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480 - April 30 2008 -- combinatorics, part 2

Open Source Quote of the Day

I've always been saddened that my University would
use FOSS software but would not give us a single class 
about what it was all about. In some ways this was a
breach of the moral contract you take when using free
or open-source software. A bit like those gazillion
companies that use FOSS and believe the only thing 
they should know it's free like as in free beer. This
hurts everyone who's passionate enough about FOSS I
think. 

-- Sylvain Hellegouarch (Mon, Apr 28 2008, Google 
Summer of Code mentor)

Combinatorics, part 2
Combinatorial Structures

Sage supports dozens of combinatorial ways to form sets of objects
from other sets. These are incredibly useful in enumeration and
counting problems. The functionality described below in Sage is due
almost entirely to Mike Hansen, and is just a small sampling of the
range of "combinatorial classes" available in Sage.

Cartesian Products
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C = CartesianProduct(prime_range(10), prime_range(10,20), 
['a','b','c']) 
C 

       Cartesian product of [2, 3, 5, 7], [11, 13, 17, 19], ['a', 'b', 'c']

C.list() 

       

[[2, 11, 'a'], [2, 11, 'b'], [2, 11, 'c'], [2, 13, 'a'], [2, 13,
'b'], [2, 13, 'c'], [2, 17, 'a'], [2, 17, 'b'], [2, 17, 'c'], [2,
19, 'a'], [2, 19, 'b'], [2, 19, 'c'], [3, 11, 'a'], [3, 11, 'b'],
[3, 11, 'c'], [3, 13, 'a'], [3, 13, 'b'], [3, 13, 'c'], [3, 17,
'a'], [3, 17, 'b'], [3, 17, 'c'], [3, 19, 'a'], [3, 19, 'b'], [3,
19, 'c'], [5, 11, 'a'], [5, 11, 'b'], [5, 11, 'c'], [5, 13, 'a'],
[5, 13, 'b'], [5, 13, 'c'], [5, 17, 'a'], [5, 17, 'b'], [5, 17,
'c'], [5, 19, 'a'], [5, 19, 'b'], [5, 19, 'c'], [7, 11, 'a'], [7,
11, 'b'], [7, 11, 'c'], [7, 13, 'a'], [7, 13, 'b'], [7, 13, 'c'],
[7, 17, 'a'], [7, 17, 'b'], [7, 17, 'c'], [7, 19, 'a'], [7, 19,
'b'], [7, 19, 'c']]

C.count() 

       48

C = CartesianProduct(['Jim', 'Dwight', 'Michael'],['Pam',
'Angela']) 

       
C 

       Cartesian product of ['Jim', 'Dwight', 'Michael'], ['Pam', 'Angela']

for X in C: 
  print '%s and %s'%tuple(X) 

       

Jim and Pam
Jim and Angela
Dwight and Pam
Dwight and Angela
Michael and Pam
Michael and Angela

C.random() 

       ['Jim', 'Angela']

 

       

Combinations

C = Combinations(['Jim', 'Pam', 'Dwight', 'Angela', 'Michael'], 2) 

       
C 
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       Combinations of ['Jim', 'Pam', 'Dwight', 'Angela', 'Michael'] oflength 2

len(C) 

       10

C.list() 

       
[['Jim', 'Pam'], ['Jim', 'Dwight'], ['Jim', 'Angela'], ['Jim',
'Michael'], ['Pam', 'Dwight'], ['Pam', 'Angela'], ['Pam',
'Michael'], ['Dwight', 'Angela'], ['Dwight', 'Michael'], ['Angela',
'Michael']]

for X in C.list(): 
   print '%s and %s'%tuple(X) 

       

Jim and Pam
Jim and Dwight
Jim and Angela
Jim and Michael
Pam and Dwight
Pam and Angela
Pam and Michael
Dwight and Angela
Dwight and Michael
Angela and Michael

Compositions

Compositions: Ordered lists of positive integers that sum to 4.
C = Compositions(4) 
C 

       Compositions of 4

for v in C: print v 

       

[1, 1, 1, 1]
[1, 1, 2]
[1, 2, 1]
[1, 3]
[2, 1, 1]
[2, 2]
[3, 1]
[4]

len(C) 

       8

C.count() 

       8

Partitions
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P = Partitions(5) 
P 

       Partitions of the integer 5

len(P) 

       7

P.list() 

       [[5], [4, 1], [3, 2], [3, 1, 1], [2, 2, 1], [2, 1, 1, 1], [1, 1, 1,1, 1]]

for p in P: 
   print p 
   print ferrers_diagram(p) 
   print 

       

[5]
*****

[4, 1]
****
*

[3, 2]
***
**

[3, 1, 1]
***
*
*

[2, 2, 1]
**
**
*

[2, 1, 1, 1]
**
*
*
*

[1, 1, 1, 1, 1]
*
*
*
*
*

len(Partitions(100)) 

       190569292

Partitions(10^6).count() 
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14716849863582233986310047606098959434840304844391421253346127473516\
66117418918618276330148873983597555842015374130600288095929387347128\
23227032784957800193278439607206422865904871302017097184076102567647\
98608469081428293567069297859912905198994454906722199978234528749829\
74022288229850136767566294781887494687879003824699988197729200632068\
66873599666227381679826621348241720844663102742800191813219817718064\
65112345425950267284244525922967811934481399946647301057425643591547\
94989181485285351370551399476719981691459022015599101959601417474075\
71543075002218489581520933901248173446944831932328015066538404299405\
41795877517612949162481424799988029365071952570744850475716627717639\
03391442495113823298195263008336489826045837712202455304996382144601\
02853183200451904659196830278753741811848600061201685259354274198021\
50462672454732373218458334275125242274653991301740769412808474008315\
42217999286071108336303316298289102444649696805395416791875480010852\
63677402202312846764691977502234856252074774184334365780153413070476\
19755303751697079992870402856778416193474723681717721540466643031213\
15630003467104673818

Set Partitions

S = SetPartitions(['Jim', 'Pam', 'Dwight']) 
S 

       Set partitions of ['Jim', 'Pam', 'Dwight']

for X in S.list(): 
   print X 

       

{{'Jim', 'Pam', 'Dwight'}}
{{'Jim'}, {'Pam', 'Dwight'}}
{{'Pam'}, {'Jim', 'Dwight'}}
{{'Dwight'}, {'Jim', 'Pam'}}
{{'Pam'}, {'Jim'}, {'Dwight'}}

Ordered Set Partitions

An ordered set partition p of a set s is a partition of s, into subsets
called parts and represented as a list of sets. By extension, an 
ordered set partition of a nonnegative integer n is the set partition of 
the integers from 1 to n. The number of ordered set partitions of n is 
called the n-th ordered Bell number.
for X in OrderedSetPartitions(3): 
  print X 

       
[{1}, {2}, {3}]
[{1}, {3}, {2}]
[{2}, {1}, {3}]
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[{3}, {1}, {2}]
[{2}, {3}, {1}]
[{3}, {2}, {1}]
[{1}, {2, 3}]
[{2}, {1, 3}]
[{3}, {1, 2}]
[{1, 2}, {3}]
[{1, 3}, {2}]
[{2, 3}, {1}]
[{1, 2, 3}]

P = OrderedSetPartitions(4, [1,2,1]) 
P 

       Ordered set partitions of {1, 2, 3, 4} into parts of size [1, 2, 1]

P.count() 

       12

for X in P: print X 

       

[{1}, {2, 3}, {4}]
[{1}, {2, 4}, {3}]
[{1}, {3, 4}, {2}]
[{2}, {1, 3}, {4}]
[{2}, {1, 4}, {3}]
[{3}, {1, 2}, {4}]
[{4}, {1, 2}, {3}]
[{3}, {1, 4}, {2}]
[{4}, {1, 3}, {2}]
[{2}, {3, 4}, {1}]
[{3}, {2, 4}, {1}]
[{4}, {2, 3}, {1}]

 

       
 

       

Permutations

p = Permutations(['Jim', 'Pam', 'Dwight']) 
p 

       Permutations of the set ['Jim', 'Pam', 'Dwight']

for z in p: 
  print z 

       
['Jim', 'Pam', 'Dwight']
['Jim', 'Dwight', 'Pam']
['Pam', 'Jim', 'Dwight']
['Pam', 'Dwight', 'Jim']
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['Dwight', 'Jim', 'Pam']
['Dwight', 'Pam', 'Jim']

len(p) 

       6

Subsets

S = Subsets(['Jim', 'Pam', 'Dwight']) 
S 

       Subsets of {'Jim', 'Pam', 'Dwight'}

for X in S.list(): 
   print X 

       

{}
{'Jim'}
{'Pam'}
{'Dwight'}
{'Jim', 'Pam'}
{'Jim', 'Dwight'}
{'Pam', 'Dwight'}
{'Jim', 'Pam', 'Dwight'}

S.count() 

       8

Dyck Words

Dyck words are the expressions containing  pairs of parentheses
that are correctly matched.
D = DyckWords(3) 

       
for x in D: 
  print x 

       

((()))
(()())
(())()
()(())
()()()

d = D[0] 

       

There are many combinatorial structures that are in bijection with 
Dyck words. This is the stuff of combinatorics...

n 
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d.to_tableau() 

       [[4, 5, 6], [1, 2, 3]]

d.to_ordered_tree() 

       
Traceback (click to the left for traceback)
...
NotImplementedError: TODO

d.to_tableau() 

       [[4, 5, 6], [1, 2, 3]]

d.to_noncrossing_partition() 

       [[1, 2, 3]]

d.a_statistic() 

       3

 

       
@interact 
def _(n=(2..8)): 
   D = DyckWords(n) 
   print "The %s %s."%(D.count(), D) 
   for X in D: 
       print X 

       

n 
The 2 Dyck words with 2 opening parentheses and 2 closing
parentheses.
(())
()()
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Graph Paths

Another combinatorial class in Sage is the collection of paths in a 
directed graph.
G = DiGraph({1:[2,2,3], 2:[3,4], 3:[4], 4:[5,5]}, multiedges=True) 
G.plot3d(spin=True) 

       
p = GraphPaths(G); p 

       Paths in Multi-digraph on 5 vertices

len(p) 

       37

p.random() 

       [2, 4, 5]

list(p) 

       

[[1], [1, 2], [1, 2, 3], [1, 2, 3, 4], [1, 2, 3, 4, 5], [1, 2, 3, 4,
5], [1, 2, 4], [1, 2, 4, 5], [1, 2, 4, 5], [1, 2], [1, 2, 3], [1, 2,
3, 4], [1, 2, 3, 4, 5], [1, 2, 3, 4, 5], [1, 2, 4], [1, 2, 4, 5],
[1, 2, 4, 5], [1, 3], [1, 3, 4], [1, 3, 4, 5], [1, 3, 4, 5], [2],
[2, 3], [2, 3, 4], [2, 3, 4, 5], [2, 3, 4, 5], [2, 4], [2, 4, 5],
[2, 4, 5], [3], [3, 4], [3, 4, 5], [3, 4, 5], [4], [4, 5], [4, 5],
[5]]

 

       


