q) = {%1}

where {£1} has the discrete topology; equivalently, that there is a non-closed subgroup of
index two in Gal(Q/Q). To accomplish this, you must produce a map p : Gal(Q/Q) —
{%1} such that

(1) pis a homomorphism, and
(2) p does not factor through Gal(K/Q) for any finite Galois extension K/Q.

Exercise 10. A potential difficulty is that a representation p arising from a modular form
sometimes takes values in a slightly smaller field than O/A. For example, let f be one of
the two conjugate normalized eigenforms in S(Io(23)). Then

f=q+agq®+(—2a - 1)+ (—a - 1)g*+2ag® + - --
with a2 + o — 1 = 0. The coefficients of f lie in 0 = Z[a] = Z[1£Y/5]. Take A to be the
unique prime of O lying over 2; then O/A = F4, s0 Py , is @ homomorphisminto GL(2,F4).
Show that if p # 2 then a, € Z[v/5], so that Pt possesses a model over GL(2,F).

Exercise 11. Let A/Q be an elliptic curve and £ # 2 be a prime.

(1) Prove that the field Q(A[¢]) generated by the coordinates of the points in A[/] is
strictly larger than Q.
(2) Given an example of an elliptic curve A such that Q(A[2]) = Q.

Exercise 12. Let A be an elliptic curve over Q defined by a Weierstrass equation y? =
x3+ax+bwitha,b € Q.
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(1) Describe the Galois representation
p= pA72 . GQ — GL(Z, Fz).

(2) Give necessary and sufficient conditions for p to be reducible.
(3) Choose a prime p, and give an example in which p is ramified only at p.

Exercise 13. Let e and p be a pair of continuous homomorphisms from Gq to F;. Suppose
that for all primes p at which both € and p are unramified we have

p(Frobp) = &(Frobp)p' € Fy.
Deduce that p = - X' where X is the mod ¢ cyclotomic character.

Exercise 14. Let A/Q be an elliptic curve of conductor N, and let p be a prime number
not dividing N. Denote by A the mod p reduction of A. The Frobenius endomorphism
D=0 A — A sends an affine point (x,y) to (xP,yP) and fixes 0. The characteristic
polynomial of the endomorphism induced by ® on the Tate module of A at some (any)
prime £ # p is X2 — tr(®)X + deg(®).

(1) Show that deg(®) = p.

(2) Show that tr(®) = p+ 1 —#A(Fp), that is, “tr(®) = a,.”

(3) Choose a prime £ pN. ThenNA[é] is a vector space of dimension two over Fy,
and @ induces a map A[£] — A[¢]. Show that this is the same as the map induced
by some choice of Frob, € Gal(Q/Q).

(4) Conclude that

tr(pa(Frobp)) = p+1—#A(Fp) (mod £).

Exercise 15. Let A/Q be an elliptic curve of conductor N, and let £ be a prime. Show
that any prime p not dividing ¢N is unramified in Q(A[£]). You may use the following
fact which is proved using formal groups (see, e.g., [109, Prop. 3.1]): Fact: The map
A[f] = A(Fp) is injective, where A is the reduction of A modulo p.

Exercise 16. Show that the fundamental character of level 1 is the cyclotomic charac-
ter X|i,. (Hint: This is trickier than it first appears, and requires Wilson’s theorem from
elementary number theory.)

Exercise 17. For each of the following semistable elliptic curves A, and each £ at which
Pa, Is irreducible, use Theorem 2.10 to compute Serre’s minimal weight k(pa ) and level

N(pa,c)-

N |4 reducible £ | A

30 2%.3°%.5 2,3 Vo Axy+y=x3+x+2

210 212.33.5.7 2,3 y2+xy=x3—41x—39

330 | 24.32.5%.112 2 Y2+ xy = x3+x% — 102x + 324

455 53.74.13 2 y2+xy = x3 —x2 - 50x+ 111

2926 | 28.78.11%.19? 2 y2+xy+y = x3—x?+1934x — 1935

Attempt to verify Serre’s conjecture directly in some of these cases.

Exercise 18. Let M be a positive integer and let p be a prime. Show that there is an
injective linear map

S2(M1(M)) = S2(T"1(pM))
sending f(q) to f(qP).
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Exercise 19. Let M be an integer such that Sy(I"1(M)) has positive dimension, and let p
be a prime (thus M =11 or M > 13).

(1) Let f € Sp(F1(M)) be an eigenvector for Tp with eigenvalue A. Show that Ty
acting on Sy(I"1(Mp)) preserves the two-dimensional subspace generated by f
and f(pz) (see Section 1.5 for the definition of T, when p divides the level).
Show furthermore that if A2 # 4p then Tp is diagonalizable on this 2-dimensional
space. What are the eigenvalues of T, on this space? In fact, one never has
A2 = 4p; see [16] for more details.

(2) Show that for any r > 2, the Hecke operator T, on Sp(1(Mp")) is not diagonal-
izable.

(3) Deduce that for r > 2 the Hecke algebra T associated to Sz(I'1(Mp")) has nilpo-
tent elements, so it is not an order in a product of rings of integers of number
fields.

Exercise 20. Let N be a positive integer. Show that the Hecke algebra T=Z[... Ty...] C
End(J1(N)) is of finite rank as a Z-module.

Exercise 21. Suppose N = pM with (p,M) = 1. There is an injection
S2(M1(M)) ®S2(M1(M)) = S2(M2(M) NTo(p))

given by (f,g) = f(q) +g(qP). The Hecke algebra T = Ty acts through a quotient T on
the image of Sz(M1(M)) & S2(I'1(M)). Suppose m C T is a maximal ideal that arises by
pullback from a maximal ideal in T. Show that p,, arises from a modular form of level M.

4.2. Solutions

Solution 1. 1. Let p be a prime different from £ and let
p:Gal(Q/Q) — Gal(Q(v/P)/Q) ~ {£1} — F;.

2. LetK = err(p). Then K/Q is abelian and ramified only at £, so K C Q({). But
[K:Q][£—1s0K C QL)

Solution 2. Conjugate using g = (1§ 9).

Solution 3. If p is absolutely irreducible then it is irreducible, so assume that p is irre-

ducible. If p is reducible over the algebraic closure k of k, then there is a vector v € K2
that generates a one-dimensional subspace stable under p. In particular, v is stable under
complex conjugation, which has characteristic polynomial x> — 1 = (x — 1)(x+ 1). Since
—1+# 1, this means that v must lie in one of the two 1-dimensional eigenspaces of complex
conjugation, so v is a scalar multiple of an element w of k%2, Then p leaves the subspace
of k®2 spanned by w invariant, so p is reducible, which contradicts our assumption.

Letp:Gg — GL(2,F>) be any continuous representation whose image is the subgroup
generated by (91). Then p is irreducible because it has no one-dimensional invariant
subspaces over F. However, the matrix (9 1) is diagonalizable over Fa.

Solution 4. Suppose ¢ € End(E) is a nonzero endomorphism. The induced map d¢ on
the differentials HO(A, Q) ~ Q is multiplication by an integer n, so d(¢ —n) = 0 which
implies that ¢ = n.
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Suppose that py is reducible, so that there is a one-dimensional Galois stable subspace
V C A[{]. The quotient B = A/V is then an elliptic curve over Q and there is an isogeny
1: A — B of degree £. Because A is isolated in its isogeny class we have that B = A, so there
is an endomorphism of A of degree £. But all Q-rational endomorphisms are multiplication
by an integer, and multiplication by an integer has degree a perfect square.

The elliptic curve E given by the equation y? = x3 — 7x — 7 has the property that E[2]
is irreducible but not absolutely irreducible. To see this, note that the splitting field of
x3 — 7x — 7 has Galois group cyclic of order 3.

Solution 5. Suppose all pa, are irreducible, yet there exists an isogeny ¢ : A — B with
B % A. Choose ¢ to have minimal possible degree and let d = deg(¢) > 1. Let £ be the
smallest prime divisor of d and choose a point x € ker(¢) of exact order £. If the order-£
cyclic subgroup generated by x is Galois stable, then pa ¢ is reducible, which is contrary to
our assumption. Thus ker(¢) contains the full £-torsion subgroup A[£] of A. In particular, ¢

factors as illustrated below:
\ /

A/A]

Since A/A[¢] = A, there is an isogeny from A to B of degree equal to d /£2, which contradicts
our assumption that d is minimal.

Solution 6. The Weil pairing (, ) : A[£] x A[¢] — 1, can be viewed as a map

2

AA =,
sending PAQ to (P,Q). For any o € Gal(Q/Q), we have (P%,Q°) = (P,Q)°. With the
action (PAQ)® = P° AQC, the map A?A[f] — Y, is a map of Galois modules. To compute
det(p(0)) observe that if ey, e, is a basis for A[£], and p(c) = (38), then

o(e1Ae) = (aep+ce2) A (bep +dey)
= (ad —bc)e; Aepx = det(p(o))er Aez

Thus A2 A[¢] gives the one-dimensional representation det(p). Since A2A[/] is isomorphic
to 1, it follows that det(p) = .

Solution 7. The definition of {(d) is as follows: choose any matrix o4 € I'o(N) such that

gd91) (mod N); then (d) f = f|g,. Observe that I'1(N) is a normal subgroup of

o(N) and the matrices o4 with (d,N) =1 and d < N are a system of coset representatives.
Thusany (28) € I'o(N) can be written in the form gy - g for some g € F1(N). We have

f = flogg = (flog)lg = ((d) )y = £(d) Flg = (d)(cz+ ) ¥ (?513) ‘

o=

Solution 8.
(1) Since ¢? = 1, the minimal polynomial f of p(c) divides x2 — 1. Thus f is either
x+1,x=1,0rx?—1. If f =x+1thenp(c) =—-1= (735 _9). This implies
that det(p(c)) = (—1)? = 1, which is a contradiction since det(p(c)) = —1 and
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the characteristic of the base field is odd. If f =x—1, then p(c) = 1; again a

contradiction. Thus the minimal polynomial of p(c) is x? —1 = (x — 1)(x+ 1).

Since —1 # 1 there is a basis of eigenvectors for p(c) such that the matrix of p(c)

with respect to this basis is (75 9).

(2) The following example shows that when £ = 2 the matrix of pa, need not be
conjugate to (3 _9). Let A be the elliptic curve over Q defined by y? = x(x*> — a)

with a € Q not square. Then
A[2] = {007 (0)0)7 (\/5,0), (_\/a) 0)}
The action of ¢ on the basis (0,0), (—+/a,0) is represented by the matrix (3 1),

since C(—\/a,O) = (\/aa 0) = (an) + (_\/55 0)

Solution 9. The extension Q(v/d,d € Q*/(Q*)?) is an extension of Q with Galois group
X & [1F2. The index-two open subgroups of X correspond to the quadratic extensions
of Q. However, Zorn’s lemma implies that X contains many more index-two subgroups,
which can be seen more precisely as follows.

(1) Choose a sequence p1, P2, P3, ... of distinct prime numbers. Define p; : Gg —
[F2 by

~_J0 ifoacts trivially on Q(/Pi),
P(0)i = {1 otherwise

Thus py is just

GQ — GaI(Q(\/ﬁ,\/ﬁ,)/Q) _ |_| Fo.

(2) Let @F> C [F2 be the subgroup of elements having only finitely many nonzero
coordinates. Then [1F2/ & F2 is a vector space over F» of dimension > 0. By
Zorn’s lemma, there is a basis B of [1F2/ ®F>. Letb € B and let W be the
subspace spanned by B — {b}. ThenV = ([TF2/ & F2) /W is an F,-vector space
of dimensional 1.

(3) Let p be the composite map

Gal(Q/Q)
|
MF2 V = {£1}

(4) LetH =ker(p) C Gal(Q/Q). If a(y/pi) = —/Pi and o(,/Pj) = \/P;j fori # j,
then 0 € H. Thus H does not fix any Q(,/Pi), so the fixed field of H equals Q.
The largest finite Galois group quotient through which p factors is then Gal(Q/Q) =
{1}. Since p # 1, we conclude that p does not factor through any finite Galois
group quotient, which proves that p is not continuous.

Solution 10. We have f = f1 +afy with f1, fo € Sp(Mo(23)) and
fl:q_q3_q4+...
fo=0°-20°—q*+29°+---.

Because S,(IMp(23)) has dimension 2, it is spanned by f; and f,. Letn(q) = qzlz Mn>1(1—
q"). Theng = (n(q)n(9%3))? € S2(F0(23)). Expanding we find that g = > —29%+---, so
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g = f». Next observe that g is a power series in g% modulo 2:

9=a’[](1-q"*(1~g*")?
= ¢ [@-a®)A-a*) (mod2)
= q2 I—l (1 + q2n + q46n + q48n) (mod 2)

Thus the coefficient in f, of gP with p # 2 prime is even, and the proposition follows.

Solution 11.

(1) LetZ € p, be a primitive £th root of unity. Since A?A[¢] = y,, there exists P,Q €
A[4] such that PAQ = {. Since £ > 2 there exists o such that {° # ¢, hence
P9AQ% #PAQ. This is impossible if all £-torsion is rational, since then P° = P
and Q° = Q.

(2) Consider the elliptic curve defined by y? = (x—a)(x — b)(x — c) where a, b, c are
distinct rational numbers.

Solution 12.
(1) LetK be the splitting field of x4+ ax+b. Then p embeds Gal(K/Q) in GL(2,F>):

p

Gal(Q/Q) GL(2,F2)

~

Gal(K/Q)

(2) The representation p is reducible exactly when the polynomial x3 4+ ax + b has a
rational root.
(3) Examples: y? = x(x>—23),y? =x3+x—1.

Solution 13.  Consider the character T = €x/p. By assumption, t(Frob,) =1 for all
unramified p. Let K be an extension of Q such that t factors through Gal(K/Q). For
any o € Gal(K/Q), the Cebotarev density theorem implies that there are infinitely many
primes p such that Frob, = 0. Thus for any g, 1(0) = 1(Frobp) = 1, so T = 1 and hence

p=E¢x.
Solution 14.

(1) See, e.g., [109, 2.11].

(2) By [109,5.5], ®—1is separable, so #A(Fp) = deg(®—1). Since ® has degree p,
there exists an isogeny @ (the dual isogeny, see [109, 111.6]), such that ®® = p.
Letting bars denote the dual isogeny, we have

#A(Fp) =deg(®—1)=(P—-1)(P—-1)
—PD—P—P+1
=p—tr(®)+1

(3) Both maps are pth powering on coordinates.
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Solution 15. Since £ # p and A has good reduction at p, the natural map A[¢] — A[£] is an
isomorphism. We have the following commutative diagram

Gal(Qp(Al])/Qp) —— AUt(A[f)

|

Gal((0/A)F,) —— Aut(A[£))

It follows that the first vertical map must be injective, which is the same as Q(A[£]) being
unramified over Qp.

Solution 16. The fundamental character W of level one is the composition
Gal(Q' (V) /Q}) = W-1(Qr) = w1 (Fy) = Fi.

Let Tt be such that =1 = . Then W(0) = 2% (mod m). Let { € Q, be a primitive £th
root of unity. Now
-1

I_l (Za - 1) = Ka
a=1
SO
-1 Za -1
C=D' =
a|:|1 Z - 1
and (this is where Wilson’s theorem is used),
-1 Za -1
£ ~=1 (mod-1).
a|:|1 (-1

Since the polynomial x~1 — 1 has roots over F,, by Hensel’s lemma there is a unit u €
Qe (1) such that

u-1— Zl:ll Za—l_
a=1 (-1

We can take 1= ({ — 1)u. Then
o(m _ (@9 -1)o(u)

T (C—1)u

(2= DO+ -+ Do(u)
(C=21u

= (@144 1)o(u)/u

=x(o) (mod {—-1).

Solution 17.  We write N = N(p) and k = k(p) to save space. The essential tool is
Theorem 2.10.

(1) £=5:N=6,k=6,0>5N=30k=2.

(2 £=5:N=2-3-7,k=6,=7:N=2-3-5k=8,£>7:N=2-3-5-7,k=2.

() £=3:N=2-5-11,k=4;£=5 N=2-3-11, k=6, /=7: N=2-3-5-11,
k=2¢=11:N=2-3.5k=12;£>11: N=2.3-5-11 k= 2.

(4) =3 N=7-13,k=2,(=5:N=7-13,k=6;£=7:N=5-13 k=8; £ = 13
N=5-7,k=14;=11,6>13: N=5-7-13, k=2
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(5) £=3:N=2-11-19,k=2;{=7:N=2-11-19,k=8;/=11: N=2-7-19,
k=12;/=19:N=2-7-11,k=20; £ other: N =2-.7-11-19,k = 2.

Solution 20. One approach is to view J1(N) as a complex torus, and note that the en-
domorphism ring is the set of automorphism of a complex vector space that fix a lattice.
Another approach is to use the deeper finiteness theorems that are valid in arbitrary char-
acteristic, see, e.g., [74, Thm. 12.5].






CHAPTER 5

Appendix by Brian Conrad: The Shimura
construction in weight 2

The purpose of this appendix is to explain the ideas of Eichler-Shimura for constructing the
two-dimensional /-adic representations attached to classical weight-2 Hecke eigenforms.
We assume familiarity with the theory of schemes and the theory of newforms, but the es-
sential arithmetic ideas are due to Eichler and Shimura. We warn the reader that a complete
proof along the lines indicated below requires the verification of a number of compatibil-
ities between algebraic geometry, algebraic topology, and the classical theory of modular
forms. As the aim of this appendix is to explain the key arithmetic ideas of the proof, we
must pass over in silence the verification of many such compatibilities. However, we at
least make explicit what compatibilities we need. To prove them all here would require a
serious digression from our expository goal; see [18, Ch. 3] for details. It is also worth not-
ing that the form of the arguments we present is exactly the weight-2 version of Deligne’s
more general proof of related results in weight > 1, up to the canonical isomorphism

Q @z, imPicg , [£"](K) = HYX, Qe(1)) = Hig £Y, Qu(1))
for a proper smooth connected curve X over a separably closed field k of characteristic

prime to £, and Y a dense open in X. Using £-adic Tate modules allows us to bypass the
general theory of étale cohomology which arises in the case of higher weight.

5.1. Analytic preparations

Fix i = /=1 € C for all time. Fix an integer N > 5 and let X1(N)® denote the classical
analytic modular curve, the “canonical” compactification of Y1(N)@ = I'1(N)\h, where
h={z€ C:Imz>0} and I (N) C SL2(Z) acts on the left via linear fractional trans-
formations. The classical theory identifies the C-vector space HO(Xl(N)a“,Q)l(l(N)m) with
S2(F1(N),C), the space of weight-2 cusp forms. Note that the classical Riemann surface
X1(N)@ has genus 0 if we consider N < 5, while Sx(I'1(N),C) =0 if N < 5. Thus, assum-
ing N > 5 is harmless for what we will do.

The Hodge decomposition for the compact Riemann surface X1(N)@" supplies us with
an isomorphism of C-vector spaces

59
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S2(F1(N),C) ®S2(T1(N),C)
=HOXy (N)™, Q% (ypym) & HOXa (N)™, D yn)
SHY (X1 (N)™,C)
~H(Xy(N)™,2) ©z C

(where A denotes the constant sheaf attached to an abelian group A). This will be called the
(weight-2) Shimura isomorphism. We want to define “geometric” operations on H(X1(N)®, Z)
which recover the classical Hecke operators on S(I'1(N),C) via the above isomorphism.

The “geometric” (or rather, conomological) operations we wish to define can be de-
scribed in two ways. First, we can use explicit matrices and explicit “upper-half plane”
models of modular curves. This has the advantage of being concrete, but it provides little
conceptual insight and encourages messy matrix calculations. The other point of view is
to identify the classical modular curves as the base of certain universal analytic families of
(generalized) elliptic curves with level structure. A proper discussion of this latter point of
view would take us too far afield, so we will have to settle for only some brief indications
along these two lines (though this is how to best verify compatibility with the algebraic
theory via schemes).

Choose a matrix yn € SL2(Z) with y, = (g‘l ;) (mod N), for n € (Z/NZ)*. The

action of y, on b induces an action on Y1(N)@ and even on X1(N)®". Associating to each
z € b the data of the elliptic curve C/[1,z] = C/(Z + Zz) and the point 1/N of exact
order N, we may identify Y1(N)2" as a set with the set of isomorphism classes of pairs
(E,P) consisting of an elliptic curve E over C and a point P € E of exact order N. The map
Y1(N)@ — Y1(N)@ induced by y, can then described on the underlying set by (E,P) —
(E,nP), so itis “intrinsic”, depending only on n € (Z/NZ)*. We denote by I, : Xy(N)*" —
X1(N)@ the induced map on X1(N)&. Once this data (E,P) is formulated in a relative
context over an analytic base, we could define the analytic map I, conceptually, without
using the matrix y,. We ignore this point here.

The map z — 52 on b induces a map Y1(N)® — Y1(N)® which extends to wy :
X1(N)& — X1(N)>. More conceptually and more generally, if ¢ € uy(C) is a primitive
Nth root of unity, consider the rule w; that sends (E,P) € Y1(N)® to (E/P,P’ mod P),
where P’ € E has exact order N and (P,P")y = ¢, with (, )n the Weil pairing on N-torsion
points (following the sign conventions of [62, 77]; opposite the convention of [109]). More
specifically, on C/[1,2] we have (&, &)n = e2/N. The map w, extends to an analytic map
X1(N)@ — X1 (N)®. When Z = e?™/N, we have w; = wy due to the above sign convention.

We have induced pullback maps
Z).

wy, 1y T HE (X (N)™,Z) — HE (Xg (N)™,

We write (n)* rather than I ;.

Finally, choose a prime p. Define '1(N, p) C SLa(Z) tobe M1 (N,p) =T1(N)NTo(p)
when p4N and F1(N,p) = F1(N)NTo(p)t when p | N, where the group Fo(p)! is the
transpose of Mg(p). Define Y1(N, p)® = I1(N, p)\b and let X1(N, p)®" be its “canonical”
compactification. Using the assignment

11
205 (C/[1,2, 1 ()
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when p{N and

2 (/L7 . (5)

when p | N, we may identify the set Y1(N, p)® with the set of isomorphism classes of
triples (E,P,C) where P € E has exact order N and C C E is a cyclic subgroup of order p,
meeting (P) trivially (a constraint if p | N). Here and below, we denote by (P) the (cyclic)
subgroup generated by P.

There are unique analytic maps

e, 187 X1 (N, )™ = Xa(N)™
determined on Y1(N, p)& by

") (E,P,C) = (E,P)
and
? (E,P,C) = (E/C,P mod C).

For example, rr&p) is induced by z — z on b, in terms of the above upper half plane uni-
formization of Y1(N)2" and Y1(N, p)&".
We define

T = (7). 0 ()"t HL(X1(N)™, Z) = H(X (N)™, Z)

where (T6”), : HL(X1(N, p)®, Z) — H1(X1(N)®, Z) is the canonical trace map associated

to the finite map Tr(lp) of compact Riemann surfaces. More specifically, we have a canonical
isomorphism

HY(Xa(N, p)™,2) = H'a(N)™, (1”).Z)
since (n(lp))* is exact on abelian sheaves, and there is a unique trace map of sheaves
(r[(ip))*; — Z determined on stalks at x € X1(N)@" by

-7
(5.1) P (y)=x
(ay) = Zyeyay

where ey is the ramification degree of y over x via T[(lp).
A fundamental compatibility, whose proof we omit for reasons of space, is:

Theorem 5.1. The weight-2 Shimura isomorphism
Shr, ) : S2(T1(N),C) @ S2(T1(N),C) = HY(Xy(N)™,Z) ®2 C

from (5.1) identifies (n) ® (n) with (n)*® 1, T, ® T with Ty ® 1, and wy @ Wy with
wW*, n®L
e

Let T1(N) C Endz(H1(X1(N)2,Z)) be the subring generated by the Ty’s and (n)*’s.
By Theorem 5.1, this is identified via the Shimura isomorphism with the classical (weight-
2) Hecke ring at level N. In particular, this ring is commutative (which can be seen directly
via cohomological considerations as well). It is clearly a finite flat Z-algebra.

The natural map

(5.2) T1(N) ®z C = Endc(H(X1(N)™,Z) ®7 C)



62 CONRAD, THE SHIMURA CONSTRUCTION

induces an injection T1(N) ® C — Endc(S2(I'1(N),C)), by Theorem 5.1. This is the
classical realization of Hecke operators in weight 2.

Another compatibility we need is between the cup product on H(X;(N)2",Z) and
the (non-normalized) Petersson product on S(I1(N),C). To be precise, we define an
isomorphism H2(X1(N)2,Z) = Z using the i-orientation of the complex manifold Xy (N)2"
(i.e., the “idz A dz” orientation), so we get via cup product a (perfect) pairing

(v HE G (N)™, Z) @7 HE (X (N)™, Z) = H?(Xa(N)™, Z) = Z.
This induces an analogous pairing after applying ®zC. For f,g € Sa(I'1(N),C) we define

T AL LY

where this integral is absolutely convergent since f and g have exponential decay near the
cusps. This is a perfect Hermitian pairing.

Theorem 5.2. Under the weight-2 Shimura isomorphism Shr, (),
(Shrl(N) (f1+71),Shr ) (F2 +§2)) rN) = A1t ((f1,92)ry vy — (F2,92)r ()

Note that both sides are antilinear in g1, g2 and alternating with respect to interchang-
ing the pair (f1,91) and (f2,g2). The extra factor of 41tis harmless for our purposes since
it does not affect formation of adjoints. What is important is that in the classical theory,
conjugation by the involution wy takes each T € T1(N) to its adjoint with respect to the
Petersson product. The most subtle case of thisis T = T for p | N. For ptN the adjoint

of Ty is (p—l)*T,;‘ and the adjoint of (n)* is (n~1)*. These classical facts (especially for Ty
with p | N) yield the following important corollary of Theorem 5.2.

Corollary 5.3. With respect to the pairing [X,y]r, () = (x,WZy)rl(N) with { = eZW/N | the
action of T1(N) on H(X;(N)®,Z) is equivariant. That is,

X TYlr g = [TX Y] i
forall T € T1(N). With respect to (, )r, (), the adjoint of T for p N is (p—l)*Tg and the
adjoint of (n)* is (n~1)* for n € (Z/NZ)*.

Looking back at the “conceptual” definition of w7 for an arbitrary primitive Nth root
of unity ¢ € uy(C), which gives an analytic involution of X1(N)2, one can check that
Wzj oWy = (i)* for j € (Z/NZ)*. Since (j)* isaunitin T1(N) and T1(N) is commutative,
we conclude that Corollary 5.3 is true with ¢ € py (C) any primitive Nth root of unity (by
reduction to the case { = e2/N),

Our final step on the analytic side is to reformulate everything above in terms of Ja-
cobians. For any compact Riemann surface X, there is an isomorphism of complex Lie
groups
(5:3) Pick = H(X, 0x) /H'(X,2)

via the exponential sequence
e2ri()
0Z—>0x— 05 —1
and the identification of the underlying group of Pic% with
HY(X, 0%) = HY(X, 0%),
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where the line bundle £ with trivializations ¢; : Oy, = L|U; corresponds to the class of the
Cech 1-cocycle
{¢j_1° ¢i : QJiﬂUj = QJiﬂUj} € I_I HO(Ui mUJa O;Z)
i<]
for an ordered open cover {U;}. Beware that the tangent space isomorphism
To(Pick) = H(X, 0x)
coming from (5.3) is —271 times the “algebraic” isomorphism arising from
0— Ox = Oy = Ox = 1,

where X [€] = (X, Ox[g]/€?) is the non-reduced space of “dual numbers over X”. This extra
factor of —271 will not cause problems. We will use (5.3) to “compute” with Jacobians.

Let f : X = Y be a finite map between compact Riemann surfaces. Since f is finite
flat, there is a natural trace map f.Ox — Oy, and it is not difficult to check that this is

compatible with the trace map f.Z — Z as defined in (5.1). In particular, we have a trace
map

f. i HY(X, 0x) = HY(Y, f.0x) = HY(Y, Oy).
Likewise, we have compatible pullback maps f*Oy = Ox and f*Z = Z.
Thus, any such f gives rise to commutative diagrams

HL(Y, 00) —— HL(X, 0y) HL(X, Ox) —— H(Y,0y)

R R

HY(Y,2) —— H(X,2) HY(X,Z) —— HY(Y,2),

where the columns are induced by the canonical maps Z — Oy and Z — Ox. Passing to
quotients on the columns therefore gives rise to maps

f*: Pic = PicY, f. : Picy — Pic?
of analytic Lie groups. These maps are “computed” by

Lemma 5.4. In the above situation, f* = Pic%(f) is the map induced by Pic? functoriality
and f. = Alb(f) is the map induced by Albanese functoriality. These are dual with respect
to the canonical autodualities of Pic%, Pic?.

The significance of the theory of Jacobians is that by (5.3) we have a canonical iso-

morphism
(5.4) Te(Picg, (ym) = H (X1 (N)™,Z,)
. = Hl(xl(N)anaZ) Xz ZZa

connecting the ¢-adic Tate module of Picgl(N) with the Z-module H1(X1(N)®, Z) that “en-

codes” Sz("'1(N),C) via the Shimura isomorphism. Note that this isomorphism is defined
in terms of the analytic construction (5.3) which depends upon the choice of i. The intrinsic
isomorphism (compatible with étale cohomology) has Z above replaced by 21iZ = —21iZ.

Definition 5.5. We define endomorphisms of Pic?(l(N)an via

Ty = Alb(rg”) o Pic%(rg”), (n)* =Pic%(ln), W} = Pic%(wy).
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By Lemma 5.4, it follows that the above isomorphism (5.4) carries the operators on
Tg(Picg)(l(N)an) over to the ones previously defined on H(X1(N)®, Z) (which are, in turn,
compatible with the classical operations via the Shimura isomorphism). By the faithfulness
of the “Tate module” functor on complex tori, we conclude that T1(N) acts on Picg’(l(N)an
in a unique manner compatible with the above definition, and (5.4) is an isomorphism of
T1(N) ®z Z;-modules. We call this the ()*-action of T1(N) on Pic§ .

We must warn the reader that under the canonical isomorphism of C-vector spaces

S2(F1(N),C) = HO (X1 (N)™, Q. (yyem)

2= HO(Picy, (yym» @ )

l. o
Pl
~ i 0

the ()*-action of T € T1(N) on Pic§)<1(N)an does not go over to the classical action of T on

S2(F1(N),C), but rather the adjoint of T with respect to the Petersson pairing. To clear up
this matter, we make the following definition:

Definition 5.6.
(Tp)« = AIb(T) o PicP(1d™),  (n), = Alb(ln), (W), = Alb(wy).

Since I7% = 1,-1 and Wz_l = wz on X (N)™, we have (wg). = w; and (n). = (n~1)*.
We claim that the above (). operators are the dual morphisms (with respect to the canonical
principal polarization of Picg’(l(N)an) of the ()* operators and induce exactly the classical
action of Tp and (n) on S>(I"1(N),C), so we also have a well-defined ().-action of T1(N)
on Pic?(l(N)an, dual to the ()*-action. By Theorem 5.2, Corollary 5.3, and Lemma 5.4, this
follows from the following general fact about compact Riemann surfaces. The proof is
non-trivial.

Lemma 5.7. Let X be a compact Riemann surface, and use the i-orientation to define
H2(X,Z) = Z. Use 1 +— e/ to define Z/¢" = ppn(C) for all n. The diagram

H1(X,Z,) ®2,HY(X,Z,) ——— Z,

l“ JQ

Ty(Pic}) ®z, Ty(Pic}) — limpe(C)
anticommutes (i.e., going around from upper left to lower right in the two possible ways
gives results that are negatives of each other), where the bottom row is the Z-adic Weil
pairing (with respect to the canonical principal polarization Pic% = Pic$ for the ““second”
Pic% in the lower left.)

Note that the sign doesn’t affect formation of adjoints. It ultimately comes from the
sign on the bottom of [77, pg. 237] since our Weil pairing sign convention agrees with [77].

We now summarize our findings in terms of V,(N) = Q; ®z, Tg(Picﬁl(N)an), which has
a perfect alternating Weil pairing

(5 )e :Ve(N) ®Vi(N) = Qu(1)
and has two Q; ® T1(N)-actions, via the ()*-actions and the ().-actions. Since (wz). = Wz,
we simply write w; for this operator on V(N).
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Theorem 5.8. Let T1(N) act on Vy(N) with respect to the ()*-action or with respect to the
()«-action. With respect to (, ), the adjoint of T, for p4 N is (p) =T, and the adjoint of
(ny is (n)~1 for n € (Z/NZ)*. With respect to

[X,Y]e = (X, Wz (¥))e

for ¢ € uy(C) a primitive Nth root of unity, the action of T1(N) on V,(N) is self-adjoint.
In general, adjointness with respect to (, ), interchanges the ().-action and ()*-action.

It should be noted that when making the translation to &tale cohomology, the () *-action
plays a more prominent role (since this is what makes (5.4) a T1(N)-equivariant map).
However, when working directly with Tate modules and arithmetic Frobenius elements, it
is the ().-action which gives the cleaner formulation of Shimura’s results.

An important consequence of Theorem 5.8 is

Corollary 5.9. The Q; ®z T1(N)-module V,(N) is free of rank 2 for either action, and
Homg(Q® T1(N),Q) is free of rank 1 over Q® T1(N) (hence likewise with Q replaced
by any field of characteristic 0).

Remark 5.10. The assertion about Homg(Q® T1(N),Q) is equivalent to the intrinsic con-
dition that Q ® T1(N) is Gorenstein. Also, this freeness clearly makes the two assertions
about V;(N) for the ().- and ()*-actions equivalent. For the proof, the ()*-action is what
we use. But in what follows, it is the case of the ().-action that we need!

Proof. Using (5.4) and the choice of ()*-action on V,(N), it suffices to prove
e HL(X1(N)™ Q) is free of rank 2 over Q® T1(N),

e Homg(Q® T1(N),Q) is free of rank 1 over Q® T1(N).
Using [, Jr,(n), we have

(5.5) H(X1(N)™,Q) = Homg(H(X1(N)™,Q),Q)

as Q® T1(N)-modules, so we may study this Q-dual instead. Since Q ® T1(N) is semilo-
cal, a finite module over this ring is locally free of constant rank if and only if it is free
of that rank. But local freeness of constant rank can be checked after faithfully flat base
change. Applying this with the base change Q — C, and noting that C® T1(N) is semilo-
cal, it suffices to replace Q by C above.

Note that if the right hand side of (5.5) is free of rank 2, so is the left side, so choos-
ing a basis of the left side and feeding it into the right hand side shows that Homg(Q ®
T1(N)®2,Q) is free of rank 2. In particular, the direct summand Homg(Q ® T1(N),Q) is
flat over Q® T1(N) with full support over Spec(Q® T1(N)), so it must be locally free with
local rank at least 1 at all points of Spec(Q® T1(N)). Consideration of Q-dimensions then
forces Homg(Q ® T1(N), Q) to be locally free of rank 1, hence free of rank 1. In other
words, it suffices to show that Homg (H1(X1(N)™,Q), Q) is free of rank 2 over T1(N) ® Q,
or equivalently that Home (H(X1(N)@,C), C) is free of rank 2 over T;(N) ® C.

Via the Shimura isomorphism (in weight 2), which is compatible with the Hecke
actions, we are reduced to showing that Hom(S2(I'1(N),C),C) is free of rank 1 over
C®T1(N). For this purpose, we will study the C ® T1(N)-equivariant C-bilinear pair-
ing

Sz(rl(N), C) ®c (C ®T1(N)) —-C

(f,T)—ay(Tf)
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were aj(-) is the “Fourier coefficient of g”. This is C® T1(N)-equivariant, since T1(N)
is commutative. It suffices to check that there’s no nonzero kernel on either side of this
pairing. Since

C®T1(N) = Endc(S2(M1(N),C))
is injective (as noted in (5.2)) and a1 (TT,f) = an(T f) for T € T1(N), the kernel on the
right is trivial. Since a1(Tnf) = an(f), the kernel on the left is also trivial. O

5.2. Algebraic preliminaries

Let S be a scheme. An elliptic curve E — S is a proper smooth group scheme with geomet-
rically connected fibers of dimension 1 (necessarily of genus 1). It follows from [62, Ch.2]
that the group structure is commutative and uniquely determined by the identity section.
Fix N > 1 and assume N € HO(S, 0%) (i.e., Sisa Z[%]-scheme). Thus,themapN:E - E
is finite étale of degree N2 as can be checked on geometric fibers. A point of exact order N
on E is a section P : S — E which is killed by N (i.e., factors through the finite étale group
scheme E[N]) and induces a point of exact order N on geometric fibers.

It follows from the stack-theoretic methods in [25] or the more explicit descent argu-
ments in [62] that for N > 5 there is a proper smooth Z[%]-scheme X1(N) equipped with
a finite flat map to P%h%]’ such that the open subscheme Y1(N) lying over P;h%] — {0} =
Aéh%] is the base of a universal object (E1(N),P) — Y1(N) for elliptic curves with a point
of exact order N over variable Z[]-schemes.

Moreover, the fibers of Xi(N) — SpecZ[ ] are geometrically connected, as this can
be checked on a single geometric fiber and by choosing the complex fiber we may appeal
to the fact (whose proof requires some care) that there is an isomorphism (X1(N) XZ14]
C)™ = X;(N)™ identifying the “algebraic” data (C/[1,2], &) in Y2(N)(C) C X1(N)(C)
withthe classofze hinT1(N)\b =Y1(N)® C X1(N)@" (and X1(N)@" is connected, as § is).
These kinds of compatibilities are somewhat painful to check unless one develops a full-
blown relative theory of elliptic curves in the analytic world (in which case the verifications
become quite mechanical and natural).

Again fixing N > 5, but now also a prime p, we want an algebraic analogue of
X1(N, p)® over Z[N—lp]. Let (E,P) — S be an elliptic curve with a point of exact or-
der N over a Z[N—lp]-scheme S. We’re interested in studying triples (E,P,C) — S where
C C E is an order-p finite locally free S-subgroup-scheme which is not contained in the
subgroup generated by P on geometric fibers (if p | N). Methods in [25] and [62] ensure
the existence of a universal such object (E1(N, p),P,C) — Y1(N, p) for a smooth affine
Z[N—lp]-scheme which naturally sits as the complement of a relative Cartier divisor in a

proper smooth Z[N—lp]—scheme X1(N, p) which is finite flat over Pé[ L (with Y1(N, p) the
Np

preimage of A%[ 1 ]). Base change to C and analytification recovers X1(N, p)® as before,
Np
so X1(N, p) — Spec Z[N—lp] has geometrically connected fibers.

There are maps of Z[Nip]-schemes (respectively, Z[%]-schemes)

Y1(N, p) Y2(N) 2 Y1 (N)

N
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P P
determined by (E,P,C) - (E,P) and (E,P,C) == (E/C,P) (which makes sense in
Y1(N) if p | N by the “disjointness” condition on C and P) and In(E,P) = (E,nP). Al-

though T[(p is not a map over AZ[ p it can be shown that these all uniquely extend to
Np

(necessarily finite flaty maps, again denoted 16", 4", I, between Xy(N, p), Xl(N)[%],
X1(N). A proof of this fact requires the theory of minimal regular proper models of curves
over a Dedekind base; the analogous fact over Q is an immediate consequence of basic
facts about proper smooth curves over a field, but in order to most easily do some later
calculations in characteristic p{ N it is convenient to know that we have the map I, defined
on X1(N) over Z[1/N] (though this could be bypassed by using liftings to characteristic 0
in a manner similar to our later calculations of Ty in characteristic p).

Likewise, over Z[N ,{n] we can define, for any primitive Nth root of unity =}

€ (Z/NZ)*), an operator wg : Y1(N )/Z[,%,ZN] — Y1(N )/Z[,%,ZN] viawz (E,P) = (E/(P),P’)
where (P} is the order-N étale subgroup-scheme generated by P and P’ € (E[N]/(P))(S) is
uniquely determined by the relative Weil pairing condition (P,P’)y = ¢ (with P’ € E[N](S)
here). This really does extend to Xl(N) JZI4 2D and one checks that wzjwz = 1j for j €

(Z/NZ)*. In particular, wj = 1.
Since X1(N) — SpecZ[%] is a proper smooth scheme with geometrically connected
fibers of dimension 1, Pic9 is an abelian scheme over Z[}] and hence is the Néron
XaN) 741 N

model of its generic fiber. We have scheme-theoretic Albanese and Pic® functoriality for
finite (flat) maps between proper smooth curves (with geometrically connected fibers) over
any base at all, and analytification of such a situation over C recovers the classical theory
of Pic® as used in Section 5.1.

For example, we have endomorphisms

(ny* =Pic%(ly), (n). = Alb(l,)

.0
on P'cxl(N)/z[,%,]'

w; = Pic%(wg) = Alb(wg) = (wg).

on Pic? , and
RO,
T = Alb(1”) o Pic’(1”)
(To). = Alb(ri”) o Pic(1§”)
on Picﬁl(N)/z[Nlﬁ]. A key point is that by the Néronian property, T, and (Tp)« uniquely
extend to endomorphisms of Pic , even though the Tq-(p) do not make sense over
XN 2y
Z[%] from what has gone before. In particular, it makes sense to study T, and (Tp). on

the abelian variety Pic?(l(N)/F over Fp for p{ N. This will be rather crucial later, but note
p
it requires the Néronian property in the definition.
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Passing to the analytifications, the above constructions recover the operators defined
on Picg’(l(N)an in Section 5.1. The resulting subring of

End(Picg C End(Picg, (y)m)

/Z[,%])
generated by Ty, (n)* (respectively, by (Tp)«, (n).) is identified with T1(N) via its ()*-
action (respectively, via its ().-action) and using

(5.6) lim Pic?(l(N)/z[,%] Q) = TZ(PiC?(l(N)a”)

(using Q C C) endows our “analytic” V,(N) with a canonical continuous action of Gq =
Gal(Q/Q) unramified at all p{NZ (via Néron-Ogg-Shafarevich) and commuting with the
action of T1(N) (via either the ()*-action or the ().-action). We also have an endomor-

- _ * __ - 0 .y -
phism wg = wj; = (Wg). on Plcxl(N)/z[,%,zN] and it is easy to see that

(071 Wg)a* = wg

on Q-points, where g € Gal(Q/Q) and g* denotes the natural action of g on Q-points
(corresponding to base change of degree 0 line bundles on X1(N)/5). Since wz = Wz-1 (as
(E,P) = (E,—P) via —1), we see that w; is defined over the real subfield Q({n)*. By
étale descent, the operator w; is defined over Z[,2n]*.

In any case, w; acts on V(N), recovering the operator in Section 5.1, and so this
conjugates the ()*-action to the ().-action, taking each T € T1(N) (for either action on
V¢(N)) to its Weil pairing adjoint, via the canonical principal polarization of the abelian
scheme Pic?q(N)/ - Using Corollary 5.3 and (5.6) we obtain

z[&

Lemma 5.11. Let T1(N) act on V,(N) through either the ()*-action or the ().-action.
Then pny @ Go — Aut(V,(N)) = GL(2,Q,® T1(N)) is a continuous representation, un-
ramified at p{ NZ.

The main result we are after is

via the ().-action. For any pt N¢, the

[§]

Theorem 5.12. Let T1(N) act on Picg y,
/Z

characteristic polynomial of py ¢ (Frobyp) is
XZ = (Tp):X + p(p)-

relative to the Q; ® T1(N)-module structure on V,(N), where Frob,, denotes an arithmetic
Frobenius element at p.

The proof of Theorem 5.12 will make essential use of the w; operator. For the
remainder of this section, we admit Theorem 5.12 and deduce its consequences. Let
f € S(I'1(N),C) be a newform of level N. Let Ks C C be the number field generated
by ap(f) forall ptN, where f =S ay(f)q", so by weak multiplicity one a,(f) € Ky forall
n > 1 and the Nebentypus character x ¢ has values in K. Let pf C T1(N) be the minimal
prime corresponding to f (i.e., the kernel of the map T1(N) — K; sendingeach T € T1(N)
to its eigenvalue on f).

We now require T1(N) to act on Picgl(N)/z[l] via its ()«-action.

N

Definition 5.13. A is the quotient of Pic§)<1(N)/Q by pr C T1(N).



5.3. Proof of Theorem 5.12 69

By construction, At has good reduction over Z[ %] and the action of T1(N) on Pi(:?(l(N)/Q

induces an action of T1(N)/p on As, hence an action of Kf 22 (T1(N)/p) ®z Q on As in
the “up-to-isogeny” category.

Theorem 5.14 (Shimura). We have dimAs = [K¢ : Q] and V¢(A¢) is free of rank 2 over
Q; ®q K¢, with Frob, having characteristic polynomial

X2~ (L@ap(f))X +1® px1(p)
for all ptN£.

Proof. By Lemma 5.11 and Theorem 5.12, we just have to check that the Q; ® T1(N)-
linear map

Ve(Picg ) ) = Ve(Ar)

N)jQ
identifies the right hand side with the quotient of the left hand side by p ;. More generally,
for any exact sequence

B —-B—-A—=0

of abelian varieties over a field of characteristic prime to £, we claim
Vg(B/) —)Vg(B) —>Vg(A) -0

is exact. We may assume the base field is algebraically closed, and then may appeal to
Poincaré reducibility (see [77, pg. 173]). O

Choosing a place A of K¢ over £ and using the natural realization of Ky , as a factor of
Q¢ ® Ky, we deduce from Theorem 5.14:

Corollary 5.15. Let f € Sp(I'1(N),C) be a newform and A a place of K¢ over £. There
exists a continuous representation

Pia G — GL(2,Ks))
unramified at all p4 NZ, with Frob, having characteristic polynomial

X2 —ap(f)X + pxt(p) € K¢ A[X].

5.3. Proof of Theorem 5.12
Fix p4N and let

— pir0 ~ pjc0
Jp — Plcxl(N)/Fp = PICX:[(N) XZ[%]F’)

/2141
with T1(N) acting through the ().-action. Fix a choice of Frob,, or more specifically fix
a choice of place in Q over p. Note that this determines a preferred algebraic closure Fp,
as a quotient of the ring of algebraic integers, and in particular a map Z[1/N,{n] = Fp.
Thus, we may view w, as inducing an endomorphism of the abelian variety J, prfp over
Fp (whereas the elements in T1(N) induce endomorphisms of J, over Fp). The canonical
isomorphism

Ve(Picg, iy o) = Vg(Picg)(l(N)/z[ 1]) =V, (Jp)

N)jq 1

identifies the Frob,-action on Q-points on the left hand side with the (arithmetic) Frobenius
action on Fy-points on the right hand side. Obviously V,(J,) is a module over the ring
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Q¢ ® T1(N) and is free of rank 2 as such. For any Fy-schemes Z, Z’ and any Fp-map
f :Z — Z' the diagram

¢
(5.7) Z—— 7

al | |

Z—— 7

commutes, where columns are absolute Frobenius. Taking Z = SpecFp, Z' = Jp, we see
that the Froby, action of V,(Jp) through Fp-points is identical to the action induced by the
intrinsic absolute Frobenius morphism F : J, — Jp, over F. Here is the essential input, to
be proven later.

Theorem 5.16 (Eichler-Shimura). In Endg (Jp),
(To)s =F +(p)FY,  w'Fwy = (p);'F
where FV denotes the dual morphism.

The extra relation involving wq is crucial. The interested reader should compare this
with [108, Cor. 7.10].

Let us admit Theorem 5.16 and use it to prove Theorem 5.12. We will then prove
Theorem 5.16. Using an Fp-rational base point P (e.g., the cusp 0), we get a commutative
diagram

X1(N)/p,—— Jp

Fxl(N)l lF

X1(N) /p,—— Jp

where Fy, (v denotes the absolute Frobenius morphism of X1(N) g, so by Albanese func-
toriality F = Alb(Fx,(n)). Thus

FFY = Alb(Fx () o Pic®(Fx, n))
=deg(F,n)) = P
as X1(N) /g, is a smooth curve. We conclude from (Tp). = F + (p)«FV that
F2— (Tp)<F +p(p): =0
on Jp, hence inV,(Jp). Thus, pn,¢(Froby) satisfies the expected quadratic polynomial
X% — (Tp)«X + p(p)« = 0.

Let X2—aX + b be the true characteristic polynomial, which py ¢(Frob,) must also satisfy,
by Cayley-Hamilton. We must prove that a = (Tp)., and then b = p(p). is forced. It is this
matter which requires the second relation.

We want tro, e, (n) (Pn,¢(Frobp)) = (Tp). or equivalently

tro,eTan) (Ve(F)) = (Tp)x-
Using the modified Weil pairing

[X,¥]e = (X,wzy)e
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and using the fact that V,(Jp) = Vg(Picg’(l(N)/Q) respects Weil pairings (by invoking the

relativization of this concept, here over Z[%]) we may identify (via Theorem 5.8 and a
choice Qg(1) = Qg as Qg-vector spaces)

Ve(Jp) = Homg, (Ve (Jp), Qr) = Ve(Jp)*
as Q; ® T1(N)-modules, but taking the F-action over to the {p).FV-action, since adjoints
with respect to Weil pairings are dual morphisms and wz‘lFVwZ is dual to Wz_lFWZ =

(p)7'F = F(p);! (absolute Frobenius commutes with all morphisms of Fp-schemes!)
Since V;(Jp) is free of rank 2 over Q; ® T1(N) and Homg,(Q; ® T1(N),Qy) is free of
rank 1 over Q; ® T1(N), by Corollary 5.9, we conclude
trouemy ) (FIVe(p)) = trg,em, oy ((P)<F Y Ve (3p) ).
We wish to invoke the following applied to the Q,-algebra Q,® T1(N) and the Q,® T1(N)-
module V,(Jp):

Lemmab5.17. Let O be acommutative ring, A afinite locally free O-algebra with Hom (A, O)
a locally free A-module (necessarily of rank 1). Let M be a finite locally free A-module,
M* = Homo(M, O), so M* is finite and locally free over A with the same rank as M. For
any A-linear map f : M — M with O-dual f* : M* — M*, automatically A-linear,

char(f) = char(f*)
in A[T] (these are the characteristic polynomials).

Proof. Without loss of generality O is local, so A is semilocal. Making faithfully flat base
change to the henselization of O (or the completion if O is noetherian or if we first reduce
to the noetherian case), we may assume that A is a product of local rings. Without loss of
generality, A is then local, so
M = ®Ag;
if free, and Homo (A, O) is free of rank 1 over A. Choose an isomorphism
h: A2 Homp(A, O)
as A-modules, so the projections
. M—> A=A
satisfy ef = h(i) o5 in M*. These e are an A-basis of M* and we compute matrices over A:
Mat{ei}( f)= Mat{ei*} (f *)t .
O

We conclude that

true,(v) (FIVe(p)) = trouemyny (P« Y IVe(Jp)).-
By Theorem 5.16, we have
2(Tp)« = tr((Tp)«[Ve(Ip))
= tr(F + (p)«F"[Ve(3p))
= 2tr(F|Ve(Jp)).

This proves that tr(F |V, (Jp)) = (Tp)«, so indeed X2 — (Tp).X + p{p)« is the characteristic
polynomial. Finally, there remains
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Proof of Theorem 5.16. It suffices to check the maps coincide on a Zariski dense subset
of Jp(Fp) = PicO(Xl(N)/ﬁp). If g is the genus of Xl(N)/Z[]%] and we fix an Fp-rational base
point, we get an induced surjective map

XN = Jp 7,

so for any dense open U C Xl(N)ﬁp, us — (Jp)/fp hits a Zariski dense subset of Fp-
points. Taking U to be the ordinary locus of Yl(N)/ﬁp, it suffices to study what happens
to a difference (x) — (X') for x,x’ € Y1(N)(Fp) corresponding to (E,P), (E’,P’) over F,
with E and E’ ordinary elliptic curves.
By the commutative diagram (5.7), the map
Ip(Fp) = Jp(Fp)
induced by F is the same as the map induced by the pth power map in F,. By definition
of Pic® functoriality, this corresponds to base change of an invertible sheaf on Xl(N)/fp
by the absolute Frobenius on F,. By definition of Yl(N)/ﬁp as a universal object, such

base change induces on Y1(N)(F;) exactly “base change by absolute Frobenius” on elliptic
curves with a point of exact order N over F,. We conclude
F (00 = () = (E®,P) — (), P)
where ()(P) denotes base change by absolute Frobenius on Fp,.
Since p=FFY =F"F and F is bijective on Fy-points, we have
FY((x) = (X)) = pF~((x) = (X))
= p((E® PP — (E)P, (PP
Thus,

SO
(F+(p)FY) () = (X)) = (EP,PP)) 4 p(EP"
— ((E")™,(P")®)) + p((ENP™), p(P)(P7).

Computing (Tp)« on Jp = Picgl( Fp is more subtle because (Tp). was de-

N)/Z[%] XZ[IJV-]
fined over Z[N—lp] (or over Q) as (Tp).Tt; and was extended over Z[%] by the Néronian

property. That is, we do not have a direct definition of (Tp). in characteristic p, so we will
need to lift to characteristic O to compute. It is here that the ordinariness assumption is
crucial, for we shall see that, in some sense,

(Tp)+ () = (X)) = (F + (p)«F ) ((x) = (X))

as divisors for ordinary points x, x’. This is, of course, much stronger than the mere linear
equivalence that we need to prove.

Before we dive into the somewhat subtle calculation of (Tp).((x) — (X)), let’s quickly
take care of the relation lesz = (p);1F, or equivalently,

Fwz =wz(p™).F.
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All maps here are induced by maps on Xl(N)/ﬁp, with F = Alb(Fx, (n)), Wz = AIb(Wllxl(N))'
(p~1). = Alb(I,-1). Thus, it suffices to show

P vy 0 Wg = Welp-1F )
on Xl(N)/ﬁp, and we can check by studying x = (E,P) € Y1(N)(Fp):

Py W (x) = Py (E/P,P") = (EP)/P1P), (P1) 7))

where (P,P’)y =, so (P(P), (P")(P))y = ZP by compatibility of the (relative) Weil pairing
with respect to base change. Meanwhile,

Wzl p-1Fx, vy (X) = wz (EP), p=tptP)y = (E(P)/(p~1p(P)), Q)

where (p~1P(P) Q)y =, or equivalently (P(P), Q) = ZP. Since Q = (P")(P) is such a point,
this second relation is established.
Now we turn to the problem of computing

(Tp)((9) = (x))

for “ordinary points” x = (E,P), X' = (E/,P’) as above. Let R = Z}", W(Fp), or more
generally any henselian (e.g., complete) discrete valuation ring with residue field F, and
fraction field K of characteristic 0. Since pfN, Risa Z[%]-algebra. Since Y1(N) is smooth
over Z[}], we conclude from the (strict) henselian property that Y1(N)(R) — Y1(N)(Fp)
is surjective. Of course, this can be seen “by hand”: if (E,P) is given over Fp, choose a
Weierstrass model ‘£ < P3 lifting E (this is canonically an elliptic curve, by [62, Ch 2]).
The finite étale group scheme £[N] is constant since R is strictly henselian. Thus there
exists a unique closed immersion of group schemes Z/NZ — ‘E[N] lifting P : Z/NZ —
E[N].

[ ]Let (E,), (£, ") over R lift x, x' respectively. We view these sections to Xy (N) /g —
SpecR as relative effective Cartier divisors of degree 1. Using the reduction map

Picg)(l(N)/z[]%] (R) — Jp(Fp)

and the definition of (Tp)., we see that (Tp).((x) — (X')) is the image of (Tp).((E,P) —
(Z',2"). Now R is NOT a Z[N—lp]—algebra but K is, and we have an injection (even bijec-
tion)

Picg iy, (R) = Picg ), (K),

/21] /2I&]
- 0 1 -
as PICXl(N)/z[,%,] — SpecZ[] is separated (even proper).

Thus, we will first compute (Tp).((x) — (X')) by working with K-points, where K is an
algebraic closure of K. Since p{ N, we have

(). ((E,P) /) = Z(fK/C,iPK mod C)

where C runs through all p+ 1 order-p subgroups of Ek- Since £ — SpecR has ordinary
reduction, and R is strictly henselian, the connected-étale sequence of E[p] is the short
exact sequence of finite flat R-group schemes

0—pp— E[p] = Z/pZ— 0.

Enlarging R to a finite extension does not change the residue field Fp, so we may
assume that

lplk = Z/pZx Z/pZ.



74 CONRAD, THE SHIMURA CONSTRUCTION

Taking the scheme-theoretic closure in Z[p] of the p+ 1 distinct subgroups of E[p] /¢ gives
p + 1 distinct finite flat subgroup schemes C C E realizing the p+ 1 distinct C’s over K.

Exactly one of these C’s is killed by E[p] — Z/pZ over R, as this can be checked on
the generic fiber, so it must be pp < ‘E[p]. For the remaining C’s, the map C — Z/pZ is
an isomorphism on the generic fiber. We claim these maps

C—Z/pZ

over R are isomorphisms. Indeed, if C is étale this is clear, yet C — ‘E[p] is a finite flat
closed subgroup-scheme of order p, so a consideration of the closed fiber shows that if C
is not étale then it is multiplicative. But E[p] has a unique multiplicative subgroup-scheme
since

E[p]” = £[p]

by Cartier-Nishi duality and £[p] has a unique order-p étale quotient (as any such quotient
must kill the p, we have inside E[p].)
Thus,

(Te)«T4((£,9) k) = 5 (£/C,P mod C)—Z(f’/C’,QP’ mod (')
C c
(R)

coincides with (Tp)«((Z,P) — (Z’,2")) as both induce the same K-point. Passing to closed
fibers,

-0
€ PICXl(N)/Z[]%]

(Tp)«((X) = (X)) = (E/up,P mod yp) + p(E/Z/pZ',P mod Z/pZ)
— (E'/up,P" mod yp) + p(E'/Z/pZ,P’" mod Z/pZ)
where E[p] = up x Z/pZ and E’[p] = up x Z/ pZ are the canonical splittings of the connected-
étale sequence over the perfect field Fp.
Now consider the relative Frobenius morphism
_ (p)
FE/Fp E > EW)

which sends O to O (and P to P(P)) and so is a map of elliptic curves over Fp. Recall that
in characteristic p, for any map of schemes X — S we define the relative Frobenius map
Fx/s : X = X(P) to be the unique S-map fitting into the diagram

FX

X/;)\

<

where Fs, Fx are the absolute Frobenius maps. Since E — SpecF, is smooth of pure
relative dimension 1, FE/gp is finite flat of degree p! = p. It is bijective on points, so
ker(Fg ;) must be connected of order p.

The only such subgroup-scheme of E is pup < E[p] by the ordinariness. Thus

E/up = EP

n+——X

_—
Fs

is easily seen to take P mod pj to P(P).
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Similarly, we have

e et

= v
Ferp Fe/rp

SO FEV/Fp is étale of degree p and base extension by Frob™*: Fp — Fp gives
p

— T
EPH — E——E(MPD

p(pY) —— P—— p.p(P),
As the second map in this composite is étale of degree p, we conclude
(E/z/pz,P mod Z/pz) = (E® ), pp(P ).
Thus, in Picg v, (Fp),
(Tp)« () = (x)) = (E®,P®) 4 p. (EP), p-P(PY)
— (Y, (PYPY —p. ((E')(p*1)7 D (p/)(pfl))
which we have seen is equal to (F + (p)«FY)((x) — (X)).






CHAPTER 6

Appendix by Kevin Buzzard: A mod /¢
multiplicity one result

In this appendix, we explain how the ideas of [46] can be used to prove the following mild
strengthening of the multiplicity one results in §9 of [32].

The setup is as follows. Let f be a normalised cuspidal eigenform of level N, and
weight k, defined over F,, with 1N and 2 < k < £+ 1. Let N* denote N if k = 2, and N£¢
if k > 2. Let Jg be the Jacobian of the curve X1(N*)q, and let H denote the Hecke algebra
in End(Jg) generated over Z by T, for all primes p, and all the Diamond operators of level
N*. It is well-known (for example by Proposition 9.3 of [46]) that there is a characteristic O
normalised eigenform F in Sx(I1(N*)) lifting f. Let m denote the maximal ideal of H
associated to F (note that m depends only on f and not on the choice of F), and let F =
H/m, which embeds naturally into F,. Suppose the representation pt : Gg — GL2(F)
associated to f is absolutely irreducible, and furthermore assume that if k = £+ 1 then p;
is not isomorphic to a representation coming from a form of weight 2 and level N.

Theorem 6.1. If pt is ramified at ¢, or if pr is unramified at £ but p¢ (Froby) is not a scalar
matrix, then Jo(Q)[m] has H /m-dimension two, and hence is a model for (precisely one
copy of) ps.

The motivation for putting ourselves in the setup above is that every absolutely irre-
ducible modular mod £ representation has a twist coming from a modular form of level
prime to £ and weight at most £ + 1. In particular, every modular mod £ representation has
a twist coming from a form satisfying the conditions of our setup. Furthermore, if f isasin
our setup, then Theorems 2.5 and 2.6 of [32] tell us the precise structure of the restriction
of ps to Dy, a decomposition group at £. These results are explained in Section 2.2. Using
them, it is easy to deduce

Corollary 6.2. Let p be an absolutely irreducible modular mod £ representation, such that
ps(Dy) is not contained within the scalars. Then some twist of p comes from a modular
form satisfying the conditions of the theorem, and hence p is a multiplicity one representa-
tion in the sense of Remark 3.4.2.

The theorem, commonly referred to as a “multiplicity one theorem”, is a mild ex-
tension of results of Mazur, Ribet, Gross and Edixhoven. It was announced for £ = 2 as
Proposition 2.4 of [9] but the proof given there is not quite complete—in fact, the last line
of the proof there is a little optimistic. |1 would hence like to thank Ribet and Stein for the
opportunity to correct this oversight in [9].

7
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Proof of Theorem. Firstly we observe that the only case not dealt with by Theorem 9.2
of [32] is the case when k = £ and p+ is unramified at £, with p¢ (Frob,) a non-scalar matrix
whose eigenvalues are equal. Moreover, using Theorems 2.5 and 2.6 of [32] we see that in
this case f must be ordinary at £. We are hence in a position to use the detailed construction
of pt given in §§11-12 of [46]. We will follow the conventions set up in the present paper
for normalisations of Hecke operators, and so in particular the formulae below differ from
the ones in [46] by a twist.

The maximal ideal m of H associated to f gives rise as in (12.5) of [46] to an idempo-
tent e € Hy := H ®z Zj, such that the completion H,, of H at m is just eH,. Let G denote
e(Jo,[£7]), the part of the £-divisible group of J which is associated to m. Then H, acts on
G, and it is proved in Propositions 12.8 and 12.9 of [46] that there is an exact sequence of
£-divisible groups

05G°5G—-GE =0
over Qy, which is H,-stable. Let

0TS T T80

be the exact sequence of Tate modules of these groups. We now explain explicitly, follow-
ing [46], how the group Dy acts on these Tate modules.

If k > 2 then there is a Hecke operator U, in H,, and we define u = Uy. If k = 2 then
there is a Hecke operator T, in H,, and because we are in the ordinary case we know that
T, is a unit in Hy,. We define u to be the unique root of the polynomial X2 — T,;X + £(¢) in
H., which is a unit (u exists by an appropriate analogue of Hensel’s lemma).

The calculations of Propositions 12.8 and 12.9 of [46] show that, under our conven-
tions, the absolute Galois group D, of Q; acts on T€ as A(u), where A(x) denotes the
unramified character taking Frob, to x. Moreover, these propositions also tell us that D,
acts on T via the character x,A(u=2(¢€)n)x‘~2, where ¥, is the cyclotomic character and X
is the Teichmdller character. The key point is that this character takes values in H*.

The next key observation is that a standard argument on differentials, again contained
in the proof of Propositions 12.8 and 12.9 of [46], shows that G¢[m] = m~%¢T¢/£T® has
Hpm/m-dimension 1 and that G°[m] has dimension d® > 1. (Note that the fact that G®[m]
has dimension 1 implies, via some simple linear algebra, that the sequence 0 — G%[m] —
G[m] — G®[m] — 0 is exact, as asserted by Gross.) Furthermore, because we can identify
GO[m] with m=2¢T9/£TO, we see that the action of D, on G°[m] is via a character which
takes values in (H/m)>. In particular, D, acts as scalars on G%[m].

Let us now assume that ps is unramified at £, and that p+ (Froby) is a non-diagonalisable
matrix with eigenvalue o € H/m. Choose a model p for p; defined over GL2(H/m). By
the theorem of Boston, Lenstra and Ribet, we know that G[m] is isomorphic to a direct
sum of d copies of p, or more precisely, d copies of the restriction of p to D,. Here d is
an integer satisfying 2d = d°+ d®. Hence, if G[m]® denotes the subspace of G[m] where
Froby acts as a, then the H /m-dimension of G[m]® is at most d. On the other hand, Frob,
acts on G[m]° as a scalar, and hence this scalar must be o, and so we see G[m]® C G[m]°.
Hence d° < d = (d°+1)/2. We deduce that d° < 1 and hence d° = d = 1 and the theorem
is proved. O

We remark that L. Kilford has found examples of mod 2 forms f of weight 2, such
that p¢ is unramified at 2 and p¢(Froby) is the identity, and where Jo(Q)[m] has H /m-
dimension 4, and so one cannot hope to extend the theorem to this case. See Remark 3.6
for more details, or [64]. A detailed analysis of what is happening in this case, at least in
the analogous setting of forms of weight 2 on Jo(p), with p prime, has been undertaken
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by Emerton in [39]. In particular, Emerton proves that multiplicity one fails if and only if
the analogue of the exact sequence 0 — T — T — T — 0 fails to split as a sequence of
H,-modules.
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