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Universal Fourier expansions of modular forms

Loic Merel

Introduction

Let X be the set of matrices <CCL Z) € M5(Z) such that a > b > 0 and d > ¢ > 0.

Let us consider the following series in C[My(Z)][[¢]]:
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The aim of this paper is to establish that this series produces (in a sense that will
be made precise in a moment) Fourier expansions at infinity of modular forms of in-
tegral weight > 2 for congruence subgroups of SLs(Z). This justifies the terminology
“universal Fourier expansions of modular forms”. Here and in what follows “Fourier
expansion” will always mean “Fourier expansion at infinity”.

Let k be an integer > 2. Let N be an integer > 0. Let Cx_5[X, Y] be the complex
vector space of homogeneous polynomials in two variables and degree k — 2. Let T'g(V)
Z) € SLy(Z) such that N|c (resp. N]c,
N|(a —1)). Let x be a Dirichlet character modulo N. We Si(N) (resp. Sk(N,x))
the complex vector space of cusp forms of weight k for I'1 (V) (resp. for I'o(IN) with
multiplicative character x, see section 2.5).

Let Cyx_2[X,Y][(Z/NZ)?] be the vector space of linear combinations of elements of
(Z/NZ)? with coefficients in Cy,_»[X, Y]. If ¢ is a linear map Cy,_»[X, Y][(Z/NZ)? — C

(resp. T'1(N)) be the group of matrixes (Z



“ Z € Ma(Z), we denote by ¢y, the linear map C_»[X, Y][(Z/NZ)*] — C

defined by the formula

and g =

P1g(P(X,Y)[u,v]) = ¢(P(aX +bY,cX +dY)[au + cv, bu + dv]),

P € Cro[X,Y], (u,v) € (Z/NZ)?>. We denote by Ey the set of elements (u,v) of
(Z/NZ)? satisfying the relation Zu + Zv = Z/NZ.

Let us denote by Py = Ugn(Z/dZ)*. By convention when d = 1, (Z/dZ)* has one
element. Let C[Py]; be the quotient vector space of C[Py] modulo the vector space
generated by the elements of the form [a] — (=1)¥[—a] = 0, a € (Z/dZ)*, d|N. If
a € Z/NZ, d|N and a invertible modulo d, we denote by [a]y the image of [a  (mod d)]
in C[Pn].

Let b : Cp_2[X,Y][En] — C[Pn]r be the C-bilinear map which associates to
P(X,Y)[u,v] the element P(1,0)[v"]¢, n) — P(0,1)[u"](, ny), where by abuse of no-
tations v~! is the inverse modulo (u, N) of v and (u, N) is the greater common divisor
of u and N, i.e. the order of the sugroup of Z/NZ generated by u.

Theorem 1 Let ¢ be a linear map Cy_2[X,Y][(Z/NZ)?] — C wverifying the following
equalities

P+ =0+ TPz =0— ¢, =0,

0 -1 0 -1 -1 0 .
where o = (1 0>,T— <1 _1> and J = (0 _1>,andgb(P[u,v])—Ozf
(u,v) ¢ En, P € Cp_o[X,Y]. Let x € Cy_o[X,Y]|[En] such that b(z) = 0. Then
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is the Fourier expansion of an element f of Sk(N). Furthermore all modular forms of
such type can be produced by this method.

Let x be a Dirichlet character Z/NZ — C. Let us suppose that ¢ satisfies the
additional condition

d(P[Au, Mv]) = x(N)$(P[u, v])
(N u,v) € (Z/NZ)3, P € Cy_o[X,Y]). Then f belongs to Si(N,x).

If z does not satisfy the relation b(z) = 0, the series obtained should be, except for the
constant term, the Fourier expansion of a holomorphic modular form of weight k for
I'1(N) (see the remark in the section 3.2). This theorem can be refined to obtain only
newforms (see sections 2.6 and 3.2).

We outline now the plan of the paper as well as the plan of the proof of the the-
orem 1. We recall in the first part the theory introduced by Manin and developed
by Shokurov of modular symbols of arbitrary weight for subgroups of finite index of
SLo(Z) (4], [12], [11], [14], [13]). This theory can be related to the Eichler-Shimura
theory connected with the cohomology of subgroups of finite index of SLy(Z). The
Fichler-Shimura theory imbeds modular forms in a space of modular symbols; The



Manin-Shokurov theory constructs pairings between modular symbols and modular
forms. We construct a complex vector space (of modular symbols) My(N), which
is a quotient of Cy_o[X,Y][EN] (see section 1.3). We denote by [P, z| the image of
P[z] € Cr2]X,Y][EN] in My (N). There is a bilinear pairing of complex vector spaces
between My (N) and Sg(N) @ Sk(N) (where Si(N) is the space of antiholomorphic

cusp forms), see section 1.5. This pairing is given as follows:

(i + for[P.a]) /0 T f ()P 1) dz /0 " f ()P dz,

where f1 € Sk(N), fo € Sk(N), g is any element in SLo(Z) such that 7(g) =  and

fig(2) = (cz+d) ™ f(gz) and  fiz(2) = (cz +d) " f(g2).

We denote by Si(IN) the image in My, (V) of the kernel of b. By a theorem of Shokurov,
when restricted to Sg(IN), the pairing defined above is nondegenerate (see section 1.5).
We complete the theory of Shokurov by making explicit the relation between the mod-
ular symbols and the cohomology of SLs(Z). Moreover the action of the complex
conjugation on modular curves defines an involution ¢* on My (N). This involution is
studied in the section 1.6. In fact all the results in the first part of the paper are valid
if T'1(N) is replaced by any subgroup of finite index of SLy(Z).

The second part is devoted to the study of Hecke theory on My(N) (Hecke op-
erators, Atkin-Lehner operators, old and new parts, degeneracy maps). We describe
only here our main result. The Hecke operators operate by duality on Si(N). In
fact this action extends naturally to My(NN). Let n be an integer > 0. We denote
by Ms(Z),, the set of matrices of Ma(Z) of determinant n. We say that an element
Yoy umM € C[My(Z),) satisfies the condition (Cy,) if for all K' € My(Z),/SL2(Z), we
have in C[P*(Q)]

> un([Moc] — [MO)) = [oc] - [0].

MeK
We denote by T,, the Hecke operator on My (N). Our main result about Hecke operators
is as follows.

Theorem 2 Let Plu,v] € Cp_o[X,Y][En]. Let Y, upM € C[Ms(Z),] satisfying the
condition (Cy). Then we have (the sum is taken with respect to the matrizes M =

a b
(¢ a)
T,([P, (u,v)]) = > up[P(aX +bY,cX +dY), (au + cv,bu + dv)],
M
where the sum is restricted to the matrices M such that (au + cv,bu + dv) € En (if n

and N are coprimes this restriction is unnecessary).

We remark that the condition (C,,) depends neither on the level N nor on the weight
k. This theorem can be understood as a formula on linear forms on modular forms



without knowing anything about modular symbols (see the pairing defined above). We
give an analogous formula for the action of Atkin-Lehner operators on My (N) (see
section 2.4). Let X, be the set of matrices of X’ of determinant n. Then

> M

MeXy,

satisfies the condition (C),) (see the section 3.1). The theorem 2 extends some results
obtained in my thesis for the weight 2 (see [8], [7], [9]). It extends also a result in [16]
concerning only the modular forms for the full modular group SLs(Z). We shall add
that other elements of C[My(Z),] satisfy the condition (C,,) (see part 3).

For x € Cy_o[X,Y][EN] satisfying b(x) = 0 we can consider its image m(x) in
Sk(N). A complex linear form ¢ on Ci_o[X, Y][EN] satisfying the conditions of the
theorem 1 factorizes through a linear form on My (N), which induces a linear form
¢m on Si(N). We obtain a linear form a(¢,z) on the Hecke algebra (i.e. the C-
algebra generated by the Hecke operators T), and T, , of Endc(Sk(V)) for n > 1)
which associates to T' the complex number ¢,,(T'm(z)). We then use the following
fact: if o is a linear map from the Hecke algebra to C, then > o7, a(T;,)¢" is the
Fourier expansion of an element of S;(/N). We apply this principle for o = «a(¢,x) to
obtain the theorem 1.

As an application of the theorem 1, we give a conditional method to construct bases
of Si(N) (see section 3.3).

In the course of the completion of this work, I was generously invited several times
to the Institut fiir experimentelle Mathematik. I would like to thank this institution
for its nice hospitality.

1 The theory of Manin-Shokurov

1.1 The algebraic description of modular symbols

Let T" be a subgroup of finite index of SLy(Z) and k an integer > 2. Ik k is odd, we
-1 0

impose the following condition: J = ( 0 1

> ¢ I' (otherwise the following theory

is empty).
First we consider the torsion free abelian group M generated by the expressions
{a, B} ((@, B) € P(Q)?) with the following relations

{a, B} + {87} + {0} =0 (o, 3.7) e PLQ)?).

So we have {«,} = —{0,a} and {a,a} = 0. We consider now the complex vector
space
My = Cpo[X, Y] @ M,

where C;_o[X, Y] is the space of complex homogeneous polynomials in two variables of

degree k — 2. We define a linear action of g = <Z 2) € GL2(Q) on P € Cy_2[X,Y]
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and P ® {a, f} € My, by the rules
P,(X,Y) = P(dX — bY,—cX +aY)

and

(P® {O%ﬁ})lg = P|g ® {ga, 9B}
For (g,h) € GLy(Q)?, we have (P);;, = Pyp,. Let My (T') be the quotient vector space
of M, obtained by imposing the relations z, = 2 (z € My, v € I'). We will denote
by P{a, 3} the image of P ® {«, 3} € My, in My (T'). The elements of My(T") will be
called modular symbols of weight k for I.

Remark .- We can replace the field C in this construction by any ring. In particular,
the space M (I") carries a natural integral structure. The subgroup Zjy_o[X,Y] ® M
of My, is stable by the action of GL2(Q) N Mz(Z). It makes sense to consider its image
My(T',Z) in My(T"). The complex vector space My(T") is canonically isomorphic to
M (T, Z) ® C.

1.2 The Manin symbols

Let g € SLa(Z) and P € Cy_o[X,Y]. We introduce the Manin symbol [P, g] € My(T")
by the formula

[P, g] = Py{g0, goo}.

We recall the notations of the introduction: o = (1) _01>, T = <§) :}) and
(-1 0 . . 9 o (1 0 3 (10
J—(O _1>.Thesematrlcesver1fya =J,J —(0 1) and 7 _(O 1).

Proposition 1 Let g € SLy(Z) and P € Cp_o[X,Y]. The Manin symbol [P, g] depends
only on the class g and on P. When g runs through SLo(Z) and when P runs through
Ck—o[X, Y], the Manin symbols generate My (T"). Furthermore they verify the following
equalities:

[P7 g] + [P\U*1790-] =0,

[Pa g] + [F)\T*lagT] + []D\T*??gTQ] =0
and
[P7g] = [P|J7 _g]

Proof .- The first assertion is a consequence of the construction of My(T"). To prove the
second assertion, we make use of a theorem of Manin which asserts that the elements
{90, goo}, for g € SLo(Z) generate M (This is known as “Manin’s trick” [4], proposition
1.6. The proof of that assertion relies on continued fractions expansion). It follows
quickly that the Manin symbols generate My (I"). To prove the first two equalities we
remark the following relations in P1(Q): co = 60 = 0?00 and oo = 71 = 720. We have

[P,g] + [Py-1,90] = Pg{g0,900} + (Ps-1)|401900, gooc}
= P4{g0, 900} + P gss-1{g0, g0}
=0



and

[P, g] + [P, 97] + [P—2, 977

P|g{go7goo} + (P\T—l)|g7'{g7—0’ groo}t + (P|T—2)\g7'2 {97-207 97-200}
Py({90, goo} + {g1, g0} + {goo, g1}

0.

The third equality follows from the fact that the matrix .J operates trivially on P!(Q).

Remark .- The Manin symbols can be written as complex linear combinations of
Manin symbols of type [P,g], where P is a monomial of the form X7Y* =27 (4 ¢
{0,1,...,k — 2}). Since these monomials are in finite number and since I'\SLs(Z) is
finite, M (T") is generated by a finite number of elements. So it is a finite dimensional
complex vector space.

1.3 Comparison with the theory of Shokurov

We recall the theory of Shokurov (see [12], [11], [14], [13], especially the lemma-
definition 1.2 in the last paper). We use here the notations of Shokurov. Let $ be
the Poincaré half-plane. Let Ar be the compactification of the Riemann surface I'\ 9.
Let II be the set of cusps of Ar. Shokurov considers a certain locally constant sheaf,
which he denotes (R1¢.Q)", on the modular curve Ar (where w = k — 2, see [13]).
This sheaf is the usual sheaf on the modular curve Ar constructed from the space of
modular forms of weight k for I'; But there is no need to describe it here.

Let (o, ) € (P}(Q))? and (n,m) € (Z*=2)2. The modular symbol of Shokurov
{a, B,n,m}r (which we will call provisionnally Shokurov symbol) lies in the homology
group Hy(Ap, II; (R1¢.Q)"), which is a Q-vector space. The Shokurov symbols enjoy
the following properties (see lemma-definition 1.2 of [13]):

e The Shokurov symbol {a, 3,n, m}r depends only on the polynomial Hf:f (n; X +
m;Y) € Cp_2[X, Y], where n = (n1,n2,...,np—2) and m = (my, ma, ..., mg_2).

e They generate the Q-vector space Hi(Ar, IT; (R16.Q)").

e They satisfy the following relations
{CM, /87 n, m}F + {/87 v, n, m}F + {’}/7 a, 1, m}F - 07

(@, 8,7) € PHQ)?, (n,m) € (ZV?)%.
e For v = (Ccl Z) e I', we have

{’}/OQ ’yﬁv dn — cm, —bTL + am}p = {Q, ﬁa n, m}Fa

(@, 8) € PH(Q)?, (n,m) € (ZF2)%.



Our present goal is to prove that the Shokurov symbols can be identified with our
modular symbols. Because of the first property satisfied by the Shokurov symbols, we
can denote by {a,, P} the symbol {«,8,n,m}r, where P = [ ;(n;X + m;Y) €
Zi—o[X,Y]. The last two properties can be rewritten

{a, B8, P} +{B,7. P} + {7,, P} =0

and
{ya,v8, Py} ={a, 8, P}

We deduce from these properties that there exists a surjective homomorphism of com-
plex vector spaces:

51 My(T) — Hi(Ar, IL; (R104Q)") ®¢ C

which associates P{a, 8} to {a,,P} ® 1, for P of the form Hf:_f(nZX +m;Y) €
Zy_o]|X, Y], where n = (ny,n2, ...,np_3) € Z¥"2 and m = (mqy, ma, ..., my_s) € ZF 72,

Proposition 2 The linear map sy is an isomorphism of complex vector spaces.

Proof .- For j € I'\SLs(Z), and ¢ € {0,1, ...,k — 2}, Shokurov denotes by £(j,¢) (and
calls marked class) the element s1([X?Y*~279]) of Hy(Ar,II; (R16.Q)") ®g C, where
g is any element of the class j.

After extending the scalars from Q to C, the theorem 2.3 of [13] asserts that the
kernel of the linear map

Ck,Q[X, Y] [F\SLQ(Z)] — Hl(AF, H; <R1¢*Q>w> ®Q C

which associates to P[I'g] the element s1([P, g]) is generated by the elements s1 ([P, g]) +
51([50—1’90])’ s1([P, g]) +81([P|T—1797-]) +Sl([P\T_27g7_2D and s1([P, g]) _51([P\J7 —9g)),
where P is a monomial, i.e. s1([P,g]) is a marked class. It is a consequence of the
proposition 1 that this linear map factorizes through

Cr_2[X, Y][T\SLa(Z)] — My(T) 2 Hy(Arp, IT; (R16.Q)Y) ®¢ C,

where the first linear map associates to P[I"g] the Manin symbol [P, g]. By considering
the kernels of these linear maps, we obtain that s; is injective.

Let Cr_o[X,Y][['\SL2(Z)]. be the quotient vector space of Cy_o[X,Y]|[['\SL2(Z)]
obtained by imposing the relations P[j] = P ;[j(J)], j € T\SL2(Z), P € C_5[X,Y].
We define a linear action on the right of SLy(Z) on Cg_o[X, Y][I'\SL2(Z)]x by the rule

(P[Cg])y = Py [Tyl

P e Crs[X,Y], (9,7) € SLa(Z)>.
We denote by Cj_o[X,Y][I'\SLy(Z)]7 (resp. Ci_o[X,Y]|[I'\SL2(Z)]},) the set of
elements of Ci_o[X,Y][I'\SL2(Z)]), invariant under the action of o (resp. 7).



Proposition 3 We have the following exact sequences of complex vector spaces

0 — Cpa[X, Y][[\SLa(Z)]] x Cp[X, Y][T\SL2(Z)]] 5
Cr_o[X, Y][[\SLa(Z)]1 =5 M (T) — 0,

if k> 2, and

0 — C 5 Cps[X, Y][[\SLy(Z)] x Cp_a[X, Y]T\SLa(Z)]f >
Cr—a[X, Y][T\SLa(Z)], ™ My(I') — 0,

if k = 2, where my, is the map which associates to P['g] the Manin symbol [P,g],
i associates to (a,b) the element a + b, in the last eract sequence the linear map €
associates to A the element (3 cp. Alz], D cp, Alz]).

Proof .- By a theorem of Shokurov (see theorem 2.3 of [13], this result has already been
used in the proof of the proposition 2), the kernel of my is equal to the sum of the
complex vector spaces Cp_o[X,Y][I'\SL2(Z)]7 and Cy_o[X,Y]|[I'\SL2(Z)];,. The sur-
jectivity of my, is proved by the proposition 1. It remains to prove that the intersection
of Cr_o[X,Y][I'\SL2(Z)]7 and Ci_2[X,Y][['\SL2(Z)]}, is equal to {0} if £ > 2 and is
equal to the image of € if k = 2. Let } ;o g1,z Pjli] € Cra[X, Y][I\SL2(Z)]7 N
Ck_Q[X, Y] [F\SLQ(Z)]E. We have Pj|o = P(jg) and leT = P(jr) for all j S F\SLQ(Z).
Since o and 7 generate SLa(Z) (see [10]), we have P(;) = P; = Pj, for all j € T\SLy(Z)
and all g € SLy(Z). This implies that P; is a constant polynomial, i.e. P =0 or k = 2.
If & =2, then P; is a complex number independent of j (SL2(Z) operates transitively
on I\SLy(Z)). So 3 er\s1,(z) Fjli] is in the image of e. This proves the proposition.

1.4 The boundary modular symbols

Let B be the abelian group generated by the elements {a} (o € P1(Q)). Let By be
the complex vector space Ci_o[X,Y] ® B. We define a linear action of g € GL2(Q) on
P ® {a, B} € By by the formula

(P ® {a})lg = Llg ® {ga}'

We define B (") as the complex vector space quotient of By obtained by imposing the
relations

(P ©{a}), = Po{a},

for vy € T
For o € PY(Q) and (n,m) € (Z*=2)2, Shokurov introduces the boundary symbol
{a,n,m}r which is an element of the Q-vector space Hy(II; (R1¢.Q)"). This symbol

depends only on o and on [[F=2(n;X + m;Y) € Cj,_5[X,Y]. For v = <(é

=1

Z) el we

have
{ya,dn — em, —bn + am}r = {a,n,m}r.



These symbols generate the Q-vector space Hy(IL; (R1¢.Q)"). See the lemma-definition
1.2 of [13] for all these properties. We will denote by {«, Hf:_f(mX + m;Y)} the
boundary symbol {a,n, m}r.

Let Ry be the equivalence relation in C[I"\Q?] which identifies the element [T < i\\z )]

with (ﬁ)k[l“ <z)] (A € Q—{0}). We denote by C[I'\Q?],, the finite dimensional com-

plex vector space C[I'\Q?]/Ry. If k is even, this vector space is canonically isomorphic
to C[['\P'(Q)]. In any event its dimension is equal to [[\P*(Q)|, i.e. the number of
cusps of the modular curve Arp.

Because of the properties satisfied by the boundary symbols of Shokurov there is
an unique surjective linear map:

szt B(I') — Ho(IL; (R16.Q)") ®¢ C

which associates to P{a} the boundary symbol {a, P} ® 1 for P a polynomial of
the form Hf:_f(an +m;Y) € Cp_o[X,Y], where n = (n1,n2,...,n5_2) € ZF=2 and
m = (my,ma,...,my_z) € ZF2,

We consider now the complex linear map

p: Bp(T) — CI\Q%,

which associates to P{%} the element P(u,v)[l" <:}L>] of C[I'\Q?]. The fact that p is

well defined is a part of the following proposition.
Proposition 4 The linear maps ss and p are isomorphisms of complex vector spaces.

Proof .- Because of the way we constructed By (T"), we can decompose it as a direct sum
By(T') = ®aBi(I)a,

where a runs through a set of representatives of I'\IP(Q) and By(T'), is the subspace
of Bi(T') generated by the elements P{a} (P € Cp_5[X,Y]). For a € P}(Q), we have
a surjective linear map

Yo @ Cro[X,Y] — Bp(D)a
P — P{a}.

Its kernel is generated by the polynomials of the form P — P, , where g, € I verifies
the equality goa = o If we write v = % ((u,v) € Z?), we find (P — P, )(u,v) = 0.
This proves that u is well defined. Since the kernel of v, contains the kernel of a linear
form, its image is at most of dimension 1. The dimension of B(T') is at most [['\P!(Q)|.
Since the dimension of Ho(IL; (R1$.Q)") ®q C is exactly [T\P}(Q)]| (see [13], theorem
3.4), the map s must be bijective, and the dimension of B (I") must be [[\P!(Q)|. We
deduce that the image of each map 1, is of dimension 1. So the linear map p must be
bijective.



Shokurov considers the canonical boundary map:
9« Hi(Ar, IT; (R14.Q)") @g C — Ho(IL; (R16.Q)") ©q C.
We have ([13], lemma-definition 1.2)
O{a,B,n,m} 1) ={B,n,m} 1 —{a,n,m} 1.

The kernel of 9 is canonically isomorphic to Hi(Ar; (R1¢.Q)") ® C. By abuse of
notations, we still denote by 0 the linear map My(T") — By (I") obtained from 0 by the
identifications made. We denote by Si(I") the kernel of 9 in My(T"). We have

O(P{a, B}) = P{B} — P{a}.
Proposition 5 We have the exact sequences
0= S(T) = My(T) 2 By() =0,
if k> 2, and
0 — S(T) = My (D) % By(I) & € =0,
if k =2, where the linear form 0 associates to M{a} the complex number \.

Proof .- Let us prove that 0 is surjective if k& > 2. Let § = % € P(Q). Let A € C.
Let a = Z—,, € PL(Q) such that o # 3. Let P € Cj_»[X,Y] such that P(u,v) = A and

P(u',v") = 0 (since k > 2 such a polynomial exists). We have in C[I'\Q?],
po d(P{a, B}) = P(u,v)[[f] — P(u',v')[Ta] = A[L3].

So 0 is surjective.

If £ = 2, the map 0 is well defined and the image of 9 is contained in the kernel
of . The image of d and the kernel of # are both generated by elements of the type
{8} — {a}. Since 0 is surjective we deduce the validity of the second exact sequence.

We give now a formula for the boundary of Manin symbols.

Proposition 6 Let P € Cy_»[X,Y] and g € SLa(Z). We have in C[T'\Q?]y

oo g)) = Py (g )1 P, ()
Proof .- We set g = <CCL 2) We have

P = aP, L")
= P - PL)
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and

wod(Pg) = Pyla. c)[r(

1.5 Pairings with modular forms

Let f be a map from the Poincaré half plane to C. For g = <CCL Z) € GLy(Q) and

z € 9, we recall the usual notations

[Ny

fig(2) = (cz +d) " f(g=)(detg)

and
fig(z) = (cz + d) " f(gz)(detg)?,

where the horizontal bar above complex numbers denotes the complex conjugation. We

denote by Si(T") (resp. Si(I")) the complex vector space of holomorphic (resp. antiholo-
morphic) cusp forms of weight k for the group I'. There is a canonical isomorphism of
real vector spaces between Si(I') and Si(I") which associates to f the antiholomorphic
modular form z + f(z); we denote by f this antiholomorphic modular form.

Shokurov defines a pairing ([13], lemma-definition 1.2)

(Sk(I') & S(I) x Hi(Ar, IL; (R14.Q)") — C

given by the formula

k—2 Jé] k—2

H(niz—i-mi)dz—i—/ fg(z)H(niE—i-mi)dé

i=1 @ i=1

B8
(1 + for (o By mr) / fi(2)

(f1 € Sk(I'), f2 € Sk(I')), where the path is, except for the extremities, contained in
the upper half-plane. Using the identifications of section 1.3, we deduce from this a
pairing of complex vector spaces

(Sp(I') & Sg(I')) x Mg(I') = C

given by the rule

B8 B8
(f1 + fa P{o, B}) =< f1 + o, P, B} >= / f1(2)P(2,1) d= + / fa(2)P(2,1) dz

fi € Sk(D), fo € Sk(D), (o, B) € PYQ)?, P € C,_2[X,Y]. In general, the pairing
< .,. > is degenerate. But we have the following theorem, which is essentially a
restatement of the theorem 0.2 of [14].
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Theorem 3 The bilinear pairing < .,. > is nondegenerate if restricted to a pairing

(Sk(T) & S(T)) x Sk(I') — C.

Proof .- Shokurov proves([14], theorem 0.2) that the bilinear pairing between (Si(I") ®
Si(T")) and Hi(Ar; (R16+Q)") ®q C is nondegenerate. The theorem 3 is deduced from
the identification between H; (Ar; (R1¢+Q)") ®q C and Si(T).

Remark .- 1) Let fi; € Si(T") and fa € Sk(T'). Let g € SLa(Z) and P € Cy_o[X,Y].
We have

< hit fo[Pog 5= /O f11g(2)P(2,1) dz + /0 folg(2)P(2,1) dz.

So we find the formula given in the introduction.

2) The pairing < .,. > is degenerate in general. The space of elements m € My(T")
such that < f,m >=0 for all f € (Si(T') @ Sk(I')) is the space of Eisenstein elements.
By a theorem of Shokurov, it admits a basis in M (I', Z) ([13], theorem 4.3 and corollary
4.4, see the remark in the section 1.1 for the meaning of My(T',Z)). It would be
interesting to find expressions in terms of Manin symbols of elements of such a basis.

3) The dimension of My(I") is equal to twice the dimension of Si(I") plus the
dimension of the space of Eisenstein series of weight k for I'. Using the exact sequences
appearing in the proposition 3, one can find the dimension of these spaces of modular
forms.

1.6 The action of the complex conjugation

-1

In this section we suppose that the matrix n = < 0

(1)> normalizes the group I

Proposition 7 The map ¢ which associates to f € Si(I') & Sk(I') the function z —
f(=2) = f(nz) = fiy(2) = f15(2) is a complex linear involution of Sy (") & Sk(I") which

exchanges Sk(I') and Si(T).
The involution v* on My(T') given by the rule

v (Pla, B}) = —Pg{ne, 18}

(P € Cx_2[X,Y], (o, 8) € PH(Q)?) is adjoint to ¢ with respect to the pairing < .,. > of
section 1.5. Moreover o* acts as follows on Manin symbols

([P, g)) = —[Pg,ngn 1)
Proof .- Let f € Sg(T'). Let v € I'. We have, since n~tyn €T,

L(f)\"y = f|W :f|W:f|ﬁ = u(f).

So «(f) is an antiholomorphic modular from. The analogous result with respect to
f € Si(T') can be proved similarly.

12



Since n normalizes I', the definition of +* is compatible with the construction of
M (T). Let f € Si(T), P € C,_2[X,Y] and (a, 3) € P1(Q)%2. We have

3
<u(f),Pla, B} > = /f(—z)P(z,l)dz

—B
= — f(z2)P(—z,1)dz

—

< f: _P|ﬁ{7704777ﬁ} >
< f, 5 (P{a,B}) > .

The same equalities hold with respect to f € Si(T).
Finally we prove the formula with respect to the Manin symbols. We have

C([Pgl) = (Py{90, g00})
= —(Py)7{ng0, ngoc}
= —Pai1g{ngn~'n0,ngn""noc}
= —(P)pi-1gi{ngn='0,ngn~ oo}
= —(Ppm-1gn{ngn=10,ngn~ oo}
= —[Pgngn ']

Let Si(T')* (resp. Sg(T')™) be the subspace of S(T') constituted by the elements of
Sk(T) invariant (resp. antiinvariant) under the action of t*. We have a direct sum
Sk(D) = Si(D)" @ Si(I) ™
Proposition 8 The bilinerar pairings induced by the pairing < .,. > on

Sk(l“) X Sk(l“)+ — C and Sk(l“) X Sk(l“)_ — C

respectively are nondegenerate.

Proof .- Let (Sk(T') @ Sk(T'))* be the subspace of Si(T') & Si(I') invariant under the
action of «. The pairing < .,. > restricted to (Sg(T') ® Si(T))" x Si(I')T — C is
nondegenerate. Since the map

Sk(T) = (kD) @ Sy(D)*
fom fuf)

is an isomorphism, we deduce the proposition from the equality
<fHuf)yr>=< fix>+ < fiiM(x) >=2< fiz >

(f € Sk(T), z € Si(T')*). The assertion concerning Si(T')~ can be proved in a similar
way.
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1.7 Connection with the cohomology of SLy(Z)

The complex vector space Ci_o[X,Y|[I'\SL2(Z)]) is endowed with an action on the
right of SL9(Z) given by the formula

(P[Tg])y = P5[Tgv).
Proposition 9 We have an isomorphism of complex vector spaces
H'(SLy(Z),Cr_o[X, Y][T\SLa(Z)]) ~ My(T).

Proof .- We note M = Cj_5[X,Y][I'\SL2(Z)]. Let M7 (resp. MT) be the subspace
of M constituted by elements of M fixed under the action of o (resp. 7). In view
of the exact sequences of the proposition 5, we only have to prove that there is an
isomorphism of complex vector spaces

HY(SLa(Z), CpolX, Y][T\SLa(Z)]) = M/(M? + M").

We recall that Z'(SLy(Z), M) (resp. BY(SLy(Z), M)) is the complex vector space
of functions ¢ : SLa(Z) — M such that ¢(gh) = ¢(g)h + ¢(h), (g9,h) € SLa(Z)?
(resp. such that there exists m € M with ¢(9) = m —mg, g € SLa(Z)). We have
H(SLa(Z), M) = 2 (SLs(Z), M) /B! (SLs(Z), M).

Since SL9(Z) is the free product of the groups generated respectively by o and by
7, the map

ZI(SLZ(Z)aM) - ker(1+0+02+a3)xker(1+7—+7—2)
¢ = (9(0),6(7))

is an isomorphism of complex vector spaces (ker(1 + o + 02 + 0?) and ker(1 + 7 + 72)
denote the kernels in M of the multiplications on the right by (1 + o + 02 + ¢3) and
(1 + 7 + 72) respectively). Since M is a complex vector space and since % = 73 = 1,
we have ker(1 + o + 02 + %) = M(1 — o) and ker(1 + 7+ 72) = M (1 — 7). We have
an obvious isomorphism between M/M? and M(1 — o) (resp. between M/M™ and
M(1—7)). So there is an isomorphism of complex vector spaces A : Z1(SLy(Z), M) —
M/M? x M/MT. Since SLy(Z) is generated by o and 7, BY(SLs(Z), M) is the set of
functions ¢ : SLa(Z) — M such that there exists m € M with ¢(o) = m(1 — o) and
#(7) = m(1 — 7). The image by A of B (SLy(Z), M) C Z'(SL2(Z), M) is the diagonal
image of M in M/M? x M/MT. The map

M/M? x M/MT™ — M/(M° + M7)
(ml—i-Ma,mg—i—MT) — my—mo+ M7+ M"

is surjective. We only have to prove that its kernel is precisely A(B!(SLy(Z), M)) in
order to prove the proposition. Let (a,b) € M? such that a —b € M° + M™. There
exists (a’,b’) € M? x M™ such that a —b=a' —b'. So we have a —a’' =b—V' = ¢c. We
have a4+ M? = c+ M? and b+ M"™ = c+ M". So (a+ M?,b+ MT7) belongs to the
diagonal image of M in M /M9 x M/M™ and the proposition has been proved.

14



The space Si(T') @ Sk(T") is imbedded, by the theory of Eichler-Shimura combined
with the Shapiro lemma, in H*(SLs(Z), Cj_o[X, Y][T'\SL2(Z)]). This theory can be
extended to include, not only cups forms, but also Eisenstein series. This point of view
has been adopted by Wang ([15]).

1.8 Some comments on the the whole space of modular forms

This paper is concerned mainly with cusp forms and does not fully take care of the
Eisenstein series. The vector space My (T") does not correspond to the full space of
holomorphic modular forms of weight k for I' just as Si(I') corresponds Si(I'). To
summarize this one might say that the space of cusp forms is reflected in My (T") with
multiplicity two and the space of Eisenstein series with multiplicity one. We explain
informally in this section how to construct a more complete theory.

—_~—

Let us consider the torsion free abelian group M generated by the expressions {«, 5}
(o, B) € (P1(Q))?) with the relations

P e N e

{a, 8} = {7, 6} + {7, 0} ={a,6} =0,

(a, B, 7, 0 all in PH(Q)). We set MO = )\aﬂ{/oz_,\@ €M/ Ao =0} Ttisa

subgroup of M of Z-corank 1. Let us notice that in M we do not have the relation

{a,a} = 0. There is an obvious exact sequence

0— Z[P(Q)] - M — M —0,

where the injection associates to [a] the element {a, a} and the surjection associates

to the element {a, 3} of M the element {c, 5} of M. )

We continue the construction just as in section 1.1. We use the notations My, =
Cr_2[X,Y]® M and M) = Cy_5[X,Y] ® M°. There is a linear action of GL2(Q) on
My, and /\;lg given by the formula (P ® {a, 8}), = P, ® {ga, gB}. So we may consider
the quotient groups My (T') and MY (T) obtained by quotienting My, and M by the
action of I'.' We denote by P{a, 8} the image in My (") of the element P®{«, 3} of M.
When k > 2, there is actually a canonical isomorphism between M(I") and MYTY);
When k = 2, MY(T) can be identified with a subspace of My(T') of codimension one.
Moreover one has the exact sequence

0 — By(I') = My(T') — M(T) = 0

deduced from the previous exact sequence. Notice that the dimension of the complex
vector space Mg(F) is twice the dimension of the full space of holomorphic modular
forms of weight k for I.

e~ —~—

~ We introduce the Manin symbol [P, g] € M (T) as the image of P ® {g0, goo} in
My ('), where P € Cy_2[X,Y] and g € SLa(Z). For A = >, up[h] € Z[SL2(Z)], we

15



e~ e~

denote by [P, g] e A the linear combination of Manin symbols  , up[Pj,-1, gh| (see the
notations of section 1.2). We use the notation

10 11 0 1 0 1 1 1 1 0
9‘(0 1)‘(0 1>+<—1 1)‘(—1 0>+<—1 0)‘(—1 1>€Z[5L2(Z)]'
We have following relations for all Manin symbols in My(T'):

[P,gle6 =0

and

[P.g] = [P, g]e(J) =0.
Let us consider again the vector space Ci_o[X,Y][T'\SL2(Z)]; of the section 1.3. Let
us denote by Cg_o[X,Y][['\SLs(Z))? the image of Cy_s[X,Y][['\SL2(Z)]; under the
action of the right of § (there is a unique action of Z[SL2(Z)] on Cx—o[X, Y]|[I'\SL2(Z)]x
which extends by Z-linearity the action of SLy(Z) defined in the section 1.3). We expect
then to have an exact sequence of complex vector spaces:

0 — Cp_o[X,Y][[\SL2(Z)] — Cp_o[X, Y][[\SLa(Z)] — My(T) — 0,

where the injection is the inclusion and the surjection associates to the class of P[g]

—_—~

the Manin symbol [P, g].

We consider now the generalisation of the theorem 2 to M (T), when I' = I'; (N).
In that case the Manin symbols can be written under the form [73:/30], where P ¢
Cr—2[X,Y] and z € En (see the section 2.2). Let n be an integer > 0. There is an
obvious action of Hecke operators T}, on My,(N) which extends the action on My(I").
This action is given by the formula

T(P{a, B}) =) Ps{da, 63},
0ER
where R is a set of representatives of I'1 (IV)\A,, ; A, is the set of matrixes <Z 2 €
M3(Z)y, such that N|c and N|(a —1). Let >, up[M] € Z[M3(Z),] satisfying the
following condition (C),) : For all class K € My(Z),/SL2(Z), we have the relations
S vex Um[Moo] = [oo] and Y, e upm[MO] = [0] in Z[P*(Q)]. This condition is
stronger than the condition (C),) given in the introduction.
We have then the following formula for the action of Hecke operators on Manin
symbols

—_—

Tn[Pm)] = Z upr[P(aX + Y, cX +dY), (au + cv,bu + dv)],
M

a

where the sum is taken with respect to the matrixes M = . Z) and restricted to

the terms for which (au+ cv, bu + dv) belongs to En, P € C,_3[X,Y] and (u,v) € Ey.
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This formula can be proved easily by extending the techniques used in the sections 2.1
and 2.3. We indicate a family of elements of Z[My(Z),] satisfying the condition (C,,)
in the section 3.4.

Moreover we expect the existence of a nondegenerate pairing between /\;lk(f‘)o and
My(T) @ Mg (T'), where My(T") (resp. M (T')) is the space of holomorphic (resp. anti-
holomorphic) modular forms of weight k for I" and the existence of an alternate bilinear
pairing M9(T') x MY(T") — C. The first of these pairings should extend the pairing
considered in the section 1.6. To make the picture complete one expects a nondegener-
ate self-pairing extending the Petersson scalar product on M (I"). When I' = SLy(Z),
such a pairing has been constructed by Zagier ([17]).

2 Hecke theory on modular symbols

2.1 The general principle for the action of linear operators

We keep in this section the notations of the first part. Let A C GL2(Q) such that
I'A = AT and such that T'\ A is finite.
Let R be a set of representatives of I'\A. There is a well defined linear map

Ta : Mp(T) — My(T)

which associates to P{a, 3} the element ) s_p Ps{0c, 63}. This map does not depend
on the choice of R.

For g = <CCL Z) € M>(Q), we note g = <

GL2(Q)/g € A}
Let ¢ be a map

d —b

_ 1 A —
. a)-g detg and A = {g €
ASLy(Z) — SLy(Z)

satisfying the following three conditions (more properly the conditions are satisfied by
the pair (A, ¢))

1. For all v € ASLy(Z), and g € SLy(Z) we have T'¢p(vg) = L'o(y)g.
2. For all v € ASLy(Z), we have y¢(7)~* € A (or equivalently ¢(7)7 € A).

3. The map I'\A — ASLy(Z)/SLy(Z) which associates to T'd the element 65 Ly (Z)
is injective (it is necessarily surjective).

Let Y Jup M € C[Ma(Z)]. We will say that ) S up M satisfies the condition (Ca) if and
only if, for all K € ASLy(Z)/SLy(7Z) we have the following equality in C[P'(Q)]:

S uar([Moc] — [M0]) = [o0] - [0].

MeK

Theorem 4 Let P € Cp,_o[X,Y] and g € SLa(Z). Let Y up M € C[M2(Z)] satisfying
the condition (Ca). We have in My (T')

Ta([Pg)= Y, umlPyyo(gM)].
M,gMeASLy(Z)
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Proof .- We start from the right side of the equality. Let S be a set of representatives
of g7'ASLy(Z)/SLy(Z). We have

M,gMeASLy(Z)

= D> Y umByunuld(gM)0, ¢(gM)oo}

s€S MesSLa(Z)

= > Y umPyeeanir{dlgssT M0, ¢(gss ™ Moo}
s€S MesSLy(Z)

= Z Z uMPW(gs)s,lMM{gb(gs)s_lMO,qu(gs)s_lMoo}.

s€S MesSLy(Z)

The last equality is a consequence of the property 1 satisfied by ¢. Since s and M have
the same determinant we have s ' MM = 5. We make use now of the condition (Ca)
and of the properties of modular symbols to obtain the equalities:

Z UM[P|M’¢(9M)] = Z‘P|¢(gs)§{¢(gs)8_lov¢(95)5_loo}

M,gMeASLy(Z) ses

= )" Pligeysao 6(99)3390, 6(g5)33900}.
ses

Because of the property 2 satisfied by ¢, ¢(gs)5g belongs to A. Because of the property
3 satisfied by ¢, for s # s’ we have T'p(gs)3§ # T(gs')s'g. We deduce that ¢(gs)3g
runs through a set of representatives of I'\A when s runs through S. This concludes
the proof of the theorem.

We denote by T’} the linear operator on Si(I') (resp. Si(I')) defined by the rule

£y (detd) s iy

0ER

(resp.
f— Z(detcs)%*lf‘g).

0ER

This operator is independant of the choice of the set of representatives R of I'\A made
at the beginning of the section.

Proposition 10 The operators Tx and Ta are adjoint with respect to the bilinear
pairing < .,.> defined in the section 1.5.

Proof .- Let (o, ) € PY(Q)? and P € Cy_o[X,Y]. Let f € Si(T). For g = (Z Z) €

GL2(Q), we use the otation j(g,z) = (cz + d). We have
B
<T3N Pl > = [ TAPE D
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Z/ (detd) =1 £(62)5(6, 2)*P(z,1)dz

0ER

We make now the change of variables © = §z. We obtain

< TL(f), Pla, B} > — 2/5 (detd)E L £(u)j (5,6~ u)* P(6~u, 1) do~u

dER
_ (detd)F L f( E(detd) " P(du, 1) 900
;%/5 19)"1 (6. () PG 1) T
op
= g%/(;a f(u)Ps(u, 1) du

= <[, Ta(P{e,f}) >
The similar equality holds for f € m This proves the proposition.
Proposition 11 The operator Ta maps Sk(T) into itself.
Proof .- Let T% be the endomorphism of Bg(T") which associates to P{a} the element
Z Ps{oa}.
0ER

It does not depend on the choice of R. The proposition follows from the equality

doTa=TR0d.

Remark .- 1) If A C M»(Z), then Ta maps My(I',Z) into itself. As we will see in
the section 2.3, the Hecke operators preserve the integral structure of My(T).

2)Ifnp= <_01 (1)> normalizes I' and A (see section 1.6) then we have

Thot=10TA.

In particular this applies to Hecke operators.

2.2 Manin symbols for I'1(V)

Let N be an integer > 0. From now, we apply the results previously obtained to I' =
I'1(N). We use thereafter the notations My(N) = My(I'1(N)), Sk(N) = Sk(I'1(N)),
1

Bi(N) = Bi(I'1(N)) ... We remark that the matrix n = < normalizes I'; (V)

0
0 1
(see section 1.6). The surjection

7 : SLy(Z) — En C (Z/NZ)?



defines a bijection between I'; (N)\SL2(Z) and Ex. Let A be a section of . Let z € En.
The Manin symbol [P, A(x)] depends only on I'1 (N)A(z) and P (see proposition 1). So
it depends only on P and x. By abuse of notations we denote it by [P,z]. We define

an action of M = (CCL Z) € My(Z) on z = (u,v) € (Z/NZ)? by the formula

xM = (au + cv, bu + dv).
Proposition 12 Let z = (u,v) € Ex and P € Cy_3[X,Y]. We have
L*([P7 I‘]) = _[‘[D‘?%In] = _[P(_X7Y)7 (—U,’U)].

Proof .- Let g = <(Z Z) € SLy(Z) such that m(g) = z. By application of the

proposition 7, we have

C([P,z]) = *([P,g]) = ~ [Py ngn ]

We have
et =(( 2, )=o)

The proposition follows.
There is a bijection between I'\(Q? — {0})/Q% and Py (see the introduction for the

definition of Py) which associates to I'1(N) <Z> Q% the element v (mod ()v,N) €

(Z/(v,N)Z)* C Py. This bijection defines an isomorphism of complex vector spaces
between C[['1(N)\Q?], and C[Py]i. The image of ([P, z]) (P € Cr_2[X,Y], x € Ey)
by this isomorphism is equal to b([P, z]) (see the introduction).

2.3 Hecke operators

We use the notations already introduced, especially those of section 2.2. Let n be an

2 € M(Z), of determinant n, such
that N|c and N|(a —1). We have I'i{(N)A,, = A,T'1(N) = A,. The set I'1(N)\A,
is finite. We denote by T,, the Hecke operator Ta, on My(N) (see section 1.1). We
remark that nA, = A,n. So the Hecke operators commute with the involution ¢*
defined in the section 1.6.

We denote by M3(Z),, the set of matrices of Ms(Z) of determinant n. We recall
(see the introduction) that ), upyM € C[M3(Z),] satisfies the condition (C,,) if for
all classes K € My(Z),,/SL2(Z) we have the following equality in C[P*(Q)]:

> un([Moc] — [M0]) = [c0] — [0]:

MeK

integer > 1. Let A, be the set of matrices

We prove now the theorem 2.
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Proof .- We will prove this theorem as a special case of the theorem 4. The set A,,S Lo (Z)

d
coprime (i.e. ¢Z/NZ+ dZ/NZ =7Z/NZ). Let ¢,, be a map

is the set of matrices <Z b> of M5(Z) of determinant n such that (¢, d, N) are globally

A,SLy(Z) — SLo(Z)

such that w(qﬁn(<z Z))) — (¢,d) € Ex. Tn particular we have 7(cn(M)) = (0,1)M.

Lemma 1 The map ¢, and the set A, satisfy the conditions 1., 2. and 3. of the
section 2.1.

Proof .- Let (‘C‘ 2) € A, and g € SLy(Z), we have
won((& ) = ety =ou((L )0

This equality proves that the pair (A, ¢n)~ satisfies the property 1.

An element g € A,,SLy(Z) belongs to A, if and only if (0,1)g = (0,1) in En. Let
g = (7)€ BuSIa(@). We have (0,1)g = (0.1)6,(5) and 50 (0,1igén(s) " =
(0,1). We deduce that géy,(g)~" belongs to A,. So we have the property 2.

!/ /
Let (6,8") = ((Z Z) , (Z, 2,)) € A2 such that

da’'—b'c  —ba'+ab’
! s—1
5 6 — <dc’zd’c —bc'n-i-ad' ) c SLQ(Z).

n n

Because of the definition of A,, we have n =d =d (mod N). So we have N|#.
The matrices 6, &' and §’6~! are all trigonal matrices modulo N. Since the upper left
entry of § and ¢ are both 1 modulo N, the upper left entry of ¢’6 ! must be 1 modulo
N. So §’6~! belongs to I'1(N). We deduce that the set A, satisfies the property 3.

Let g € SLy(Z) such that 7(g) = z. We have gM € A,,SLy(Z) if and only if =M
belongs to Ey.

Since ), uprM satisfies the condition (C),) it satisfies the condition (Cap,,) of the
section 2.1. By application of the theorem 4, we obtain the theorem 2.

2.4 Atkin-Lehner operators
Let N’ be a positive integer dividing N such that N and N/N’ are coprimes. Let Ay,

d
N'|d, N'|(b—1), (N/N')|(a — 1). We have I'1(N)A, = A T1(N) = Ay,. We have
LA/]V/ - Al]v/b'
The operator TAﬁv , (see section 2.1) is an Atkin-Lehner operator. It will be denoted
by WN/.

be the set of matrices <CCL b> € My(Z), of determinant N’ such that Nlc, N'|a,
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Theorem 5 Let x € Eny and P € Ci,_3[X,Y]. Let g € SLa(Z) such that w(g) = x.
Let Y, upM € C[Mo(Z)n'] satisfying the condition (Cn+). We have

Wi ([P, z]) = > um [ By enr(gM));
M,zM=(0,0) (mod N’)

where en/(gM) is the unique element of En congruent to (1,0)gM modulo N’ and
congruent to (0,1)gM = xM modulo N/N'.

Proof .- We will apply the theorem 4 for A = A’,. The set A’y,SLy(Z) is the set

of matrices <Z Z € Ms(Z) of determinant N’ such that N’|c and N’|d (we have

necessarily aZ/NZ + bVZ/NZ = Z/NZ).
Let 69 € Aly,. We consider the map

Py : ANiSLo(Z) —  SLy(Z)

dog — 9.
Since Ay, = oI'1(N), the pair (A, ¢y/) satisfies the conditions 1 and 2. Let § =

a b <, _(d _ (ad +bd ab +bd
(c d)EAN,andg—<C, d,)ESLQ(Z),suChthatég—(Ca,+dc, o+ dd €

A’y,. We have the congruences

(33) = =(5 7) e

1 %\ _(ad +bd y
<0 *> = 5g:< Y d/d> (mod N/N')
We obtain the congruences
dd = d (mod N/N)
dd = 0 (mod N/N')
d = 0 (mod N")
d = 1 (mod N')

Since d is prime to N/N’, we have g € I'1(N). This implies that the pair (A'y,, #\)
satisfies the condition 3 of the section 2.1.

We remark that m(¢y,(gM)) = en'(gM). By application of the theorem 4, the
theorem 5 follows.

2.5 Modular forms with characters

Let n be an integer prime to N. Let D, = (g 2) Let A, ,, be the set of matrices
“ Z € D,,SLy(Z) such that N|c and N|(a—1). We have [y (N)Appn = A, T1 (V).

By definition the operator T}, , is the operator Ta, , in the sense of the section 2.1.

n,n

The group I'i (V) operates transitively by multiplication on the right on A, .
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Proposition 13 Let z = (u,v) € Ex and P € C,_2[X,Y]. We have

Ton([P,x]) = [Pp,,xDy] = k=2 [P, (nu, nv)].
Proof .- Let g € SLa(Z) such that m(g) = z. Let v € A, ,,. We can write v = D,,7y with
Yo = (Z Z) € I'o(N). We have d =n (mod N). So we have 7(yog) = (du,dv) =
xD,,. The proposition is proved by the following equalities

T”yn([Pv .’E]) - P|Dn’yog{Dn’YO.goy Dn’)’ogOO}
= Pp,y0g17090, 70900}
= [P\Dnaan]

Let x be a Dirichlet character Z/NZ — C. We say that f € Si(N) (resp. f €
Sk(N)) belongs to Sk(N, x) (resp. Sk(NV,x)) if we have fi, = x(d)f (resp. fj5 = x(d)f)

for all v = (CCL € [o(N). This condition is equivalent to T}, (f) = n*~2x(n)f for

b
d
all n > 0 inversible modulo N, where T}
the section 2.1.

We define My (N, x) as the quotient vector space of My(N) by the equivalence
relation which identify y(n)z and n?~*T,, ,(x) for all n > 0 inversible modulo N and
all z € My (N). Equivalently My (N, x) is the quotient vector space of My (N) by the
equivalence relation which identify the Manin symbol [P, (Au, A\v)] (A, u,v) € (Z/NZ)3,
P e Cr_9[X,Y]) in My(N,x) to x(N)[P, (u,v)].

We denote by B (N, x) the image of 9 in Bi(NN) and Si(V, x) the kernel of 0 in
My (N, x). We can state the following refinement of the theorem 3.

n 18 the operator dual to 7T}, ,, in the sense of

Proposition 14 The pairing

deduced from the pairing < .,. > of the section 1.5 is nondegenerate.

2.6 The new and old parts of M (N)

We do not give the detailed proofs of some statements in this section, since these
statements parallel the classical theory of old and newforms (see for instance [3]). Let

N’ be a positive divisor of N. Let t be a divisor of N/N’. The matrix T' = <(1) ?)
satisfies T~1T'1(N) C T1(N’)T~!. So there are well defined linear maps

€ Mp(N) — My(N)
P(X,Y){a,5} — P(X,tY){ta,t8} = P{Ta, T3}

and
e+ Mi(N') — My(N)
P{a,8} = > P, {ya,90},
¥
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where v runs through a set of representatives of I'; (N)\I'1(N)T. We have ¢ o ¢} =
multiplication by a nonzero scalar. The linear maps €; and € are respectively surjective
and injective.

The intersection of the kernels of ¢, when N’ runs through all the positive divisors
of N and ¢ runs through all the divisors of N/N' is by definition the new part My (N )™
of My(N). The space generated by the images of €, when N’ runs through all the
positive divisors of N and ¢ runs through all the divisors of N/N' is by definition the
old part My(N)° of M(N). We have a direct sum

Mi(N) = Mp(N)" © Mp(N)°.

This decomposition respects the decomposition of Si(N) in old and new part, i.e.
M (N)" (resp. My(N)°) is orthogonal to the old (resp. new) part of Sx(N), when
one considers the bilinear pairing < .,. >.

The two following propositions are not, properly speaking, applications of the gen-
eral principle of the section 2.1. Nevertheless we use the same techniques to prove
them.

Proposition 15 Let + € Eyn. Let P € Cyo[X,Y]. Let ), ,umM € C[My(Z)]
satisfying the condition (Cy). We have in My(N)

(P, = 3 warl P, M),

where the sum is restricted to the matrices M such that xM € tEyN, and where the
multiplication by % is well defined from En to En:.

Proof .- Let g € SLo(Z) such that w(g) = . We use the notation T' = <(1) 2)

Let M € Ms(Z), such that M € tEy. Then we have 7(T~'gM) = 1zM. So two
matrices M and M’ of My (Z); satisfying M € tEy and zM' € tEy are in the same
class modulo multiplication on the right by an element of SL9(Z). If y € tEN and
h € SLy(Z) then we have yh € tEy. So the sum in the formula in the proposition is
taken with respect to all elements belonging to only one class of Ms(Z);/SL2(Z). We
prove now the validity of the formula. We begin with the right side of the equality:

1 _ _
Z’LLM[F)‘M,EZL'M] = ZUMP\TflgMM{T LyMO, T gMoo}
— ZUMP‘TQ{T*gMo,T*gMoo}.

We use the condition (C;) and the fact that the sum is taken over only one class of
Ms(Z)/SLa(Z). We have

Z uMP‘Tg{TflgMO, T 'gMoc} = P|T9{TflgO, T 'goo}

Pz, {tg0, tgoo}
= Et([P, .7}])

The proposition is proved.
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Proposition 16 Let g € SLo(Z). Let H be a system of representatives in I'y(N') of
T (N\L1(N')g. Let Y\ umM € Z[M(Z)] satisfying the condition (Cy). We have

P = 3 S ulBgn((§ ) na

heH M

where the second sum is restricted to the matrices M such that hM € <é (1)) SLy(Z).

Proof .- First we remark that, given h € H, the set of matrices M € M(Z); such

that hM € <é [1)> SLy(Z) is exactly a class of Ma(Z):/SLa(Z). We use the notation
t 0
T—<O 1).VVehave

1
ZZUM[PMZ,TF(<6 (1)>hM)] = ZZuMP,T%MM{%hMo,%hMoo}

heH M heH M

1 1
heH M

1 1
heH

= ([Pm(9)).

The proposition is proved.

To determine the new part of My(N) it is useful to consider the following propo-
sition (which is a counterpart of a classical statement in the theory of modular forms,
see [3]).

Proposition 17 Let x € My(N). This element belongs to My(N)™ if and only if =
and Wyx belong to the kernel of €1 : My(N) — My(N/t) for all divisorst of N.
3 Families of elements satisfying the condition (C),)

3.1 The Manin-Heilbronn family

Let S (resp. S’) be the set of matrices <;j, ;?) € M>(Z) of determinant > 0 and
satisfying one at least of the following three conditions

o x>y, 2’ >1y], yy' >0

cy=0ly|<%

oy =0,y <3
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(resp. one of the following two conditions
[ ] y = 07 |y/‘ = %
oy =0,y =3)

Let n be an integer > 0. Let S, (resp. S),) be the set of elements of S (resp. &) of
determinant n.

Proposition 18 The element
R DIRL
2
MES, Mes),
of C[M2(Z),,) satisfies the condition (Cy,).

Proof .- We use several lemmas.

Lemma 2 The set of elements (g 2) € My(Z) (resp. (g 2)), with d > 0 and
d
—g <b< % is a set of representatives of Mo(Z),/SLa(Z). The same assertion holds
b

: e d d d
if we replace the condition —5 < b < § by —5 <

elements <;j, :cy) € S, US), such that y' =0 (resp. y=0).

< %l. These elements are the only

Proof .- We prove the lemma with respect to the set of matrices <g 2) € My(Z)
d

with d > 0 and —‘2—1 <b< g. The other situations can be dealt with similarly. Let

g € Msy(Z),,. Since SLy(Z) operates transitively on P!(Q), there exists v € SL2(Z)

such that gyoo = co. So there exists an element ¢ = Z) € gSLa(Z) such that
g'00 = 0o. So we have ¢ = 0. We can multiply by (_O _01> to obtain a > 0. Two
: d d v . y
matrices of Ms(Z) of the type 0 n and 0 n ) with d > 0 and d" > 0 are
d &

congruent modulo SLy(Z) if and only if d = d and b = (mod d). This proves the
first statement of the lemma.
The second statement follows immediately from the definition of the sets S,, and

8/

Lemma 3 Let g = (;j, _ZJ) € S, such that y' # 0 (resp. y # 0). There exists
xyo) € S, NgSLy(Z) such that e(y') (;) = <_?,/0>

an unique element gy = <
T
0

0

/

Yo
(resp. (j) < ) ) where €(y') (resp. €(yp)) is the sign of y' (resp. y(); We
have goo = go0 (resp 90 = gpoo).
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Proof .- We prove the lemma with respect to the hypothesis ¢’ # 0. The other assertion
can be proved similarly. We consider two cases.

First we suppose that % is not integral. Let ¢ be the unique integer such that
lg + z—:\ < 1 and (¢y’ + ') > 0. Since |y/| < 2/, we have €(y')g < 0. The matrix

—qe(y’ e(y)
< —e) 0 belongs to SLy(Z) and we have

wo=2g (—qﬁ(y’) f(y’)> _ ( —(gz —p)ey)  e(y)a ) '

—e(y') 0 —(qy +2)e(y’) )y

The nondiagonal entries of this matrix are nonzero. Since |y| < z, we have (qr —
y)e(y') > | — e(y')z| = z. Because of the construction of ¢ we have |(qy’ + 2/)e(y/)] <
e(y")y’. We have (qy + 2")e(y)(—e(y')x) = —(qy’ + 2’)x < 0. We have proved that g
belongs to S,,. This proves the existence of the matrix. We now prove the unicity. Let
go € My(Z) satisfying the conditions of the lemma. Let v € SLy(Z) such that gy = go.
—qe €

. 0), with

We have gv0 = go0 = goo. So we have 70 = oo and < is of the form (
q € Z and € € {1,—1}. We have

- —qge €\ [ —(qgx—y)e ex
90=9 — 0)  \—(gf+2)e & )"
Since Z—: is not integral, we have qy’+2’ # 0. So we have ey’ > 0 and € = €(y’). We have

also |(qy’'+2')e| < ey, that implies |q+Z—:\ < 1. Moreover the inequality ex(qy’+z")e > 0

implies qy’ + 2’ > 0. So we have proved the unicity of ¢ and consequently of gp.

Now we consider the second case: % is integral. We first prove the existence

property. We find that the matrix g (—qe 8), with ¢ = —9;—; and € = €(y'), is equal

ne
/

b2 €T . / : AP,
to <1(/) ey’>' We only have to prove that [z| < 55, i.e. that [zy'| < 3. Since y'[x

and |y| < 2/, we have |&| > 2. Since zz’ 4+ yy' = n, we have 0 < 22’ < n, except
perhaps if y = 0. If y # 0, we obtain the inequalities

fey/| < olaa| < 3
-2 2’
If y = 0, we have |y'| < 12’ (because g € S,,) and the inequality
1 n
/ /
Y| < z|zx'| < —.
ey < Slza’] < 5
So the existence is proved. To prove the unicity we proceed as in the first case.

Lemma 4 Let d be an even positive divisor of n. The elements of the set

d d d d
0o 2/'\og =& »\n 20 o\ _n 2n
d d d d d d
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belongs to the same class modulo SLa(Z). Moreover these sets form a partition of S),
which respects the classes modulo S Lo(Z) when d runs through the positive even divisors

of n.

Proof .- The first assertion is proved by straightforward calculations. The second as-
sertion is obtained by comparing with the definition of S), and by using the lemma
2.

Lemma 5 We have
SpSLa(Z) N S;LSLQ(Z) = (.

Proof .- Let g = (Z, ;?) € 8, NS,,SLy(Z). We can not have y' = 0 because of
the lemma 2. Since g € S,, and 3’ # 0, we use the lemma 3 to prove the existence of
an element gy = <§g ;‘ZO> € S, NgSLy(Z) = S, NS, SLy(Z) with |y < y'. By
repeated use of the lemma 3 we obtain a sequence of matrices g, = <:;fn _xg,/m> €
S, NS}, SLy(Z) with decreasing |y,,|. For some m we must have y,,, = 0. glo we rcn)btain
a contradiction.

We turn now to the proof of the proposition. The equation det (;U, ;,y> =

zx' + yy' = n has only a finite number of integral solutions with xz’ > 0 and yy’ > 0.
So the set S, is finite. Let K € My(Z),,/SL2(Z).

If K C S]SLy(Z), then the lemma 4 tells us that there exists a unique positive
divisor d of n such that

;o (d d d -4 d d 0
ks 5)(0 )5 5)(5 2D
We have in C[P}(Q)]
S (Moo - [MO) = [oo] — (5] loc] ~ [~ -]+ [0 ]~ 0] + [~ ] ~ [0
MEeKNS!,
= 3((o0] ~ 0]

If K C S,SLy(Z), we have in C[P!(Q)] (the sums are taken with respect to the
r -y

matrices M = y )
£ Yy
Y Mol —[MO]= Y [S]- > [~
MeKNS, MERNS, ¢ MEKNS,

Because of the lemma 3, all the terms cancel each other except those corresponding to
y' =0 or y =0. We obtain

> Moo -[Moj= 3 [F1- 3 [

MeKNSy MeRNSy /=0 Y MEeKNSy,y=0
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We now use the lemma 2 and we obtain that the last member is equal to [co] —[0]. The
proposition is proved.

This result is very close to one obtained in [8], where the element appearing in
the proposition 18 is called the Manin-Heilbronn element for n odd (if n is even it is
called the Manin-Heilbronn element symmetrized by the complex conjugation). The
phenomenon underlying the proposition 18 was discovered by Heilbronn in a work
about continued fractions ([2]) and it was later used by Manin in the theory of modular
symbols ([4], [5], [6]).

Let us remark that the lemmas 2 and 3 enable us to construct systematically the
set S,. The set S), is given directly by the lemma 4.

In [8], using a result of Heilbronn we gave an estimate for the cardinality of S,,;: We
have the following asymptotic formula when n — oo

12log 2
2

‘Sn’ ~ Ul(n) log n,

where o1(n) is the sum of the positive divisors of n.

We can now introduce another universal expansion of modular forms, which seems
for practical purposes (i.e. explicit construction of bases of spaces of modular forms),
to be more useful than the series considered in the introduction.

We call the following series in C[M2(Z)][[g]] the Manin-Heilbronn expansion :

1

det M det M
> Mg o Y Mg
MeS MeS’

/(10

~— o 1)1¢

+(20+10+121+12—1+110+110)2
0 1 0 2)72\0 1) 7T2\0 1 o\1 2) "2\ -1 2))

+(30+10+31+10+3*1+10)3+
0 1 0 3 0 1 1 3 0 1 1 3)4

3.2 The family related to I'(2)

Let n be an odd integer > 0. Let

Un = {<Z/ ;?) € My(Z)) xx' +yy =n, v € (14+4Z), x and 2’ odd,
y and y' even,z > |y|,z’ > |¢/[}
and
Vi = {<$/ ;%/> € My(Z)] x2' +yy =n, x € (14+4Z), x and 2’ odd,
y and 3/ even,y > |z|,v/ > |2'|}.
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Proposition 19 The element

= > M-> M

MeU, MeVy,
satisfies the condition (Cy,).

See [7] for the proof. These elements 6,, are somewhat more canonical than the Manin-
Heilbronn elements. Let us mention that they satisfy the following relations in Z[M(Z)]

(7D
971 gn’ = enn’

if n and n’ are coprimes odd integers, and

0
O = OpBpe1 — D (g p) 00—

if p is an odd prime number and ¢ an integer > 2.

3.3 The set X
Let n be an integer > 0.
Proposition 20 The element
a b
> <C d) € C[Mx(Z),]
a>b>0,d>c>0,ad—bc=n
satisfies the condition (Cy,).

Proof .- The proof is similar to the proof of the proposition 18. Let

Xn—{<a b) € My(Z)p/a>b>0,d>c>0, ad —bc = n}.

c d
d b 20 :
Lemma 6 The set of elements g n)€ Ms(Z) (resp. g d ), with d > 0 and

d
0 < b<dis a set of representatives of Ma(Z),/SLa(Z). These elements are the only

elements (3 ?) € X, such that v =0 (resp. 3=0).

Proof .- The proof of this lemma is similar to the proof of the lemma 2.

Lemma 7 Let g = (CCL b) € X, such that ¢ # 0 (resp. b # 0). There ezists

d
an unique element gy = (CCLO 20> € X, NgSLy(Z) such that (CCL) = (Z()) (resp.
0o do 0

(Z) = (ZO>). We have goo = go0 (resp. g0 = gooo).
0
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Proof .- We prove the assertion corresponding to ¢ # 0. We prove first the existence
of go. Let m be the smallest integer > d/c. We have m > 2. We have ma —b > a > 0
and ¢ > mc — d > 0 by construction of m. So the matrix

m 1\ _ [(ma—-b a
I\-1 0) " \me—d ¢

belongs to X, and the existence is proved. Now we consider the problem of the unicity.

We have 1 aod—bco  bod—bdo agd—bcg |
g — (z adogboc> _ (7_"1 O) € SLy(Z).

n n

We use the notation m = @. We have

_ m 1\ _ (ma—-b a
9o=9\ 1 0) " \me—d ¢}

Since gg belongs to X,,, we must have ¢ > mc —d > 0. We deduce that m must be the
smallest integer > d/c. The unicity is proved.

Lemma 8 The set X, is finite.

Proof .- We have to prove that the set of quadruples (a,b,c,d) € Z* solutions of the
equation n = ad — bc, with a > b > 0 and d > ¢ > 0, is finite. We have the inequality
n=ad—bc>ad— (a—1)(d—1)=a+d— 1. Therefore the four numbers a,,b, ¢ and
d are all positive and smaller than n.

We finish now the proof of the proposition 20. Let K € My(Z),,/SLy(Z). We have
a b

in C[P!(Q)] (the sums are taken with respect to the matrices M = . d )

> el = Y (G- Y [

MeKNX, MeKNXy, MeKNAX,

Because of the lemma 7, all the terms destroy each other except those corresponding
to ¢ =0 or b =0. We obtain

> e o= Y Y- Y [
MeKNXy, MeKNXy,c=0 MeKNXy,d=0

We now use the lemma 6 and we obtain that the last member is equal to [co] —[0]. The
proposition is proved.

Remark .- The linear combination of matrices appearing in the proposition 20,
satisfies a stronger condition than the condition (Cy): for all K € Ms(Z),,/SL2(Z) we

have in Z[Q% \Q?]

papaCy (o )1-0r (Do=1(g)-1(5 )

This is an easy consequence of the lemmas used in the proof of the proposition 20.
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3.4 An additional family

Let n be an integer > 0. Let us mention an other family of elements of Z[M2(Z)s]
satisfying the condition (C},), and even the condition (C,,) of the section 1.8.

Proposition 21 The element
a b a b
> oo () o2 ()
a>b>0,d>—c>0,ad—bc=n b>a>0,—c>d>0,ad—bc=n
of Z|Mx(Z)y,] satisfies the condition (Ch,).

The proof of this proposition is based on the same kind of arguments than those
used in the proofs of the propositions 18, 19 and 20. We leave this to the reader.

Remark .- The same proposition holds if we exchange simultaneously the signs of b
and c¢ in the two sums of the proposition 21.

If we setA:{(CCL Z) € My(Z)/a >b>0,d > —c > 0}, andB:{(Z Z) €

Ms(Z)/b > a > 0,—c > d > 0} then we obtain an other universal Fourier expansion:

Z quetM . Z quetM

MeA MeB

= (o 7)s

CR GG g

Fa )l ) @) (L) (G )
() e

It would be interesting to find other elements satisfying the condition (C,). It
seems that Zagier has recently found such elements closely related to the trace formula
of Hecke operators.

4 Construction of modular forms

4.1 Modular forms as linear maps on the Hecke algebra

Let M be any of the following vector spaces: Si(N), Sk(N, x), any of the previous ones
but extending spaces of cusp forms to spaces of holomorphic modular forms (i.e. includ-
ing Eisenstein series), any of the previous ones but restricting to spaces of newforms,
any of the previous ones but considering antiholomorphic modular forms instead.
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Let T be the corresponding Hecke algebra, i.e. the complex commutative subalgebra
of Endc (M) generated by the Hecke operators 7y and T}, ,, (see section 2.3 and 2.5, n
is an integer > 0) which we will denote simply by T}, and T}, .

The statement and the proof of the following theorem is modeled on [1], page 306.

Theorem 6 Let a be a linear map T — C. Then

Za(Tn)q”

n=1
18, except for the constant coefficient, the Fourier expansion of an element of M.

Proof .- We denote by a, the linear form on M which associates to a modular form its
n-th Fourier coefficient. We have a,, = a1 o T},.

Lemma 9 The bilinear pairing of complex vector spaces

MxT — C
(faT) = al(Tf)

s nondegenerate.

Proof .- Let T € T. Suppose that for all f € M we have a;(T'f) = 0. We have then for
alln>1
0= al(TTnf) = al(Tan) = an(Tf)'

So we have T'f = 0 for all f € M. We deduce the equality T" = 0.
Conversely, let f € M. Suppose that for all T € T, we have a;(7T'f) = 0. Then for
all n > 1, we have

a1(Tnf) = an(f) = 0.
So we have f = 0.

We turn now to the proof of the theorem. It follows from the lemma that there
exists f € M such that «(T) = a1(Tf) (T € T). Then we have the equalities

Z a(T,)q" = Z ar(Tnf)q" = Z an(f)q".
n=1 n=1

n=1 =
The later expression is the Fourier expansion of f. This concludes the proof of the
theorem.
4.2 Proof of the main theorem
We prove now the theorem 1 by putting together all the parts of this paper. We write

r= Y P

AeEN
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We consider m(x) = > \cp, [Pr, A] € Mg(N). The equality b(z) = 0 is equivalent to
m(x) € Sp(IN) (proposition 6 combined with the fact that Si(NV) is the kernel of 9).
Because of the relations

¢+¢\o:¢+¢|7+¢|72:¢_¢|J:07

the linear map ¢ factorizes through a linear map on My (N) (see proposition 3), which
induces a linear map ¢, on Si(N). It is a consequence of the theorem 3 and the propo-
sition 10 that the Hecke algebra on Si(N) is canonically isomorphic to the complex
algebra generated by the operators T, on S;(/N). The map

T — C
T +— ¢m(Tm(x))

is a linear map on the Hecke algebra. We use the theorem 2 and the proposition 20 to
establish the following equalities

on(Tum(@) = 3 bl 3 [Payys AM))

ANeEN MeXx,

= Z ( Z PA|]\2/[)‘M]>

AEEN MeXx,

= Z B ()

MeXy,

Because of the property ¢(P[z]) =0, if x ¢ En, we do not have to make the restriction
AM € Ey. By application of the theorem 6 we obtain that

S bn@m(@)g = SAY @)
n=1

n=1 MEXTL

= Z ¢|M($)qdetM

Mex

is the Fourier expansion of an element of Si (V).

Let A be an element of S, (V) such that for all f € Sp(N), we have a1(f) =< f, A >
(We can take the element A; of section 3.3).

Let f € Sp(N). Let ¢5 be the unique linear form S;(NN) — C such that ¢;(y) =<
f,y > for all y € §p(INV). By considering the linear form ¢ equal to ¢y composed with
the canonical surjection from the kernel of b to Sk(IN) and by choosing an element
x € Cp_o[X,Y][(Z/NZ)? such that b(z) = 0 and of image A in Sp(N) as parameters,

we obtain the following Fourier expansion of f

> o(Tuw)q" Z@TA Zale Zan
n=1

This proves that all modular forms can be obtained by this method.
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If ¢ satisfies the additional condition

P(P[Au, Av] = x(A)¢(Plu, v])

(N u,v) € (Z/NZ)?, P € Cp_5]X,Y]), then f belongs to Si(NV,x). This follows from
the proposition 14 and the theorem 6.

Remark .- 1) We will outline now the proof of the statement following the theorem
1 in the introduction. The Hecke operators operate on By(N) (see the operator T4 of
the section 2.1). One can construct an isomorphism of complex vector spaces between
the space of Eisenstein series of weight & for I'1(N) and 9(My(N)) C Bi(N). Moreover
this isomorphism is compatible with the action of Hecke operators. This can be seen
through the Eichler-Simura isomorphism. Since we have the exact sequence

0— Sk(N) — Mg(N) — Br(N),

the Hecke algebra for My (V) is isomorphic to the Hecke algebra for the space Si(N)&®
Fisenstein series. By application of the theorem 6 we should then prove the following
result. If the element x in the theorem 1 does not verify b(x) = 0, then the series

Z ¢\M(1’)qdetM
Mex

is, except for the constant term, the Fourier expansion at infinity of a modular form of
weight k for I'; (N) which is not necessarily parabolic.

2) If x belongs to the new part of My (), then the Fourier expansion is the Fourier
expansion of a newform. This follows from an application of the theorem 6.

3) As noticed in the introduction, we can replace the series connected to X’ by the
Manin-Heilbronn series: With the hypotheses of the theorem 1, the series

> o(@a*™V 4 5 3 syt

MeS MeS'

is the Fourier expansion of an element of Si(N). The possibility of producing modular
forms using the sets S and S’ was already noticed by Manin (see [4] and [6]).

4.3 Construction of bases of Sy(N)

Proposition 22 Let (1;);c; be a basis of the complex vector space Home(Sk(N)™,C)
(resp. Home(Sk(N)~,C)). Let A € S(N)T (resp. Sk(N)~) such that TA = Si(N)™*
(resp. TA=S8k(N)~). Then, fori € I, the modular form f; of Fourier expansion

> viTuA)g"
n=1

runs through a basis of S(N) when i runs through I.
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Proof .- The fact that f; (i € I) is a modular form is a consequence of the theorem
6 and of the theorem 3. We suppose that the family of modular forms (f;);cs is
linearly dependant, i.e. there exists a family of complex numbers ()\;);er such that
YoicrAifi = 0. We set ¥ = > . A\t We have (T5,A) = 0 for all n > 1. Since
TA = Sg(N)™, the elements T,, A generate Si,(N)™ when n runs through the integers
> 1. So we have » = 0. Since (¢;)ics is a basis of Homg(Sg(N)*,C), we have
Ai = 0 for all i € I. Because of the equality of the dimensions of Sx(N)" and Si(N)
the proposition is proved with respect to Sg(N)* (for S,(N)~ the proof is of course
similar).

Remark .- Tt is in fact difficult to find an element A in Sy(N)T expressed as a
linear combination of Manin symbols and satisfying TA = S,(N)*. But the set of such
elements is S;(N)™ minus the union of a finite number of proper subspaces.

We can restate the proposition 22 as follows.

Corollary 1 Let A be as in the proposition 20. Let x € Cr_o[X,Y][EnN] such that the
image of x in My(N) is equal to A. Let (¢;)icr be a linearly free family in the space
of linear forms ¢ € Homc(Cr_2[X,Y][EN],C) satisfying

¢+¢|O’Z¢+¢|T+¢|T2:¢_¢|—I:O)

and
¢ = Py

We suppose also that the space generated by the family (¢;)icr is in direct sum with the
space of elements of Home(Cy_o[ X, Y][EnN], C) which factorize through the linear map

b : Cp_o[X,Y][EN] — C[['1(N)\Qs.

Moreover we suppose that the family (¢;)icr is maximal with respect to the above prop-
erties (i.e. the cardinality of I is equal to the dimension of Sp(N)). Then

> din(@)gteM

MeXx
runs through the Fourier expansion of a basis of Sx(N) when i runs through I.

Proof .- This is a direct reformulation of the proposition 22, obtained by considering
the results obtained in the section 1.3, 1.4, 2.2 and 4.2. The list of equalities satisfied by
¢; (i € I) expresses that ¢; factorizes through My (N)/(1 —*)My(N). Because of the
direct sum, the family of linear forms induced by (¢;);er on S(N)/((1 — t*)Mk(N) N
Sp(N)) = S (N)*) is linearly free. So the family of linear forms on Sk(N)* defined
by (¢i)ier is linearly free. It is a basis because of the maximality condition. We are in
position to apply the proposition 22, with (¢;);c; equal to the family of linear forms
on Sg(N)* defined by (¢;)ier-
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Let A; be the unique modular symbol in S(N) such that for all f € Si(N), we
have a1 (f) =< f, A1 > and a1(f) =< «(f), A1 >. Let A + A be the decomposition
of Aq with respect to the direct sum

Sk(N) = Sk(]\f)+ ) Sk(N)f
Proposition 23 The modular symbols A € Si.(N)* and A7 € Sp(N)~ verify
TAT = Sk(N)Jr and TAl_ = Sk(N)f
Proof .- Because of the proposition 7, we only have to prove that no modular form

f € Sk(NV) is orthogonal to TA]. We have for f € Si(N) and n an integer > 1

1
< f, A > = <Tnf7§(Al+L*(Al))>

1
= 5< Tof +uTnf), A >

= %(Gl (T f) + a1 (e(«(Tnf))))

= al(Tnf)
= an(f).

If f is orthogonal to TAY, we have a,(f) = 0 for all n. So f = 0. The proposition is
proved.

Remark .- The modular symbol A; defined above is a canonical element of My (N).
It would be interesting to obtain an expression as a linear combination of Manin symbols

of Al.
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