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We describe explicit parametrizations of the rational points of X*(N), the
algebraic curve obtained as quotient of the modular curve Xy(N) by the group
B(N) generated by the Atkin—Lehner involutions, whenever N is square-free and the
curve is rational or elliptic. By taking into account the moduli interpretation of
X*(N), along with a standard “boundedness” conjecture, we obtain all the

Q-isogeny classes of Q-curves except for a finite set.  © 1998 Academic Press

1. INTRODUCTION

Let C be an elliptic curve defined over Q. The curve C is said to be a
Q-curve if it is isogenous to all its Galois conjugates C°, with
o€ Gal(Q/Q). The interest in Q-curves has recently been increasing with
the aim of generalizing the Shimura—Taniyama—Weil conjecture for elliptic
curves defined over number fields. See footnote 24 in [10] and also [13].

As Elkies first noticed, every Q-curve without complex multiplication is
isogenous over Q to a Q-curve attached to a rational point of the algebraic
curve X*(N)= X, (N)/B(N), where B(N) is the automorphism group
generated by the Atkin—Lehner involutions and N is square-free [ 5]. Every
non-cusp rational point in X*(N) lifts to X(N) giving Q-curves defined
over abelian extensions of Q of type (2, ..., 2).

The only primes p for which the modular curve X(p) has genus zero are
p=2,3,5,7, and 13. For these values of p, the function

N 77(2) >24/(p—1, 12)
(=) <77(p2)
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14 GONZALEZ AND LARIO

is a Hauptmodul on X,(p) with div(F)=(0)— (ico), and the functions j(z),
j(pz) are in Z(F). Given a quadratic field K, to certain values of F(z) in K
correspond values j(z), j(pz) which are conjugate and provide Q-curves
defined over K, the isogeny being of degree p. Instead, we parametrize the
elementary symmetric functions J,(z) = j(z)+ j(pz) and J,(z) = j(z) j(pz)
by means of a rational Hauptmodul on X*(p).

Our aim is to generalize the above procedure to parametrize the
Q-curves arising from the rational points of X*(N) whenever this curve has
genus zero or one. We first determine the complete list of such values of N.
In the rational cases, we show how to construct a Hauptmodul on X*(N)
and, once the Hauptmodul is normalized and has integral g-expansion, we
obtain families of Q-curves over quadratic, biquadratic and triquadratic
extensions. In the elliptic cases, we find explicit modular parametrizations
of a reduced Néron model of X*(N) and give a method to retrieve the
Q-curves parametrized by its Mordell-Weil group. In this situation we obtain
families of Q-curves defined over quadratic, biquadratic, triquadratic and
tetraquadratic extensions.

It is worth noting that there is a natural boundedness conjecture for this
moduli problem. Namely, if N is large enough, then X*(N) should not con-
tain rational points other than cusps or CM points [5]. Taking all this
into account, along with the celebrated theorem of Faltings concerning the
finiteness of rational points on algebraic curves, it can be concluded that
the parametric families of Q-curves described in the present paper should
exhaust all the Q-isogeny classes of Q-curves except for a finite (though
non-empty, see [5]) set.

2. PARAMETRIC FAMILIES OF Q-CURVES

Let N> 1 be an integer. The number of cusps of Xo(N) is 3" ;| x @((d, N/d)),
where ¢ denotes the Euler function. A system of representatives of the
cusps is given by the fractions a/d, where d is a positive divisor of N and
ae(Z/f,2)*, with f,=(d, N/d), (a, d) =1. In this way, 0=1, ico =1/N.

Given a divisor 1 <N, | N such that (N,, N/N;)=1, the Atkin—Lehner
involution w N, acts as a permutation on the set of cusps. Moreover, a cusp
with denominator d is sent to a cusp with denominator N, d/(N,, d)*. With
no risk of confusion, we still denote by wy, the permutation on the set of
positive divisors of N induced by the corresponding involution: wy (d) =
N, d/(N,, d)*

Now, assume that N is square-free and let N=p, --- p,, its prime decom-
position. Let B(N) denote the group generated by the Atkin—Lehner
involutions of Xy(N). As it is shown in [8], the automorphism group of
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Xo(N) is B(N) whenever the genus of Xy(V) is at least 2, except for the case
N=37. We have

B(N)=<{w, >® --- @{w, > ={wy,: N | N},

where w; =1d. Since N is square-free, X,(N) has 2" cusps and the set
{1/d:d|N} is a system of representatives of them. For 0 <d, N, |N, we
have wy (1/d) =1/wy,(d). One can easily check that B(N) acts transitively
on the set of cusps.

Let X*(N) = Xo(N)/B(N) and let n: Xo(N) —» X*(N) denote the natural
projection. The functions (differentials) on X*(N) are the functions (dif-
ferentials) on X(N) invariant under the action of B(N). For each positive
divisor d| N, we consider the functions j,(z)= j(dz). A straightforward
computation shows that j,;|w = j,, for all we B(N), so that the elemen-
tary symmetric functions

JIZZjda Jr= Z jdljdzama Jznznjd
d d

d <d,

are functions on X*(N) with an unique pole at n(ico). More precisely, the
function J; has a pole at n(ioo) of order 2;1:1 N/d;, where 1 =d, < --- <d
= N are the positive divisors of N.

A non-cusp rational point in X*(N) lifts to a Galois stable set of points
in X,(N) which is an orbit under the action of B(N). The j-invariants of the
corresponding elliptic curves are j, where d runs the positive divisors of N,
and the polynomial J*(x) =[], ~ (x —j,) has coefficients in Q. Note that
if J*(x) is Q-irreducible, then there is an isomorphism B(N) ~ Gal(K/Q)
where K= Q(j;). Observe also that if J*(x) has repeated roots, then the
Q-curves attached to these roots are CM elliptic curves.

The Rational Case

Whenever X*(N) has genus zero, given a non-cusp point P of Xy(N),
there is a unique function F on Xy(N) invariant under B(N) such that

div(F)= ) (w(P))— (w(i0))

w e B(N)

with a normalized Fourier g-expansion: F(q)=1/g+ ---. The function F is
then a Hauptmodul on X*(N) with a simple pole at z(ic0), and changing
the base point P modifies F in an additive constant. In Section 4, we pre-
sent a method to construct this Hauptmodul on X*(N).
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In this case, the functions J; can be expressed as polynomials in F of
degree Z]".zl N/d,. In fact, we will show that J*(x) has coefficients in Z[ F],
due to the fact that we can always find a normalized Hauptmodul F with
integral g-expansion.

The Elliptic Case

Whenever the curve X*(V) has genus one, it can be viewed as an elliptic
curve over Q by considering the rational point n(ico) e X*(N)(Q) as the
origin. In section 6, we determine the Q-isomorphism class of X*(/N) and
make the modular parametrization 7: Xo(N) — X*(N) explicit. In other
words, we find modular functions U and V on X,(N) satisfying a minimal
Weierstrass equation of X*(). Then, the Riemann—Roch theorem allows
us to express the symmetric functions J; as polynomials of the functions U
and V. Indeed, for m >2 the C-vector space of modular functions of X*(N)
with a unique pole at n(ioo) of order <m has dimension m, and a basis is
given by {U’, U/V} with 0<i<[m/2], 0<,j<[(m—3)/2]. It turns out
that J;(U, V)eZ[ U, V] and, since the Mordell-Weil group of X*(N)
has rank one in all the cases, we do parametrize Q-curves for such values
of N.

We conclude with the process of extracting the Q-curves parametrized by
X*(N)(Q) under our genus assumptions.

3. THE GENUS OF X*(N)

As before, let N= p, --- p, be square-free. In this section we give a formula
for the genus g* of X*(N), and determine all the cases for which g* is
either zero or one.

Let g be the genus of X, (N). The Hurwitz formula applied to the
morphism 7: Xo(N) = X*(N) yields 2g —2 =deg(n)(2g* —2) + > (e(P)—1),
where e(P) denotes the ramification index of n at the point Pe Xy(N).
A point P of Xy(N) is ramified if and only if it is fixed by some non-trivial
Atkin—Lehner involution w, € B(N). In this case, P is not a cusp and corre-
sponds to an elliptic curve with complex multiplication by Q(,/ — d). Since
N is square-free, it turns out that w, is the only Atkin—Lehner involution
that fixes P. Thus, for all cases e(P) <2.

For a positive divisor d of N, let v,;(N) be the number of fixed points in
Xo(N) by w,. We refer to [7] and [ 1, Table 7] for an explicit formula to
compute this number. It can be concluded that

20—2=2"(2g*=2)+ > vu(N).

1<d|N
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Remark 3.1. Let B be any subgroup of B(N). The genus gz of X((N)/B
can be computed from the equation

26—2=1B|(2g5—2)+ )  va(N),

wye B\{id}
where |B| denotes the order of the subgroup B.

Remark 3.2. If Pe Xy (N) is a ramified point of 7: Xo(N) -» X*(N), then
the polynomial J*(x) attached to 7(P) has repeated roots although the
converse is not true in general. E.g., in the case N =2 we find that J*(x) has
repeated roots for the following three values of j: 1728, 8000, and —3375. The
elliptic curves corresponding to j-invariants 1728, 8000 provide the two
ramification points of 7. The point (j;, j,) = (—3375, —3375) is a singularity
of the affine curve defined by the modular equation @,(x, y)=0.

As we are interested in the cases g* =0 and 1, the following two lemmas
added to the formula above allow us to determine the finite list of values
N for which X*(N) is rational or elliptic.

Lemma 3.3. Let N be an integer, and p be a prime with (N, p)=1. The
genus of X*(Np) is at least as large as the genus of X*(N).

Proof. Let us assume that the genus g* of X*(N) is >0, if not there is
nothing to prove. Let {f;}, ;<. be a basis of Sy(I'((N))*™. The cusp
forms f;|B,= f,(pz) are in S,(I'o(Np)). Since f;|w,=p(f;|B,) and
(fiIBy)wa=(f:1wa)|B, for all (d, p)=1 and 1<i<g*, it follows that
h;= f;+ p(f;| Bp) are non-zero cusp forms fixed by B(Np). As S,(I4(N)) N
B,(S5(I'o(N))) = {0}, we conclude that {4}, ., .« are linearly independent
and, hence, the assertion holds. ||

LEMMA 3.4. Let us assume that N is an odd integer and let n be the num-
ber of prime divisors of N. Let y(N)=NT1, ~(1+1/p).

(1) If X*(N) has genus zero, then y(N)/2" <48.
(ii) If X*(N) has genus one, then y(N)/2" <96.

Proof. We outline the proof of (i). Since N is odd, the curve Xy(N) has
good reduction at 2. The argument in [12] shows that X (N)(F,) has at
least 2"+ /(N)/12 points. Now, let B’ be a subgroup of B(N) of index 2
and consider the quotient X' = X (N)/B’. The curve X’ also has good
reduction at 2 and it is a hyperelliptic curve; therefore, X'(F,) has at most
10 =2(4 + 1) points. Since the reduction of the map n’: Xo(N) - X' is étale
over F, and has degree 2" !, we get 2" 4+ (N)/12 < 10.2"~'. The argument
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for (ii) is similar, but one simply uses instead the fact that X*(N)(F,) has
at most 9 points and the morphism X,(N)— X*(N) has degree 2". ||

Combining the two lemmas above we obtain the following results:

PrOPOSITION 3.1. There are exactly 43 square-free values of N > 1 such
that X*(N) has genus zero. Namely,

N

P 2,3,5,7,11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71

p.q 6, 10, 14, 15, 21, 22, 26, 33, 34, 35, 38, 39, 46, 51, 55, 62, 69, 87, 94, 95, 119
p.q.r | 30, 42, 66, 70, 78, 105, 110.

ProOPOSITION 3.2.  There are exactly 38 square-free values of N such that
X*(N) has genus one. Namely,

N

V4 37,43, 53, 61,79, 83, 89, 101, 131

p.q 57, 58, 65, 74, 77, 82, 86, 91, 111, 114, 118, 123, 142, 143, 145, 155, 159
p.q.r 102, 114, 130, 138, 174, 182, 190, 195, 222, 231, 238

p.q.r.s | 210.

Proof. The procedure for determining all the values follows by induction
on the number of prime factors of N. We limit ourselves to Proposition 3.1,
and the proof of Proposition 3.2 is similar. Start with the case N = p prime.
If the genus of X*(p) is zero, then X,(p) must be a hyperelliptic curve and
Ogg has determined the 15 possible values [12]. If N= p.g and X*(N) has
genus zero, then the first step, along with Lemmas 1 and 2, forces N to be
in an explicit finite set. After computing g* for these candidates, we collect
a further 21 new values. Next, we deal similarly with the case N=p.q.r
and get 7 more values. The process ends since the finite set of candidates
with four prime factors having g* =0 is the empty set. |

Remark 3.5. The primes involved in the first row of Proposition 3.1 are
exactly those dividing the order of the Monster group [2, 5, 16].

4. THE RATIONAL CASE

Let G(z) =114 5 #(dz)™ where 5(z) is the Dedekind function and r, € Z.
As is well-known [9, 11], G(z) is a function on X,(N) if and only if the
following three statements hold:
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(1) Zduv”d:O,
(ii) JT4nd™is a square in Q¥,
(ili) Ay -r=0 (mod 24).

Here Ay =(a%), 4 is the matrix defined by a4 = N(d, d')*/(dd'(d', N/d")),
and r is the array (r4) -

A function G(z) satisfying these conditions has its zeros and poles at the
cusps of Xy(N), and the order at a cusp with denominator d is the dth
component of 4, -r/24. Let %, denote the multiplicative group of func-
tions on X(N) generated by this procedure. We call %, the Newman group
of level N. As shown in [6], the group Q® %, is stable under the
Atkin—Lehner action, and every function G(z) on Xy(N) with neither zeros
nor poles in the upper half plane and with the same order at all the cusps
represented by the same denominator satisfies G(z)"e C® %,y for some
positive integer n.

We shall need an auxiliary function on X,(N) lying in the Newman
group that will help us to construct the Hauptmodul F on X*(N) whenever
it exists. The next proposition generalizes Theorem 4 in [12].

ProrosiTION 4.1. Let N=p,--- p, be square-free and B' be a subgroup
of B(N) of index 2. Let

GB'(Z) = <Hw e B(N)\B' 77(W(N) Z)>r3,.

HweB' ”(W(N) Z)
Here rg=24/(N—1, 12) if N is prime, or 24/(T17_, (p; + 9;), 24) otherwise,

i=1

with 0;=1if w, € B' and 6;,= —1 if w, ¢ B'. Then,

(1) Gy is a function on Xo(N) with

diVGB,=mBr< > (Iw(N) = ), (1/w(N))>,

w e B(N)\B’ we B’

where mg =rg 24 T17_, (p;+9)).

(i) For all integers m> 1, GY™ is not a function on Xo(N).

Proof. Since B’ has index 2 in B(N), there is a prime p | N such that
w, ¢ B'; without loss of generality we can assume p = p, and, therefore,
B(N)=B'®{w, ». In particular, BIN)\B'=w, B'.

Let us consider the array 7= (i";); » With i;= —1 if d=w(N) for some
we B’ and 7;=1 otherwise. Let 1= A4, -7. On the one hand, the Newman
matrix satisfies af =a}(4) for all we B(N) and 7y;=F,, for all we B,
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hence n,=1,,4 for all we B’. On the other hand, since 3 ;7,=0 and for
every divisor d one has >, |Na;’,' =y(N), we obtain > ,7,=0. Therefore,

_ Ay if d=w(N) for some we B/,
g= .
T iy otherwise.

We also have iy =3, c sgvpng WIN) =2 ep WIN) =2 c 5 W(N/p,) —w(N).
Let us show that ny=—T]7_, (p;+J;) by induction on the number »n of
prime divisors of N. The case n=1 being obvious, we assume n> 1. Let
9'={d:d|N,wseB'}. If B'={w,,..,w, >, then ¥'={d:d|N/p,}
and

de 2’ de’ de '’ de 9’ =
If B"# W,y w, >, then we consider B” = {wyeB' :(d, p,)=1} which
is a subgroup of index 2 in B’ and also in B(N/p,,). In this case, we have

Ay= Y, wN/p)+ Y wN/p,)— ¥ wN)— Y w(N)

we B” we B'\B" we B” we B'\B"
=(1=p,) X wN/p)+(p,—1) X w(N/p,).
weB” we B(N/p,)\B"

With the induction hypothesis on N/p,,, we conclude that

n—1

=(1-p,) H (pi+9,).

i=1

Finally, observe that the product ], .z w(N/p,) ! w(N) is equal to pf:*l
if B'= <wp] > or, otherwise, to 1. Thus, [[,,c g w(N/p,) w(N)~ Lis
a square in Q 1f and only if N is not a prime. Now, the first claim follows
from considering the properties of the functions in the Newman group % .
The second claim follows as in [ 12, Lemma on p. 458]. |

We also need the following result:

ProrosiTION 4.2. Let N and B’ be as in the previous proposition. The
logarithmic differential of Gy, w=(dGg /dz)/G g, is invariant under B' and
satisfies o |w= —aw for all we B(N)\B'.

Proof. Since divGy is invariant under B’, we see that G is an eigen-
vector of every we B’; so Gg |w= +Gp. Therefore, G3 is a function on
N)/B’ and its logarithmic differential is a differential on Xy(N)/B’. Let
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we B(N)\B'. Since div Gz |w= —div G, there is a constant a e Q* such
that Gg |w=a/Gg . Finally,

(G2))),, . Gl
Gp(2)

) )= GG G
Gy(1(2)) alGy(z)  Gype)

From now on, we assume that X*(N) has genus zero. Fix a subgroup B’
of B(N) of index 2. Let X' = X(N)/B" and G(z) = Gg(z). Let us consider
the projection 7": Xo(N)— X' and let g’ denote the genus of X’. The vector
space of regular differentials on X(/NV) invariant under B’ has dimension g'.
If g’ > 0, then for each we B(N)\B’ these differentials are eigenvectors of w
with eigenvalue —1 since X’/{w) has genus zero. Next, we describe how
to find a Hauptmodul on X*(N) with a simple pole at z(ioo) according to
the values of g'.

(1) Case g'=0. If N is prime, then N=2, 3, 5, 7 or 13. Otherwise,
due to Proposition 4.1 (i), we have that []7_, (p;+J,) | 24; so, the only
values are Ne{2-3,2.5,2.7,2-11,2-13,2.23, 3.5, 3.7, 3-11, 3-13,
5.7,5.7,2-3.5,2-3.7,2-3-11, 2-3-13}. In these cases, the function
F=G+ G |w (any w¢ B') is invariant under B(/N) and has a simple pole at
n(ioo). It turns out that F has integral ¢g-expansion, since G | w = a/G where
a e Z. More precisely, we find a = p;za'Z"_1 if B' is of the form {w, , .., w, >,
or a= +1 otherwise. l !

(2) Case g'=1. Let w be a non-zero regular differential on Xy(N)
invariant under B’. Let us consider the function F=(¢dG/dg)/(Gw).
Proposition 4.2 tells us that F is invariant under B(N), and it is easily seen
that it has a simple pole at each cusp of Xy(N). Since w can be chosen to
be normalized and with integral g-expansion, it is easy to see that F(q)=
—mp/lq+ag+mg Y a,q" with a; € Z. Thus, the normalized Hauptmodul
—(F(q) —ay)/m g has integral g-expansion.

(3) Case g'>1. Let wy, ..., w, be a basis of the regular differentials
on X,(N) invariant under B'. Take we B(N)\B'. Since w is the hyperelliptic
involution of X" and n'(ic0) is not fixed by w, it follows that 7'(ic0) is not
a Weierstrass point of X’. Therefore, the differentials w, can be chosen so
that w; = ¢’ (mod ¢¥ *') The function F=w, _,/w, is then a Hauptmodul
on X*(N) with a simple pole at n(ioo). In every case one checks that w,
and w, _, can be chosen with integral g-expansion, so that F is normalized
and has integral g-expansion as well.

In the Appendix below we provide the genus g’ attached to each possible
subgroup B’ for the 43 values of N such that X*(N) has genus zero.

Remark 4.1. The polyquadratic extensions of X*(N) containing the
conjugates of j implicitly give the equations for Xy(/N) as a polyquadratic
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cover of X*(N). For other (non-implicit) equations of X,(N) we refer to

[14].

5. RATIONAL EXAMPLES

Here we present some examples of parametric families of Q-curves
obtained accordingly to the previous results. They come from the curves
X*(6), X*(11), X*(23), and X*(30).

e Case X*(6). By taking B'=<{w,)», we obtain G(z)=(n(z)#n(2z)/
7(3z) n(62))*. Let t = G(z) + 81/G(z). The symmetric functions J; are:

J, =1730592 + 472644t — 19412¢> — 8415¢> — 2341* + 24+ + 15,
J,=986038273296 4 250882570080¢ + 24676194456¢> + 11735570803
+27120609¢* + 1087921° — 15624¢° — 102¢7 + 37¢3 + ¢°,
J3=(1841)% (—132914433600 — 415683109441 — 547226496>
+ 32634374413 + 17402940¢* + 173310£° 4+ 1054¢° — 9¢7 + ¢8),
Jo=(18 4 1) (32328 + 27001 4 246> + 13).

The polynomial P(x)=(x—j;)(x—j,)(x—j3)(x—js) defines a biqua-
dratic extension of Q(¢). By computing the roots (j;+ j,)(jz+ Jje)s
(j1+ J3)(ja+ Js)» and (j; + js)(j»+ j3) of a cubic resolvent of P(x), it is
shown that the splitting field of P(x) is the compositum of the quadratic
fields:

Q. /(t+18)(1—18)), and  Q(/(t+14)(t+18)).

For instance, by taking t =0 we obtain a Q-curve with j-invariant:
Jj=432648 — 243810 + 163674 /7 —92232i /7.

The field K=Q(/) satisfies Gal(K/Q) ~ B(6), by identifying wg:i+> —1i,
and wj: ﬁ»—» -1

o Case X*(11). Let B'={id}, G(z)=(n(z)/n(112))"*, and w=
7(z)?n(11z)% In this case, we take F(z) = (qdG/dq)/(Gw). Let us consider

t=—(F(z)+22)/5 so that ¢ is a normalized Hauptmodul with integral
g-expansion. We obtain
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J1 = 8720000 + 198496007 + 8252640¢> — 18677121 — 1675784¢*
— 184184¢° + 57442¢° + 114401 — 506¢* — 187° + ¢,
J, =(38800 + 219207 + 40567> + 248¢> + 1*)°.

The polynomial P(x)=(x—j,)(x—j;;)=x*—J,x+J, has discriminant
J3—4J,=(6+1)(*—21*— 76t —212) mod Z[ t]*.

o Case X*(23). The only subgroup of B(23) with index 2 is B’ = {id}.
The curve X*(23) has genus 0, and X’ = X(23) has genus g’ = 2. Performing
our algorithm, we get a Hauptmodul # = 1/g +4q + 7¢* + 13¢> + 19¢* + - --
on X*(23) and also the symmetric functions J;:

J1=33162750 + 1601175607 + 181569843¢> — 3529434873
—1221122187¢* — 1353267468¢> — 41406044415 + 539366445¢7
+ 63017677018 + 1976625521° — 82673546¢'° — 836841661!!
—15573852¢12 4 803068072 + 40701721 + 643541 —329912¢1¢
—52992¢17 4+ 11799¢'8 + 338111 — 161120 — 9242 4 ¢,

J, = (65025 + 2093041 4+ 28998072 + 2229843 + 1022144
+27752° 4+ 409216 + 24817 4 18)3,

J2—4J, =121 =32 (1= 1) (t+ 1)2 (1 +2)> (t +3)> (=9 — 4t + )2
X (=17 =2t4+1%)2(=25—17t =202 4+13)(—=19 — 13t — 1* +13)?
X(=9—9t—2+2)2 (T+ 111+ 62+ £2)(—17 — 16t + 4> +14)
e Case X*(30). Let B'=<wj;, wsy and

n(z) n(3z) n(5z) n(15z)
1(2z) n(6z) n(10z) n(30z)

G(z)=

A normalized Hauptmodul is r=G(z)+4/G(z)+ 1, and the symmetric
functions J; are huge polynomials in the variable z. We simply write down
the generic triquadratic extension obtained which is the compositum of the
quadratic fields

Q/u(r+4),  Q(/(r=D)(r+3)) and  Q(/(r=5)(r+3)).

In the particular case ¢ =2, the quadratic fields are: Q(i), Q(ﬁ) and
Q(ﬁ). We obtain a triquadratic Q-curve which j-invariant is a root of an
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explicit irreducible polynomial of degree 8. After performing some resolvent
computations we get a root

Ji= <i + ?) (—1520448042 —9908421603i

+ (—877849349 — 5720577044i) \/3

+ (679965303 +4431181206i) ﬁ

+ (392585740 + 2558319455i) \/15).

The following figure describes the graph which vertices are the eight conjugate
j-invariants and the edges are the corresponding isogenies. The degree of
each isogeny (j,, j) is dd'/(d, d')>. We note that the involutions w,, wg,
and ws, act as the Galois automorphims \/§ > —ﬂ, ﬁ > —ﬁ, and
i— —1i, respectively.

jl —7]2
Jg————1Js

)

J1o

e

Jis ————— Jao

6. THE ELLIPTIC CASE

In this section we assume that X*(N) has genus one. As alluded before,
E=(X*(N), n(ioo)) is an elliptic curve over Q. Our purpose is to deter-
mine E up to Q-isomorphism and to describe explicitly the morphism
7. Xo(N)—> X*(N). In other words, we are looking for a modular
parametrization of E.

The first step is to detect the Q-isogeny class of E. Let f'e S,(I((N)) be
the only normalized cusp form invariant under B(N). There is a unique
newform /e S,(I'o(N')) with N’ | N which is invariant under B(N'). This &
satisfies /' =3, yn dh | B;. The conductor of E is N’, and & determines £
up to Q-isogeny. In fact, we find /& = f except for the values
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N 74 111 222 86 159 174 130 195 231 182
N’ 37 43 53 58 65 77 91

In the next proposition we determine the Q-isomorphism class of E.

ProrosITION 6.1.  The Q-isomorphism class of E is the strong Weil curve
in its Q-isogeny class.

Proof. Except for Ne {58, 65,82, 102, 138, 238}, there is nothing to
prove since the Q-isogeny class of E contains only one Q-isomorphism
class. In the remaining six cases, the conductor of E is N. Let #: Xo(N) - E
be the parametrization of the strong Weil curve in the isogeny class of E.
Hence, a Q-morphism /i: E — E exists such that 7= /-7 By using that
C(Xy(N))/C(E) is an abelian extension with Galois group isomorphic
to B(N), one checks that none of the proper subgroups of B(N) give
an elliptic quotient of X,(N) (it is sufficient to check this for the sub-
groups of B(N) of index 2). It follows that A has degree one, so it is an
isomorphism. |

PROPOSITION 6.2. Let R(x, y)=y*+a,;yx +asy — (x> + a,x* + a,x + ag)
such that R(x, y) =0 is a reduced Néron model of E=(X*(N), n(io0)) over Q.
Let U and V be functions on Xo(N) invariant under B(N) with R(U, V)=0. Let
fe€S,(Iy(N)) be as above, and denote «»=dU/(2V + a, U+ a;) the invariant
differential on E. Then, n*(w)= +f(q) dq/q.

Proof. 1f fis a newform, then the result follows from the fact that the
Manin constant is +1 for the strong Weil parametrizations under con-
sideration. For the other cases, let N’ dividing N be the conductor of E,
and let 2 be as before; so that we have f=3,ynh|w,; Let
pr: Xo(N) = Xo(N'), n': Xo(N') > X*(N') be the natural projections. Con-
sider the composition

w pry

To(N) =5 Jo(N) 2255 Jo(N') 2 X*(N),

where W =73, nn Wa, and Jo(N), Jo(N') denote the jacobians of X(N),
Xo(N"). Since this morphism is invariant under B(N), it factors through 7.
The fact that the elliptic curve E is non-CM ensures the existence of an
integer m such that

' eopr,eW=[m]m,.
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Therefore, (7', < pr, o W)* (w)= + f(q) dg/q and (7 ,)* (w) = £ f(q) dg/(mq).
The arguments used by Edixhoven in Proposition 2 of [4] apply to this
case, showing that +1/meZ. |

As a result, there are functions U and V on X(N) satisfying R(U, V) =0
and

dUjd
U=1/¢*+ ) bn)q", V=—<qf/q+a1U+a3>/2.
n=—1

The first coefficients b(n) can be computed recursively from the above
relations. At the same time, we determine the first coefficients of the
g-expansion V=1/g>+3Y,. _,c(n) ¢". In all cases, it turns out that the
Fourier coefficients b(n) and ¢(n) are in Z. Finally, the Riemann—-Roch
theorem allows us to express the elementary symmetric functions J; as
polynomials in U and V: J,(z)=J,(U, V), with J,(u, v) € Z[ u, v].

In the Appendix we provide Cremona’s code for the 38 values of N such
that X*(N) has genus one. By looking at the functional equation, one
realizes that X*(N) must have odd analytic rank, due to the fact that
h|wy=h. In fact, in all cases the rank turns out to be one.

7. ELLIPTIC EXAMPLES
Here we present some examples from the curves X*(37), X*(74), and
X*(82).

e Cases X*(37) and X*(74). We have the (non-commutative)
diagram

Xo(74) —> Xo(37)

|

X*(74) = X*(37),

and Q-isomorphisms X*(37) ~ X*(74) ~ E, where E: v>* +v=u>—u is the
elliptic curve 37A1 in Cremona’s code. Let /2 denote the newform attached
to E. As for X*(37), we find the modular parametrization 75, : X,(37) -
X*(37) ~ E given by

U=1/4*+2/qg+5+9q+18¢>+29¢> + 51¢* + 82¢° + 131¢° + ---
V=1/¢>+3/q* +9/q + 20 + 46q + 924> + 180¢> + 329¢* + 593¢° + - --



Q-CURVE PARAMETRIZATIONS 27

satisfying 2V = —(qdU/dq)/f — 1, where f =h is the only newform of level
37 invariant under B(37). On the other hand, as for X*(74), we find the
modular parametrization 7n,,: X(74) - X*(74) ~ E given by

U=1/>+2+q+49° + 3¢ +7¢* + 6¢° + 13¢° + 13" + 22¢4° + ---
V=1/g>+3/q+1+7g+6¢>+17¢° + 164" + 35¢° + 38¢4° + -

satisfying 2V = —(qdU/dq)/f — 1, where f=h+2h|B, is the only nor-
malized cusp form of level 74 invariant under B(74).
At this point, it is easy to write down the polynomials

J(37)* (x) = (x — ji(z))(x — j(37z))
=x%—J,(u, v) x + Jo(u, v),
(x —j(2))(x — j(22))(x — j(372))(x — j(74z))

=x* =T (u, v) X3+ To(u, v) x2— T3(u, v) x + T 4(u, v),

J(74)* (x)

although we omit the explicit symmetric functions lying in Z[u, v] due to
reasons of space. Instead, we prefer to remark on some facts related to the
discriminants of J(37)* and J(74)*. Define d;;: E(Q) > Q by d3,(P)=
discr(J(37)* (P)(x)). That is, we first substitute u and v in J(37)* (x) by the
coordinates of P = (u, v) and then evaluate the discriminant of the resulting
polynomial. The product d5,(P) d5,( — P) is an even function on the elliptic
curve E and thus it can be written as a polynomial in the variable u of
P=(u,v). We find 0J3(P)33(—P)=u*(u+1)* (u—1)* (u—2)*(u—6)>
(u*>—30u+77) O(u)? where Q(u) e Z[u] does not have rational roots.

The elliptic curve E has no torsion points other than the origin, and
the rational point P = (0, 0) is a generator of its Mordell-Weil group. The
only integral points not on the identity component are +P and +3P =
+(—1, —1). After computing the points

2P=(1,0) 4P=(2, —-3)
6P = (6, 14) 8P =(21/25, —69/125)
12P = (1357/841, 28888/24389)

we deduce that +P, +2P, +3P, +4P and +6P are the only integer
points on E (see Exercise 1X.9.13 in [15]). We note that they are zeros of
037( # ) 037(— = ). All of them are zeros of d3; (and hence provide CM points),
except for —6P which gives rise to an isogeny of degree 37 between rational
elliptic curves with j-invariants —7.11° and —7.137%.20833. Analogously,
define J,, by using the polynomial J(74)* (x). Now, the ten integer points
of E are zeros of d,4, so they parametrize CM elliptic curves defined either
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over Q or over a quadratic field. We observe that the discriminant J;,
does not vanish at 4P and —6P.

e Case X*(82). In this example the parametrization 7z: X,(82)—
X*(82) is given by

U=1/?+1/qg+2+2q+4¢> +3¢> +6¢* +7¢° + 11¢° + 1147 + -
V=1/g+2/4>+4/g + 6 + 9g + 124> + 19¢> + 24¢* + 38¢° + - - -,

and a Weierstrass model of X*(82) is v’—uv—v=u>—2u. The
Mordell-Weil group is {Q) + (P>, where Q=(1,1) is of order 2 and
P=(0,0) of infinite order. Again the integral points +P, +2P, Q,
+(P+Q), £(2P+ Q) and +(4P + Q) are zeros of the norm discriminant
Oga( * ) Ogo( — * ).

In these cases the integer points coincide with the rational zeros of the
norm discriminant J ( * ) d y( — * ), although not all of them need provide
CM points.

APPENDIX

Rational Case

Next, we provide three tables according to the number of prime factors
of N >1 (square-free) such that X*(N) has genus 0. The genus of Xy(N) is
denoted by g. The other columns are labeled with generators of the
different subgroups B’ of index 2 in B(N) and contain the genus g’ of
X' =X,(N)/B.

-
<
—

—_
Nl

AN LVOININIP—RO—,OOOO | )

AN WO, O—ROOoOOoOO
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=

~
=

)

N=p.q w

<
)

g

6=23 0
10=25 0
14=27 1
15=35 1
21=3.7 1
22=2.11 2
26=2.23 2
33=3.11 3
34=2.17 3
35=5.7 3
38=2.19 4
39=3.13 3
46 =223 5
51=3.17 5
55=5.11 5
62 =231 7
69 =3.23 7
87=3.29 9
94=247 11
95=5.19 9
119=7.17 11

AN NN N D D WWWMFENEEDNDEEO = —OOD
P LWL NP, PR, 2 ONNRP, NP, O~R,O =000
— = AN DN —~R, PN~ O~ P, O~ OOoOoOO0CO

N=p.q.r 8 Wy, Wy Wy We Wy W W W Wy Wy Woy Woy W, Wy,

30=235 3
42 =237 5
66=2.3.11 9
70=2.5.7 9
78=23.13 11
105=3.5.7 13
110=25.11 15

B W= =
W W ===
—_ e

_—m e e = = O
W= == N O =
—_— WO = O
N — O O O

Elliptic Case

The columns of the following tables contain: the values of N (square-
free) such that X*(N) has genus 1; the genus of X,(/N) denoted by g; and
the third column displays the elliptic curves X*(N) according to the ter-
minology of [3]. In the last column, 7 stands for the order of the torsion
subgroup of the Mordell-Weil group.
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N=p g X*N) T
37 2 3741 1
43 3 4341 1
53 4 5341 1
61 4 6141 1
79 6 7941 1
83 7 8341 1
89 7 8941 1

101 8 10141 1
131 11 13141 1

N=p.q g X*N) T

58=2.29 6 5841 1

74 =237 8 3741 1

82 =241 9 8241 2

86=243 10 4341 1

118=259 14 11841 1

142=271 17 142B1 1

57=3.19 5 5741 1

111=337 11 3741 1

123=341 13 123B1 1

141=347 15 141D1 1

159=353 17 5341 1

65=5.13 5 6541 2

145=529 13 14541 2

155=531 15 155C1 1

77=17.11 7 7741 1

91=17.13 7 9141 1

143=11.13 13 14341 1

N=p.q.r g X*N) T

102=23.17 15 10241 2
114=23.19 17 5741 1
138=2.3.23 21 13841 2
174=2329 27 5841 1
222=2337 35 3741 1
130=25.13 17 6541 2
190=2.5.19 27 19081 1
182=27.13 25 9141 1
238=27.17 33 238B1 2
195=35.13 25 6541 2
231=37.11 29 7741 1
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N=p.gr.s g X*N) T

210=23.5.7 41 21041 2
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