
Homework 7 for Math 581F
Due FRIDAY November 16, 2007

Each problem has equal weight, and parts of problems are worth the same amount
as each other.

1. For each of the following three fields, determining if there is an order of discrimi-
nant 20 contained in its ring of integers:

K = Q(
√

5), K = Q( 3
√

2), and . . .

K any extension of Q of degree 2005. [Hint: for the last one, apply the exact form
of our theorem about finiteness of class groups to the unit ideal to show that the
discriminant of a degree 2005 field must be large.]

2. Compute the class group of Q(
√
−15) following a similar approach to the compu-

tation of the class group of Q(
√

10) in the book. (Do not do this by typing 1 or 2
lines into Sage, but instead compute the Minkowski bound, etc.)

3. Prove that the quantity Cr,s in our theorem about finiteness of the class group
can be taken to be

(
4
π

)s n!
nn , as follows (adapted from [?, pg. 19]): Let S be the

set of elements (x1, . . . , xn) ∈ Rn such that

|x1|+ · · · |xr|+ 2
r+s∑

v=r+1

√
x2

v + x2
v+s ≤ 1.

(a) Prove that S is convex and that M = n−n, where

M = max{|x1 · · ·xr · (x2
r+1 + x2

(r+1)+s) · · · (x
2
r+s + x2

n)| : (x1, . . . , xn) ∈ S}.

[Hint: For convexity, use the triangle inequality and that for 0 ≤ λ ≤ 1, we
have

λ
√

x2
1 + y2

1 + (1− λ)
√

x2
2 + y2

2

≥
√

(λx1 + (1− λ)x2)2 + (λy1 + (1− λ)y2)2

for 0 ≤ λ ≤ 1. In polar coordinates this last inequality is

λr1 + (1− λ)r2 ≥
√

λ2r2
1 + 2λ(1− λ)r1r2 cos(θ1 − θ2) + (1− λ)2r2

2,

which is trivial. That M ≤ n−n follows from the inequality between the
arithmetic and geometric means.

(b) Transforming pairs xv, xv+s from Cartesian to polar coordinates, show also
that v = 2r(2π)sDr,s(1), where

D`,m(t) =
∫
· · ·

∫
R`,m(t)

y1 · · · ymdx1 · · · dx`dy1 · · · dym

and R`,m(t) is given by xρ ≥ 0 (1 ≤ ρ ≤ `), yρ ≥ 0 (1 ≤ ρ ≤ m) and

x1 + · · ·+ x` + 2(y1 + · · ·+ ym) ≤ t.
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(c) Prove that

D`,m(t) =
∫ t

0

D`−1,m(t− x)dx =
∫ t/2

0

D`,m−1(t− 2y)ydy

and deduce by induction that

D`,m(t) =
4−mt`+2m

(` + 2m)!
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