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FIGURE 1.6.1. The reduction mod p of the Deligne-Rapoport model of Xo(Np)

1.6 The Eichler-Shimura Relation

Suppose p 1 N is a prime. The Hecke operator T}, and the Frobenius automorphism
Frob,, induce, by functoriality, elements of End(.Jo(N)r,), which we also denote
T, and Frob,. The Eichler-Shimura relation asserts that the relation

T, = Frob, +pFrob, ' (1.6.1)

holds in End(Jo(N)p, ). In this section we sketch the main idea behind why (1.6.1)
holds. For more details and a proof of the analogous statement for J;(N), see [1].

Since Jo(IV) is an abelian variety defined over Q, it is natural to ask for the
primes p such that Jo(N) have good reduction. In the 1950s Igusa showed that
Jo(INV) has good reduction for all p { N. He viewed Jy (V) as a scheme over Spec(Q),
then “spread things out” to make an abelian scheme over Spec(Z[1/N]). He did
this by taking the Jacobian of the normalization of X(NN) (which is defined over
Z[1/N]) in Py, -

The Eichler-Shimura relation is a formula for 7}, in characteristic p, or more
precisely, for the corresponding endomorphisms in End(Jo(N)f,)) for all p for
which Jo(NN) has good reduction at p. If p { N, then X((N)r, has many of the
same properties as Xo(N)q. In particular, the noncuspidal points on Xo(N)p,
classify isomorphism classes of enhanced elliptic curves E = (E, C), where F is an
elliptic curve over F,, and C is a cyclic subgroup of E of order N. (Note that two
pairs are considered isomorphic if they are isomorphic over Fp.)

Next we ask what happens to the map T}, : Jo(N) — Jo(IN) under reduction
modulo p. To this end, consider the correspondence

Xo(Np)ﬁ
VN
Xo(N) Xo(N)

that defines T},. The curve X((N) has good reduction at p, but Xo(Np) typically
does not. Deligne and Rapaport [4] showed that Xo(Np) has relatively benign
reduction at p. Over F,, the reduction Xo(Np)r, can be viewed as two copies of
Xo(N) glued at the supersingular points, as illustrated in Figure 1.6.1.

The set of supersingular points

X C X()(N)(Fp)

is the set of points in X((IV) represented by pairs E = (F,C), where E is a
supersingular elliptic curve (so E(F,)[p] = 0). There are exactly g+1 supersingular
points, where g is the genus of Xo(N).

Consider the correspondence T, : Xo(IN) ~» Xo(IN) which takes an enhanced

elliptic curve E to the sum > E/D of all quotients of E by subgroups D of order p.



1.6 The Eichler-Shimura Relation 9

This is the correspondence

Xo(pN)
VN
(V) Xo(
where the map « forgets the subgroup of order p, and 8 quotients out by it. From

this one gets T}, : Jo(IN) — Jo(IV) by functoriality.

Remark 1.6.1. There are many ways to think of Jy(N). The cotangent space
Cot Jo(N) of Jo(IN) is the space of holomorphic (or translation invariant) dif-
ferentials on Jo(NN), which is isomorphic to S2(I'g(/V)). This gives a connection

between our geometric definition of 7}, and the definition, presented earlier, of 7},
as an operator on a space of cusp forms.

The Eichler-Shimura relation takes place in End(Jo(N)¥,). Since X (V) reduces
“nicely” in characteristic p, we can apply the Jacobian construction to Xo(N )Fp.

(1.6.2)

XO N)7

Lemma 1.6.2. The natural reduction map
End(Jo(N)) — End(Jo(N)r,)
18 1njective.

Proof. Let £+ Np be a prime. By [11, Thm. 1, Lem. 2], the reduction to charac-
teristic p map induces an isomorphism

Jo(N)( Q)] == Jo(N)(F)[6].

If ¢ € End(Jo(N)) reduces to the 0 map in End(Jo(N)r,), then Jo(N)(Q)[£>]
must be contained in ker(¢). Thus ¢ induces the 0 map on Tates(Jo(N)), so
o =0. O

Let F': Xo(N)p, — Xo(N)r, be the Frobenius map in characteristic p. Thus,
if K = K(Xo(N)) is the function field of the nonsingular curve Xy(N), then
F: K — K is induced by the pth power map a +— aP.

Remark 1.6.3. The Frobenius map corresponds to the pth powering map on points.

For example, if X = Spec(F,[t]), and 2 = (Spec(F,) — X) is a point defined by a
homomorphism « : F,[t] — F,, then F(z) is the composite

z—aP

Fylt] F,[t] —— F,.

If () = &, then F(2)(t) = alt?) = .
By both functorialities, F' induces maps on the Jacobian of Xo(N)g, :

Frob, = F, and Ver, = Frobz =F*

which we illustrate as follows:

Ver,
— T
) Jo(N)p
v
Frob,,

Jo(N)

14
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Note that Ver, o Frob,, = Frob,, o Ver, = [p] since p is the degree of F' (for example,
if K =F,(t), then F(K) = F,(t?) is a subfield of degree p, so the map induced
by F' has degree p).

Theorem 1.6.4 (Eichler-Shimura Relation). Let N be a positive integer and
p1 N be a prime. Then the following relation holds:

T, = Frob, + Ver, € End(Jo(N)F, ).

Sketch of Proof. We view Xo(pN)r, as two copies of Xo(N)r, glued along corre-
sponding supersingular points ¥, as in Figure 1.6.1. This diagram and the corre-
spondence (1.6.2) that defines T}, translate into the following diagram of schemes

over F:

\/
/\

The maps r and s are defined as follows. Recall that a point of Xo(N)p, is an
enhanced elliptic curve E = (E, C) consisting of an elliptic curve E (not necessarily
defined over F,) along with a cyclic subgroup C of order N. We view a point on
Xo(Np) as a triple (E,C,E — E’), where (E,C) is as above and £ — E’ is
an isogeny of degree p. We use an isogeny instead of a cyclic subgroup of order p
because E(F,)[p] has order either 1 or p, so the data of a cyclic subgroup of order p
holds very little information.
The map r sends E to (E, @), where ¢ is the isogeny of degree p,

Xo(

P

Frob E(p)

p: FE—
Here E() is the curve obtained from E by hitting all defining equations by Frobe-
nious, that is, by pth powering the coefficients of the defining equations for £. We
introduce E®) since if E is not defined over F,, then Frobenious does not define
an endomorphism of F. Thus r is the map

r: Ew (B E 2, o),

and similarly we define s to be the map

Verr - p(e))

s: Ew— (EW C FE—~

where Ver,, is the dual of Frob, (so Ver, o Frob, = Frob, o Ver, = [p]).
We view « as the map sending (E, E — E’) to E, and similarly we view [ as
the map sending (E, E — E’) to the pair (E’,C"), where C’ is the image of C in
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E’ via E — E’. Thus
a: (E-E)—E
B: (Ef—=E)—F
It now follows immediately that aor = id and 3 o s = id. Note also that a0 s =
Bor=F is the map F — E®.
Away from the finitely many supersingular points, we may view Xo(pN)r, as

the disjoint union of two copies of Xo(N)g,. Thus away from the supersingular
points, we have the following equality of correspondences:

XO pN

/ \ ! ldacy \gor+Fac7 \jﬂog

Xo(N)r Xo(N)r, Xo(N)r (N)r, Xo(N)F,,

P

where F' = Frob,,, and the =’ means equality away from the supersingular points.
Note that we are simply “pulling back” the correspondence; in the first summand
we use the inclusion 7, and in the second we use the inclusion s.

This equality of correspondences implies that the equality

T, = Frob, + Ver,

of endomorphisms holds on a dense subset of Jo(N)g,, hence on all Jo(N)g,. O

p

1.7 Applications of the Eichler-Shimura Relation

1.7.1 The Characteristic Polynomial of Frobenius

How can we apply the relation T}, = Frob + Ver in End(Jo(N)r,)? Let £ 1 pN be
a prime and consider the /-adic Tate module

Tates(Jo(N)) = (m JO(N)VV]) ®z, Qe

which is a vector space of dimension 2g over Qg, where g is the genus of Xy(N) or
the dimension of Jo(IN). Reduction modulo p induces an isomorphism

Tate(Jo(N)) — Tatee(Jo(N)F,)

(see the proof of Lemma 1.6.2). On Tate,(Jo(NN)r,) we have linear operators Frob,,
Ver, and T}, which, as we saw in Section 1.6, satisfy

Frob, + Ver, =T, and
Frob,, o Ver,, = Ver, o Frob, = [p].

The endomorphism [p] is invertible on Tate,(Jo(N)r,), since p is prime to £, so
Ver,, and Frob,, are also invertible and

T, = Frob, +[p] Frob,, L
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Multiplying both sides by Frob,, and rearranging, we see that
Frobi —T, Frob, +[p] = 0 € End(Tate,(Jo(N)r,))-

This is a beautiful quadratic relation, so we should be able to get something out
of it. We will come back to this shortly, but first we consider the various objects
acting on the ¢-adic Tate module.

The module Tatey(Jo(N)) is acted upon in a natural way by

1. The Galois group Gal(Q/Q) of Q, and
2. Endg(Jo(N)) ®z, Qs (which acts by functoriality).

These actions commute with each other since endomorphisms defined over Q are
not affected by the action of Gal(Q/Q). Reducing modulo p, we also have the
following commuting actions:

3. The Galois group Gal(F,/F,) of Fp,, and
4. Endpp(Jo(N)) Xz, Qy.

Note that a decomposition group group D, C Gal(Q/Q) acts, after quotienting
out by the corresponding inertia group, in the same way as Gal(F,/F,) and the
action is unramified, so action 3 is a special case of action 1.

The Frobenius elements ¢, € Gal(F,/F,) and Frobe Endg, (Jo(N)) ®z, Qe
induce the same operator on Tate,(Jo(N)r,). Note that while ¢, naturally lives
in a quotient of a decomposition group, one often takes a lift to get an element in

Gal(Q/Q).
On Tatey(Jo(N)r,) we have a quadratic relationship

90]29_ pp +p=0.

This relation plays a role when one separates out pieces of Jy(IN) in order to
construct Galois representations attached to newforms of weight 2. Let

R=1[...,T,,...] C End Jo(N),

where we only adjoin those T, with p { N. Think of R as a reduced Hecke algebra;
in particular, R is a subring of T. Then

RoQ=]]E,
=1

where the F; are totally real number fields. The factors E; are in bijection with
the Galois conjugacy classes of weight 2 newforms f on I'o(M) (for some M|N).
The bijection is the map

f — Q(coefficients of f) = E;

Observe that the map is the same if we replace f by one of its conjugates. This
decomposition is a decomposition of a subring

R®Q C End(Jy(N)) ® Q & End(Jo(N) ® Q).
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Thus it induces a direct product decomposition of Jo(N), so Jo(N) gets divided
up into subvarieties which correspond to conjugacy classes of newforms.
The relationship
80;2;_ pp TP =0 (1.7.1)

suggests that
tr(ep) = Tp and dety, =p. (1.7.2)

This is true, but (1.7.2) does not follow formally just from the given quadratic
relation. It can be proved by combining (1.7.1) with the Weil pairing.

1.7.2  The Cardinality of Jo(N)(F,)

Proposition 1.7.1. Let pt N be a prime, and let f be the characteristic polyno-
mial of T, acting on S2(I'o(N)). Then

#Jo(N)(Fp) = f(p+1).

[[Add details later, along with various generalizations.]]
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